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A linked-cluster expansion for the free energy in the petit canonical ensemble is presented and proved. It 
has the advantage of avoiding the introduction of the unknown chemical potential in the perturbation series. 
As a consequence of correlations among the population numbers (k), additional linkages representing these 
correlations appear. The result is used to find the ground-state energy of a many-body fermion system. This 
expression reduces to the Brueckner-Goldstone expansion only in the case of central forces in an isotropic 
system, a theorem due to Kohn, Luttinger, and Ward. It is also shown that in the random phase approxi- 
mation, correlation bonds do not contribute. Finally the relation of our formalism to the Bloch-De Dominicis 


expansion for the grand partition function is discussed. 


1. INTRODUCTION 


HERE are now several studies concerning the 
cluster-perturbation development of quantum 
latistical mechanics in the grand canonical ensemble. 
Me use of the grand ensemble is dictated by the 
Smathematical convenience of avoiding the problem of 
correlation between the population numbers m(k) 
fm one unperturbed state to another [i-e., ((k)n(k’)) 
Mn(k)\n(k’))=0 for k#k’]. Here the average is 
en with respect to an unperturbed grand canonical 
Miribution. The unperturbed Hamiltonian has eigen- 
ies which are products of one-particle eigenstates. 
is well known, there is a price to pay for this 
Mvenience. In this case, one introduces the unknown 
mical potential ~ which itself must be calculated in 
as of the perturbing many-body forces. Thus the 
rbation expansion of the grand partition function 
mixed expansion where each coefficient of a given 
Wer of the coupling constant ¢ is in itself a function 
§. Sometimes, this development is very useful; for 
ample, in understanding the theory of quasi-particles 
mM seems to be essential since it is u itself which is the 
ielerence energy for quasi-particles and holes. In other 
fases, however, the appearance of yu is a calculational 
SSadvantage and must be replaced by its power series 
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in & The resulting unscrambling problem is not easy. 
It is the purpose of this paper to present the pertur- 
bation cluster expansion in terms of the petit canonical 
ensemble directly and so avoid the problem of the 
chemical potential. Thus for direct calculation of 
thermodynamic functions, the present method will 
prove to be more useful. 

It is shown in this paper, that as a consequence of 
correlations brought about by the condition 2n(k)=N 
in the petit ensemble, new kinds of cluster graphs 
appear in the normal development which contain 
“correlation” bonds. These arise because the so-called 
unlinked clusters do not quite factorize. 

In Sec. 2, we present in detail the few lowest orders 
of perturbation theory together with obvious generali- 
zations which then lead to a general statement of the 
cluster theorem, and the proof follows immediately. 
As an application in Sec. 3 we prove that the expansion 
of Brueckner and Goldstone! is valid for the ground- 
state energy of a Fermi gas in the case of central forces 
in an isotropic and homogeneous system (a theorem due 
to Kohn, Luttinger, and Ward?*), but in general is not 
true. As another application we show in Sec. 4 that in 
the random phase approximation no correlation bonds 
occur and consequently in this approximation one may 
use the unperturbed chemical potential in each term 


1 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). 
2 W. Kohn and J. M. Luttinger, Phys. Rev. 118, 41 (1960) 
3J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960). 
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of the perturbation 
previous paper.‘ 

It is of interest to establish the connection between 
the methods adopted in this paper and those of Bloch 
and De Dominicis.® This is presented in Appendix D. 

Throughout this paper we use Fermi statistics only. 


series, a result announced in a 


2. LINKED CLUSTER EXPANSION 
A. Introductory Discussion 


The starting point of our analysis is to write the 
difference between perturbed and unperturbed free 


Py (—1) n 


ef of 


V (8) = e840 e- 8H, 


where 


For orientation, we examine the first few terms in 
perturbation theory. To do this the denominator in 
(2.3) must be brought into the numerator to get an 
explicit function of £ We write 


{V)=- ] 
B n= (n—1)! 
(2.4) 


1 
-M,=(V(0))o, 
8 


1 


8 
m= f dB, T[(V (B;)} (0))o—{V (B1)) of V (O))o J, 


1 B pb 
Men f [ dsidBiTCV (8:)V B.)¥ (0)) 


0 


—(V (B2))(V (61) V(0))o 
—(V (B1)) AV (82) V (0))o 
—(V (0))o(V (81) V (B2))o 
+2(V (0))o(V (B1))(V (B2))o]. (2.6) 


semi-invariant formed from the 
, V(B81), V (0). This is seen from 


M, is the nth 
variables V(8,_1), 
the fact that 


(0/d€) In{tr exp[—B(Ho+EV) }} 


(—£)"M, 
a/at)  ——, (2.7) 
n=0 nN. 


‘F. Englert and R. Brout (to be published). 
De Dominicis, Nuclear Phys. 7, 459 (1958). 
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energies as‘ 


AF=F(1)—F(0 [ V) dé, (24 


where & is the coupling constant given by H=Hytty 
The symbol in (2.1) is defined for ap 


arbitrary operator O by 


| ‘ 
CRC 


angular bra 


lor perturbation theory, it is useful to go into inte. 


action representation and in the usual fashion we fing 


dB,-+-dB,, TV (B -V(B)) 


3 space. This last step is 
homogeneity in 8 space, We 
passing that (2.7) shows the connection 
on denominator can 
cellation (after differentiation) and techniques whic 
rely on the statistical properties of semi-invariants for 
independent variables® (before differentiation). In this 
paper both techniques are used since it was found toh 
pedagogically convenient to work with the M,’s in low 
order, but mathematically more convenient and 
transparent to work with denominator cancellation in 
the general proof. Of course, proofs are easily inter 
changeable from one method to the other. 
For Ho we take the set of single-particle states and 
the explicit form of V is a two-body local potential 
Thus, in second quantization we have 


followed by one integration in 
permissible because of 
remark in 
between techniques which rely 


Ho= : e,a' (k)a(k), (28 
V=1 >-[0(q)/2 Jat (ki +q)at (k.—q)a(ky)a(k,), (29 
[at (k),a(k’) ]+-dxx- (2.10 


or in interaction representation 


V (8)=1 >[r(q) Q Jat k, +q; B)a'(k.—q; 8) 


« a(ke: B)a(k,; B) (2.11 
a‘ (k: B) at (k) exp[ Bex l, (2.12 
a(k; 8)=a(k) exp[—Sex ]. 


We shall take the direct diagonal interaction »(0)=0. 
This amounts to absorbing a constant into all ont 
particle energies. 

We now consider the first 
the exchange diagram of Fig. 1(a). For the momett, 
we follow the obvious generalization of Goldstonés 
graph notation to finite temperature in the same manne 


SR. Seek: 


order term (2.4). This 


Phys. Rev. 115, 824 (1959). 
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LINKED-CLUSTERS 


ss Bloch and De Dominicis. A more precise graphical 
jescription will be presented below. Figure 1(a) is a 
nember of the sum M; given by 


(V)o= a , v(ki—k,)(nyn2), 


kike 


(2.13) 


where we abbreviate 2;= n(ks ). For simplicity we ignore 
pin indices. Thus, for spin 3 all exchange terms written 
in this paper are present for parallel spins only. 

In Appendix B, we show the following: 


(nyn2)o= (n 1)0(%2)o+O(1/N) k, x ko. 


for the case k;= ke, then (m,?)o—(21)e?=O(1), however, 
this is of no interest since the term k,;=k, contributes 
oly O(1) to (2.13). Since it is desired to find 
limyae(F/N), such contributions may be neglected. 

In going from (2.13) to (2.14), we are reducing an 
“operator” graph to a “‘c-number” graph. Since this 
reduction is the essential content of our analysis we 
shall now dwell at some length on this point. 


(2.14) 


Operator Graphs 


It is required to characterize expectation values of 
products 


(V (Bn—1)- ++ V(B1)V (0))o. 


This is easily done by noting that if a particle goes up 

must come down, i.e., if a particle in a state is an- 
tihilated, at some later stage in the product a particle 
must be created in this same state and vice versa. If 
this occurs for a given state, then the term considered 
isthe average of a product of number operators multi- 
plied by a c-number function of 81, ---8n1. We write 
itin the form 


¢{B,,° Fe "Bn; v(q;): e 9% 


where 


(qn) }(g)o g= ny'No' ‘ My, 


n/=n(=a,'a;) or n/=ny—1(=—a,a;), 


according to whether the annihilation operator appears 
earlier or later than the creation operator. Such a term 
may be represented by a graph similar to a Goldstone 


(a) 





6- 
: 


(e) (f) 


. 1. Graphs arising in first and second order, 
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k's+q) 
k 
Fic. 2. A sample reduc- k+q (a) 
tion from an “operator 
graph” to a “¢-number 
graph.” 
k, t k\+q, 
/ 
/ 
‘ 
Ps 
k k'+q 
(b) 


graph except that the fermion line gives rise to an 
operator n,’. For example, the g part of the graph Fig. 
2(a) is 


g=n' (k)n’ (k—q)n’ (k’)n’ (k’+q) 


<n! (ky) n’ (Ki— qu)’ (ky) n’ (Ki +-qu). 


If there are n (m>1) pairs of creation-destruction 
operators occurring for a given state, the term con- 
sidered may be represented by the sum of the graphs 
obtained by pairing in all possible ways the creation 
and annihilation operators into number operators. This 
theorem, which enables us to treat on the same footing 
graphs with or without repeated indices when one 
performs sums is simply a reinterpretation of a theorem 
of Bloch and De Dominicis and is demonstrated in 
Appendix A. Such a statement implies ignoring ex- 
clusion principle in intermediate states, a point to be 
discussed in further detail on a specific example. 


c-Number graphs 


We now express the contribution of “operator” 
graphs in terms of ‘‘c-number” graphs. This is done by 
expanding the factor (g)o in terms of the semi-invariants 
generated by the number operators. 

The semi-invariants M(k,---k,) may be defined 
in analogy to the Ursell functions in statistical 
mechanics. 


(n'(ki))o=M™ (ky), 
(n’ (ky)n’ (ke))o== _M © (ky, ko) + M © (k,)M © (ke), 
(n' (ky)n’ (ke) n’ (ks))o 
= M ® (k,,ko,k;) + M?(k;,k.)M © (ks) 
+M ® (ky,ks)M © (k.)+M © (Ke, ks)M © (ky) 
+M (k;)M © (k.)M © (ks) ; 


(2.15) 


the generalization in higher order is the usual Ursell 
prescription.’ 
We represent a semi-invariant of order vy by con- 


7B. Kahn, thesis, Amsterdam, 1938 (N. V. Noord-Hollandsche 
Uitgeversmaatschappij), Chap. III. 
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necting the v lines of momenta &,---k, which represent 
the operators m(k,)---n(k,) by a dashed line. 

In Appendix B, we prove two statements. The first 
is that Zo is the generating function of the M’: 


M (k;,---,k,) 
= 9” InZ/0(—Be(ki))- be -0(—Be(k,)), (2.16) 


where Zo= tre~*#°, The second statement is with regard 
to the order of magnitude of M; if p is the number of 
distinct k; in M“ (k,,k.---k,), one has 


M (ky: +-k,)=O(1/NP). (2.17) 


Each operator graph gives rise to a large number of 
graphs generally with dashed lines. These graphs may 
be considered as representing c numbers and the g 
factors are products of occupation number averages 
and semi-invariants of order greater than one. For 
example the graph Fig. 2(a) gives rise to the graph of 
Fig. 2(b) among others, the g factor of which is 


g=(n' (k))o(n’ (k—q))o(n’ (k’))o(n’ (k1))o 
x (n' (ki'+q:))oM © (k’+-q, k—qu, ky’). 


Substantial simplification occurs if one notices that 
the semi-invariants of order greater than 1 are the same 
when expressed either in terms of m or n’. This is 
established in Appendix C. 

With this notation, we now turn to the first few terms 
in perturbation theory beginning with M>. There are 
two kinds of “operator graphs” which arise in this 
order, the linked graphs of Fig. 1(b) and 1(c) and the 
unlinked graphs of Fig. 1(d). Note that Fig. 1(b) and 
1(c) are not contained in (V (8))o(V (0))o. This is general. 
In nth order a totally linked graph is contained only 
in (V (Bn_1)--- V (8:)V (O))o and in no other products in 
M,,. Also note that Fig. 1(b) has a positive sign and 
Fig. 1(c) a negative sign because of one extra com- 
mutation. This is an example of Wick’s theorem that 
the sign of a graph is (—1)! where / is the number of 
closed loops. Explicitly 


8 
Fig. 1(b) — [(q) F, vf dp’ {exp[ —B’(e(ki-+q) 
+€(ke—q) —e(ki)—e(k2)) ] 
x(n’ (ki+q)n’ (ko—q)n’ (ki)n’(ke))} (2.18) 
Fig. 1(c) > —[0(q)/Q][v(ki +k.—q)/2] 
B 
xf dp’ {exp —8’ (e(kit+q) 


+ (k.—q)— (ki) —e(ke)) ] (2.18a) 
< (n' (ky + q)n’ (ke—q)n’ (k,)n’ (k.))}. 


The reduction of (2.18) and (2.18a) to ‘‘c-number”’ 
graphs is immediate since both graphs give O(N) to the 
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energy and hence all semi-invariants of order » (y>4 
contained in (n’(k,+q)n’(k.—q)n’ (k,)n’ (k.)) may be 
set equal to zero in the infinite limit (Appendix g) 
We now turn to Fig. 1(d). This graph is contained jy 
both (V(8)V(0))o and (V(8))xXV(O))o Explicitly jt 


arises in the term in M, which is 


Fig. 1(d) — [v(ki— ky) /Q][0(ks— ky) /2] 
 [(n (ki) 2 (ke) 0 (ks) (ky))o 
— (n(k,)n (k2))o(2 (Ks) (ky) J. (2.19) 


This term contains four summations and two factors 
of O(1/2) and hence appears of O(N?). The square 
bracket however is O(1/N) through the use of (2.15) 
and (2.17). In fact, reduction to ‘‘c-number” graphs 
gives this result automatically. 
(n(ky)n (K2)n (Ks) (Ks) )o— (0 (Ky) 2 (Ke) 0(70 (kes) (kg) 
= M ®)(ki,k3)M © (ke)M © (ky) 

+M  (ki,ks)M © (k.)M ™ (ks) 

+M (ko,.k3)M © (k,)M“ (ky) 

+M® (ko,ks)M © (k))M © (Ks) +-O(1/N?2). (2,20) 


Thus complete reductions to ‘“‘c-number”’ graphs gives 
the linked term Fig. 1(e). Notice that there are no 
graphs with a dashed line connection within an already 
linked part [i-e., the term M (k,k») in (2.19) is cancelled 
out |. In case the unlinked parts have indices in common, 
we note that 


(n (ky) (Ke) (ky) (ky) o— (20 (1) 2 (Kea) 00 (ky) 0.( kg) 
=M)(k,,k,)M® (ko)M™ (ky)+O(1/N). (2.21 


Comparing (2.21) and (2.20) we see that if two indices 
in the diagram are in common (contracted indices), the 
order of magnitude of the semi-invariant is increased 
by one factor of V. However, the number of terms with 
contracted indices is 1/N of those with noncontracted 
indices. The result is that one may use Eq. (2.20) even 
when two of the arguments in a M are identical. This 
prescription in fact gives exactly the coefficient of 
O(1/N) in the square bracket in (2.19). Thus Fig. 1(¢) 
is also correct if the connected lines have identical 
indices. 

Notice that in Eq. (2.17) there do not appear the 
‘anomalous graphs” of Kohn and Luttinger,” a sample 
of which is drawn in Fig. 1(f) for reference. It will be 
shown in our general discussion that anomalous graphs 
do not appear. Rather, in the notation of the present 
paper they arise as dashed lines between fermion lines 
of the same momenta. 

In other words the anomalous graph is a different 
graphical notation of one kind of our dashed line graphs. 
In the free energy, it is evidently more convenient to 
introduce the present notation and so include in one 
diagram both identical and different indices. In the 
grand partition function, however, the graphs with 
different indices vanish by virtue of the independence 
of the , so the anomalous graphs may be mote 
convenient. 
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LINKED-CLUSTERS EXPANSION 


4s the third order graphs contain no new principle, 
ye draw a few dashed line graphs which arise directly 
in Fig. 3. We remark in passing that there are two kinds 
{dashed line graphs which occur when there are three 
linked parts, represented in Fig. 3(a) and 3(b). Fig. 
vb) contains M23 and Fig. 3(a) My.M35. Note both 
we the same order of magnitude in N, i.e., both con- 
ibute O(N) to F(1). 

In fourth order, in addition to the types of terms 
ready mentioned, there appears the first violation of 
he Pauli exclusion principle. As there appears to be 
gadequate discussion in the literature of this point, we 
» into some detail. The first point is that one is at 
seedom to include among intermediate states, wave 
iynctions which either obey or do not obey the exclusion 
sinciple. The reason for this freedom is the following. 
The perturbation Hamiltonian is a totally symmetric 
erator with respect to the permutation group. Thus, 
fone begins with an antisymmetrized product the only 
ynvanishing matrix elements are those which connect 
save functions of the same symmetry type. Therefore, 
{the unperturbed wave function is an antisymmetrized 
product, the perturbation itself will pick out the anti- 
ymmetrized parts of the intermediate-state wave 
juctions. As this argument is abstract, we shall 
ilustrate both points of view in the fourth order calcu- 
tion. The argument given is to be considered a 
pedagogical amplification of the excellent analysis 
wntained in Goldstone’s paper. 

We first consider the case where the exclusion 
principle is built into the intermediate states from the 
wutset. Now consider the operator graphs that arise in 
My and (V*)o(V*)9 corresponding to the two unlinked 
mrts in Fig. 4(a).§ Since the exclusion principle is 
obeyed in intermediate states, no indices may be in 
wmmon in the unlinked parts in the expression for 
M. This is, of course, not the case in (V*)o(V?)o. 
Therefore, there is incomplete cancellation in the con- 
inbution to M, from (V*)o>—(V2)o(V?)9 from diagrams 
ithe type 4(a) with an index in common. The result 
may be rediagrammed in Goldstone’s manner as Fig. 
{(b), where the sign of the graph is correctly given by 
Wick’s algebra. 

The alternative approach is to ignore the exclusion 
principle in intermediate states. In this case both 


OH © 
és A) 
o © | > i 


his, 3, Prototypes of the unlinked graphs arising in third order. 
ee 


"Here we have considered as different those graphs which differ 
y a different ordering of the interaction (wavy) lines. This 
‘ailitates the discussion and, as will be shown in the formal 
proof, allows a complete elimination of anomalous graphs. 
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Fic. 4. Graphs bs 
which give rise to 
Pauli exclusion prin- (a) 
ciple violating terms 
in the free energy. 
“ 
kk 
(c) 





diagrams 4(a) and 4(b) appear in (V*), but with opposite 
signs and only 4(a) in (V*)o(V?)o which again leaves 
only 4(b) with the factor [— (n(k))¢?]. 

The above notation turns out to be inconvenient in 
the general formulation of the problem. In fact, the 
Bloch-De Dominicis theorem on identical indices gives 
a total of three connected graphs in the formal reduction 
from ‘operator graphs” to “‘c-number” graphs. Firstly, 
Fig. 4(b) arises with the factor [ — ((k))? ]. Moreover, 
a graph which violates the Pauli exclusion principle has 
repeated indices within the graph; this means that a 
term [—M°(k,k) ] arises which is an internal dashed 
line within the graph itself. This is Fig. 4(d). Finally, 
Fig. 4(c) which contains [+M©®(k,k)] also appears. 
Figure 4(c) and 4(d) cancel one another leaving Fig. 
4(b) alone. 

The above cancellation is again inconvenient in the 
proof of reduction to the Brueckner-Goldstone ex- 
pansion. For this reason, we shall present the final 
theorem in a manner which eliminates Fig. 4(d). This 
is to interpret Fig. 4(b) as an operator graph, with the 
factor [—(n?(k))o ]=[—(n(k))]. Then Fig. 4(d) does 
not arise but Fig. 4(c) remains. Figure 4(b)+ Fig. 4(c) 


gives the factor [—(n(k)),?]. 
B. Theorem 


With this qualitative sketch we are now in a position 
to state the general cluster expansion. This is given by 
a set of rules which corresponds to the formula (2.23) 
below. 

1. In mth order draw all graphs, in a specified time- 
ordered sequence linked and unlinked, containing n 
interaction lines, Each interaction line carries a factor 
—v(q). The linked parts contain all violations of the 
Pauli exclusion principle, but o anomalous graphs. 
The unlinked parts are singly connected by dashed 
lines. The definition of singly connected is a connection 
in which two otherwise unlinked parts are connected 
by one and only one dashed line. 

2. To each hole or particle line not connected by a 
dashed line associate a factor of (n(k))y or (1—n(k))o, 
respectively. Here we drop our n’(k) notation in favor 
of the conventional netation with the sign of Rule 4.9 


*In this way, a Fourier analysis of the graphs becomes im- 
possible due to the fact that the range of integration of inter- 
mediate 8;’s are not independent. This may be an inconvenience 
especially when all dashed lines may be avoided, as is in the grand 
partition function. 
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To a dashed line connecting k,- - -k, associate the semi- 
invariant M‘”(k,,---k,) including terms where k,- - -k, 
are the same states. [This rule is to be applied with the 
convention that Pauli exclusion graphs contain only 
one hole or particle for each repeated index in accordance 
with the above discussion. This is established below. ] 

3. A hole line running from 6; to 8; (8;>8;) is as- 
sociated with the propagator exp(@;—6,)e(k). A 
particle line running from {; to 8; (8;<;) is associated 
with exp(8;—8;)e(k). 

4. The sign of a graph is (—1)'** where / is the 
number of closed fermion loops and & is the number of 
hole lines which are not connected by dashed lines. 
Here each hole line in a Pauli exclusion graph is counted 
separately. Divide the result by m and integrate over 
Bir + "Bn. 


C. Proof 


We now present a formal proof of these points. The 
program is the following. In the first paragraph below 
we establish that no disconnected graphs occur. In the 
second paragraph we isolate contributions of O(.V) and 
show that these are the singly connected graphs only. 
Rule 2 is an automatic consequence of this analysis. 
Rules 3 and 4 are automatic consequences of the Wick 
theorem as applied to the many-body problem by 
Goldstone and Bloch and De Dominicis and hence are 
not further discussed here. The division by m in Rule 4 
is a consequence of integration with respect to the 
coupling constant as seen from Eq. (2.23). Finally, in 
the last paragraph we take up the question of the 
anomalous and Pauli exclusion violation graphs in our 
general formalism. 


Reduction to Connected Graphs 


Disconnected “operator” graphs do not give rise to 
factorized integrals in (2.1), but disconnected ‘‘c- 
number” graphs do (in this context a dashed line is 
considered a connection). Evidently, all the graphs 
which are not connected to the first one in the numerator 
of (2.1) comprise a sum of graphs multiplying each 
connected graph. This sum is obviously the value of the 
denominator and hence the usual cancellation argument 
of the disconnected graphs obtains. The expansion of 
the free energy may then be written, after integration 
over the coupling constant, 


oa (—1)"1 8 8 
F(1)=F(0)+> - f of dB,,:+-dB, 
n~o 0 


n=0 mn! 





X(TV (Bn): ++ V (B1)V (0))o,¢, 


where the ¢ index means restriction to connected 
graphs in the sense given above. 


(2.22) 


Elimination of Unnecessary Graphs 


A large number of graphs which occur in (2.22) may 
be dropped because they give vanishingly small con- 


AND 


F. ENGLERT 
tributions in the limit of an infinitely large syste 
This comes from the two following facts 


1. Each connected graph without dashed lines jf 
O(N). 

2. Each dashed line connecting fermion lines gives 
rise to a factor of order O((1/V)""*~*), where 5 ig th 
number of identical indices (i.e., y—s is the number of 
distinct indices.) 


The first statement is a consequence of the conserys. 
tion of momentum. The second is shown in Appendix. 

As we do not need graphs of order less than N, the 
following graphs may be disregarded without furthe 
discussion. 

(1) All graphs containing dashed lines inside ap 
otherwise connected graph (this means a graph which 
would be connected if all dashed lines were removed 
except those connecting lines with identical indicg 
graphs), 
disconnected 
graphs are connected by more than one dashed ling 


(“anomalous”’ or ‘‘Pauli exclusion violating” 


(2) All graphs in which otherwise 
This is obviously true when the dashed lines connect 
states with different indices. It is also true when they 
connect states with same indices because these give 
rise to an extra power of (1/.V) for each restriction to 
identical indices. This gives rise to the same order d 
(1/N) as those connecting fermion lines with different 
indices. 

Thus, except for ‘‘anomalous” or “Pauli exclusiea 
violating” graphs the only graphs which occur are 


1. Connected graphs without dotted lines; these we 
call linked [e.g., Fig. 5(a) ]. 

2. Linked graphs singly connected by dashed line 
[Fig. 5(b) ]. 

It is easily verified that all these graphs are of order 
N, so that the denominator in (2.22) automatically 
cancels all terms which are of higher order in N. 


(b) 


) 


Fic. 5. Linked graphs and singly connected graphs. 
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LINKED-CLUSTERS 
Himination of Anomalous Graphs and Discussion of 
Pauli Exclusion Violating Graphs 


it is possible to eliminate linked graphs which con- 
sin dotted lines, within as well as anomalous graphs. 
his is more easily achieved if we consider separately 
jecontributions of graphs with different time ordering 
requivalently if we write (2.22) in the form 


a (—1)” B B2 
i)=FO)+> mite f of dB,---dB, 


n=0 nN 
X(V (Bn) +++ V (81) V (0))o, + 


The graphs for (2.23) are the same as those for (2.22) 
sept that graphs with different time ordering are to 
x considered different. Now a graph with a dashed 
ine inside occurs because a given n’(k) occurs several 
ims; however considered as an _ operator-graph 
vk)}n=n'(k); (—- 1)"*'n’(k) or O according to 
shether all fermion lines with momentum & are going 
ckwards in time (hole line), forward (particle line) 
rifsome are going forward and some backward. We 
tus consider a graph with several hole lines (or particle 
ines) with the same momentum as containing only one 
idle (or one particle line). In this way all ‘“‘anomalous” 
mphs vanish and “Pauli exclusion violating” graphs 
we simplified in such a way that no dashed lines occur 
inside a linked graph.° 


3, THE BRUECKNER-GOLDSTONE EXPANSION 


The previous expansion gives a perturbation series 
or the ground-state energy of a many-body fermion 
ystem when one takes the limit 8 ~ «. This expansion 
wntains in addition to the Brueckner-Goldstone ex- 
pansion all the graphs connected by dashed lines in 
ihis limit; the latter contribution is generally finite 
and has been evaluated to second order by Kohn and 
luttinger®). This can be seen as follows: the contri- 
nition of a graph with m unlinked parts connected with 
nm dashed lines (singly-connected graph) may be first 
tegrated over all momenta except those involved in 
the dashed line connections and integrated over inter- 
nediate 8, the result is of the form 


‘ Y filles) fo( Kee) + + fm (Kim) M (Ki, - + - kj) 
kn 


XM (kj41,°+ ky) +*M(Kp,--*Rm), (3-1) 


where the f are regular functions of & and the 8 factor 


comes from the 6’ integrations. From (B,4) we may 
wnte (3.1) as 


2 fi(k,)- fi * fm (Km) 0? 
XInZo/d[—e(k,) ]-- -d[—e(k,) ]--- a”) 
XInZo/al—e(k,)]-++aL—e(Km)]. (3.2) 


Bs derivatives are singular on the unperturbed 
‘mi surface in the limit @—> ~ so that in general 
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the contribution of terms like (3.2) do not vanish in 
the limit 7=0; these graphs are in fact the correction 
to the Brueckner-Goldstone perturbation expansion. 
However, when the unperturbed Fermi surface is a 
sphere (isotropic system) and when the interaction 
potential is spherically symmetric [so that »(¢) depends 
only on the magnitude of q], we have /;(k;)= f;(|k,}), 
a point due to Kohn and Luttinger,” on the unperturbed 
Fermi surface. The sum on k; may then be performed 
in the semi-invariant since there is a nonvanishing 
contribution only on the unperturbed Fermi surface 
thereby allowing factorization of the f(|k,|). Since 
> n(k,)=N which is a number fixed in the averaging 
process, the semi-invariant is zero by the same argument 
as that given in Appendix C. We see then that the 
Brueckner-Goldstone expansion is valid in the case of 
isotropy. We notice, however, that this argument works 
only at T=0 so that at finite temperature, graphs with 
dashed lines will appear. 





4. RANDOM-PHASE APPROXIMATION (RPA) 


As discussed in a previous paper, RPA is equivalent 
to the selection of the ring diagrams only. This may be 
regarded as a consequence of a simplified commutation 
rule, 


[p_(8’)p,"(8") |=0 for gq’, (4.1) 
where 

Pq dx Ak+¢'@x. (4.2) 
In the petit ensemble, those dotted line corrections 
which connect rings with the same fixed g contribute 
O(1) to the free energy, because of the lack of sum- 
mation on different g. Thus, they may be neglected in 
the infinite limit. This shows that in RPA the per- 
turbation series are identical in the grand and in the 
petit canonical ensembles. Thus the perturbed and 
unperturbed chemical potentials must be set equal in 
each term of the perturbation series in order to obtain 
consistent results. 
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APPENDIX A 


We shall prove that the expectation value of a 
product of creation-destruction operator pairs‘ with 
identical indices is equal to the sum of the expectation 
value of all sets of operators obtained by pairing in all 
possible ways the creation-destruction operators into 
number operators. The demonstration is identical to 


. that of the Bloch-De Dominicis theorem® so that we 


simply recall the steps of the argument. 
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(a) If the theorem is true for all products of 2(p—1) 
operators and for one particular product of 2/ operators, 
it is true for all products of 2p operators. This is a 
consequence of the identity 


(Adyay' B)p= —(Aay'ayB)o+(AB)o, 


where A and B contain products of ay! and ay. 
(b) It is true for the particular product 


(ay ay? o, 
because this product gives zero for p>1. 


APPENDIX B 


We shall identify the p-order semi-invariant of the 
number operator with the p-order partial differentiation 
of the logarithm of the unperturbed partition function. 

We define the semi-invariants M‘™ (k,---k,) as in 
(2.15) but in terms of the » (not in the m’); thus 


(n (ki))o= MY (ki), 


(n (ki) (ke))o= M® (k,,k2) + M (k,)M© (ko). (B.1 ) 
This gives the M(k,,---,k,) as a function of the 
moments in the following way. The rule which expresses 
the M in terms of the (_ )o, are the same as the re- 
ciprocal relations (B.1) except for a _ coefficient 


om (k,) = 0 InZo/d[—Be(k;) |= (1, ‘Z) OZ o O[ —Be(k;) ] 
I (ki, ke) = {0/9[ —Be(ke) ]} (1/Z0)9Z0/AL—Be(k1) J+ (1/20) 0220/0 —Be(k,) JO[ —Be(ke) |] 
= — (1/Z¢*){ 0Zo/ dL — Be(ki) ]} {9Z0/0L—ae(ke) ]} + (1/2) { 0°Z./A[ —Be(k,) JO —Be(ke) }} 


= M® (k,,ks). 


For higher orders we obtain all combinations (B.2) and 
the coefficient of a term separated in k groups comes 
from 


1 1 
as(—)- (—1)(—2)---(—k+1)dZp 
Zo Zo! 


1 
ar a '(kR—1)!0Zp; 


this is exactly the coefficient occurring in (B.2). 
We now prove that the order of magnitude of 
M(k,,---k,) is given by 


M (k,---k,)=O(1/N?), 


where p is the number of distinct k; in k;---k,. For 
simplicity of notation k; will be abbreviated by the 
index 7. We begin with M®: 
0 logZo O(n1)o 
M2 =- — 


se mae, (8.6) 
d(—Be,)0(—Bes) 8(—Be) 


Notice that Z) may be considered a function of —fe, 
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(—1)*'(k—1)!, where & is the number of groups 
which the p particles are divided.’ For example, 
M (ky, ke) = (n(k1)n(Ke))o— (n(ky)) 0((ke)) . 
M (k,,ko,k;) = (n(k,)n (ke) (k3))o 
—(n k,)n(ke))(n(ks)) 
—(n(k,)2(kg))o(n(ke))o (B2 
n (ko) (K3))o(2(K1))o 
+ 2(1(k1))o(2(ke))(2(k3))o. 


Int 


The unperturbed partition function is 
Z = tr expL—B6 > n(k)e(k) J, 
from which it is immediately found that the pth order 
moment is given by 
(n(k,)-+-n(k, (1/Z0)d"Zo/ AL —Be(k,) ]--- 
O[—Be(k,)]. (B3 
(ki: ; -k,), defined by 
0,, InZo aL Be(k,) ]--- 
d[ —Be(k,) ], R4 


The function Nv 


yu‘) (k,---k,) 


is identical with the p-order semi-invariant 
>) (k,,---k,), 


as seen by straightforward differentiation: 


(n(k1))o VM (k;), 


J 


(B. 
and Bu which are connected by the relation 
dD (nf{8e:,8u0})o= NV, (B.i 
which we write /(8e,- - «Be: ++ ; 8uo) =O and note that 
0f/0(—Be O(1 Af/ABuo=O(N). (BS 
In these terms we have from (2.12 
O(n1)o ABuo — O(n1)o 0 f/0(—Bex) 
M,,.° 
OBuo O(—Bee2) OBu Of / OBpo 
O(1/N). (B49 


Equation (B.9) is easily generalized as follows. Dein 


0" InZo 
M yp...n\" (B.10 
0(—Be,)---0(—Ben) 
We now prove that 
M y0..0n OU \r k, ~k.: --#k,. (B.1l 
We proceed by induction. Mjz...,°% is an explicit 


function of (—8e;), -(—Ben); Buo as is evident fo 
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<) from (B.9). Thus 


0 
——— Mf 12...1 " . (—Be1,°°° ; Buo) 
-Ben) 


OM jp...n eo 


OBuo d(—Ben) 
XO(M i2...n-1"-Y) =O(1/N"). 


=0(1/N) 


(B.12) 


nally in (B.12) we note that rather than differ- 
sation with respect to a different Se, in (B.12) we 
wid have taken [0/0(—Be;) ]Mjy...n-1, 7=1, ---m—1. 
this case, the dependence of uo on ¢; is unimportant 
ine the direct functional dependence on e¢; plays the 
iey role. 

We thus find 


(—fer,* >> 3 Age) 


=O(1/N"). (B.13) 


APPENDIX C 


The semi-invariant defined by (2.15) are the same for 
>1 than the semi-invariants defined by (B.2). This 
sevident if all the #’ correspond to “hole” lines because 
then n’=n; if comes from particle lines, 
/=n—1 and some , in (B.2) have to be replaced by 
4-1. The contribution of the factor —1 is, however, 
uto because it factorizes out of the correlation functions 
ind so is always cancelled by other terms in the semi- 
variant expansion (B.2). 


some 2’ 


APPENDIX D 


Connection with Bloch-De Dominicis Expansion 


Qur expansion is also valid for the grand partition 
unction: In that case all semi-invariants (dashed lines) 
my be removed except those connecting identical 
dices. However, these dashed lines do not appear in 
Sloch-De Dominicis Expansion; this is due to another 
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k 
} (= : tiki ce 
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k 
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(Bloch and De Dominicis) 


=x 





+ Ee} 


Ak 


bk 


: a 


A 





(Bloch and De Dominicis) 


Fic. 6. Correspondence with the graphs of Bloch and 
De Dominicis in the grand ensemble. 


interpretation of the theorem demonstrated in Appendix 
A which amount to interpret in their expansion our 
operator graphs as c-number graphs; this gives rise to 
a different evaluation of Pauli exclusion violating graphs 
and to nonvanishing anomalous graphs. For instance 
we have the following equivalence between Bloch- 
De Dominicis graphs and ours in the grand partition 
function (Fig. 6). 

We notice also that use of (2.1) is equivalent to a 
reduction by means of the cyclic invariance of the 
trace. This is due to the fact, that when perturbation 
expansion is valid (2.1) may be obtained by using this 
invariance."” This is the reason of the factor 1/n which 
appears in the evaluation of the graph; the contribution 
of one graph is equivalent to the sum of all contri- 
butions from the » graph obtained from the first one 
by cyclic permutation of the wavy lines. 

1M. L. Goldberger and E. N. Adams, Chem. Phys. 20, 240 
(1952). 
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We consider the spatial Fourier transform px, for wave vector k of the charge distribution of the electrons in 
a plasma with particle density m, electron and ion temperatures T and 7; and Debye length D. We assume the 


absence of a magnetic field, neglect collisions and assume nD*>>1 


. The statistical average of |px-|? is calcu- 


lated as a function of a=1/kD assuming complete thermodynamic equilibrium; that component of |p,, |? 
which keeps in phase with the ion charge density fluctuations is also calculated. 
The frequency spectrum of the time-varying function p,, is obtained at thermal equilibrium and simplified, 


assuming the ion mass to be much larger than the electron mass, for general values of a and T/T. 


For small 


a the main component of the spectrum has the characteristic Doppler broadening shape corresponding to the 
electron’s thermal velocity. For large a we have a component with narrow width corresponding roughly to 
the ion velocity Doppler spread and very narrow side bands at plus and minus the frequency of electrostatic 


plasma oscillations. 


1. INTRODUCTION 


N the last decade or two many calculations have been 
carried out on the time development of fluctuations 

of charge density in an ionized gas under a variety of 
conditions. For a given volume V containing JN elec- 
trons and V/Z positive ions of atomic charge Z quanti- 


ties pre and px, have been introduced, mainly for 
mathematical convenience, which are essentially the 
spatial Fourier transforms for wave vector k of the 
electron and ion charge densities. More specifically 

N N/Z 
Peet)=—e de ™i, pai(t)=Ze De® Rs, 

j=l j=l 

Pit=Pketpri, (1) 


where r(/) and R(/) are the positions, as a function of 
time ¢, of the jth electron and ion, respectively, and k 
is a constant wave vector. 

The use of backscattering of a radar beam from the 
ionosphere at great heights or from the exosphere has 
been proposed recently by Gordon! for measuring elec- 
tron density and temperature at various heights. Radar 
frequencies of 50 to 1000 Mc/sec are used which are very 
large compared with the electron plasma frequency w» 
(of the order of 0.1 to 10 Mc/sec), 

(2) 
where n=N/V is the particle density of the electrons 
alone, ¢ is the charge (in cgs units) and m the mass of the 
electron. Standard magneto-ionic theory replaces the 
electrons by a continuous medium, whose refractive 
index is close to unity at these high frequencies, and 
would not lead to reflection or attenuation if the density 
of the medium is assumed to be smooth and varying 
slowly. The actual amplitude of radiation scattered 
through a scattering angle @ from a volume V of ionized 
gas (dimensions of the order of 1 km) is then simply the 


w p= (4rne*/m)}, 


7 Supported in part by a joint contract,with the U. S. Atomic 
Energy Commission and the Office of Naval Research. 


1W. E. Gordon, Proc. Inst. Radio Engrs. 46, 1824 (1958). 


sum of the Thomson scattering amplitudes from each of 
the electrons in the volume (Thomson scattering 
from the ions is negligible 
large 
istic, we 


because of their 
highly nonrelatiy 
neglect retardation effects and the scat- 
tering amplitude from each electron contains a phase. 
factor like those appearing in Eq. (1) with the wave 
number & given by k=4msin(30)/A, where X is the 
wavelength of the electromagnetic radiation. The total 

amplitude of backscatter as a function of time is thu 

proportional to the quantity p,.(¢), defined in Eq. nl 
for a fixed value of &. For low enough intensity of the 
radar beam and for radar frequency large compared 
neglect altogether the effect of t 

radiation on the quantity pie. 

ie Debye length, defined for the electrons 


positive 


mass). Since the electrons are 


can 


with w, we can 
electromagneti 


Let D be tl 


alone, 
D= (xT /41ne*)}, 
where n is the electron particle density and T tl 


electron temperature, and let A be the ‘dime 


ratio 


A=nD ~ (en'/«T)-?~ DT /e*. (4 
We shall only consider cases throughout this paper 
where A>>1, i.e., where a sphere of radius equal to the 
Debye length contains very many electrons and where 
the Coulomb interaction energy between “nearby’ 
electrons (separations ~ 2~') is small compared with the 
thermal energy «7. This inequality certainly holds for 
densities and temperatures encountered in the ionosphere 
and exosphere, as well as for many laboratory expet 
ments. We further assume throughout that the gas 

ionized enough so that collisions with neutral gas atoms 
or molecules can be neglected. This assumption is invalid 
for the lower ionosphere but holds for heights of about 
300 km. and higher. For a highly ionized gas with ADI 
the main collision process for electrons and ions i 
multiple Coulomb scattering through small angles ant 
the effective mean free path / for appreciable deflection 
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ELECTRON DENSITY FL 
tof the order of DA/logA>>D. We shall assume that A 
; sufficiently large for the mean free path / to be large 
jompared also with our effective scalelength k~' and we 
shall neglect collisions altogether. We shall calculate px. 
in this paper only in the absence of any magnetic field. 
for the ionospheric applications the neglect of the 
aarth’s magnetic field is not justified at the lower fre- 
wencies of about 50 Mc/sec and is expected to give a 
moderately good approximation at radar frequencies of 
about 400 Mc/sec or higher. In many calculations in 
this paper we assume complete thermodynamic equi- 
ibrium but we shall also discuss some limited deriva- 
tions from such equilibrium. 

In all our calculations the following dimensionless 
parameter a will be of importance: 


g=1/RD= (4arne®/k*xD)!=(ne2/4arxT)*(sind@)—'. (5) 


Inthe limit of a—> 0 the collective effects of the Coulomb 
interactions, which become important only over dis- 
tances as large as the Debye length D or larger, are 
negligible over distances as small as the scale length k~ 
and the electrons are randomly distributed in space. In 
this case we have completely incoherent scattering from 
ech of the electrons, at least at thermodynamic equi- 
librium, i.e., in evaluating |px-|? all the cross-terms 
average to zero and we simply obtain Ne*® for this 
quantity. In the ionospheric applications for a radar 
irequency of 450 Mc/sec, for instance, a<1 at heights of 
1000 or 2000 km and higher and this case of a—> 0 has 
been treated in detail by Gordon.! We shall carry out 
calculations in this paper for arbitrary values of a@ for 
which the spatial correlations between all the electrons 
and ions have to be taken into account. 

In Sec. 2 we evaluate the time average of the intensity 
of the electron density fluctuation, (|px!*)ay, for arbi- 
rary values of the parameter a and the atomic charge Z 
of the positive ions at complete thermodynamic equi- 
iibrium. We shall calculate these averages from first 
principles, although they could be obtained more easily 
using results from the Debye-Hiickel theory. Such a 
calculation does not give the time development of px.(¢) 
writs frequency Fourier transform, but the intensity can 
be divided into two parts with different characteristic 
frequency spreads if the ion mass M is very large com- 
pared with the electron mass m. The ions move very 
dowly compared with the electrons and, if we consider 
the ions fixed, we can evaluate the average correlation of 
the electron density distribution with that of the ions. 
Such a calculation will give that part of px- which varies 
very slowly with time (characteristic of ion thermal 
velocities). The remaining part of p,e varies rapidly with 
lime (characteristic of electron thermal velocities). 

In Sec. 3 we derive formulas for |Qie(w)|? where 
Ore{w) is the frequency Fourier transform of pxe(/)e~7 
in the limit of y-+0. This quantity is relevant if a 
mrequency spectrum is observed over a long but finite 


ah, Spitzer, Physics of Fully Ionized Gases (Interscience Pub- 
tts, New York, 1956), Chap. 5. 
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time period. The calculations are carried out for com- 
plete thermodynamic equilibrium except that the elec- 
tron and ion temperatures T and T; need not be equal. 
In Sec. 4 the general results are simplified and ap-. 
proximations evaluated, using the fact that the ion mass 
M is much larger than the electron mass m. In Sec. 5 a 
special kind of deviation from equilibrium is discussed 
where we assume that an external agent suddenly alters 
the degree of ionization in a nonuniform manner at some 
time but the medium is allowed to relax to equilibrium 
after this time. 


2. SOME TIME AVERAGED INTENSITIES 


We consider a volume V containing NV electrons and 
N/Z positive ions of atomic charge Z with N and V 
extremely large but with electron particle density 
n= N/V fixed and finite. In this section we assume com- 
plete thermodynamic equilibrium at temperature T but, 
unlike the remaining sections, need to make no assump- 
tions about the collision mean free path being large and 
evaluate only statistical averages of various quantities. 
We do have to assume, however, that the dimensionless 
parameter A defined in Eq. (4) is large compared with 
unity; in an expansion in inverse powers of A we shall 
calculate explicitly only the leading term and give only 
qualitative estimates of higher order corrections. 

Let k be any wave vector which satisfies periodic 
boundary conditions in the volume V and, for any 
given spatial distribution of all the electrons and ions, 
define complex quantities pxe, px: and px, according to 
Eq. (1). Except for the relation p_»=p x*, different 
values of k represent independent modes. We shall write 


idke ibKi 
? ’ 


PkeKke€ Pki=Miie™ 


(6) 


where each yw and 4 is real and positive. We shall need 
the electrostatic potential ¢(r) and electric field E(r) 
due to the given distribution of electrons and ions. After 
carrying out a Fourier transformation of the Coulomb 
potential —e/|r—r,;! due to the jth electron (and of its 
gradient) and summing over all electrons and ions, we 
find 


Pit=Pretpri=Mnce” **, 


o(r)=>>«(84/VR) py, cos(k- r—8d,,), 
E(r)=)>0 x k(8a/VR) pi: sin(k- r—5,,). 


where the k summation is carried only over half of all 
the possible k vectors (those with positive s component, 
say). 

We now consider N—1 of the electrons and all the 
ions as fixed, introduce an Nth electron and ask for the 
statistical ensemble average of cos(k-r—6) over all 
positions r of this extra electron, k and 6 being fixed. 
This average is 


(cos(k- r—8)) 


= fa cos(k- r—8)e** one | fa econ lar (8) 
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whére « is Boltzmann’s constant. As V > « we could 
write, no matter what the value of A, 


ere /eT TT] [1+ (Sre/VR KT) ure cos(k-r—5,,) |, (9) 
a 


and rewrite this infinite product as an infinite series of 
terms with successive positive powers of 1/x7. However, 
this series will converge rapidly if, and only if, 
lep(r)/xT|<1. If A>1 the Coulomb interaction be- 
tween “neighboring” particles is weak compared with 
xT and this inequality is satisfied for all values of r 
except those very close to one of the fixed charges. In 
the integral in Eq. (8) distances away from a fixed 
charge which are small compared with both the scale- 
length k~' and the Debye length D are unimportant. At 
a distance k~ the potential energy of an electron is of 
order e’k and the use of an expansion in powers of 1/«T 
will give rapid convergence as long as (Aa)“'!~ &k/x«T<1, 
as well as A>1. We shall assume that this inequality 
also holds (it breaks down only for a<A~‘<<1 and for 
such very small values of a the Coulomb correlations are 
negligible and the problem trivial in any case). Using the 
expansion of Eq. (9) in the integrands of Eq. (8) we keep 
only the zero order term (unity) in the denominator. In 
the numerator the zero order term gives no contribution, 
we keep only the terms of first order in 1/xT and, since 
the cosine terms for different values of k are orthogonal, 
we obtain 


(cos(k-r—6))= (4re/VR°xT) ux, cos(6—6,,), (10) 


where the uz; and 6,, refer to V—1 electrons and V/Z 
ions. A similar calculation for (cos(k- R—6)), where R is 
the position of an additional positive ion, simply gives 
(—Z) times the expression in Eq. (10). 

The use of Eq. (1) gives a double sum over indices 
j, ' for a quantity like ui2=pie*pxe for all N electrons. 
In this double sum we separate out the terms with 7=/ 
for which the phase factors cancel. On taking a sta- 
tistical ensemble average the various terms in the re- 
maining double summations give identical results and, 
replacing V(V—1) by N* and dropping the subscript , 
we obtain 


(u2)=Ne(1+N(cosk- (r,—1,)) J, 
(u2)=Ne[Z+Ni(cosk: (R;—R,))], 
(u?)=(u2)+(u2)—2Ne(cosk- (r;—R,)), 


(11) 


where r; and R; are the positions of the jth electron and 
ion, respectively. 

The cosine expectation values are the Fourier 
transforms of the two particle correlation functions, 
which would vanish for randomly distributed elec- 
trons and ions, and we evaluate them as follows. 
We keep p;, for all particles except electrons j and / 
fixed, keep r; fixed at first and average over r;. This 
average can be obtained in analogy with the derivation 
of Eq. (10) but in Eq. (9) we have to add the term 
[1— (8re?/Vk*xT) cosk-(r;—r,) ], which represents the 
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Coulomb interactions between the 


. two singled out 
electrons. We have 


(cosk - (r;—1r,))r;= (4re/ V Rx \[ —e4 wu, cos(k: r;~§)) 


with r; fixed. We average next over r,, still keeping » 
fixed, use Eq. (10) and finally average over the remain. 
ing particles as well. Using the same procedure on the 
other cosine terms we find 
=f (cosk: (R;—R,)) 
—Z~(cosk- (r;—R,)) 
(a° V)[e? ber (Ve?) 14]. (1? 


(cosk- (r;—r,) 


where the dimensionless parameter @ is defined in Eg, 
(5). (u?) refers to V—2 electrons but NV—2 may bp 
replaced by N, since we expect no cancellation of large 
terms. 
Substituting Eq. (12) into Eq. (11) to eliminate (y: 
and (u,”) yields an explicit expression for (u,?) and substi- 
tuting this expression back into Eq. (12) gives explicit 
expressions for the cosine expectation values. Using 
again Eq. (11) we finally obtain the desired expressions 


ue)= Ne (1+-Ze*) [14+ (Z+1)e2} 

u2)=ZNeE(1 ta*)[ 1 + (Z+1)a*] ' (2B 

be) = (Z4+1)Nef14+ (74+, 
Nicosk: (r;— Fr, —a*[1+(Z+1)e? }. (14 


Equation (14) merely represents a rederivation of the 
Fourier transform of the well-known Debye-Hiickel 
two-particle correlation function for two electrons, If 
we had taken over this expression (and similar ones 
from the Debye-Hiickel theory, substitution into Eq 
(11) would have given the desired results without re- 
quiring any other formulas of the present section. 
For a<<1 our results in Eq. (13) reduce to those for 
randomly distributed particles, as they should. For a>! 
the total charge density fluctuations (u,?) are smaller 
than those for random distribution by a factor a?«¥. 
The electron charge density fluctuations (u,”), however, 
are reduced only by a factor Z/(Z+-1) even in the limit 
Pines and Bohm® have carried out calcula- 
tions for (u,*) for a model in which the positive charges 
are uniformly and continuously distributed. Their re- 
sults can be obtained from our more general ones it 
Eq. (13) by making the formal substitution Z=0 in 
which case (u.”)=(u/) 0. The expression for 
(u2) for Z=1, the case of greatest interest for the 
ionospheric application, has also been derived by difier- 
ent methods by Fejert and by Renau.® Kahn® has 
derived an expression for (u2) for general values of Z 
and @ which agrees with ours in the two limiting cases 
a<<1 and a>>1 but appears to be incorrect? for general 
values of a. 


of a— ~. 


and (u,*) 


3D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952). 

4J. A. Fejer, Can. J. Phys. (to be published). 

5 J. Renau (unpublished work). 

6 F. D. Kahn, Astrophys. J. 129, 205 (1959) 

7 The fallacy in Kahn’s derivation appears to lie in the use made 
of his Eq. (17): In this equation, two expressions for (uw?) occu, 
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We finally evaluate in a similar manner another sta- 
tistical average which forms only part of (u.*). We first 
consider the positions of the ions, and hence p;=p,e~***, 
ssfixed and ask for the average of the component of the 
dectron quantity p, which is in phase with the constant 
», We first rewrite the expression in Eq. (10) for the 
average over the Nth electron (with V—1 electrons, as 
well as the ions, fixed), using the definitions in Eq. (6) 


cos(k- r—6)) 
= (4re/VR'x«T)[u. cos(6—5,) +p; cos(6—4,) J. 


We have pu, cos(6,—6,;) = —e > j-1* cos(k-r;—6,;) and 
jor the jth term in this sum we first average over the jth 
dectron, keeping the remaining electrons as well as ions 
fixed, and use the equation above. We average next over 
the remaining V—1 electrons, still keeping the ions 
fixed, and add the identical V terms j=1 to N. This 


gives 
(u, cos(5-—5;))oi= —a?[ (ue coS(6.—5;))oi +m: | 
= —a*(1+a’)"yi, 


where the subscript p; indicates that this quantity is 
kept fixed. We finally square the expression in Eq. (15) 
average over the positions of all the ions as well and use 
the explicit expression in Eq. (13) for (u,?) to obtain the 
desired result 


(15) 


0,=((u, cos(6.—4,))0;) 


=ZNéa'(1+e*)"[1+(Z+1)e*}"', (16) 
Dee=(u)—9-1= Ne (1+a’). 


If the ion mass M is large compared with the electron 
mass m, the expressions in Eq. (16) have the following 
physical significance. The ions move slowly so that p; 
varies slowly with time and the frequency Fourier 
transform of u,* has a narrow spread and so does the 
Fourier transform of the square of that part of p, which 
remains in phase with p;. The full Fourier transform of 
ue(t) (which we shall analyze in detail in the next 
section) thus contains one part, with a narrow frequency 
spread, whose integrated intensity is given by 0,;. The 
remaining part represents the electron density fluctua- 
tions which are not correlated with the ions, has a wide 
frequency spread characteristic of electron thermal 
velocity Doppler broadening and integrated intensity 
given by 0... For a1 the dominant part is @,- and the 
integrated intensity of the narrow part is small, 0,.= Ve 
and @.;~ZNea*. For a>1 the dominant part is @,; and 
De=(u?)= NEw °KO.;. 

In deriving Eq. (10) from Eq. (8) for a particular 
wave-mode k we had carried only the leading term in an 
expansion in powers of 1/x7 and thereby omitted all 
terms which involve p,, for any other wave-mode q#k. 
The approximation made thereby is equivalent to the 





one for V electrons and one for N-+1, which should be taken at 
constant density V/V (not at constant volume V). Since second 
di erences occur in subsequent equations, the use of a constant 
volume V is not justified. 


so-called “random phase approximation” which neglects 
correlations between different wave-modes. Some devia- 
tions from this approximation could also be calculated 
with methods similar to those of the present section. 
For instance, with pxe and px; fixed, the average of 
Matha’ COS(6—5y¢—5,'+) for q+q’=k could be evaluated. 
Using such expressions and keeping terms of second 
power in 1/xT in Eqs. (8) and (9), corrections to Eqs. 
(10) and (13) could then be obtained. For a<1 the 
leading correction to Eq. (10) is probably of relative 
order ek/xT~ (Aa), the correction to (u.2) of relative 
order a/A where a and A are defined in Eqs. (4) and (5). 
For a>1 the leading correction both to Eq. (10) and to 
(u) is probably of relative order (Aa*)~. 


3. THE FREQUENCY SPECTRUM 


We have so far evaluated only the root mean square 
average of the quantity p,(/) defined in Eq. (1) and now 
wish to calculate its time-dependence, or rather its 
frequency Fourier transform. In this section we neglect 
collisions entirely (mean free path much larger than both 
k and D) and assume that the only forces acting are 
those of the electric field E(r), given in Eq. (7), due to 
the charge density fluctuations themselves. We again 
assume that A>>1 and also that wk~*>>1. In this case the 
use of a Boltzmann equation for a Boltzmann distribu- 
tion function f(r,v,/) is in general justified. Such an 
equation was used by Bhatnagar, Gross and Krook® and 
the spatial and frequency Fourier transforms of the 
distribution function f evaluated. We shall use a method 
similar to that of BGK but we shall have to take ac- 
count of the discrete nature of the electrons more ex- 
plicitly since we wish to retain also terms in an expres- 
sion for p(/) which are proportional to only N, the 
number of electrons in the volume V, rather than NV. 

We consider a fixed value of the wave vector k, take 
its direction as the z axis, call the s component of 
velocity v and shall omit the subscript & in px, etc. We 
define a quantity o.,(¢) by 


dva y(t) = —e > ei, p-(t)=Doedvee(t), (17) 


where >-‘” denotes summation over all electrons whose 
velocity 2;=2; lies between v and »+dv. Our quantity 
Oev(t) is essentially —e times the spatial Fourier trans- 
form for wave vector k of the Boltzmann distribution 
function j(r,v,/). The Boltzmann equation reads 


00 ep/ Ot+ikv0 ey = (e, m) fer E.(r,t)(0 f(1,v,1)/dv je“ **, 


where the right-hand side represents the contribution 
from those electrons whose velocity was below v pre- 
viously but passed into the »—+v+dv bin due to the 
acceleration of the electric field EZ, (minus those that 
have passed beyond v+d»); E, is given by Eq. (7). We 
assume A=nD*>1, nk“*>>1 and the absence of any 


8 P. L. Bhatnagar, E. P. Gross, and M. Krook, Phys. Rev. 94, 
511 (1954) (hereafter referred to as BGK). 
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large scale macroscopic deviations from thermal equi- 
librium and replace f in the right-hand side of the 
Boltzmann equation by the equilibrium distribution 
function 


f(t,v,t) — nF (2) ; 
F .(v) = (2kT/mm)! exp(—mv?/2xT), (18) 


where n= N/V is the electron particle density. This 
gives the so-called Vlasov equation, 


O6 ev/ OL+-iRVG oy = 1(4re*n/ kT) (0/k)p iF (v), (19) 


where p; is px; for our fixed value of k. This substitution 
is equivalent to the “random phase approximation” 
since we have neglected fluctuations in f(r,v,/) with 
wave vector q together with components for E in Eq. 
(7) with wave vector k—q. 

We define next the frequency Fourier transforms, or 
rather Laplace transforms, of the time-dependent 
quantities o,,(¢) and p.(/), 


deo(u)= f dt Fey (t)e Cet * 
0 
(20) 
O.)= f dl Pe (t)eCietnt, 
0 


where ¥ is a real, positive, infinitesimally small constant. 
In a radar experiment, where the frequency spectrum of 
| p-(¢)|? is obtained during a large but finite time interval 
(2y)~, a quantity essentially like |Q.(w)|* is measured 
and we also have for the time average of | p,|?, 

ao 


{| pe(t) y= 2y f | pe(t) |2e?1"dt 


= (y/m) f 10.(w)|%dw. (21) 


Using the identity 
f Ger (te FY dt = —o (0) + (wt) Ger(w), 
0 


we derive from Eq. (19) the relation 


Jev(w) = (wt ko— iy) — ioe (0) 
+ (4men/xT)(0/k)Fe(0)O,(w)], (22) 


where o 1, Pt, J, and Q, are defined by equations analo- 
gous to Eqs. (17) and (20) but with all the charges, 
electrons and positive ions of charge Ze, included. For 
the ions alone one obtains an equation similar to Eq. 
(22) with ne? replaced by Zne® and with a distribution 
function F ;(v) occurring which is defined as in Eq. (18) 
but with the ion mass M replacing the electron mass m. 
In this expression we also allow the ion temperature 7, 
to differ from the electron temperature 7. For the 
electron and ions combined we then find 


Gv (w) = (wt ho— iy) — io » (0) 
+ (4ane/keT)(Fe+ZTT F,)O(w)]. (23) 
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Summing Eq. (23) over all velocity groups » and 
using the fact that Q;,=>°, dog» we obtain an explicit 
expression for Q,(w) in terms of the quantities F 1(0) at 
the initial time ‘=0. The terms involving F.(v) and 
F,(v) are smoothly varying functions of »v and we can 
replace the summation over » by an integration, In the 
term involving o;,(0), however, we must be careful to 
preserve the discreteness of the summation and of ex. 
pressions like Eq. (17) and write this term as a summa- 
tion over individual electrons and ions. This gives 
Q.(w) =ie[1—G.(w) —G;(w) J 

- 


X{ >> (othko—iy) ei 


l 
l 


N/Z 
—Z DY (wtho—iy)e-i*2i) (04 
where 
D 
G.(w) -f (drre*nv/kxT) (w+kv—iy)F,(v) dv, 
Dx 


(25 


G;(w) -f (4rZe?nv/kxT ;) (w+kv—iy)“F,(v)do, 


and z;, Z; denote the position of the jth electron or ion, 
respectively, at time ‘=O (and 0; is the corresponding 
velocity). After summing Eq. (22) over velocity » and 
making use of Eq. (25), we also find : 

1—G; N e~ tke 
Q.(w) = i — : de 


1—G.—G; =i w+ho;—i7 


G. N/Z é tkZj 
—Z 2 ——|. (26 
1-—G.—G; = wtho,;—ty 


Equation (26) expresses Q,(w) explicitly in terms of 
the positions and velocities of all the electrons and ions 
at the initial time /=0. If we were to put Z=0 and 
replace the summation in Eq. (26) by an integral over 
7e(O)dv we essentially would obtain Eq. (44) of BGK 
and we shall return to such an equation in Sec. 5. At the 
moment, however, we want an expression for |(,(w)’ 
under conditions of thermal equilibrium (except that 7, 
may differ from 7) and therefore take the modulus 
squared of the right-hand side of Eq. (26) and average 
over initial conditions. In the double summation over 
particles j and / we separate out the terms with j=/and 
obtain 


N € tke; : 
( - ) 
e "ar : 
J=1W +kv;—iy 
» F,(v)dv 
-vf 
(w+kv)?+¥ 


» F,(v;)F e(v%) "athe | »pdv dv, Ee 
se ff Pere nn 
7 « ( 


w+kvj;—iy)(wt+kvi—17) 


+-V(V—1) 
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ELECTRON DENSITY 
The quantity ( , indicates an average over the posi- 
ions of the two electrons with their velocities kept 
constant and is of the same order of magnitude as the 
expression in Eq. (14). With the density fixed, the 
cond term on the right-hand side of Eq. (27) is then 
proportional to N, just as the first term, but as y 0 
the second term tends to a constant limit whereas the 
frst term is proportional to y~'. Keeping only terms of 
order y~! we can neglect the second term in Eq. (27) and 
evaluate the integral in the first term and obtain from 
Eq. (26) 
y/aNe)(|Qe(@) |? 
=|1-G,.—G,;| kL |1—G, |?F .(—w/k) 
+Z!G,|°F (—w/k) ], 


where G is defined in Eq. (25) and F in Eq. (18). 


(28) 


4. RESULTS 


Equation (28) is the essential result in its most 
general form. For Z=7/7T;=1 this result has also been 
obtained by Dougherty and Farley® and, for a>1, by 
Fejer.4 Using Eqs. (54) and (56) of BGK the expressions 
ior G in Eq. (25) can be expressed in terms of tabulated 
functions, 


G.(w) = —a*[1— f(«)+i(2)*x exp(—.*) ], 


X=w/We, We=(2kxT/m)', 

(29) 
Go) = — (ZTo?/T )[1— f(y) +i(x)*y exp(—y*)], 
y=w/wi, w= (2kxT;/M)), 

f(x)=2x exp(—a#) f exp(/)dl, (30) 


and the integral in Eq. (30) is tabulated.’ For x<1 the 

Taylor series (convergent for all «) converges rapidly, 

f(x)=2a7{1— (2/3)a?+ (4/15) a4 
++++(—2a?)"[3-5-+-(2n+1) }'°+---}. 


(31) 
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Fis. 1. The function f(x), defined in Eq. (30), plotted against x. 
The dashed curve denotes the asymptotic expansion carrying only 


the first two terms on the right-hand side of Eq. (32). 
JP: Dougherty and D. T. Farley (unpublished work). 


Nauk. U.S.S.R., Moscow, 1958). 
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Fic. 2. The function ',(«) plotted against x for a=0, 0.5, 1, 2, 3 
and 4. The vertical] lines near the top of the figure denote x9, Eq 
(38), for a=2, 3 and 4. The dashed curve denotes I’. (x), Eq. (41), 
for az 2 


For «>>1 we have the asymptotic expansion 


f(x) —1~ (222) 701+ (3/222) +- (15/4a4) +--+]. (32) 


For intermediate values of «, the function f(x) is plotted 
in Fig. 1, as is (dashed curve) the function obtained 
from the first two terms on the right-hand side of Eq. 
(32). The velocity distribution functions F in Eq. (28) 
can be written explicitly as k= exp(—?)/(a)*w, and 
kF ;= exp(—y*)/ (1) fw;. 

The constants w, and w; represent Doppler spread 
frequencies characteristic of thermal velocities of the 
electrons and ions, respectively. For most cases of 
practical interest mM and T,<=T so that 


n=w,/we= (mT ;/MT)*K1. (33) 


In this case a good approximation (except for some 
special cases discussed below) can be given for Eq. (28), 
in terms of a single-parameter family of functions I’ of 
one variable, as follows. The first term in Eq. (28) 
involves F,«exp(—a*) and is of most interest for |x| 
~1. Disregarding the narrow region |x| =|y|n=n we 
have |y|>>1 for this term and G;~ZTa*/2T y* can be 
neglected compared with unity and with G,. The second 
term in Eq. (28) involves F,«exp(—y*) and is unim- 
portant if | y| = |2!»~'2n-. In the important regions we 
then have |x|<1 and G,~ —a*[1+i()!x]. Neglecting 
also the term i(7)!x, we obtain finally" 








| deo ee 
{Qe d= PCa) —+2( ) ro 
(iN e We 1 +? oO; 
ZTo? 
e=———, (34) 
T (1+) 
I’. (x) =exp(—2*){[1+02—a* f(x) 


+ra‘x* exp(—22x?)}-, (35) 


where a is defined in Eq. (5) and x, y in Eq. (29). 
This result had been stated previously by E. E. Salpeter, J 


Geophys. Research 65, 1851 (1960). In Eq. (1) of this paper 
3n8° should read 4x8. 
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Each function [',(x) is even in x. It is plotted for 
positive « in Fig. 2 fora=0, 0.5, 1, 2, 3, and 4. For a1 
the function is close to the Gaussian I'o(x)=exp(—a.”). 
This is, of course, the characteristic Doppler spread 
spectrum for noninteracting electrons. For a>>1, on the 
other hand, ['.(%) has a very sharp maximum near 
x=+2 , where x» is the solution of the dispersion re- 
lation, 


f (x0) —l=a™”. (36) 


For x very near xo, '4(«) can then be approximated by 
the Lorentzian shape, 
I. (x) = $a? exp(— x0") {4(a—2)? 

+3 (x) hate(— sxc) PY, 
for a>1, where we have used the approximate relation 
f—1=1/2s? in evaluating coefficients. If Eq. (36) is 
solved" approximately by using the first two terms in 
the asymptotic expansion, Eq. (32), we obtain 


xe? = 3 (a?+3), 


(37) 


wo? = (xe)? Sw yer +3xTh?/m. (38) 


This expression for aw»? is the well-known" dispersion 
relation for longitudinal (electrostatic) plasma oscilla- 
tions.'* The Lorentzian shape of Eq. (37) is characteristic 
of the resonance spectrum for a long-lived oscillation. 
The width of the spectrum, the expression in the second 
round bracket in Eq. (37) comes from the so-called 
Landau" (or ‘“‘drift’’) damping which is contributed by 
_ those few electrons in the tail of the Maxwell distribu- 
tion whose velocity equals the (very large) phase 
velocity of the plasma oscillation. As @ increases the 
width decreases and the maximum of I,(«) increases 
sharply, even though the integrated intensity 


wo 


mf T'(x)dx~a 


— 


(39) 


decreases. It should be remembered that, for a practical 
problem, collisions also contribute a very small width to 
the spectrum which dominates the Landau damping for 
very large values of a and that small slow variations of 
the over-all electron density will vary w, and broaden 
the spectrum. As the discussion in Sec. 2 shows, the 
integrated intensity in Eq. (39) should not depend on 
collisions or on the width. 

We have discussed so far only the first term, involving 
I'.(x), in Eq. (34) which represents the part of the fre- 
quency spectrum which is important at large frequen- 
cies, of the order of w, or of w,, and whose integrated 
intensity is given by 9,, in Eq. (16). We turn now to the 


#2 Equation (36) also has a second solution with xo~1. This 
solution is of no interest since [.g~a*<1. 

13 See reference 2, Chap. 4. 

% The relevance of such plasma oscillations to the radar back- 
scatter problem was first pointed out by A. I. Akhiezer, I. G. 
perl and A. G. Sitenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 750 (1957) [translation: Soviet Phys.-JETP 6, 576 (1958)], 
who used a-model in which the ions are replaced by a uniform 
charge distribution. 

16 |. Landau, J. Phys. U.S.S.R. 10, 25 (1946). 
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second term, involving I's(y), in Eq. (34) which is im. 
portant only for small frequencies and whose integrateg 
intensity is given by 0,; in Eq. (16). For a1 we have 
0.:~Za‘O.<O,.. but the width of the second term is 
smaller by a factor of n=w,/w<1 than that of the first 
and the peak of the second term will dominate for small 
w as long as Za*>>». For a>>1 the integrated intensity 9 

of the second term dominates that of the first term, For 
the case of greatest interest, Z= 7 ;/T=1, we then have 
B=1asa—« and Ig(y) has the almost flat-topped 
shape plotted in Fig. 2. In this case we have almost 
complete charge neutrality, the electron density mainly 
follows that of the ions which can change only slowly 
and leads to a narrow frequency width of order w;, The 
shape of I',(y) differs from the Gaussian for non- 
interacting ions because electrostatic potentials of order 
xT are set up by the requirement that the electrons 
follow the charge density of the (slow) ions. 

If the ion temperature 7, is lower than the electron 
temperature 7, as well asa>>1, we have 6= (ZT/T;))>1 
and the “ion component” I'g(y) also has a Lorentzian 
shape like Eq. (37). This sharp “resonance curve” 
represents the positive-ion oscillations! 
whose frequency is the same as that of a plasma oscilla- 


SO-¢ alled 


tion for ficticious particles with the ion charge and mass 
but with the electron temperature. If the quantity 9, 
defined in Eq. (33), is negligibly small and there are no 
collisions the width of the frequency spectrum for the 
positive-ion oscillation is given by I'g(y) no matter how 
large 8. However, if (n7;/ZT)>exp(—*/2), then 
the replacement in the derivation of Eq. (34) of 
G.= —a*[1+i(r)!x] by —a? is not justified and the 
actual width, although still small, is larger than that 
given by Ig(y). 

To summarize the results so far for the most im- 
portant case of T7;=7T, Z=1 and m«KM: We have 
defined the dimensionless parameter a in Eq. (5) and 
have B=a(1+a’), n7=w,/w.=(m/M)'. The frequency 
distribution is given by Eq. (34) with x and y defined in 
Eq. (29). The integral over dw of the first term in Eq. 
(34) is (w)#(1+a?) that of the second term is 
(3) 'a*(1+a?)-'(1+2a2)—'. The sum of the two integrals 
is (x)!(1+a?)(1+2a?)"! which decreases only by 4 
factor of 2 as a goes from zero to infinity. The function 
I’,.(x) is even in x and is plotted for positive « in Fig. 2, 
has Gaussian shape for a=0, is almost flat-topped for 
a=1 and has a maximum at a nonzero value of « for 
larger values of a. For a2 4, the function I’,(x) has the 
Lorentzian shape of Eq. (37) and a very sharp peak of 
height greater than unity and Eq. (38) is a very good 
approximation. For a<(m/M)"/’, the maximum of the 
first term in Eq. (34) is larger than that of the second 
term. This is again the case for large values of a (a~5 
for M/m~10*) but it should be remembered that ina 
practical problem such as the ionosphere application 


there are other causes, besides Landau damping, 


16 E. P. Gross and M. Krook, Phys. Rev. 102, 593 (1956). 
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ELECTRON DENSITY FLUCTUATIONS IN 


broadening the “resonance peak” and the actual maxi- 
mum will be lower than that given by I’. (x). 


5. SOME DEVIATIONS FROM THERMAL 
EQUILIBRIUM 


We have discussed so far only cases in which complete 
thermodynamic equilibrium holds (except that the ion 
and electron temperatures T; and T may differ). We 
now consider one very special kind of small deviation 
from equilibrium. We assume that equilibrium has been 
established but that at some time /=0 the electron and 
ion charge densities are suddenly both altered in a non- 
homogeneous manner (but keeping charge neutrality) 
by some external agent. This might be accomplished, 
for instance, by the sudden passage of fast ionizing 
particles with a patchy spatial distribution. The newly 
created patchy electron charge distribution is assumed 
to be small compared with the uniform density 2 but its 
spatial Fourier transform p;.(0)=—p;x;(0), Eq. (1), is 
assumed to be larger than p,, for purely thermal density 
fluctuations. We further assume the absence of collisions 
and A>1 in Eq. (4), will use the random phase ap- 
proximation and consider only one particular value of 
the wave vector k (and drop the subscript k).!7 We as- 
sume next that o,,(0) and ¢;,(0), Eq. (17), are smoothly 
varying functions of the velocity v. We also assume that 
after the initial time /=0 there are no external forces or 
disturbances (except for the possibility of another 
sudden burst of ionization after the effects of the original 
disturbance have died down). 

If we assume the disturbance at ‘=O occurs instan- 
taneously, then the frequency Fourier transform of 
p(t) is again given by Eq. (26) but we can replace the 
summations by integrations over the smoothly varying 
functions o,,(0) and o;,(0). We specialize further by 
assuming that o,,(0) is proportional to the Maxwell 
distribution function for ions at temperature T= 7’; and 
t»(0) that for electrons at temperature 76-? where 
§$1. Carrying out the integrations over dv we find 





a 1—G; J (x6) 
Vw) =— E exp(— x”) ya = 
1-—G,-G,| x8 (xr)! 
Gd. S(y) 
——i 6 exp(—y*)+- | (40) 
Wj (m)*y 


where @ is a constant. Using the fact that mM, we can 
_ "Because of the absence of collisions our case is quite different 
rom those involving turbulence (with a short mean free path) 
where large eddies feed small ones and pie(t) also depends on 
tee(0) with q#k; see, for instance, F. Villars and V. Weisskopf, 
Proc. Inst. Radio Engrs. 43, 1232 (1955); R. A. Silverman, J. 
Appl. Phys. 28, 506 (1957). 
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a 
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w 
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simplify this expression as we did in Sec. 4 to obtain 
1O.(w) |? «Ta (16) we?®+Zat(1+a?) Tg” (yw, 
Pr,’ (x) =[exp(—a*)+exp(a*) f?(«)/ma? Ta (x). 


As Eq. (41) shows, the function [4 («) decreases 
much less rapidly for large x than the function I',(«), as 
ax * rather than as exp(—.2?). This slow falloff is due to 
our special assumption of a sudden onset of the disturb- 
ance which contributes Fourier components of large 
frequency. If the onset occupies a finite time duration 
T, as it would in practice, our Eq. (41) breaks down for 
w> T~' and the actual spectral intensity would be lower 
than in our approximation. Note also that |Q,(w) |? in 
Eq. (41) is independent of y~', the length of time over 
which the frequency spectrum is accumulated (as 
y— 0), rather than being proportional to y~ as is the 
expression in Eq. (34) for the case of thermodynamic 
equilibrium. This is due to the fact that we assumed 
only one single external creation of a disturbance which 
dies down in a finite time period and very much later 
times do not contribute to Eq. (41). 

For a1 (and 6~1) the peak values of I’. do not 
differ very greatly from those of [',. For a>>1 the second 
term in Eq. (41) contains I’? (y). The dashed curve in 
Fig. 2 depicts this function T';"’(%) which is seen to be 
similar to [',(x) except for its longer tail. The first term 
r,"” in Eq. (41), however behaves rather differently for 
a>>1 (even with 6~1). It has the Lorentzian shape of 
the expression in square brackets in Eq. (37) but the 
very small multiplying factor a? exp(—.,*) is missing. 
The integral of P.,"” over x thus increases with a roughly 
as exp(a?/2) rather than decreasing as a~*. Physically 
this means that our assumed sudden onset of the dis- 
turbance can excite a plasma oscillation no matter how 
much larger w, is than w,, but this oscillation persists for 
a length of time (the inverse of the Landau damping 
frequency width) which increases with a as exp(a?/2). It 
should be noted again that, in practice, collisions will 
put an upper limit to the persistence time of the plasma 
oscillations and that the excitation of the oscillations 
would be strongly depressed if the onset time T of the 
disturbance is large compared with the oscillation 
period w,~'. The assumptions in this section were chosen 
not so much because they are physically reasonable but 
because their consequences follow readily from previous 
work in this paper. 


(41) 
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If a beam of particles is scattered by a gas or plasma, the differential scattering cross section that is observed 
experimentally may, in some cases, be altered a discernible amount by the random thermal motion of the 
target particles. In order to explore the feasibility of using this effect as a means of measuring high tempera- 
tures, or to correct for the temperature of the target in the event that the desired cross section must be 
measured at high temperatures, this work presents a theoretical study of the temperature dependence of the 
cross section. A general expression is obtained for the observed differential scattering cross section in the 
laboratory frame in terms of the differential cross section in the center-of-mass frame for the general case of 
arbitrary initial motion of the target. Detailed results for the temperature dependence are given for hard- 
sphere scattering (which is also applicable to low-energy neutron scattering) and for Coulomb scattering, 
in the approximation in which the projectiles are light and rapidly moving, compared to the targets. For 
hard-sphere scattering the case of equal projectile and target mass is also considered 


1. INTRODUCTION 


N ordinary scattering phenomena, the thermal 
motion of the scattering centers can usually be 
neglected, in comparison with the much larger velocity 
of the incident beam projectiles. This is quite fortunate, 
inasmuch as scattering experiments are usually used to 
determine the physical properties of one or the other 
colliding particles, or to study the interaction between 
the two, and it would be much more difficult to extract 
the desired information from the data, were there an 
additional set of random variables (speeds and direc- 
tions of the targets) to complicate the initial conditions. 
However, in some cases, it may be necessary to 
conduct the scattering experiment with the target at 
relatively high temperatures. As an example, if it is 
desired to study the collisions of various projectiles with 
atomic hydrogen as the target, the target gas of pressure, 
perhaps a micron, would have to be maintained at 
2400°K in order to insure that it is fully dissociated. 
For low-energy projectiles, the temperature effect might 
well be appreciable. At any rate, it would certainly be 
desirable to know, in advance, the order of magnitude 
of the effect and to be able to correct the data where 
necessary. A second example is the scattering of low- 
energy neutrons by protons, an experiment which has, 
in fact, been conducted.! 

There is also an additional, and perhaps more 
important reason for studying the temperature 
dependence of the observed differential scattering cross 
section. The possibility exists that a suitable beam of 
particles at the proper energy could be used as a probe 
to measure the temperature and density of a gas or 
plasma as a function of position. Thus, if the differential 
scattering cross section is known in the center-of-mass 
system, for given projectile and target, two families of 
curves can be computed giving the number of particles 
scattered per unit solid angle as a function of angle of 

* This work was supported by the Office of Ordnance Research, 
U. S. Army, through the Ordnance Materials Research Office at 


Watertown and the Boston Ordnance District. 
1 W. B. Jones, Jr., Phys. Rev. 74, 364 (1948). 


scattering, with target gas temperature and density 
as parameters. With these, the temperature and density 
of the target gas at a given point can be obtained by 
measuring and plotting this quantity and comparing the 
measured curve with the two families of computed 
curves. 

At sufficiently low densities, the density dependence 
of the number of particles scattered per unit solid angle 
is such that the shape of the curve, plotted as a function 
of angle, remains unchanged, with only the ordinate 
scale factor varying. In contrast to this, the primary 
effect of a change in temperature is to alter the shape 
of the curve without much changing the average height. 
Thus, even if only the temperature is desired, measure- 
ments at at least two angles are necessary, in order that 
lack of precise knowledge of the density shall not cause 
an incorrect temperature determination. 

Of course, the practical utility of this method of 
measuring temperature depends on the sensitivity of 
the differential cross-section curve to a change in target 
gas temperature. The method will, in any event, be 
relatively cumbersome, but this disadvantage is offset 
by the advantages that (1) the technique may be 
feasible at the very high temperatures where other 
methods fail and (2) it can be made to give 
instantaneous temperature readings as a function of 
position, and might, therefore, become an important 
tool for studying nonequilibrium phenomena. Figure! 
shows how the collimation of the incident and scattered 
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Fic. 1. Geometrical arrangement. This shows how collimation 
of the incident and scattered beams selects a small region 
observation. 
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beams selects a very small region of observation. To 
obtain instantaneous temperature determinations, it is, 
of course, necessary to measure the scattered beam 
intensity at several angles simultaneously. The speed 
of the temperature determination would essentially be 
limited by the admissible intensity of the incident beam 
in relation to the size of the cross section, the target 
density, and the sensitivity or efficiency of the detector. 

The purpose of the present study is to determine 
theoretically the dependence of the target gas tem- 
perature in terms of the (presumed known) cross 
ction in the center-of-mass frame. Gryzinski,? 
Chandrasekhar* and Chandrasekhar and Williamson‘ 
have considered scattering problems in which the 
targets were randomly moving with non-negligible 
velocities, but all three of the above treatments were 
restricted to Rutherford-type scattering and did not 
obtain the temperature dependence of the differential 
scattering cross section. 

In the following section a general expression is 
derived for the quantity o(7,@), which gives the ob- 
served differential scattering cross section in the 
laboratory system as a function of target gas tempera- 
ture, in terms of the differential scattering cross section 
in the center-of-mass frame. This result is rather 
complicated. Therefore, in Sec. 3, the approximation for 
light projectiles incident on slowly moving targets is 
considered. This case is a good approximation to the 
sattering of moderate energy electrons, protons, or 
neutrons by most gases at any temperature that would 
be of interest. Two special cases, Rutherford and hard- 
sphere scattering, are considered in detail. The latter 
case is also applicable to the elastic scattering of low- 











Fic. 2. A velocity diagram’ in the laboratory frame. Here v, is 
the velocity of the center of mass, v, the veloc ity of the target, v, 
the relative velocity. 

inne 

iM. Gryzinski, Phys. Rev. 115, 374 (1959). 

iS Chandrasekhar, Astrophys. J. 93, 285 (1941). 

8. Chandrasekhar and R. E. Williamson, \strophys. J. 93, 
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Fic. 3. Relation between the angle of scattering @ in the labora- 
tory frame and the angle of scattering © in the center-of-mass 
frame. In order not to complicate the figure, this shows the special 
case in which @=0, but the analysis in the text is perfectly general. 


energy neutrons. Inasmuch as scattering experiments 
with low-energy neutrons incident on protons have 
already been performed, the special case of target niass 
equal to projectile mass is considered for this type of 
collision. 

Section 4 presents some numerical results and con- 
clusions drawn from the analysis. 


2. GENERAL FORMULATION 


For a gas at sufficiently low densities so that multiple 
scattering can be neglected, we denote by o(7,@) the 
number of particles scattered per unit time, in the 
laboratory system, into a unit solid angle making an 
angle 6 with the incident direction per target particle 
for unit intensity beam. This is the usual definition, 
but we are here taking formal cognizance of the fact 
that o is a function of the target gas temperature 7. In 
most applications the 7=0 isotherm is understood. 

In order to calculate o(7,9), let us first consider the 
scattering produced by a target moving with velocity 
v;, in a direction making an angle a with the direction 
of motion of the incident projectile. We choose a 
coordinate system such that the projectile is traveling 
in the positive z direction and the target is moving in 
the «-z plane (see Fig. 2). We take it for granted that 
the cross section in the center-of-mass frame, ¢,(@) 
is known. (It is independent of azimuthal angle ® for 
central forces.) Here ©, ® give the scattered direction 
in the X, ¥, Z coordinate system of the center-of-mass 
frame (see Fig. 3). Also, 6 gives the angle that the 
relative velocity v, makes with respect to the z axis, 
v, and @ are, respectively, the speed and direction of 
motion of the center-of-mass in the laboratory system. 
Finally, «, @, ¢ represent the final speed and direction of 
motion of the projectile, in the «, y, coordinate system 
fixed in the laboratory frame (see Fig. 3). In order not 
to clutter Fig. 3, it shows only the special case 6=0, but 
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the analysis below and in the Appendix is completely 
general. 

If, in the center-of-mass frame, the projectile is 
scattered into the direction ©, ®, it is possible to solve 
for the angles @, ¢ describing the direction of scattering 
in the laboratory frame of reference. Thus: 


0=0 (0,¢,c), 


(1) 
b=9(8,¢,c), 


where we suppress explicit mention of the dependence 
of © and ® on v, and %, since these will remain un- 
changed in the operations performed below. 

To obtain the cross section in the laboratory frame, 
oa(9,¢), in terms of the cross section in the center-of- 
mass frame, the connection is given by 


o-(@) sinOd@db=a,(0,¢) sinddéd ¢. (2) 
Since 
0, ® 
d@Odb=J ( ) aed (3) 
» 


where J is the Jacobian of the transformation (1), 


we have 
sinO0 s0, ©& 
o4(6,¢) = 1 )o(0), (4) 
sin8 0, 


Now, oa is the cross section, in the laboratory frame, 
for the special case in which the target is moving in a 
direction which makes an angle a with respect to the 
direction of motion of the projectile. No azimuthal 
angle is used since we have chosen our coordinate 
system such that the target is moving in the «-z plane. 

The desired cross section is obtained by averaging 
o over all directions and speeds of the targets. Insofar 
as the azimuthal angle is concerned, this can be ac- 
complished by averaging over all orientations of the 
x axis about the z axis, i.e., integrating over ¢ and 
dividing by 27. Averaging over a and 2; is straight- 
forward. Thus: 


o(tp)= f flo)dee f } sinada 
0 0 
adi sin0 s0, © 
eff ta 2s(> “eco 
0 2 sin 0, ¢ 


Here, f(v,) is the distribution function of the speeds and 
it must be remembered that the quantity in square 
brackets is a function of v;. In order to formally exhibit 
o as a function of temperature, the function in the square 
brackets would have to be expanded as a power series 
in v, and the various moments of v, expressed in terms 
of T. This will be done in the following sections. 
It is shown in the Appendix that 


9 





sinO0 sO, ® 
1( )-— (6) 
0, o) VelV,2+02(A2—1)} 


sin@ 
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with 


V p=0,(1+n)"(1—2€ cosa+ &)!, (7a) 
?.=Vp(1+n)"(9?+2é cosat &)!, (7b) 
A= (9°+ 2& cosa+ #)~} 
X[E(siné cos¢ sina+cos8 cosa)+n cosé |, (7c 
u=Av.+[V,+22(A?—1) }}, (7d 
where 


E=U1/Up, N= My/mM. (7e) 


The quantities defined in Eqs. (7a-d) have physical 
significance. Thus, Vp is the velocity of the projectile 
in the center-of-mass frame; 2, is the speed of the center. 
of-mass in the laboratory frame; A is the cosine of the 
angle between the final projectile velocity and the 
velocity of the center-of-mass, both being measured in 
the laboratory frame; finally, « is the final projectile 
speed in the laboratory frame. The particular choice 
of the dimensionless quantities £ and 7, defined in 
(7e), is dictated by the fact that for slowly moving 
targets and light projectiles, — and » will be small, and 
it is this case that is next considered in detail. 


3. SLOWLY MOVING TARGETS 
A. Light Projectiles 


In the case of light projectiles and slowly moving 
targets, » and ~ are small. A Taylor expansion of the 
right-hand side of Eq. (6) with only the first few terms 
retained will then yield a good approximation. It is 
necessary to carry out the expansions to order &, since 
the contribution of the terms linear in & to the differ- 
ential cross section vanishes. Carrying out the expansion 
is straightforward, but tedious. The result is given in 
Eqs. (8). 
sin® /0, ® 

1 ) 
siné 6, ¢ 

=Ko+éLKi. cosa+K, sina cosy |+2LK 2c cos’a 

+-(Ko,.°° cos?g+Ko,5"*) sin? y) sin’a 
+ Kose SiN@ COSA J+: -+, (8a) 
which explicitly exhibits the dependence on &, a, and ¢. 
Here, 


Ko=1+ 72 cos6+7?(1/2)(3 cos’@—1)+---, (8b 
K,,.= 2 cos0-+7(3 cos*@+2 cosd—1)+-::, (8c 
K,,.=2 sind+73 sin@ cosé+:--, (8d 


Koee= (1/2) (3 cos*@+4 cos#—1) 
+72(3 cos*@+cosé—1)+--:, (8e) 


Koss = (1/2)(—3 cos?9+2)—n cosd+---, (8f) 
Kos, = —1/2—n cosd+::-. (8g) 


Ko,,- is not needed. The contribution of that term to the 
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EFFECT OF TARGET GAS 
cross section will vanish to order & because of the a and 
g dependence. The coefficient of each power of ¢ is 
given as a power series in 9, with only the first two terms 
retained (except that in the expansion of the coefficient 
of @, the first three terms are retained). This somewhat 
strange presentation of the series expansion of J sin0)// 
sind is motivated by the fact that it is necessary to go 
to order & to get a nonvanishing correction to the cross 
section. This is shown in paragraph C of this section. 
It is moreover necessary to go to order &m to get an 
indication of the mass ratio dependence of that correc- 
tion. Terms, therefore, of order £m’, which are of the 
same order have not been retained, since they do not 
contribute to the cross section. 


1. Hard-Sphere Collisions 


Let the radii of projectile and target be denoted by 


R, and R;; then® 


° 
G-— a 


a= (R,+R,)/2. (9) 


This cross section is also valid for elastic scattering of 
neutrons at low energies.® In that case, @ is known as the 
“scattering length.” 

Substitution of Eq. (9) along with Eqs. (8) into 
Eq. (5), and then carrying out the indicated integrations 
yields : 


o(7,0)=a*{[1+2n cosé+-n74 (3 cos*?@—1)+--- ] 
+ (nkT/E,y)[cos8+ (3 cos’?@—1)+-- | 
+--+}, (10) 


where £, is the energy of the projectile in the laboratory 
frame. In deriving the result (10), the usual definition 
of T is used : 


D nD 9 


V¢- 3RT 3kTn 
J fodede= f f (v2) -dty= ahaa (11) 


0 0 v7 mv, 2E, 


The first moment of £ is not needed, since, as mentioned 
before, the terms linear in vanish upon integration 
over the angles. It should not be inferred from Eq. (10) 
that, in the limit »—>+0 the temperature-dependent 
term vanishes, since /, also goes to zero. The ratio 
nkT/E, remains finite and is equal to 2kT/m,,?. 
Integrating over all solid angles to find the total 
cross section, we find that all terms in 7 and T drop out, 

leaving 
Stot= 4a’, (12) 


which is the same result as is obtained for initially 
motionless targets: T=0. This is not surprising, 
inasmuch as the motion of a target cannot affect the 
total area it presents for collision; it only affects the 
distribution in angles of scattering of those collisions 
that do occur. 





*See,e.g., R. D. Present, Kinetic Theory of Gases (McGraw-Hill 
Book Company, Inc., New York, 1958), pp. 140-142. 

*J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1952), pp. 56-65. 
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2. Coulomb Scattering 
Here, 
(Z Ze")? 1 
a.(0)= ~ a 
m,°V,* (1—cosQ)? 
=Zo+éLZ1. cosa+Z;, cosy sina | 
+ [Deco COSA+Loe5 COS? y Sin’a 
+2Z2;- cosy sina cosa], (13a) 
where : 
Yo=S[1—n2(1+cos6) 
+7°(2 cos’?0+5 cos6+3)], (13b) 
Yi-= S[L2(1—cos0)-+4 (cos’@—1) ], (13c) 
Yi,=S[—2 sind+n sind(4 cosd+6) ], (13d) 
Yocc=S[2 cos*?@—5 cos6+3—n3 (1+ cos) 
x (cos*®—3 cos8-+2)], (13e) 
Yoss= SL 1—cos6—2 cos’? 
+n(1+-cos8) (3 cos*?+7 cosd—6)], (13f) 
S= (ZZ e?)?(1+n)*/m,?0 p'(1—cos6)?. (13g) 


Lose IS Not needed, since it does not contribute to the 
cross section. Substitution of Eqs. (13) along with Eqs. 
(8) into Eq. (5) and carrying out the indicated inte- 
grations yields, upon simplification of the final result: 
o (0,7) = S{{1—2n+ (1/2)n?(5+2 cosé—cos*) | 

— (2rkT/E,)(1—cos)*}. (14) 
Again, Eq. (11) was used to express the second moment 
of v, in terms of target gas temperature. 


> 


3. The General Case 

The general case can be treated by expressing 
o-(Vp,9) as a function of V, and cos, 
oc= f(V>p, cosO), (15) 


and then substituting for V, the expression given by 
Eq. (7a) and for cosO from Eq. (24c) of the Appendix. 
It is instructive to expand this as a power series in V, 


and cos®), 
¢.= > 


n,m 


AanV »" cos", (16) 


and to expand the expressions (7a) and (24c) for V, and 
cos® in terms of — and 7: 


V p=tp(1+n)"(1—é cosa+ #3 sin’a+---), (17a) 

cosO = cot [cic COSa+¢1, Sina Cos¢ | 
+ 20 Coece COSa+ Coes SIN’a+C25- Sina cosa}, (17b) 

where 

Co= CosO— 1 sin?@— 47? sin?@ cosd+---, (17c) 
Cie= — sin’ 1+-(1-+cos8)+ --- J, (17d) 
C1s= sin6(cosé— 1)[1+7 cos@+ --- ], (17e) 
Coce= — Sin’O[ (1+ 3 cos@)+n(2 cos#+1)+-- +], (17f) 
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Fic. 4. Temperature dependence of the differential scattering 
cross section for hard-sphere scattering and for Coulomb scatter- 
ing. Here a is defined in Eq. (9) and b=Z,Z,e?(1++-n)?/m,2,?. 


C2se= (cosd—1)[(—sin?g+ 3 cos0(1—cos8) cos*¢) 
+ cos#(cos#+1) cos?*g+---]. (17g) 


The coefficient co,, is not needed. It will be noted from 
Eqs. (17) that the coefficients of & in both V, and cos@ 
are independent of both a and ¢g. Moreover, the 
coefficients of £' vary as cosa and sina cosg. It then 
follows that the terms linear in £ in both V," and cos"™©) 
and, therefore, in the product V,"cos"© will be a 
combination of cosa and sinacosg (multiplied by 
things independent of a and ¢). It will be further noted 
from Eqs. (8) that the terms in # and £' in J sin@/sin@ 
have similar dependences on a and ¢. As a consequence, 
the expansion of the integrand in Eq. (5) has the form 
f1(0,n)+éLf2(0,n) cosa+ fs (0,n) sina cos¢] plus higher 
order terms. Upon integration over a and ¢, the second 
term vanishes, leaving the first term unaltered (the 
zero-temperature result) plus terms in & which give a 
correction linear in 7. 


B. Projectile Mass Equals Target Mass 


The case in which 7=1 will also be considered for 
hard-sphere scattering, since this result is applicable 
to the scattering of low-energy neutrons by protons. 
In this case, the expansion of (6) and its subsequent 
substitution, along with o.(@) given by (9), into Eq. 
(5) yields: 


o(T,0)=4 cos6[1+ (kT /2E,) (1+ cos) ]. (18) 


This result is not valid near 6=2/2. 


4. NUMERICAL RESULTS AND CONCLUSIONS 


Figure 4 presents some numerical results, computed 
from Eq. (10) for hard-sphere scattering and from Eq. 
(14) for Coulomb scattering, for the case in which the 
mass of the projectile is one tenth that of the target. 


RUSSEK 


The differential cross section is plotted as a function of 
angle with target gas temperature as a parameter. 
It is seen that for light projectiles, Coulomb scattering 
is quite insensitive to the temperature. As a matter 
of fact, it can be seen from Eq. (14) that in the limit 
n—0, the temperature-dependent term vanishes 
entirely. On the other hand, hard-sphere scattering 
(which describes the elastic scattering of low-energy 
neutrons) exhibits a much more detectable temperature 
dependence. It should not be immediately concluded 
from Fig. 4 that a neutron beam is always a more 
sensitive probe of temperature than a proton beam. 
The cross section for low-energy protons on neutral 
atoms is of the shielded Coulomb type, which should 
behave more like the hard-sphere case than the simple 
Coulomb case. However, at the high temperatures at 
which one would consider using this method, the target 
gas atoms would most certainly be at least partially 
ionized and would give rise to Coulomb-type scattering 
even at low projectile energy. Consequently, the 
remaining calculations all deal exclusively with hard- 
sphere scattering. 

Figure 5 shows how a measurement of the fraction 
of projectiles scattered per unit solid angle at two 
angles 0° and 180° suffice to determine both temperature 
and particle density. The curves rising to the right 

















Fic. 5. Diagram illustrating how a measurement of the fraction 
of the projectiles scattered per unit solid angle at two angles 0 
and 180° suffices to determine both temperature (given in dimen- 
sionless units along the abscissa) and particle density (given along 
the ordinate). The solid lines pertain te the measurement atV, 
while the dashed lines pertain to the measurement at 180°. The 
numbers associated with each of the curves are the values of the 
quantity (Nola*)“'dN /dw. 
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establish the relation between temperature and particle 
density determined by an experimental determination 
of (Nota?) dN/dw at angle of scattering of 180° in the 
laboratory frame. Here, Vo is the number of projectiles 
incident, ¢ the target gas thickness, dN /dw the number 
of particles scattered per unit solid angle, and a is 
defined in Eq. (9). Similarly, the curves rising to the 
left establish another relation obtained by a similar 
measurement at O° scattering angle. (In practice, 
angles of say 5° and 175° would be chosen so as to 
eliminate interference with the incident beam.) The 
hatched regions show how such measurements, with an 
error of 2.5°% determine the density with an error of 
5% and k7'/E, with an error of 18%. For a target gas 
at 10° °K, the energy of the incident beam of neutrons 
required to obtain this accuracy would be 78 ev; on the 
other hand, a 0.78-ev neutron beam could measure a 
temperature of 10* °K with the same accuracy. 

As a final point, it may be remarked that the experi- 
ment reported in reference 1 considered the scattering 
cross section of neutrons incident on protons at energies 
of from 0.003 ev to 100 ev. At energies of 0.03 ev and 
lower, the alteration in the angular dependence of the 
differential cross section becomes appreciable. Un- 
fortunately, that particular experiment measured only 
the total cross section, not the angular dependence. 
It is mentioned here only to illustrate that measure- 
ments in a range in which the temperature dependence 
is important are indeed feasible. 
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6. APPENDIX 


The functional dependence of © and & upon @, ¢, vp, 
% and a, indicated in Eq. (1) will now be explicitly 
determined. In order to avoid confusion, it is best to 
point out that three coordinate systems are employed: 
an X, Y, Z system fixed in the center-of-mass system 
and both an #, 7, Z and an x, y, z system, each fixed in 
the laboratory. The two barred systems are moving 
relative to each other but have parallel coordinate 
axes. The x, y, z and #, 9, Z systems are merely rotated 
with respect to each other by the angle 6 in the x-z plane. 

From Fig. 2, the direction and magnitude of the 
initial relative velocity is easily determined. This will 
be denoted by »,. 


1= (v,’— 20,0, cosa+v/7)!=v,(1—2£ cosat+ &)!, 


(19a) 
(19b) 


V, Sind= 2% sina. 


The velocity of the projectile in the center-of-mass 
system, denoted by V,, follows directly from the 
definition of the center of mass, and is given by 


V p= my,v,/(my+m,) =0,/(1+7). (20) 


The final velocity of the projectile will have, in the 
center-of-mass frame, the same magnitude as before col- 
lision, but will have a direction described by the angles 
©, @ in the X, Y, Z system fixed in the center-of-mass 
frame. The final projectile velocity in the #, 9, system 
fixed in the laboratory is then obtained by adding the 
velocity of the center of mass to this velocity. Now, by 
the definition of center of mass, the direction and 
magnitude of its velocity in the laboratory system is 
determined by 


(21a) 
(21b) 


Ve=Up(1-+n)-'(n?+2£y cosat+#)!. (21c) 


(v,)2=V_ sing=v,(1+ 7)“ sina, 


(7 ),=Ve cos8=v,(1+7) '(n+€ cosa), 


Moreover, from Fig. 3, it is clear that 


(v.)s=0, sin(8+4), (22a) 
(v.),=0, (22b) 
(v-)s=- cos(B+5). (22c) 


Thus, we obtain the final velocity of the projectile 
in the Z, ¥, Z coordinate system of the laboratory frame. 


uz=V,sinO cosh+, sin(8+6), (23a) 
uy=V,sin®O sin®, (23b) 
uz= V, cosO+2, cos(8+6). (23c) 


In order to find © and @ in terms of @ and ¢ we must 
express the components w#;:, “yj, uz in the laboratory 
coordinate system in terms of w#., Uy, Uz. 


Uz=U, cosd+u, sind 


= u(siné cosy cosé+cos6@ sind), (24a) 
u,=u,=u(sind sing), (24b) 
z= Uz COSO— Uz Sind 

= u(cos@ cosi—siné cos¢ sind). (24c) 


Substituting (24) into (23) and transposing the terms 
involving v-: 
V, sin® cos= u(sin8 cosy cosé+cosé sind) 
—v,sin(8+6), (25a) 
V,sin® siné= u(siné sing), (25b) 
V » cos© = u(cos@ cosé—sin8 cos¢ sind) 
—v, cos(8+6). (25c) 
Finally, we must solve for « in terms of 6, ¢, 8. This 
can be done by squaring each of the equations (25) 
and adding: 
V P=w+02—2A ur,, (26) 
A=siné cos¢ sin8+cos@ cosf. 
This quadratic equation can be solved for u to give: 


u=Av-+[V e+02(42—1) }, (27) 


where the nonphysical solution has been discarded. 
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The Jacobian of the transformation is found from 
the following identity : 


RUSSEK 


Equation (28) is easily proved by carrying out the 
differentiations indicated on the right-hand side 


cos sin ( =p 


PHYSICAL REVIEW 


collecting terms and simplifying. 

Substituting Eqs. (25a) and (25b) into the right- 
hand side of (28) and dividing through by V, sin@ and 
V,cos® given by Eq. (25c), we get, after much 


0 ; 0 ' : simplific ation: 
= (- sin® cos® (— sin® sin® 
00 dy sin® 


©, u- 
= 2. j sind \6, ¢ V LV »+22(A?—1) }} 
—{ —sinO cos® }{ —sinO sin® }. (28) 
dy 00 


which is Eq. (6) of the text. 


00 db 00 ") 
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Theoretical Study of the Electron Drift Velocity in Binary Gas Mixtures 
with Applications to A-CO, and A-N, Mixtures* 
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AND 


GEORGE WARFIELD 
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(Received May 17, 1960) 


Starting with the Boltzmann equation, a theoretical expression is developed for the electron drift velocity 
in a binary gas mixture. The theory reduces to that of Morse, Allis, and Lamar in the absence of one of the 
gases. The theory is applied to pure argon and to mixtures of A-0.1% COs, A-0.16% COs, A-1.0% COs, 
A-0.1% No, A-0.5% Nz, and A-1.0% N2. The theoretical drift velocity curves for A-CO> are in close agree 
ment with experimental data, whereas the A-N2 curves differ from experimental data. Possible reasons for 


this discrepancy are discussed. 


I. INTRODUCTION 


MALL amounts of nitrogen or of carbon dioxide, 

when added to argon, alter appreciably the value 
that the electron drift velocity has in pure argon. 
Experimental studies of A~CO,. mixtures have been 
performed by English and Hanna! and by Errett.? Ex- 
perimental studies of A-N»2 mixtures have been per- 
formed by Kirshner and Toffollo,* Colli and Facchini,‘ 
Engligh and Hanna,' and Errett.? “Pure” argon curves, 
which in reality may be A-N.—? mixtures, have been 
published by Allen and Rossi,® Kelma and Allen,® and 


* This work was supported in part by Avco Corporation, Re- 
search and Advanced Development Division, Wilmington, 
Massachusetts. 

| 1W. H. English and G. C. Hanna, Can. J. Phys. 31, 768 (1935). 
?—D. Errett, doctoral thesis, Purdue University, 1951 (un- 


| published). 

J. M. Kirshner and D. S. Toffollo, J. Appl. Phys. 23, 594 
(1952). 

*L. Colli and U. Facchini, Rev. Sci. Instr. 23, 39 (1952). 


§ J. Allen and B. Rossi, PB 50914, Manhattan Engineers Dis- 
| trict L. A. Report 115—Series B MDDC Report 448, July, 1944 
(unpublished). 
* E. D. Kelma and J. S. Allen, Phys. Rev. 77, 661 (1950). 





Hudson.’ Pure argon has been studied experimentally 
by Nielsen,® Herreng,® Colli and Facchini,* Kirshner and 
Toffollo,s and Errett;? and theoretically by Allen” 
and Bowe."! 

In this paper a theoretical expression for the electron 
drift velocity in a binary gas mixture is derived and 
applied to A-COz and A—N» mixtures. In the limit of 
one gas the theory accurately predicts the drift velocity 
curve of pure argon. The agreement between theory 
and experiment for A-COz mixtures is quite good, lend- 
ing strong support to the theoretical approach. For 
A-N» mixtures the theory is not in good agreement with 
any of the published experimental data. There are, 
however, significant differences between the experi- 
mental data reported by different workers. It is postu- 
lated that either (1) the A-N2 mixtures may contain 


7D. Hudson, Atomic Energy Commission Report, DDC 524, 
1946 (unpublished). 

®§R. A. Nielsen, Phys. Rev. 50, 950 (1936) 

®P. Herreng, Compt. rend. 217, 75 (1943) 

1 Harriet Allen, Phys. Rev. 52, 707 (1937) ae 

"J. C. Bowe, Argonne National Laboratory Report 596/ 
(unpublished). 
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ELECTRON DRIFT ¥VELOCItTry 
diferent percentages of nitrogen than reported; (2) the 
A-N, mixtures may contain small amounts of addi- 
tional impurities such as CO, or water vapor; (3) a 
combination of (1) and (2) may exist; or (4) the energy 
absorption characteristic for nitrogen used in the theo- 
retical calculations is incorrect. 


II. THEORY 


The derivation to be presented in this paper is an 
extension of the type of solution first proposed by 
Morse, Allis, and Lamar.” The electron drift velocity 
will be calculated using the relation 


v f fesendear / f f endear, (1) 


where /(¢,r) is the electron phase space distribution 
function. The distribution function for electrons in a 
binary gas mixture will be obtained from a solution of 
the Boltzmann equation, 


of(e,r) 
-s +V,:{ef(e,r)} 
at 
; Of (¢,r) 
+V.-{q/ml[E+cXB ]f(c,r)} | . | - (2) 
al collisions 


The following simplifying assumptions are made in 
solving the Boltzmann equation: 


I, The system is in equilibrium under the action of a 
uniform de electric field E in the x direction. The elec- 
tron distribution function is not a function of time or of 
coordinates, only of velocity. 

II. The gas molecules are at rest. 

III. Only electron-molecule collisions are considered ; 
electron-electron collisions are ignored. 

IV. The distribution function is expanded in powers 
of (c./c). Only the first term in the expansion is retained : 


Sole )+[e: ce] (c) l. 


When assumption I is used, Eq. (2) reduces to 


qe. Oo; Of 
uae | (3) 
m OCz 1. ns 


Substitution of assumption IV in (3) yields 


gE Ce Ofo Ce 0 fi fi af 
OLE: « 
mtc dc GC GENE Cc OlNeout 
The term c in Eq. (4) can be replaced by its spherical 
average c?/3 since harmonics in (c,/c) greater than first 
order are not being considered. 


The right-hand side of Eq. (4) when multiplied by a 
small volume in phase space, dedr, yields the increase 


"P.M. Morse, W. P. Allis, and E. S. Lamar, Phys. Rev. 48, 
412 (1935). , 


AC eat 
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per unit time of the number of electrons in the phase 
space volume dedr caused by scattering encounters 
with the gas molecules. The increase per unit time in 
the number of electrons in dedr is equal to the electrons 
scattered into minus the electrons scattered out of dedr 
per unit time: 


[0f/dt |oudedr=[a—B \dedr. (5) 


The number of electrons scattered out of dedr per unit 
time is the usual function of the densities and cross sec- 
tions of the two types of gas molecules: 


Bdedr=cf(c,cz)[Nio1+Nooe \dedr, 
where (6) 


a1(c) J [aco sinédéd®¢, 
o2(c)= J fro sinédéd®¢, 


and J is the differential cross section. 

The calculation of a is more complex. To be scattered 
into a volume element in velocity space represented by 
speed c, an electron must have made a collision while 
having a speed c’, where c’>c, since an electron loses 
energy and speed in colliding with a stationary gas 
molecule. For an elastic collision with, say, gas 1 the 
relation between electron before and after 
collision is 


speed 


c,’ eL1+(1—cos6)m M, |, (7) 


where (m/M,)? is ignored and M, is the mass of the 
gas molecule of type 1. The loss in speed Ac; is 
Ac,= Cy’ —c,=¢1(m ‘M,)(A —cos@). (8) 
The loss of speed in an electron collision with a gas 
molecule of type 2 can be written as 
Aco= co(mb/M,)(1—cos6), (9) 
where the term 6 will be designated the energy absorp- 
tion characteristic. If the collisions with gas 2 are 
elastic, b is equal to M,/Mz. If the collisions with gas 2 
are inelastic, b is to be determined empirically from en- 
ergy absorption data using Eq. (9) as a definition. 
Since de and de’ are small volumes in velocity space, 
one finds, using Eq. (7), that 


(de/de,')= (c c,')3 s (de/de') = (c/c2’)3. (10) 


The number of electrons scattered per unit time into 
dedr is 


adedr 


= vier f fi 1 (e1',0) f(e1',c12") sinddéd¢dc,'dr 
a“ 


+Nacd ff 1oled,ofed cx) sinOdéd gde.'dr, (11) 
| el) 
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or, using Eq. (10), 


ci 
a=W) f frce’mseten’ sinddédp 
3 IVs 
Co’! 
+xe(>) f frletmsteren) sinédédp. (12) 
3 6” 


After substitution of Eqs. (6) and (12) into Eq. (5), and 
division by dedr, the collision term becomes 


iF 
Ot deo 
x4 
= v,(=) J frcrmseten) sinédédd 
c 
co" 
+xe(=) f freopet ae) sinddédd 
P 
cA 
- v(S) f frcorteen sinédédp 
oA 
= ¥2/ =) f frase sinédéd¢. 
é (13) 


The additional assumption is now made that arbi- 
trary functions of c;’ and of cs’ can be expanded as 
follows: 

F (c,')=F (c)+[0F (c)/de JAci, (a) 
F (c2') = F(c)+ (OF (€)/dc Aco, y 


where Ac; and Ac2 are defined by Eqs. (8) and (9), 
respectively. After substitution of Eqs. (8), (9), and 
(14) into Eq. (13) with 


F(c’)=c"4I (c’,0) f(e',cz’), 


the collision term becomes 


of 
fat 


N, 
ss acts , (¢,12 )— (¢,¢2 Ty 0 
+f flute )—f(cex)) Talc) 


m 0 
+—(1—cos0)c—{c4f(c,c12')I1(c,0)} sinddéd@ 
M 0c 


N2 fe q 
+ =f fetter Hoenrnen 
if 


mb ) 
+ Po —cosb)c—{ ctf (c,c22')I2(c,0)} sinddédp, (15) 


0c 


where M, is now designated as M. If the function f jp 
Eq. (15) is replaced by its expansion as given in assump. 
tion IV and the terms in 


m O Cz 
(« fl) 
M Oc Cc 


are neglec ted in comparison with the terms in 
m O 
—(c'fol), 
M oc 


Eq. (15) bec omes 


“ 
It eot 


Mp tc - 
mee ff {c12 —cz} file) Ii(c,9) 
3 > 


m a) 
+—(1—cos@)c {c'f (ce) I4(c,8) ] sinédédd 
M Oc 
Ne c 
+ ssl {C22 —¢2}fi(c)T2(c,0) 
3 c 
mb 0 
co (1—cos8)c {¢ sf (c)I »(c,6)} | sinddéd¢. 
M ral (16) 
Define 
cosw=c;/C. (17) 


From the geometry of the collision, as shown in Fig. 1, 
one obtains 


cosw’ = cosw cosé+sinw sin# cos(@—x), 
or 


’ / \ 
(cosw — COSw) = COSw® cos@—1) 


+-sinw sin cos(¢—x). (18 


After substitution of (18) into the first and third terms 
of Eq. (16) and interchange of the order of differentia- 
tion and integration in the second and fourth terms ol 
Eq. (16) (noting that the integral over cos@ vanishes), 
Eq. (16) becomes 





y 


Fic. 1. The geometry of the electron-molecule collision. oy is the 
reference axis for the measurement of ¢. 
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Mp- 








ELECTRON DRIFT VELOCITY 


af 
- =— Nyoipcfi cosw— Noo2pcf cosw 
dl coll 


m N10 
fewwe 
M c? 0c 


mb N» 
—(c! oft — ~( ‘oopfo), (19) 
Ce 





“diffusion” cross section op is defined as 


oo= | J 11—cos) sinédédq. 


where 


After substitution of Eq. (19) into Eq. (4), with c? 
=(2/3, the Boltzmann equation becomes 
gfcrOfo cOSf\ fi 
—j|——-+ - I+ 
mic 0c 30c\C¢ c 
a mN,90 .- 
ae a — Noe2pncf i— ‘os. 
c c Me @c 
mb Nz d a 
— ——-—(Avrpfe). (20) 
M ¢ oc 


When the terms with and without c,/c are equated 
separately, Eq. (20) reduces to two equations: 


gE dfo , , ; 
-—=—Nyoipcfi—N22pc/f1, (21) 
m oc 
gE Oo mN, 0 , mbN» d 
——(¢ f;) =—— —(Coo fo) +——_ —(Coenfo). (22) 
3m dc M 0c M 0c 


Equations (21) and (22) are essentially momentum and 
energy balance equations, respectively. That Eq. (22) 
represents an energy balance can be seen more easily 


after it is integrated with respect to speed: 
gE 2m 2mb ——___ mK 


= fi wit —N oipfoet+ — Neen foe + 
3 M M 


2 
Cc 


(23) 


where e=4mc? and K is the constant of integration. 
The left-hand side of (23) is related to the energy gained 
from the field. The function fi, is a measure of the num- 
ber of electrons whose motion is influenced by the 
electric field and, hence, of the number of electrons 
which gain energy from the electric field. The first two 
terms on the right-hand side of (23) are related to the 
energy lost in collision. The constant 2m/M is the aver- 
age fractional electron energy loss per collision, No is 
essentially the collision probability, and fo is a measure, 
to first approximation, of the number of electrons 
available for collisions. The third term on the right- 
hand side of (23) is related to the ene rgy extracted 
from the electrons by means other than collisions. In 
equilibrium, therefore, K=0. If Eqs. (23) and (21) are 
written in energy coordinates with K =0, one obtains 
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qe 2m 


Fee ae a Tip +bN «2p |, (24) 


Ofo fi 
—=-—{N iTipt Noo 2p |. 
de gE 


(25) 
Equations (24) and (25) reduce to those of Morse, 
Allis, and Lamar” if N2=0. 

To solve Eqs. (24) and (25) for fo and /;, the form of 
71D, 2p, and 6 must be inserted into the equations. The 
cross sections 1p, g2p, and the energy absorption char- 
acteristic 6 as functions of energy are each represented 
by a series of seven straight-line approximations: 


o1p=aets, 
=de+s, 
b=geth, 


where a, s, d, 2, g, and h each have seven values. After 
putting (26) into Eqs. (24) and (25) and solving for fo 
and f,, one obtains 


6m {N, 
fo=G exp| — (— yi (4E+Bei+Cé+Deé )} (27) 
M\N\E 


(26) 


O2p= 


6m /N, 
f= te(= ae +Lé+Jelfo (28) 


M 


where 


1/N;2 Ne 
an ( si) (o+—a), 
5 N, Ny 
1 N; 
B= | («+ - i) (0+ ane “«) 
4 N, Ni Vi 
Ne Ne 
+(e )(+ 5) 
N, Ni 7. 
1 N2 
cml (a+ 2) (s+ ie) 
3 N, 
#(42 2) (0+ ai+—es) | 
1 1 
1 N2 No 
==(s+- s)(s+—ie), 
2 N, N, 
Ne 


H = —gd, 


‘V1 


N2 No 
= (a+ in+—es), 
NV; N, 
NV» 
= (: fe iz). 
N, 
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The constants G are determined by the total number 
of electrons in the system and by the continuity of f, 
or, what is approximately equivalent, by the continuity 
of fo. The constants A, B, C, D, H, L, J, and G each 
have seven values. In the above expressions all quan- 
tities are in the mks system except ¢ which is expressed 
in electron volts. 

The drift velocity expression, Eq. (1), can be written 
in terms of the electron energy. Since fy and /; are 
functions only of speed and therefore are even functions 
of velocity, Approximation (IV) can be substituted 
into Eq. (1) yielding 


Cz 
v= fe. jae / { fate. 
. 


Since c2=c?/3 and de 
grand), the drift velocity becomes 


D 3 a) 
=f pide | f Cfodc. 
0 3 0 


When speed coordinates are transformed to energy co- 
ordinates, Eq. (29) becomes 


1/23 ¢* - 
v= (-) f efide /f € fude. 
3\m 0 0 


‘Equation (30) is the expression from which the drift 
velocity is calculated. The actual computation of the 
integrals in Eq. (30) was done on an IBM 650 digital 
computer. 


>4rcde (for an isotropic inte- 


(29) 


(30) 


Ill. DISCUSSION OF APPROXIMATIONS 
Three mathematical approximations of questionable 
validity have been made: 
A. The termination of the expansion for f (approxi- 
mation IV) at two terms implies that 


(c2/c)frX</fo. 





Fic. 2. Drift velocity vs E/p 
in argon. 


B. The termination of the expansions of Eq. (14) at 


two terms implies that 


(ar 
; Ac; (31a) 
1 0°} | dc 
(Aci)*<K4 ’ 
2? dc | Of 
Ac 2 (31b) 
1 Ac 
ar 
Ac 1 (31c) 
1 0 I On 
(Ac 
2 Ov OF 
| Aco. (31d) 
} ali 
C. The approximation used in deriving Eq. (16) 
| | 
So, | 
IN | | 
Cmexiolé | 
i: oa + +4 —_—_—__—__+— 
18+ 






20} 


18 + 


€ 


lic. 3. Argon cross secti 
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on. Dashed lines represent the 


approximation used. 
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TABLE I. Approximations to the argon and to the carbon dioxide cross sections and to the carbon dioxide energy absorp- 
tion characteristic, where o,=de+S, ocp=de+z, bop=ge+h, and the values for a, s, d, z, g, and h are expressed in square ang- 


strom units. 

















0.0-0.25 0.25-0.4 0.4-1.0 1.0-2.4 2.4-4.0 4.0-5.75 5.75 
ev ev ev ev ev ev ev 
na - 0.00 0.00 1.61 1.61 1.61 1.61 1.61 
s 0.30 0.30 —0.344 —0.344 —0.344 —0.344 —0.344 
d — 14.70 — 14.70 — 14.70 0.00 5.44 —3.71 0.827 
Z 21.00 21.00 21.00 6.30 —6.76 29.83 3.75 
g 8000.00 0.00 — 450.00 — 153.30 — 153.30 — 153.30 — 153.30 
h 400.00 2400.00 2580.00 2267.99 2267.99 2267.99 2267.99 
from Eq. (15) necessitates that equality (32) becomes approximately 
0 : 0 Cz 0 ' 
[efol J>>—| —fil J. (32) - Le fol ] 
Oc oo ¢ O€ 
ym N, | 


The restrictions which the above approximations 
may impose will now be examined : 


A. Equation (28) yields 
6m /N, 
fi/ fo ( - )tHe+Le +Je |. 
, M\E 


For all data used in this paper, /;//o is less than 0.2. 
For the cases of 0.1% Nz or COs, /:/fo is always less 
than 0.1. If c./¢ is assumed to be of order unity, fo is 
always significantly greater than (c,/c)f; and this 
approximation is substantially valid. 

B. The most stringent condition in this set of four 
conditions is (31c), 


(33) 


10°F oF 
(Ac2)*K—Aci. 


2 dc" 0c 


After substitution of F(c), Aci, Acz into (31c), inequality 


yl CepritHe+Le+s bongo 36 
Ce fol RO +Le+Je) (36) 


la 


or all data used in this paper, the inequality of (36) 
appears to be valid. As the N2 or CO: content of argon 
increases past 1.0%, the inequality approaches an 
equality. 


IV. RESULTS AND DISCUSSION 
A. Pure Argon 


For pure argon, Eqs. (27) and (28) reduce to the 
equations of Morse, Allis, and Lamar" for the electron 
distribution function in a single gas. The drift velocity 
curve for pure argon shown in Fig. 2 was computed 
from the value for the argon diffusion cross section listed 
in Table I or Table I? and shown in Fig. 3. The straight- 
line approximations in Table I and Table II to the 
argon diffusion cross section are based on the data of 












































: c, 
(31c) becomes ry 
cmZxio!é 
1 e 1 | mb | 
—{c'f (“ -) (1—cos@)? } 
Dac fe) | 20 
18 4 
\ 
<{- ated 1} {— (1—coss)}. (34) 16 Hr t 
To assure that (34) is satisfied, it is necessary that 2 7 aed 
mn 4 10 + ha 
1/M>(mb/M)?, 
or 8 A 
b<«<(M/m)}. (35) 6 4 a 
Condition (35) is violated for both cases examined in $ 
this paper. The agreement between theory and experi- 2 4 | 
mental data indicates that either (34) can be satisfied 0 po So + — 
o1234567 8 9 10 N 12 


without satisfying (35) or that the restriction of Eq. 
nf is not ne int to the theoretical derivation. 

. TLE "q. (28) is substituted into the inequality (32), 
and ae ae are transformed into energy terms, in- 


E ww EV 


lic. 4. Carbon dioxide cross section. Dashed lines represent 
the approximation used. 
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Taste II. Approximations to the argon and to the nitrogen cross sections and to the nitrogen energy absorption characteristic, where 


oa=ae+Ss, on=de+2, by =ge+h, and the values for a, s, d, z, g, and / are expressed in square angstrom units. 








0.0-0.4 0.4-0.8 0.8-1.3 
ev ev ev 

a 00.00 1.61 1.61 
s 0.30 —0.344 —0.344 
d — 12.00 — 12.00 0.00 
z 17.50 17.50 7.90 
g 0.00 0.00 1292.30 
h 36.90 36.90 — 997.90 





Barbiere”® and of Kivel."* Barbiere has computed the 
diffusion cross section of argon using the angular 
scattering data of Ramsauer and Kollath.'® Kivel has 
indicated a value for the Ramsauer-effect minimum. It 
should be noted that the cross-section approximations 
are inaccurate for energies above 12 electron volts and 
below 0.1 or 0.2 electron volt (actual values are not 
accurately known in this range). No appreciable errors 
are introduced in the computations since a negligible 
number of electrons occupies these energies for the 
range of E/p studied. 

The argon drift velocity curve of Fig. 2 is in excellent 
agreement with the theoretical curves of Allen'® and 
Bowe." The authors’ theoretical curve also approxi- 
mates the experimental drift velocity curve of Errett. 
As is shown in Fig. 2 the experimental plots of Colli 
and Facchini,‘ Kirshner and Toffollo,’ Herreng,®? and 
Nielsen*® are quite close to each other and are slightly 
higher than the curves of Allen,’ Bowe," and the 
authors. Possible reasons for this discrepancy are dis- 
cussed in the A-N» mixtures section. 
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Fic. 5. Carbon dioxide energy absorption characteristic. Dashed 
lines represent the approximation used. 


15 J). Barbiere, Phys. Rev. 84, 653 (1951). 


4 B. Kivel, Phys. Rev. 116, 926 (1959). 
18 C, Ramsauer and R. Kollath, Ann. Physik 12, 529 (1932). 


—_ - a 
1.3-1.7 1.7-2.4 2.4-3.4 3.4- 
ev ev ey ev 
1.61 1.61 1.61 1.61 - 
—0.344 —0.344 —0.344 —0.344 
15.18 15.18 15.30 0.00 
—11.83 $953 61.32 9.30 
1292.30 0.00 0.00 0.00 
— 997.90 1200.00 1200.00 1200.00 
B. Argon-Carbon Dioxide Mixtures 


Mixtures of A-0.1%% COs, A-0.16% COs, and A-1,0% 
CO, have been investigated theoretically. The straight. 
line approximations to the COs cross section and to the 
energy absorption characteristic listed in Table I and 
shown in Figs. 4 and 5 are based on the data of Brodeé 
and of Healy and Reed,'’ respectively. The theoretical 
A-CO; drift velocity curves of Fig. 6 are in close agree- 
ment with the experimental data of English and Hanna 
and of Errett.? 

It should be noted that condition (35) has been 


violated in the case of COs. The correspondence be- 
tween theoretical and experimental data lends strong 


confirmation to the theory. 


C. Argon-Nitrogen Mixtures 


Mixtures of argon plus 0.1%, 0.5%, 1.0% Ng have 
been investigated theoretically. The straight-line ap- 
proximations to the nitrogen cross section and to the 
energy absorption characteristic listed in Table IT and 
plotted in Figs. 7 and 8 are based on the data of Nor- 
mand’ and of Errett,? respectively. The authors’ A-N; 
drift velocity curves and the experimental curves of 
Kirshner and ‘Toffollo,* Colli and Facchini; and 
Errett? are shown in Fig. 9. 

The disparity between the various experimental 
curves probably indicates an inadequate knowledge of 
the amount of nitrogen and of other impurities present 
in the argon. While the experimentalist may be careful 
to purify the argon of any impurity nitrogen before 
adding controlled amounts of nitgogen to the argon, 
he has possibly not paid enough attention to the minute 
quantities of residual CO, and water vapor which may 
be present in the argon and in the nitrogen. This poss- 
bility is also suggested in comparing the theoretical and 
experimental curves. The authors’ theoretical data 
shows no pronounced drift velocity peak as does the 
experimental work. In addition, the theoretical work ol 
Errett,? using an “average electron’? model, shows 10 
pronounced peak. Minute quantities of COz or of water 
vapor? when added to argon will cause a pronounced 


16 R. B. Brode, Revs. Modern Phys. 5, 257 (1933). 

17 R. H. Healey and J. W. Reed, The Behavior of Slow Electron 
in Gases (Amalgated Wireless Ltd., Sydney, Australia, 1941). 

18 C, E. Normand, Phys. Rev. 35, 1217 (1930). 
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and Hanna! indicates that amounts of CO, as small as Errett,2, Bowe," and the authors. It should be noted 
0.05% and of water vapor as small as 0.02% added toan that condition (35) is more nearly fulfilled by N» than 
A-N, mixture will cause pronounced peaking as well as — by CQ: so that there is no reason to believe the theory 
ave raising of the drift velocity curve from its theoretically incorrect. 
ap- predicted value. An amount of CO: impurity consider- Another explanation of the disparity between the 
the ably less than 0.05% or of water vapor impurity con- theoretical and the experimental drift velocity data 
and siderably less than 0.02% in otherwise pure argon could for A-N2 mixture could lie in the inaccuracy of the 
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twice in the literature, in Healy and Reed" and in 
Errett.? These two sets of values are not in agreement. 
Those of Errett yield a more reasonable theoretical 
drift velocity and have been utilized for this paper. 
By altering the energy absorption characteristic, the 
shape of the experimental curves can be reproduced. If 
further experimentation proves the qualitative shape 
of the experimental drift velocity curves to be correct, 
the theory presented in this paper could provide a 


means to determine the correct energy absorption 
characteristic. 
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The thermal fluctuations in radiation are 


described 


by the Einstein-Fowler relation ((AZ)?) 


=kT?(0(E)/dT). Two terms contribute to this fluctuation, a photon shot noise term and an expression pre- 
dicted by wave theory. In the present experiment the second term has been measured. 





1. INTRODUCTION 
' 1911 Einstein' derived the equation 
((AE))= KT? E)/aT (1) 


expressing the statistical relationship between the 
energy fluctuation and the specific heat of radiation in 
thermal equilibrium with its surroundings. For black- 
body radiation this can be written as 


; 1 
((AE)*) = hv pl 1+ ~ | (2) 
exp(hv/kT)—1 


where 7 is the absolute temperature, / is Planck’s 
constant, k is Boltzmann’s constant, v is the spectral 
frequency of the radiation, and brackets ( ) denote 
ensemble average. The fluctuation in the number of 
photons in the ensemble is obtained by dividing ex- 
pression (2) by /?*: 


: 1 
((AN)? cw) (3) 
exp(hv/kT)—1 
This can be rewritten, as 
((AN)*)=(N)[TI+¢V)/¢], (4) 


where g is the number of phase cells in the volume of 
phase space occupied by the photons. The term (.V)*/g 
tas been measured by Brown and Twiss,’ although they 
interpret it on a wave-theoretical basis. The measure- 
ments reported here differ from those of Brown and 
Twiss, of Rebka and Pound,’ and of Brannen, Ferguson, 
and Wehlau‘ mainly in technical detail. 


—_— 
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A Einstein, 1st Solvay Congress (1911) 

R. Hanbury Brown and R. Q. Twiss, Proc. Roy. Soc. (London) 
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‘G. Rebka and R. V. Pound, Nature 180, 1035 (1957). 
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2. THE EXPERIMENT 


Light from an incandescent tungsten filament S 
(Fig. 1) passes through an infrared transmitting filter F 
and is incident on a half-silvered mirror (HSM). The 
reflected light falls on one lead sulfide detector, D,, 
while the transmitted light is incident on another one, 
D,. The output signals of the two detectors are elec- 
tronically correlated (Fig. 2). Purcell’ has shown that 
the cross correlation (AV,AN2) between the number of 
photons incident on two detectors, D,, and Ds, is equal 
to one-fourth of the fluctuation term (.V)*/g of Eq. (4). 
Thus, by electronically cross-correlating the output of 
the two detectors, one can determine the fluctuation in 
the radiation from source S. 

The advantage of the correlation technique can be 
understood by considering two detectors receiving 
signals s;, sp and having independent noises m, and mp. 
When the two detector output signals are electronically 
multiplied, one obtains the product 


(sy 2) (some) = S1Sot Soy +SyNo+1No. (5) 


If s; and sy have identical frequencies, the product 
term s)S2 is always positive or always negative, de- 
pending on the phase relation of the two signals. The 
other terms are positive or negative in some random 
sequence. Let s;=s.=s. On integrating expression (5) 
over a long period of time /, the random terms average 
to zero, and the integral is dominated by the term s*. If 
the system has a response time 7, the correlator output 
signal $ will be s*t/r. The noise Nin the correlator out- 
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Fic. 1. Schematical diagram of a representative correlating 
system. Light from the source S passes through an optical filter 
and is divided into two beams by a half-silvered mirror HSM 
before impinging on detectors D; or D2. The detector signals are 
amplified and correlated in the correlating electronics. 


5 E. M. Purcell, Nature 178, 1449 (1956). 
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Fic. 2. Block diagram of the electronic system. 


put is given by m2(t/r)! if s<mn, no. Let ny=n.=n, 
then the correlator output signal-to-noise ratio is 


S&S s?st\! 
—--(-) | 6) 
NM n\r 


For a derivation of this equation see Lee, Cheatham, 
and Wiesner® or Goldstein.’ 

In the present experiment the quantity s* corresponds 
to the expected cross correlation (AV,AN:2) appro- 
priately modified by detector response and amplifier 
terms. 


3. THE FLUCTUATION TERM (N)?/g AND THE 
CROSS CORRELATION IN SIGNALS 
FROM TWO DETECTORS 


Consider a beam of photons emanating from an area 
A of a blackbody and falling on a detector that subtends 
a solid angle 2 at A. During a system response time r, 
an average number of photons (V) is incident on the 
detector. The volume of phase space, h*g, occupied by 
these photons at the source is given in terms of the 
number of phase cells, g= 2VQv?Avc~*, where the factor 
2 accounts for the two possible directions of polariza- 
tion; V = Acr is the volume in extension space occupied 
by (V) photons near the source ; vo is the central spectral 
frequency; and Av is the spectral bandwidth of the 
radiation. The factor QvAvc~ is h-* times the extension 
of the photon beam in momentum space. The fluctuation 
in the number of photons V incident on the detector 
in time r is given by Eq. (4). If the detector has a 
quantum efficiency ¢, only a randomly selected fraction 
e of the incident photons can give rise to a detector 
signal. 

For simplicity, let a fixed number of photons V be 


’Y. W. Lee, T. P. Cheatham, and J. B. Wiesner, Proc. Inst. 
Radio Engrs. 38, 1165 (1950). 
7S. Goldstein, Proc. Inst. Radio Engrs. 43, 1663 (1955). 


incident on the detector during each interval r. Then the 
fluctuation in the number of ex« ited photoelectrons N, 
is 

(A.V,)? V. e.\ e(1—e).V 7 


; 


since for a fixed number of incident photons, the photo- 
electrons have a binomial distribution. On removing the 
restriction on .\ lI 


and allowing it to fluctuate in ac- 
cordance with (4 


, one obtains 


((AN,)? V 2)—(N e(1—e) V+ 2 N?— (NP). 


Substituting Eq. (4) for quadratic terms in NV leads to 


AN.))=eN)(1+(N)/g). (8 


5 


One should emphasize that this expression for the 
fluctuation in the number of detector photoelectrons is 
rigorous only when the detector temperature is absolute 
zero. A different expression, 


((AN.)2)= (N)(1+(N)/g), 


was derived by Jones* and Fellgett® for detectors in 
thermal equilibrium with the radiant source. Jones, 
Fellgett, and Twiss'® showed that these expressions 
represent extremes of a general equation relating de- 
tector temperature to photoelectron fluctuation. In the 
present experiment, where the source temperature was 
about 3000°K and the detector temperature was 200°K, 
expression (8) was an extremely good approximation. 

To determine the cross correlation in photocurrents 
at the two detectors in Fig. 1, one can write 


(AN ex+AN e9)" 
(AN e12) +((ANe2)?) +(2AN ANG). 0 


((AN,)* 


®R. C. Jones, in Advances in Electronics edited by L. Marton 
(Academic Press, Inc., New York, 1953), Vol. 5. 
*P. B. Fellgett, J. Opt. Soc. Am. 39, 970 (1949). 


0 P. B. Fellgett, R. C. Jones, and R. Q. Twiss, Nature 184, 961 


(1959). 
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MEASUREMENT OF THERMAL 
Therefore, 
IAN AN e2)= &N)(1+«N)/g) 
—2[3eN)(1+2«.")/g)], 
where the first term on the right equals ((AN,)), the 
fuctuation that would be observed if the signals from 
the two detectors were combined. The term in square 
brackets is the fluctuation in the output from each of the 
detectors taken separately. From Eq. (10) we have 


(ANe 1ANes) = te(N), g: 


(10) 


(11) 


In the optical system sketched in Fig. 1, the source 
emissivity, p, and filter transmission coefficient, g, also 
affect the observed photon fluctuations. The fluctuation 
ina beam of photons after passing through a partially 
transparent optical filter is given by an expression 
similar to Eq. (8) with the quantum efficiency ¢ replaced 
by the transmission coefficient g. One assumes that the 
filter emits no radiation, so that the filter must be kept 
ata much lower temperature than the radiating source. 

The limited emissivity of a radiant source can be 
attributed to a change in permittivity, permeability, 
and electrical conductivity at the source-free space 
interface. The interface cannot absorb or emit radiant 
energy ; it can only reflect or transmit radiation incident 
from the interior of the source. Hence, to calculate the 
fuctuation in a beam of light from a gray source, one 
can construct a model in which the source is represented 
by a blackbody surrounded by a partially-reflecting, 
partially-transparent surface whose transmission coeffi- 
cient is p. Again, a photon fluctuation expression similar 
to Eq. (8) can be derived: the efficiency ¢ in (8) is 
replaced by the parameter p. 

If one compounds the source emissivity p, transmis- 
sion by the medium between source and detector g, and 
the detector quantum efficiency ¢, the substitution of 
the product gpe for « in Eq. (11) gives a general expres- 
sion for the cross correlation expected for two detectors 
illuminated by a source at temperature 7: 


: e ({N) 
AN «ANes) = —(N) ie 
. gs 


9,9 


gp a 
: 7 aie ‘RT)—1}-*. (12) 


The number of photons incident on the detector, N, 
already contains the factors p and q if one defines 
N=qpNo, where Ny is the number of quanta that would 
impinge on the two detectors if they were illuminated 
by a blackbody at the given temperature 7, with no 
photon losses between source and detectors. 


4. COMPARISON OF QUANTUM STATISTICAL AND 
WAVE-THEORETICAL RESULTS 


Equation (12) indicates that a knowledge of the 
source temperature determines the radiation fluctuation 
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only if the parameters p and qg are known, and that it is 
the light intensity at the detectors that actually de- 
termines the observed correlation. This was indicated by 
Kahn," but it also follows immediately from the work 
of Brown and Twiss? and their theory of intensity 
interferometry. In fact, the apparatus sketched in Fig. 1 
is an intensity interferometer. Hence, the result (12) 
should, in regions of common applicability, be equiva- 
lent to the results derived by Brown and Twiss by 
classical wave-theoretical means. To bring Eq. (12) into 
a form more suitable for direct comparison, one can 
rewrite g as 


g= (arc) (Qwvy?Av)c, 


(13) 


where a is the area of the detector and w is the solid 
angle subtended by the source at the detector. Hence 
(V)/g= (NV) (2warAv) where d is the wavelength of 
the radiation A=cvg'. From Eq. (12) we have 

((ANe;) (ANe2))= &(NYA?/8warAp. (14) 
Let n= .\/2 be the number of photons incident on each 
detector, and let a be the detector voltage response per 
liberated photoelectron ; then 

8°=(AV,AV2)= EX Na? /2wardAr. (15) 
If r is the response time of the electronic system, the 
electronic frequency bandwidth becomes” Af=1/2r, so 
that the correlation measured by the electronic equip- 
ment becomes 


(C)= MF FAV AV?) 

=BMoX( Ne (FiF2)Af(Av)d?/wa. (16) 
Here F, and F, are the gains of the two amplifier chan- 
nels, and M is a multiplying factor introduced by the 
electronic multiplier and integrator stages; 8 is a factor 
that generalizes the expression for arbitrary polariza- 
tion; 8=1 for unpolarized light as in Eq. (15), but it 
becomes 2 for completely polarized light; a is the de- 
tector response. 

Equation (16) is equivalent to the expressions ob- 
tained by Brown and Twiss? in the limiting case when 
aw>>d*. Brown and Twiss replace \*/aw by two Fresnel 
integrals involving the dimensions of the source and 
detectors. One of these integrals is a function of AR/yY, 
where y and Y are the detector height and source length 
(Fig. 3, top). The other integral depends upon AR/Xx 
and AR/Xd, where « and X are the detector and source 
widths, d is the center-to-center separation of the two 
detectors as seen from the source, and R is the source-to- 
detector distance, which is assumed to be large com- 
pared to X, x, Y, y, and d. If V=ayY/AR, and 
@=2xNX/XR, then the product of the integrals is 

1.) D. Kahn, Optica Acta (Paris) 5, 93 (1958). 

2 R. A. Smith, F. E. Jones, and R. P. Chasmar, The Detection 


and Measurement of Infrared Radiation (Clarendon Press, Oxford, 
England, 1957), p. 244. 
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Fic. 3. Light from a long thin 
filament L passes through an infra- 
red transmitting filter F and is 
incident on two detectors D, and 
D2. The detectors can be rotated so 
that the line joining their centers is 
either perpendicular or parallel to 
the length of the filament. 


(a) 











1 ® 2 sin’¢ 26d 
f -—_—($—¢) cos(- - tp 
Vd? 0 ? x 


¥ 2 sin’ 
xf ——w-way. 17 


5. APPARATUS 


Equation (2) states that 


(Ay) =H) 1+ ——__—| (2) 

exp(hv/kT)—1 
where the first term in the brackets represents the 
photon shot noise and the second term is the classical 
fluctuation predicted by electromagnetic wave theory. 
Both these terms and also the classical to shot noise 
ratio are monotonically increasing functions of tempera- 
ture so that the classical fluctuation should be most 
easily observed at high temperatures. In order to avoid 
possible source oscillations, arcs and discharges were not 
used even though they provide very high temperatures. 
Instead, an incandescent tungsten filament lamp was 
used. The highest temperatures that could be main- 
tained for several hours were only 3000°K, but the 
optical properties of tungsten are well established, and 
the geometry of the straight tungsten filament used 
permitted an evaluation of the Fresnel integrals in 
Eq. (17). 

In order to determine the most favorable spectral 
region for an intensity interferometer operating at 
3000°K, Fig. 4 has been drawn. It shows the relative 
values of the classical energy fluctuation per spectral 
frequency interval, per detector area within the diffrac- 


HARWIT 


tion pattern whose area a~)?/w, and per time constap, 
rt plotted as a function of wavelength. Figure 5 shows 
the ratio of classical to shot noise fluctuations plotted a: 
a function of hv/kT. In the absence of detector an 
electronic noise, this would represent the signal-to-noig 
ratio of the fluctuation measurements. On the basis of 
this curve one would expect to measure the classical 
fluctuation most conveniently in the radio region. Hoy. 
ever, this signal-to-noise ratio is not a pertinent quantity 
if the detector noise is very large, for then the significan: 
expressions are signal power (Fig. 4) and noise equiva. 
lent power of the detector. On the basis of these criteria, 
PbS detectors operating near 3 uw in the infrared were 
selected for the experiment. Recent improvements jp 
InSb detectors would now make them much mor 
suitable. 

In most of the experiments a straight-filament GE 
1872 bulb illuminated two Infrared Industries PbS de. 
tectors. The spectral bandwidth was defined either bya 
germanium filter transmission coated for maximum 
transmission at 2.5 uv or by an interference filter designed 
to pass only a narrow frequency spike at about 2.65 ,, 
Two detector arrangements were used: 

1. The two detectors were mounted as shown in 
Fig. 1. A half-silvered mirror transmitted and reflected 
beams of roughly identical intensity to the two detectors 
D, and Ds. 
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Fic. 4. The classical energy fluctuation per unit spectral fre- 
quency, per detector area within the diffraction pattern and pet 
system time constant, drawn for a source at 3000°K. The units 00 
the ordinate are arbitrary. 
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TABLE I. Results of correlation measurements.* 











Integration Expected Measured 
time? Optical correlation correlation Measured 
Run (min) system Filter Comparison run (v? sec) (v? sec) S/N 
1 20 1 Ge unsuperposed detectors 100 44+ 107 0.41 
? 20 1 Ge unsuperposed detectors 100 137+ 81 1.68 
3 20 1 Ge unsuperposed detectors 100 235+ 99 2.37 
4 10 1 Ge 1 » bandpass filter 35 —4+ 67 —0.05 
5 10 1 Ge 1 » bandpass filter 90 54+ 140 0.38 
6 10 1 Ge diffuser 90 68+ 67 0.63 
7 240 2 2.65 90° rotation 160 220+373 1.01 
N 160 1 Ge diffuser 250 201+183 1.10 
9 160 1 Ge diffuser 250 508+ 183 2.78 
10 160 1 Ge diffuser 250 190+216 0.88 
Total 1425 1657 
11° 100 1 Ge diffuser 0 — 249+ 204 —1,22 














* The total measured correlator output signal-to-noise ratio is 3.9. There is a probability less than 10-4 that this signal-to-noise ratio or a higher one, could 
have occurred by chance. 

>The short runs represent early measurements in which cooling was slow and the system could be run only on an intermittent basis. In later runs con- 
tinuous operation was possible. The integration time may be somewhat misleading. The total time required to obtain all of the data was usually about ten 
hours for each of the reported runs. 

¢Run No. 11 offers an extra comparison with Runs 8 to 10. One of the detectors was moved 0.2 mm out of alignment so that no correlation was expected. 
Runs with the Ge filter again were compared with runs with the diffuser. (The somewhat high negative value obtained in Run 11 probably is not significant.) 


2. No half-silvered mirror was used; the filtered about 1 cm. Under these conditions the products Xz, 
radiation was directly incident on two very small de- Yy, and Xd were much less than AR, and expression (17) 
tectors mounted side by side. (See Fig. 3.) The filament approached unity. Hence, with the detectors arranged 
thickness, X, was about 80 yw; its exposed length, Y, was as in Fig. 3(a) the factor (A*/wa) in Eq. (16) is replaced 
about 500 un; the height of the detectors, y, was 124; by a quantity (17), whose value is close to unity. How- 
their width, x, was 50 »; and the separation, d, between ever, if the detectors are arranged as in Fig. 3(b), a 
detector centers was 60 u; \ was about 2.5 4; and Rwas _— greatly reduced correlation is expected, because although 
the product Xy is extremely small, Yx and Yd are larger 
than \R. At the same time, the roles of X and Y and of 
® and W in expression (17) are interchanged in this 
detector configuration, so that the argument of the 
cosine function in the first integral can become large. 
The value of this integral drops off very rapidly as a 
function of Yx and Yd. Hence the entire expression (17) 
approaches zero, and the expected correlation in Fig. 
3(b) is much less than in Fig. 3(a). 

The entire optical system was cooled to minimize 
radiation from the optical components and the optical 
housing. 

Low-noise Tektronix 122 preamplifiers formed the 
first stage of amplification in each of the two amplifier 
channels. Further gain was obtained with a modified 
Fisher PR-66 two-channel amplifier designed for stereo- 
phonic reproduction. These two stages were completely 
battery-powered, since ripple, even from a regulated 
power supply, would contribute prohibitively to the 
correlator signal. The combined gain of the two stages 
was about 10°, and the output signal was of the order of 
one or two volts. The signal from each channel was 
further amplified in two stages of Philbrick K2-W 
operational amplifiers,’* which gave distortion-free gain 
of 20 to 30. Finally, the signal was multiplied in a 
Philbrick model HM multiplier before being integrated 
in a modified K2-W operational amplifier stage. 

Elaborate shielding of the detectors and electronic 





fie. §. Ratio of classical to shot noise fluctuation plotted as 
a function of hy/kT. 4K, Eklund, Rev. Sci. Instr. 30, 328, 331 (1959). 














1556 MARTIN 


filtering were necessary to minimize 60-cps line fre- 
quency pickup and other unwanted signals that might 
contribute to the measured correlation. To eliminate the 
effects of systematic correlator drifts or other spurious 
correlation signals, a series of comparison conditions 
was established. For example, when the detector bias on 
one of the detectors is reversed, the correlator output 
signal should be negative rather than positive ; when the 
detector images are superposed (Fig. 1), the observed 
correlation should be much greater than when they are 
slightly apart ; when the detector assembly in Fig. 3(a) 
is rotated by 90° [Fig. 3(b) ] the measured correlation 
should vanish; with a long-wavelength filter, between 
source and detector, more correlation is expected than 
with a short-wavelength filter; if a diffuser is inserted 
between source and detector, coherence is lost and the 
observed correlation is expected to vanish. Differences 
in measurements obtained under these comparable con- 
ditions are summarized in Table I. 


6. RESULTS OF THE EXPERIMENT 


A number of correlation runs in which the integration 
time / varied from 10 min to 240 min were made, with a 
variety of different optical systems. In a typical set of 
runs the expected correlation was determined by using 


Eqs. (16) and (17): 
S=BMLV WV ayry2b152F iF 2 JAfAv ‘TN, (18) 


where the quantity Vy replaces the product ean and 
represents the detector response in volts per incident 
photon, multiplied by the average number of photons 
incident on a detector during response time 7; 8= 1.04 
is a measure of the source polarization, M=0.4 is a 
correlator parameter, V;V.=0.422 v? is the product of 
the detector bias voltages, yiy2=0.015 is the product of 
the detector response terms, 5,6.=0.18 is the product of 
impedance matching terms at the amplifier inputs, 
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F\F,Af=2X10" sec! is the integrated product 9 
amplifier gain, Av=9X10" sec is a measure of the 
spectral radiation bandwidth, '=0.89 is a cohereng 
factor which lies between zero and unity, and /= 14 4) 
sec is the total integration time. 

Substituting these values in Eq. (18) we obtain 
$= 160+80 v* sec. The measured value was 2204373 
v? sec. The possible error in the predicted value j 
largely due to the uncertainty in the detector time cop. 
stant, and the uncertainty in the measured value js 
given by the scatter of the correlation integral sampled 
at 480 points during the integration. 

Ten experimental runs of this type were performed, 
(See Table I.) Within the experimental error, they are 
in agreement with the predicted values. However the 


§ 


predicted values themselves are uncertain by approxi- 
mately 50% because the lead sulfide detector charac. 
teristics could not be determined more accurately under 
the experimental conditions. 

The signal-to-noise ratio of all the integrations taken 
together was 3.9. The probability of obtaining sucha 
high signal-to-noise ratio accidentally is less than 10+, 
Furthermore, the large number of internal checks and 
comparison measurements described in Sec. 4 were 
designed to rule out spurious correlations caused by 
some peculiarity of any one particular optical ar. 
rangement. 
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A formulation of quantum statistical mechanics is given, in terms of distribution functions. It is shown 
that all quantities of interest are obtained directly from nonlocal distribution functions 


( 7 
y (xy »%1,8), 


y (4' x0" .x1X2,8), ven, 


In a uniform system the Fourier transform of >‘ (x;’,x;,8) is the distribution of particles in k space, 2(k,8). 
Various schemes for calculating these distribution functions directly are discussed. An approximate integral 
equation for (k,8) is found, which can be solved by a converging iteration process. Some remarks are in- 


cluded on the application of the virial theorem. 


1. INTRODUCTION 


HERE has been a great deal of attention recently 

to the problem of applying modern perturbation 
and field-theoretic techniques to quantum statistical 
mechanics. In this general area perhaps one should 
«pecially mention Montroll and Ward,' Martin and 
Schwinger,? Yang, and Lee,’ and Matsubara, Bloch, 
and deDominicis ef al. The following investigation has 
points of contact mainly with the first two, but proceeds 
ina somewhat different direction. 

Most previous work in this general area has been 
directed toward systematic calculations of the grand 
partition function (g.p.f.). Once the g.p.f. is kniown, all 
thermodynamic quantities (internal energy, pressure, 
density, susceptibility, magnetization, etc.) are found 
very easily. The g.p.f. treatment is thus rather satis- 
lying, but it is not the only possible one. For example, 
the same thermodynamic quantities may be found 
directly from a certain function: y® (x;’x2'; a1%2; 8) by 
integration. This is not so straightforward as differen- 
tiation, but there are two compensating advantages: 
First, the diagonal element of the y® function has a 
direct physical meaning, being the distribution of pairs 
of particles; moreover, if we integrate over the coor- 
dinates of one particle (say x2), removing the prime, 
we obtain a function whose diagonal element is propor- 
tional to the density of particles, and whose Fourier 
transform is the distribution of particles in momentum 
space, m(k,8). All of these are directly, or almost 
directly, measurable by experiment. To obtain the same 
information starting from the g.p.f. is a problem as 
difficult as calculating, for example, the energy. 

The second advantage is in a sense fortuitous. It 
lus out that in the process of looking for differential 


he Present address: G. C. Dewey Corporation, 202 East 44th St., 
New York 17, New York. 

iE Montroll and J. Ward, Phys. Fluids 1, 55 (1958). 

iP C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 
. me and T. D. Lee, Phys. Rev. 113, 1165 (1959); 116, 
mt Matsubara, Progr. Theoret. Phys. (Kyoto) 14, 351 
985); C. Bloch, Nuclear Phys. 7, 451 (1958); C. Bloch and C. de 
fminicis, Nuclear Phys. 7, 459 (1958); 10, 181 (1958); 10, 509 
298); also A. Glassgold, W. Heckrotte, and K. Watson, Phys. 
Rev. 115, 1374 (1959). ; 


equations which determine the distribution functions 
it is very natural to introduce an effective potential 
operator K which is essentially the reaction matrix of 
many-body perturbation theory. Since the equations 
derived in the present treatment are not exact the ad- 
vantage here is merely that we can assume the K matrix 
is known once-for-all and proceed from there. The ac- 
tual calculation of K for a given interaction is a separate 
problem. 

In an exact treatment,5-? which we hope to give 
later, the use of the K matrix is useful also inasmuch 
as it makes it possible to cary over certain results of a 
general nature to statistical mechanics. In particular one 
might mention the famous “linked cluster expansion.” 


2. THE DENSITY MATRIX 
The density matrix I may be defined as the solution 
of the Bloch equation 


— (0/08)P = HT yy. (2.1) 


For a Hamiltonian which is independent of temperature, 


one has the formal solution 
l=, exp(—BX)*,, Liml,,=6,, (2.2) 
B-0 


where the Schrédinger equation 3(%,= £,®, determines 
the eigenvalues ‘and eigenfunctions. The partition 
function Z for a canonical ensemble is defined by 
Z=>, exp(—BE,)=Tr{exp(—8%)}, — (2.3) 

where the sum is over all states in a complete set cor- 
responding to the given 6. The average of any quantum 

5A complete bibliography can be found in ‘The Many-Body 
Problem,” course given in the Summer School of Theoretical 
Physics, Grenoble, 1958 (unpublished); also, K. A. Brueckner, 
C. A. Levinson, and H. Mahmoud, Phys. Rev. 95, 217 (1954); 
K. A. Brueckner, Phys. Rev. 96, 508 (1954); 97, 1353 (1955); 
K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 (1955); 
K. M. Watson, Phys. Rev. 103, 172 (1956); W. Riesenfeld and 
K. M. Watson, Phys. Rev. 104, 492 (1956). 

6K. A. Brueckner and M. Gell-Mann, Phys. Rev. 106, 364 
(1957). 

7L. Van Hove, Physica 21, 901 (1955); 22, 343 (1956); L. Van 
Hove and N. M. Hugenholtz, Physica 24, 363 (1958); J. Gold- 
stone, Proc. Roy. Soc. (London) A239, 627 (1957). 
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mechanical operator over the canonical ensemble is 
given by 

O (ensemble) = Tr{O exp(—B5C)}/Tr{exp(—B5C)}. (2.4) 
It is actually more convenient to work in the grand 
canonical ensemble. The grand partition function is 
given by 


Ze= >on 2‘Zn = Tr{exp(—B Ky+fuN)}. (2.5) 


where yu is the chemical potential and z= exp(@y) is the 
fugacity of the system. The average over the grand 
canonical ensemble is, of course, 


Orgunt ensemble) = Tr{ O exp ( —BxH +BuN) } 
Tr{exp(—BH+uN)}. (2.6) 
Before discussing distribution functions in the grand 


ensemble, we consider the situation when the number 
of particles N is fixed. A configuration representation is 


T%)(x¥" x¥) =3,6,*(x’) exp(—6.5C)®, (x) 
=P™)(N’|N), (2.7) 


where x¥=x), Xo, -*-, Xw is a 3N-dimensional vector 
(including spin coordinates, if any) and #(x*%) is the 
correct many-body Schrédinger wave function. Now 
define a set of generalized distribution functions (these 
are the same as Léwdin’s* reduced density matrices, 
except for the factor n!/Zy): 








y(1'|1)= 
N 
- fi fra, N—1'|1, N—1)d{N-1}, 
Zn 
oe N(N-1) 
y (1'2'|12)=— x 
7x 
fe frow, 2’, N—2|1, 2, N—2)d{N—2}, 
N! 
4) (N’| N)=—Pr)(N’|N), (2.8) 
Zn 


using an obvious notation. The primes are removed 
from the particle coordinates being integrated and, of 
course, every integration includes the appropriate sum 
over spin coordinates. The quantities on the left are 
nonlocal distribution functions for 1-particle, 2-particles, 
3-particles, etc. It is clear from the definitions that the 
mth and (m-+1)st matrices are related as follows: 
1 
y™ (1,2, ++ ,m’|1,2,+ > + ,m)=—— f yt) 
N-m 
XK (1’, 2’, «++, m’ym+1/1, 2, --+, m, m+1)d?xmit, 
(2.9) 


* P. O. Léwdin, Phys. Rev. 97, 1474 (1955). 
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where the coordinates of the (m+1)st particle ap 
integrated out. 

Note that removing the primes from all prime 
variables and integrating over configuration space js 
equivalent to taking the trace, so that: 


1 
1=- froaines 
N 
1 
A ) fife (1'2’| 12)d*x,d° x. 
N(N-1) 
1 al Cal 
cael — f- femcv natn. (2.10 


The diagonal element y“?(1| 1) depends on the coor. 
dinate of only one particle. It is clear that this can be 
interpreted in terms of the density, i.e., 


y(1/1)=p(n), (2.11 


where p(r;) is the density of particles as a function of 
position. If the V particles are evenly distributed ina 
volume Q, then, of course, p(r) = pp= V/Q. In statistical 
mechanics problems this is generally the case. One 
alternative is where the particles actually form a co: 
lective boundstate (at zero pressure),® e.g., an atomic 
nucleus. A third distinct possibility (also corresponding 
to zero pressure) is that the particles form a lattice 
structure like a crystalline solid, in which case the 
density is periodic. Most physical problems, therefore, 
fall quite neatly into three classes: (1) uniform gases 
or liquids and (2) finite systems at zero pressure, and 
(3) crystalline solids. In case (1) the diagonal elements 
of y®, y™, --- depend only on the relative positions 
of the particles, not on their location with respect to 
a fixed coordinate system. This is a consequence of the 
invariance of the Hamiltonian under translations. Thus, 


x‘? (1| 1)=po, 
¥Y (2 (12| ia) = po’p2(r12), (2.12) 


‘| é (123 123)= po'p3(112,%23,731)- 


A modified kind of invariance occurs if the ensemble’s 
considered to be subject to a periodic external potential. 
This approximates the actual situation of electrons na 
metal, for example. This is neither case (1) nor case (3), 
exactly, because we are dealing with a two-component 
system where the electrons are in the liquid or gis 
phase, and the ions are in the crystalline phase. 

*It has been pointed out to the author by J. Lebowitz that 
there are probably no real systems which have exactly zero pressutt 
Even a tightly bound system has a finite probability of dissoc- 
ation, and consequently if it is enclosed in a finite volume there 
will be a finite “vapor pressure.” In the case of nuclei this ys 
rection is extremely small, being essentially proportional oir 
ratio of the thermal energy kT to the binding energy. There = 
also be a negligible correction arising from the kinetic a 
motion of the nucleus as a whole inside the confining volume ®. 
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DISTRIBUTION FUNCTIONS 
Any operator O can be divided into 1-body, 2-body, 
tbody operators, €.g., 


209+ OM +2 O4P+ LV OpjeO+---, (2.13) 
i i<j i<j<k 


ind one has quite generally, for the expectation value 


=0%+ [Or Y(1'|1)d?x, 


1 
t= f ower ('2'|2)dad's, 
>! 
1 
+— ff femme ara1s'|123)d asada 
3! 


(2.14) 


in practically all problems of physical interest one may 
more terms other than those indicated; moreover all 
the known three-body forces are apparently rather small 
compared to two-body interactions. If the operator 
depends on spin or isospin it can be expressed in terms 
of appropriate exchange operators operating on the 
eact wave function. For a system of Fermi particles 
the total wave function is, of course, antisymmetric and 
itis easy to see that in this case all the reduced density 
matrices have the property of vanishing when two or 
more coordinates (including spin and isospin) are set 
equal. However, details of this nature are more properly 
discussed in relation to specific problems. 

What is more important is the following observation : 
ifall terms beyond the m-body term are negligible, then 
the physical properties of the system are determined 
mee for all if we know y‘™. Naturally, we are mainly 
concerned where O= 3C, the Hamiltonian operator, and 
where m=2, meaning that 3-body and higher-order 
many-body forces are unimportant. The quantum 
mechanical virial theorem throws an interesting side- 
ight on the above remarks. In general the theorem states 
that 

(T)=(&), (2.15) 


where = is the virial operator, defined 
z=} L{r-grad[ Vist DL Viet --- J} 


i<j i<j<k 

+(V.E.F.), (2.16) 
where (V.E.F.)= virial of external forces. The term 
in square brackets represents all the interparticle 
interactions,” including both central and noncentral 
"The argument as given here holds for local potentials. Since 
the most general kind of interaction is nonlocal (e.g., velocity 
dependent), the usual form of the quantum mechanical virial 


theorem must be modified. For a nonlocal interaction of the form 
IV(W',N)o(N’)d{.N’} the virial takes the form 


isy> {rgrad (viv wow’) 


S ) 
- f FE A Ur ry (ee. 


AND ¢ 
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forces and any combination of exchange opera- 
tors. The differentiation refers only to the spatial 
variables leaving the spin and isospin operators (if any) 
unchanged. The spatial dependence of V;;, V ijn, -- +, ete. 
must be upon relative coordinates only, whence the ex- 
pression above can be simplified as follows: 


te) 0 
(tra = 


Ori; Or ix 


ia 1 0 : 
z-{5 <a b swt ya 
QLi<i Ori; i<j<k 
0 
+ru—) Visat-- [VER (2.17) 
Or ix 
whence 


1 0 
(T) = (=) =— ff[r-—rehe (12 | 12)d*xd° x. 
4 Orie iJ 
1 fe) fe) fe] 
+— Sf Sl (te tras —) Vin 
12 Orie Oris OFro3 


xy‘) (1/23 | 123)dx,d8xed9x3+(V.E.F.), (2.18) 


where by definition (V.E.F.)=3p.'* It is understood, 
in interpreting the above integrals, that spin and isospin 
operators act only on unprimed variables, before the 
primes are removed. 

It is clear from the foregoing that as long as the 
spatial interaction potential is local and provided there 
are no external forces (pQ=0), both the kinetic energy 
and the potential energy are determined by the diagonal 
elements of y®, y®, ---. Assuming only 2-body forces, 
the diagonal element of y® above is sufficient to deter- 
mine the energy. This is a fact of considerable practical 
importance since the above criteria are satisfied to a 
good approximation by several physical systems, in- 
cluding nuclei. The only qualification one need make 
is that the nuclear potential V;; may have some non- 
locality (velocity dependence) of a rather short-range 
character. But the nucleon scattering data may be 
and, breaking the interaction into 2-body, 3-body, components 
as before, we obtain 


oi i a 2.) (fv J 
= 4 fe— fo°.— J 27 2,712 ) 
tf f( ; ant ” Ofe { e , 


Xv? (12’| 12" an" ars" bird 


‘ “ c , 7 7 0 ”” 0 
- if J J J Vie(ris,rie (r gti 507) 
Ky (1'2"| 12" )d8ry""dr2"d5r,d*r24+-V.E.F.+3-body terms. 


In the first term the requisite spin and isospin terms operate on 
y®) first; then the single primes are changed to double primes, 
and all integrations are performed. In the second term the dif- 
ferentiation is carried out on the doubly primed variables first, 
followed by the operations indicated by Vi2 (these two steps can 
be taken in“either order as long as Vi2 only involves operations 
on spinors). Finally, the single primes are changed to double 
primes as formerly, and all integrations carried out. The differen- 
tiation on the density matrix directly is an explicit sign of the 
velocity dependence of the nonlocal interaction. 

108 Note added in proof. Here we have assumed (a) no exchange 
forces and (b) isotropy. In general the pressure is a tensor quantity, 
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satisfied up to quite high energies by local potentials 
with a hard core, so that the assumption of local forces 
is probably quite reasonable. 

A further remark may be appropriate with regard to 
the convergence of perturbation methods. Perturbation 
techniques are predicated, generally speaking, on the 
assumption that the potential energy (from the per- 
turbing part of the Hamiltonian) is much smaller than 
the kinetic energy contribution (due to the unperturbed 
Hamiltonian). The great advantage of the Brueckner 
theory® is that it maximizes the contribution of the 
unperturbed Hamiltonian by finding the best possible 
“effective” single-particle potential. This is discussed 
briefly in the next section. However, sooner or later, all 
perturbative techniques become impossibly complicated 
when more and more many-particle collisions take 
place, unless, as in the electron-gas problem, one can 
sum whole classes of terms at a stroke.* The virial 
theorem may give one an estimate of the contribution 
of the potential energy as compared with the kinetic 
energy in the liquid fraction of a condensing state, 
which may be of use in estimating the convergence of 
perturbation theory. 


3. ON THE SUFFICIENCY OF THE y MATRICES 


A number of questions arise in connection with this 
topic, and we shall touch on only a few of them, and 
only briefly. To begin with, it is obvious that if all the 
energy eigenvalues are known, then at a given re- 
ciprocal temperature 8 all the thermodynamic properties 
of the system are completely determined, via the 
partition function Zy. We have already remarked that 
for a system with only 2-body forces the matrix y®? 
is sufficient to determine the average energy E. More- 
over, if the particles only interact through local poten- 
tials (not velocity dependent), and systems in equi- 
librium with external forces, the diagonal element of 
7 alone is sufficient. 

Léwdin* has discussed the application of the density 
matrix formulation to the Hartree-Fock problem, fol- 
lowing earlier treatments by Fock" and Dirac.” These 
authors showed that for the ground state 8— © in 
the “independent particle model,” where the many- 
body wave function is constructed entirely from single- 
particle wave functions (e.g., as a Slater determinant) 
all the density matrices can be constructed explicitly 
from the single-particle function y,s4..“?(1'|1). Of 
course, the independent-particle model fails to take into 
account pair correlations or higher-order effects. How- 
ever, by a simple extension of some arguments due to 
Brueckner and others it can be shown that a knowledge 
Of Yg+e(1’|1) is in principle sufficient to determine 
the energy, including all two-particle correlations. This 
is a stronger result than Léwdin’s. We shall sketch 
the proof briefly, for the most general nonlocal spin- 

UV. Fock, Z. Physik 61, 126 (1930). 


2 P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930); 
27, 240 (1931). 
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dependent two-body interaction. Ignoring three. body 
collisions, the energy of such a system is given by 


E=) «=L fetoor. 
Exaof ff forwvous 


X (riz! 


gi (x1)d* 


, ; 
K1| r12') 9;* (x2) 9; (x2’) 
XK xd? xy'd xed 5xq' (3.1 


where ¢; are a set of single-particle functions and the( 
are statistical factors associated with summi ing over 
spins (if any). The sums are over occupied states, The 
Hartree-Fock equation determining the single- -particle 
functions ¢; are obtained in the usual way by varying 
the above expression with respect to ¢,*, subject to the 
normalization condition ) 


> fete ¢o;(x)d*x= N. (3,2 


The AK matrix is determined by solving the following 
integral equation in which the single-particle energies 
occur: 
oce Oi aakinn hl 
Kij,x1=%ij.41+ >. - 
m,? €x t+ €1 + Em— En 


w 


and of course the matrix element involves the single- 
particle functions in The procedure of 
Brueckner and collaborators is to look for a solution by 
a self-consistent pro edure, starting at any point, and 
iterating until convergence is obtained. It should be 
noted that the Hartree-Fock equations are nonlinear 
and because of the non- 


quest ion. 


integro-differential equations, 
linearity one expects more than one possible solution. 
Indeed on physical grounds one would expect quite 
different solutions, depending on the initial conditions. 
It is easy to show that plane waves satisfy the HI 
equations, leading to one form of the K matrix which 
has actually been computed numerically by Brueckner 


and Gammel"; namely, the case corresponding to 
infinite nuclear matter. Solutions corresponding to 


finite nuclei are now being sought. 


For present purposes the significant point is the fact 
that in the ground state 


> av * (x0)! Wi (41) =Yp20'? (1'| 1). (3.4 
Any choice of y“(1’|1) which is inserted in the HF 
equations serves to linearize the equation and make it 
possible to “solve” by routine methods, but this solution 


would not, in general, satisfy the self-consistency con- 

3K, A. Brueckner and J. Gammel, Phys. Rev. 109, 1025 
(1958); K. A. Brueckner, J. Gammel, and H. Weitzner, Phys. Rev. 
110, 431 (1958). 
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DISTRIBUTION FUNCTIONS 
jition between the output and the input. The correct 
choice, of course, determines the energy eigenvalues 
and eigenfunctions for a given form of the K matrix. 
It only remains to determine K,;,x itself by solving 
the integral equation, recomputing the eigenvalues, and 
«on until the process converges. 
4, BLOCH-TYPE EQUATION FOR THE y MATRICES 
The fundamental equation is the Bloch equation 

— (0/08) = XT, (4.1) 

with the boundary condition 


lim T'(x’",,x* 8) =6(x’¥— x). 
B-0 


Here we assume only 2-body forces, e.g., 


N 
a, Ve (4.2) 


i<j=1 


N 
KH=)> Ti+ 
i=1 


1 0  @ 
tab n(v'2"|12)=(B-— y (1/2"| 12) 
Zy 08 0g 


AND 
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Now integrate both sides over all particle coordinates 
but one, and multiply through by V/Zy to obtain the 
single-particle equation. It is also convenient to elimi- 
nate Zy, using E= — (0/08) InZy: 


1 oa 0 
_ —Z yy (1 p=(2- Joa’ 1) 
Zn OB 0g 


=Tyy" (1’|1) + f (Tat Vad (172 12)d*x-2 


1 
+ = Sf Voxy ( 1/23 | 123) d?x.d*x3. (4.3) 
? 


The two-particle equation is found by integrating over 
all but two particle coordinates and multiplying by 
N(N—1)/Zy. As before, 


= (Ty +T24+Vi2)y (re | 12)+ f (rt V ist Vos)y® (1/2’3 | 123)d*x; 


The general case is obtained in a similar way, e.g., 


0 
(e-—)y m)(1'2'++-m'|12-++m) 
08; 


=(> T+ 


+ 


These equations can be easily checked by integrating 
the remaining coordinates making use of the conditions 
2.10, 2.14. 

A boundary condition is supplied by the symmetry 
requirements on the matrices. On exchanging unprimed 
variables we have 


ry? (1/2"| 12) =+y(1'2"| 21), (4.6) 


y® (1'2'3’| 123) = ++) (1'2'3’|132)=-++, (4.7) 
and similarly for the primed variables. The extension 
'o higher-order matrices is immediate. A further 
fequirement is that the matrices be symmetric across 
the diagonal (Hermiticity), i.e., for y°?, 


ry) (1/2" | 12) =y2*(12|1'2’). (4.8) 


1 
Jf Veer (1'2': + -m'pq|12- ++ mpq)d*xpd*x,. 
2 


1 
+ [fre ) (1'2'34| 1234) d?xxd5x5. (4.4) 
2 


m+ f (Ty+X Vipvy(™t) (1'2'+ ++ m’,p|12---mp)d x, 
1 


(4.5) 


This fixes the dependence of the primed variables in 
terms of the unprimed variables. 

It is interesting to derive the equations in the grand 
canonical ensemble. The appropriate distribution func- 
tions are defined by 


1 


en pe 2\’Zyyn™. 
Za N=m 


(998) me 


Ya (4.9) 
The equations determining the grand canonical dis- 
tribution functions are easily found by multiplying the 
above equations through by (Zy/Zq@)s* and summing 
over V. The result turns out to give exactly the same 
equations as before, with Zy replaced by Zg¢ and yy™ 
by ya”. It is useful as before to eliminate Z¢ from 
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the equations, using the relation E= — (0/08) InZg. 


The result is, for m<.V 


0 
(z-—)roa'|) 
a8 


=Try6 (1 + f (rst Vis}ye®(12| 12)d%xe 


1 
+- ff vere” 0'25|123)a%ra*x, (4.10) 
2 


a) 
(2-— ro (1’2’| 12) 
0g 


= (7T,+T2+ Vie)ye (1'2'| 12) 


+f (tot Vi s+ Vos)y@ (1'2’3 | 123)d*x; 


1 
+- J [verooarnss 1234)d*x3d*°x4, (4.11) 
) 


and similarly for the general case. We have made use 
of the fact that yy” is identically zero by definition 
for N<m, which expresses the fact that there can be no 
probability of finding m particles in any configuration 
if the total number of particles V is smaller than m. 
Since the equations for yy” and y@‘™ are the same, 
for m<N, we conclude that yy°"2yo, for m<N. 
Hence we drop all subscripts hereafter. 

A more suggestive way of writing the equations is to 
break things down in terms of the energy per particle 
E/N using the identity 


E E 
Byn=m—yn+ f 9 PX m4 15 
N N 


and defining the Hamiltonian for m particles, 


R™=S T+ DY Vis (3.12) 


i=l i<j=l 


we obtain 


[2 @ ; 
| m= — sem byin 
N og 


> a 


m E 
=f (7.4% Vip— 
i=l N 
1 
7 J J V pg? d*xpd*x,. (3.14) 
2 
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The integro-differential equations above do jot 
define y“?, y® uniquely except in terms of higher-order 
matrices, y“), y“. These in turn are determined by g 
hierarchy of further equations which are derived in the 
same way. 

The various terms in the two equations can be iden. 
tified as follows: 

(a) The term involving y“ 
single particle were isolated. 


would be present if the 
(6) Terms involving y® would appear if there were 
only two particles in the system. They represent the 
effects of the interaction of the first particle with aay 
second particle or the mutual interaction of a pair in the 
absence of any other particles. 

(c) Terms involving y“ would appear if there were 
only three particles in the system. They take into 
account the effect on the first particle of interactions 
between any other pair, or interactions of one of the 
original pair with any third particle. All such inter. 
actions are equivalent. 

(d) Terms involving y“ appear if there are four or 
more particles in the system and represent the indirect 
effect, on the original pair, of interactions between 
other pairs of particles. All such interactions are again 
equivalent. Of course, higher-order matrices appear in 
the equations determining y“, y“. 

The systematics of the hierarchy are obvious. The 
first equation is related to the Hartree-Fock equation 
(at finite temperature) where the first particle moves 
in an effective potential due to all the others. The third 
term is essentially the “single-particle potential,” while 
the second and fourth terms give, in effect, a momentum 
dependence. The second equation treats two particles 
explicitly, and, of course, the mth equation treats m 
particles explicitly. All the equations of the hierarchy are 
equivalent in that the solution of any one must give the 
energy and thermodynamic quantities correctly. 


5. APPROXIMATION METHODS—SUPERPOSITION 
PRINCIPLE 


It is worth re-emphasizing that the hierarchy 
integro-differential equations described in the last 
section constitute a complete formulation of the many- 
body problem in quantum statistics, although an 
unwieldy one. To make further progress it will evidently 
be necessary to cut off the sequence at some point by 
approximating one of the higher-order matrices im 
terms of a lower-order one. One is led naturally to 
consider something like the well-known “superposi- 
Kirkwood" which has been 
used in classical statistical mechanics. As an example 


tion approximation” of 


consider the two-particle equation derived in the last 
section : 


4 J. Kirkwood, J. Chem. Phys. 3, 300 (1935) 
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- 


N 0B 


E 
-[(a+ Vist Vo3—- — (1 12'3 | 123)d°x, 
N 


1 
a - ff V za (4) ( 1’2’34 | 1 234) d?x.d3x4. 
? 


Ify® and y“ are approximated in terms of y(*), the 
resulting (approximate) solution is found by an iterative 
process in which we use yo) to construct the higher- 
order matrices and solve the inhomogeneous but linear 
integral equation which results. [Actually there may 
be little justification for going beyond the first itera- 
tion, even in principle, since there is no real guarantee 
that a better approximation for y“ is obtained by 
superposing the (w+ 1)st iterate y(ny1)° than was 
obtained by the mth iterate y,,)° for arbitrarily large n. 
It is clear, therefore, that though the iteration process 
for y? may converge, it will mot converge to the correct 
wlution of the actual problem unless the superposition 
principal also happens to be correct, which is generally 
not the case. | 

Classically, the superposition approximation was used 
by Kirkwood to express y® in terms of y®’, e.g., 


E @ 
or -e }y" (12’| 12) 


(5.1) 


pity (1'2'3’ | 123) 2 (12"| 12) 


Ky? (2’3’| 23)y 2) (3’1'| 31). (5.2) 


Evidently the above can easily be generalized to the 
quantum-mechanical problem, since the three-particle 
matrix is automatically symmetric or antisymmetric, 
on exchanging two particle coordinates (either primed 
or unprimed variables), according to the symmetry 
properties of the two-particle matrices. This can be 
verified by inspection. 

We must generalize the idea, however, to apply to 
matrices of any order. Define the superposition ap- 
proximation as follows: Any product or sum of products 
of m-particle matrices which contains the coordinates 
of m+n particles and obeys the correct symmetry and 
Hermiticity requirements for the (m-+x)-particle 
matrix will be known as a superposition approximation 
of the (m+-n)-particle matrix. 

The treatment of the equation of y“ requires a 
superposition approximation involving only y“. Clearly 
a suitable choice for y® is 


Yeap (12" | 12) =-y (1"| 1) (2"|2) | 
zy (1"| 2)y(2"|1). 


A convenient notation for generalizing to higher orders 
s to use determinants or permanents, which we denote 
by means of subscripts +, e.g., 


y(1"|1) 
x (2"|1) 


y™(1"|2)| 


8 ver) 1’ : 2 = 
— y(2"|2)]4 


AND 
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and 


Yeuper“ , ( 1’2’3’ | 123) 


fy (a"}1) ¥PQ"]2) -y(1"|3)| 
+ }y (211) (2/12) -y™(2’13)} , (5.4) 
y(3'{1) 3" 2) -¥B"13) 14 


where the (+) sign signifies a permanent and the (—) 
sign a determinant. Evidently the first case corre- 
sponds to Bose-Einstein statistics and the second case 
to Fermi-Dirac statistics. 

As long as the many-particle wave function can be 
constructed from a properly symmetrized product of 
single-particle functions, the superposition principle is 
exact. This holds for free particles or for particles 
moving in a single-particle potential (for example the 
nuclear shell model). We shall come back to this point 
later on. 

When a two-body interaction is introduced, however, 
the superposition is no longer exact, and there is a 
definite inconsistency between successive y matrices, 
viz., 


1 
N—-1. 


-_ 
uw 
mn 

mH 


f rounee (12 12)d?x.4y (1’ 3); 


1 
fre )(1/2'3| 123)d*x3%y(1/2’| 12). (5.6) 
N-2 


This inconsistency is characteristic of the approxima- 
tion. Since the equations must hold true (with the 
equality) when Ysuper® and Ysuper® are replaced by the 
exact y® and y®, we have a useful criterion for 
estimating the validity of the superposition approxi- 
mation for a given problem, in terms of the magnitude 
of the discrepancy between the right-hand and left-hand 
sides of (5.5) and (5.6). 

Returning now to the equation of y® we need an 
appropriate superposition approximation for y® and 
y in which two-particle correlations are included. One 
method which suggests itself is to start with a first 
approximation y.o)® and first integrate over the X2 
coordinates to obtain the corresponding matrix y 0)", 
then use the determinant (permanent) constructions 
illustrated above to obtain yo) super ¥(0),super. It is 
clear that there is again an inconsistency if we integrate 
over X3 iN Y(1),super®. In fact we will obtain a new 
matrix ¥(1),super”? which is different from the original 
vo). That this is not a convergent process should be 
clear. One could indeed obtain an infinite sequence of 
y® matrices by repeatedly integrating and using the 
superposition approximation, and the error will merely 
increase each time.'® 





18 Further insight into the situation may be gained by the 
following consideration: suppose we make the plausible require- 
ment that 7) be determined by the superposition principle and 
that it be consistent with y® in the sense of (5.6). This means 
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In practice therefore it would seem advisable not to 
use the determinant method already outlined. Instead 
one might use the simple product already illustrated 
in (5.2) for y“ extending it for y“ as well: 

Po"¥ super (1'2’3" | 123) 
, »’ 


=y?(1 12) (2/3’ | 23)y (3'1'131), (5. 


v7) 
bo 


Po Yeuper . (1'2'3'4’ 1234) 

=) (1/2"| 12) (2’3’ | 23)y® (3’4’ | 34) 

Ky (4'1'| 41)y (1'3’| 13)y (2’4’| 24). (5.7) 
Another type of superposition approximation has been 
introduced by Schwinger and Martin® in their work, 
involving products of matrices of different order. They 
approximate the three-particle Green’s functions by a 
sum of products of two-particle Green’s functions and 
one-particle Green’s functions. The choice of one 
version or the other is largely a question of mathematical 
expediency. 


6. SOLUTION OF EQUATION FOR yy‘ BY 
SUPERPOSITION METHOD: IDEAL GAS 


The simplest application of the formalism is to cal- 
culate the single-particle distribution function for the 
ideal Bose and Fermi gas. The equation for yia, 
[using (5.3), which is exact in this case ] is 


4 


0 
E-— 
0g 


Videa (1’ 1) 


= T yY idea (1'| + f TL v1’ | 1)V ideal 1) (2’ | 2) 


+ideat (1’| 2)Videat (2’| 1) Jd¥x2. (6.1) 
We drop the clumsy subscript for convenience in the 
following. Since the gas is presumed to be uniform, y‘' 
depends only on the relative coordinate 
Define the Fourier transform 


Ul 
vi 9%; 


we look at the set of functions y®@ 
equation 


which satisfy the integra] 


1 
—— J 7 (2’3’| 23) ¥@(3'1’| 31) d5x3 = py’. 
N-2 


We know, of course, that 7® cannot be a solution of the Bloch 
equation. However, it might seem not unreasonable to use the 
functions 7 as approximate choices for a variational calculation 
of the energy, by minimizing the energy (a functional of 7@)) 
subject to the requirement above. However, nothing useful can 
come from such a program because, at closer analysis it is seen 
that there are no nontrivial solutions of the integral equation. 
Consider the case of a system sufficiently large so that boundary 
effects may be ignored. Then Faing® will depend only on the 
relative coordinates. By introducing the Fourier transform of 
Vdiag.®, it is easily seen that the left-hand side is a function of 
|r —r/ whereas the right-hand side is a constant. (More generally 
the |.h.s. will be a function of r, 1’, re, r2’.) Consequently the in- 
tegral equation cannot be satisfied by any reasonable function 
7, and the superposition approximation cannot be used in con- 
junction with a variational approach. 
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spin 


| n(k,B)e'* 


represents the 


dk. (6.2 


Evidently (k,8 number of particles 


possessing momentum p=/k. Using the definition of 


the kinetic energy operator, 


Ti=—(h 


2m)V 7, 6.3 


we obtain the equation for (k,8 


0 
( k- ) n(k,G 
0g 


+-\R2n2(k,8) rf (6.4 


where A is a statistical factor depending on spin and 
symmetry, which we shall define later. But the energy 
E(8) is easily shown 


Lo be 


so there is a cancellation and the equation reduces t 
0 hk? 
——n(k,B)-4 n(k,B)[1+An(k,8) ]. (6.6 
0B 2m 


The equation is nonlinear but it can be integrated 
partially with respect to 8 in, straightforward fashion | 
introducing one constant of integration. The result is, 
as expected, 





h*k?B ; 
Nideal (R,8) C exp( ) — 
2m 
h*k*3 , 3 
A)“ ot xv( ) -sgnA]} , (0/) | 
2m | 


\|}. Note that |A 
preted as the number of particles which may occupy 4 


where we let ( may be inter- 


given k state for Fermi statistics, while ¢ may be inter- 
preted as the fugacity; 
tional way by making use of the condition that the 


is eliminated in the conven- 


number of particles in the system is fixed to be V.* It 
may be worth pointing out here that the procedure we 


18a Note added in proof. In the case of a degenerate Bose gas * 
becomes unity, and a6 function term appears in m(&,8) correspond 
ing to ‘condensed’ particles having zero momentum and energy. ° 
The coefficient of the 6 function gives the number of particles in 
the condensed state, and is determined by the normalization 
condition 
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DISTRIBUTION FUNCTIONS 
have followed is only unambiguous if we stick to the 
erand canonical ensemble, where the fugacity z is 
treated as an independent variable. Thus we have put 
no actual restriction on the implicit temperature de- 
pendence of our constant of integration. The pair- 
distribution function is the diagonal element of y®, 
amely 

r—r.!) 


12\12)=y7°°? ( 


por +arAly@ (iri—fe ) 


h*k*e 
po, sznr'A | |: ‘exp 
2m 


—sgnvd | e'K -ti-tig3R (6.8) 


It is seen that when A=+1 the above formula is 
precisely the pair-distribution function for an ideal 
Bose gas first given by London and Placzek.'* It is 
evidently a simple matter to give the corresponding 
formulae for ¥ ia , Yideat?, etc. It remains to define 
the factor A. Since spatially symmetric wave functions 
+1 and spatially antisym- 
—1, it is evident that A 
must be the fraction of pairs in space-symmetric states 


clearly correspond to X 
metric wave functions to A 


1 
+- ff Vajr° (2'\1 ¥ 
2 | 


We have no means of solving a nonlinear integro- 
differential equation such as the above, so an iterative 
scheme is appropriate. Suppose in the nonlinear terms 
on the right we replace y“” by the solution for the ideal 


5 
(2-71 rw [t)= f r+V 2) ¥ (m—1)) (1’| 1) 
0g wae 

1 : ¥V (m—1) 2 ( 
+ ff 23 


The analogy with the usual Hartree-Fock method is 
now clear, for the two terms on the right-hand side 
involving the interaction are integrated to an effective 
particle potential. 

The idea of an “effective” 2-particle interaction 
can therefore be introduced at this point. Suppose an 
*F. London, J. Chem. Phys. 11, 203 (1943); G. Placzek, 


Proceedings Berkeley Symposium on Mathematical Statistics and 
Probability, 1950 (unpublished), p. 281. 
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minus the fraction in space-antisymmetric states. Since 
the wave function must include the internal coordinates 
of the system, if any, these also contribute to the sym- 
metry so that some of the pairs will be in symmetric 
and others in antisymmetric space states. The physi- 
cally important cases are as follows: 

Bosons, such as He*, have spin zero; thus all pairs 
are in space-symmetric states, whence \=1. 

Among the fermions, electrons (positive and nega- 
tive), and He*® have spin +3; thus } of all pairs are 
in space-symmetric states and } in space-antisymmetric 
states, whence A= }—}=—4. Nucleons have spin +3 
and isospin +3; thus (assuming equal numbers of 
neutrons and protons) 3 of all pairs are in space-sym- 


metric states and % in space-antisymmetric states, 
whence A= 3—3=—}3 


It is barely conceivable that non-relativistic statisti- 
cal mechanics might be applied to certain other cases, 
such as m-meson clouds. However at the moment such 
applications seem rather far-fetched, so for present 
purposes they can be ignored. 


7. SOLUTION OF EQUATION FOR vy“) BY SUPER- 
POSITION METHOD: EFFECTIVE INTERACTION 


Assume spinless particles interacting through a 2-body 
potential V(r,;). The complete single-particle equation 
in the superposition approximation is evidently 


ly (11) (1"| 2) 


y™(2’11) yy (2'|2)) 4. 


d* x5 


yO 111). yO} 2)) -y™(113) 


(2'|2)  y(2'|3)| d8xed'x3. (7.1) 


y™(3711) (312) -¥™ (3/13) 14. 

V ideal? =o". The equation is 
now a linear but inhomogeneous ordinary differential 
equation. For the mth iterate, 


gas (previous section) 


Yim—1)"P (1'| 3)| 

| dx od? x3. (7.2) 
FS 

effective potential A (r;;) is defined conceptually as that 
operator which, operating on properly symmetrized 
plane-waves, is equivalent to V(r,;) operating on the 
correct wave function.” If Vj, is replaced by such an 
operator the superposition approximation is again 





This is oversimplified, since it becomes the question of 
whether such an operator exists in the form specified. The omission 
will be rectified. 
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plausible, and we obtain the modified Hartree-Fock equation 
C) yO (1'| 1) -y(1’]2)| 

oan fos? dx» 
ap yP(2"| 1) -y(2"| 2) 


(17}1) yo (1"}2) yo (1’| 3) 


yo" 
“ 11) yo (1"| 2)] 1 
+ [Kx ow ff [xl (2"|1) yo" (27|2) yo" (2’| 3) | dBxad8xs, (7.3 
yo (2’}1) yo (2/2) 2 
yo (3 0) (; ( 3) 


where yo") (i’| j) is the solution of (6.1). If the system where A(8)=Z\")(8)/Z\"' (8). The quantity A(8) is de. 
is very large and has a uniform density pp=.V/V=y, 0)‘, termined by the differential equation 
then y‘” depends only on |(x;/—x,)|. Define the 


Fourier transforms 7) h? 
dks . InA(g)=— fre ( —n(k,8))d*k 
LS yO @ | j= (|r —15|) dB 2m 
spins 
= f nce - (3689, (7.4) +08) f KG: yo (1 1.02,8)d ‘yd? Xo, (7.7) 
K(k)= > [kodersars, (7.5) In first approximation the first term on the right 
ie: vanishes and the solution of (7.7) is 
and of course let 7;= — (h?/2m)V?. The energy is easily 
seen to be from (2.8) and (2.14) 
A(p)=— i/ ffx 12(.01¥2)¥ (x 1,2,3)d*x\d* xo, (7.8) 
hQ 
E=— | n(k)k?d*k 
2m 


On expanding the determinants and using the above 


+408) f [Kiln Cinder, (7.6) definitions one easily obtains the following integro- 


differential equation for (kg): 
fs] h*k? 
7? weet ™ [2(k,8)+An?(k,8) }+A(8) | nc af fx (ax2)yo (a1X2,8)d*x,d?x2 
OB 


Co 
+f [KC (arnseas)e 11-20 By dy ,/d* x, 


1 
a en ff f [xc 8) (274/44 ,2,X3,8)e™ 20 DB xsd vod3x,'d5x,. (7.9) 
? . 


This equation is rather difficult to solve. A simpler approximation in the same spirit is obtained by re- 
lacing yo" o in (7.3) by superpositions of the y’s (instead of yo\’’s as above). The resulting equa- 

g yw, 7 ) by Y 6“ 
tion is 


0 hk? 
- “y (k,8) = (n(k,B) +An? (4))| — +A(8)poK (O)+AGBn f KA (ki )a°R (7.10) 
0 Zm 


Now it is perfectly consistent with the approximations made so far to replace m(k’,8) on the right-hand side by 
no(k’,8). The integration with respect to 8 can then be carried out leading to the algebraic equation 


A h?k*B 3 ’ 
n(k,8) = ais ‘e[——+ f A(pt)as' f ak’ K (ek) (aa) | send] : (7.11) 
2m 0 ] 


where z is the fugacity. Our object has been to take into while retaining the superposition principle. A more 
account the correlations due to two-body interactions, _ strictly justifiable use of the K operator would lead to 
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the following equations instead of (7.3): 


a 
(F--- rs) (1’|1) 
ap 
-[te 2)(1/2'| 12)d4v. 


+A (9) f Kw(12)w" (1'2,12)dx, 


1 
+A(B)- f f K93(2,3)yo (1/23 | 123)d>xed3x, 
? 


but the above cannot be solved easily in this form be- 
cause of the presence of y®’. Evidently (7.3) is obtained 
from the above by using the superposition approxima- 
tion for y®. 

For the sake of simplicity it has been tacitly assumed 
throughout the foregoing derivation that the operator 
Ky depends on space variables x;, x2 in the same way 
as Vy». Actually, this is not strictly true, e.g., Ay. cannot 
be expressed in purely “‘local” form. This is because the 
elect of the medium (the other V—1 particles) is 
momentum dependent; The correct procedure is to let 
K be a nonlocal operator, depending on both the 
primed and unprimed variables: 


K = K (xy' x9"; x1%2). 


The whole derivation can be carried through in this 
more general case, leading to a parallel but more com- 
plicated equation. The justification for not doing so is 
imply that in practice the nonlocality has a rather 
short range, which means that K (x;’x2'; x1%2) is zero 
everywhere except when it is nearly diagonal, e.g., 
when |(Xo’—x,)| and |(xe’—x2)| are very small. 
Therefore it is usual to expand the nonlocal density 
function y“") in a Taylor series, 
1@| )=y™ (a/,x;) 
=) (0)+ (x,’—x,) Vy | 7) | vey 
+3 (xi’— x;)?°V,Py (| 7) | eng tees (7.12) 


when this has been done the subsequent integration 
over the primed variables can be carried out explicitly 
on the K matrix, yielding the local form 


K ins)= [K (71/9 5 221%) d3xy'd3x79". (7.13) 


The corrections display an explicit momentum de- 
pendence, since 


pPi=ihV:. 
8, EFFECTIVE INTERACTION: REACTION MATRIX 


The effective interaction K has been defined as the 
‘erator which, operating on properly symmetrized 


AND 


OUANTUM STATISTICS 1567 
plane waves, is equivalent to V(12) operating on the 
correct wave function. Although a similar idea is rather 
well known in ordinary many-body theory, it is perhaps 
not immediately obvious that the same approach is 
applicable here. The connection becomes clearer if we 
introduce a set of functions G°™ (x”,x™,s) defined by 
the Laplace transform: 


GO (qm? om 5) = f e-Pry(m) (xm! xm 843, (8.1) 
0 


In particular it is easy to see that, when m=, 
»(N a 4 F ae “i ad F 

(s— 3C%))GO) (2"" 295) 

= $[6(a*/— 29) +6(29—2")], 
where H‘? is the V-particle Hamiltonian and s is the 
total energy. Evidently G“ is a Green’s function for 
the entire system at the energy s. 

The wave function satisfies the equation 


(8.2) 


(s—IM YO) (44" 2% 5) =0. (8.3) 

Writing #) =7T+V™), we have 
(s—T) oy (2¥"e¥ 5), (8.3a) 
(s—TO)Go™ (2*" 2,5). (8.2a) 


The K operator for the many-body wave function is 
introduced through the equations 
Wy =G(M+4+GMyu Py N 
=O 4+G,” Van 
=hM+4G0V KM), 


(8.4) 


By a straightforward algebraic manipulation we ob- 
tain the general relations 
G=G5"+G>YP KG, (8.5) 


Ki =VM+4+YMGg RK, (8.6) 


An exact treatment of the problem must start from this 
point. We shall return to this later on. Our use of the 
K matrix in Sec. 7 is not exact as was already pointed 
out. However, both the foregoing treatment and any 
exact treatment depend upon the assumption that the 
K matrix is independent of temperature (independent 
of 8). It is sufficient to show that K as defined by (8.4) 
is independent of the true energy eigenvalue s. Once 
this is established the argument proceeds as follows: 
inserting (8.5) in (8.2) we take the inverse Laplace 
transform. Since K is independent of s by hypothesis, 
the inverse Laplace transformation acts only upon 
Go (s). The result is in exact Bloch equation involving 
only To) and K“™, Since K™) is defined by (8.4), 
where 6 does not occur, we can set K“)=K), and 
note that it is also independent of 8. 

The approximation in Sec. 7 also assumes that the 
many-body operator A“? can be decomposed into a 
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Ra Ua 


sum of two-body operators, 


KM =>) Ki;. 


j 


ts] 


This means that all three-body and higher terms in 
the general expansion of K“ are dropped. Either of 
the operator equations (8.5), (8.6), which determine 
both G™ and K™ in terms of Go and V™, can be 
replaced by the operator relation KO? Gpk™ = VG, 
Once having established that K“? is independent of s 
we can inverse Laplace transform both sides, obtaining 
KM M=VOr®), Since both K™ and V™ are de- 
composed into two-body operators, the thermal averag- 


ing process gives 


ff fxr *)(1,2,8)d'x\d3x. 
. f fv 2) (1,2,8)dx,d* x2, 


or 


x(a) f K, ¥Y 


2) (1,2,8)d*x,d* x» 


=f fra : (1,2,8)d*x,d* x2, (8.7) 


which leads to (7.6). 

The next step is to establish that a two-body AK mat- 
rix exists and Ky, is independent of S. 

The actual proof turns out to be equivalent to the 
proof that unlinked clusters in Schrédinger many-body 
perturbation theory cancel to all orders. This proof was 
given by Goldstone’ and will not be repeated. A brief 
outline of the derivation of the two-body K matrix 
follows Rodberg’s'* paper. 

For the many-body problem, assuming two-body 
forces, the Schrédinger equation can be written 


SY = [d( T+U,)— x Vii’, 
i i<) 


where U’,; is an arbitrary single-particle potential and 
V.;’ is the “residual” two-body interaction, to be dis- 
cussed later. Expand W in a complete set of eigenfunc- 
tions, 


Y= Le a,?,, 
[s — p 3 (T;+ U;) Bai > Vii¥, 


i <7 
Le a,[s—E,]®,=X Vis ¥, 
i<j 


whence 
n ?,(?, Di<iVi;'|V) 
Y= Ss A ? 


— 


” s—E, 


(8.8) 


18 L.. Rodberg, Ann. Phys. 2, 199 (1957). 
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It is convenient to normalize (Py ¥)=1 (so (W\W)>] 
and obtain 
- b, ?, : V ij Vv 
yy I = 8.9 
10 s—E, 
i o> V;;'|¥). (8.10 
We now wish to pick out the pair 12 and an operator 
Ky such that 
b, | Kyo b,| Vie! 811 
where Vj,’ is the wave function sof containing corre. 
lations of the pair 12 but containing all others: 
p.(d J 12° WV 
Y, , V NS (8.1? 
E, 
BP, | Vie’ |W 
V 12° V = V2" | Vy’ + > (8.13 
=  s~&, 
Taking the matrix element with ®;, we obtain 
BP; Vy. |W by) Vie’ |W; 
by | Vo" |B, (By | Vy! |W 
+> (8.14 
#0 s—E, 
or 
bP; K, y b, V; V; 
(| Via" | ®,)(,| Ka | as! 
| S* (8.15 
E, 
Expanding VY; ; in e orthonormal set. WV dja D,, 
one finds that (8.15) is implied by 
: VK, 
K V«;/+)> (8.16 
s—E, 
To complete the formulation ( ote that 
s=f by| >> Ky;|¥;;’), (8.1) 
2 
V,/=Py 4D (6,(6,| © Kia! Vur’))/(s—E,). (818 


The last equation c 
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with the expression for the ene rgy, to give a rapidly 


convergent (in gene 


is exact if carried 


ral) perturbation expression which 


out to all orders. The so-called 
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19 This is not the only 
For example, if Vie 


sarily a good one. 
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term : 


s=Eo+(¥o|> K,;|o)4 (8.19) 


\ore detailed consideration of these equations leads to 
three important remarks, justification for which is found 
in the literature: 

(1) The energy denominators as shown are in an 
inconvenient form for calculation (the Wigner form), 
which must be replaced by the more practical Schré- 
dinger form by iteration and expansion. This introduces 
tems which apparently have the wrong V dependence. 
However, Goldstone showed that these terms (unlinked 
lysters) cancel exactly in all orders of perturbation 
theory. As a result one can redefine K using Eo 
instead of s in the denominators: 


Vig Ky; 
, lances 


i . 9 ” 
1 Ey— Ey 


j=Vi'+ (8.20) 


This shows that K depends on the energy spectrum, 
but mot on the total energy. Thus the s dependence is 
diminated and K = K as stated. 

(2) The formulation is independent of the choice of 
U;, which is arbitrary. It is possible to choose Ul’; to 
minimize corrections to the ‘*Brueckner approximation,” 
or in essence to maximize Ey with respect to 


(PD, Zz > K;; Pp, 


The residual two-body interaction V ‘is defined so that 


¥ V.'= Vis-TV, (8.21) 
i<j i<j ) 


A choice of U; which makes the second-order energy 
vanish is the following: 


> 


U; _ (9; Kj;| Pj); (8.22) 


7 

where g; are single-particle wave functions, and the 
sum is over the states which are occupied in the ‘chosen 
configuration” ®y. The choice is arbitrary however, and 
ome could choose U’;=0 in which case Epo is just the 
kinetic energy. This may simplify the energy denomi- 
nators, but leads to slower convergence of the per- 
turbation series. 

(3) When the potential V;; is singular the equations 
must be recast to avoid divergences. One way of doing 
this is to introduce a nonsingular “‘pseudopotential” /;; 
which is equivalent to V;; when it operates on the 
correct wave function W. The ideal was first suggested 
by Fermi” for the scattering of hard spheres, and 
extended by Huang, Yang, and Lee”! to the many-body 
problem of a hard-sphere gas. A more general discussion 
of pseudopotentials has been given by Abe.” A different 
—__ 

ne Fermi, Ricerca sci. 7, 13 (1936). ™ 

K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957); T. 
“te, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135 (1957). 
R. Abe, Progr. Theoret. Phys. (Kyoto) 19, 1, 699 (1958). 


D. 


AND 


OUANTUM STATISTICS 1569 
approach is due to Bethe and Goldstone® who rewrite 
the Brueckner equations in differential form, where the 
spurious divergence disappears. The reader is referred 
to the above authors for details. 

In regard to the energy denominators, perhaps it 
would be worth while to proceed a little further in 
order to see how (3.3) is obtained. We have the sum: 


¥ ValK E,, 


— 7 nj 
n~0 


Eo— 


where Ep is the V-particle ground state and E, is one 
of the excited N-particle states. Such excitations occur 
when two or more particles are removed from the 
ground-state configuration described by @o. The most 
important contributions occur when only two particles 
are excited, as seen from the supposed convergence of 
(8.19). Therefore in terms of “single-particle levels” we 
have 


E)—E,= 


€kT EL— Em— En, 


where k,/ represent “particles” outside the chosen con- 
figuration and m,n represent “holes” left by the excita- 
tion. The sum over 7 represents the sum over all such 
excitations, plus three-particle and more complicated 
excitations, but since three-particle correlations have 
been left out, it is consistent to include only the two- 
particle terms. This means summing over all k,/,m,n, 
subject to the requirement that momentum be con- 
served, which puts one restriction on the sum. If the 
particles obey Fermi statistics the Pauli principle puts 
a second restriction on the sum, viz., the &,/ sum over 
states in @y and m,n over states nol in do. 

It was stated earlier that an exact theory must begin 
from the pair of equations (8.5) and (8.6). Thus, 


c+ ia 


P(N) (. + +8) f GY) (-+-s)e®*ds, (8.23) 
c—in 
Since K‘)=K\ is independent of s, (8.5) is equiva- 
lent to 
PY) (. + +B) =P) (- « -B) 


+f 9) (- + -BYKOM PL) (---B’—p)dB’, (8.24) 


v7 


making use of the Laplace-transform representation of 
the 6-function. We now integrate over all variables 
except m (where m=1,2---) to obtain an exact hier- 
archy of equations involving only Io“ or yo”, since 
I)’ is simply a superposition. These equations will be 
investigated in detail elsewhere. 


9. ELIMINATION OF FUGACITY 


It is necessary to go one step beyond the expression 
(7.10) to be in a position to utilize this approximation 
in any practical problem. The final step is to eliminate 
the fugacity z. In the following we assume that the 


3H. Bethe and J. Goldstone, Proc. Roy. Soc. (London) A238, 
55 (1956). 
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potential energy is small compared to the kinetic energy 
and introduce an expansion parameter ¢ which will 
later be set equal to unity. 


n(k,B)= — - - 


~P : 
z ‘exo[- a—f Nada’ f aw'K (W—K)no(t' a) [+1 
2m 


Now expand z' around its value for an ideal gas 27! 
a a2"! 
S = Zo 1+—— +435" aoe +: a (9.2) 
OF | reo OF | r=0 


= Zo + F843 072.71 oa see, 


Similarly, expand n(k,8) in a Taylor series around ¢=0: 


dn(k,B,5) | 
n(k,8) =mo(b,8)-+$————| 
oF | f=0 
+3j*———_ +--+, (9.3) 
ay" f=0 
where 
dn(k,B,o) ez7} B 
ny =—(b8.0 —-r f A(6)dB 
og ar 


xf PRK —Ema(t6)| ef+-], 


We would not be justified by our earlier approximations 
in going beyond first order, so 


On| 
et = —[mo(k,B) — 0? (k,8) | 
OF | reo 


3 
x5 oe | A(B’)dp’ 


x faowKw amc}, (9.4) 
Now the normalization condition is fulfilled for mo (k,8) : 


fr@aaes f noQarere; 


whence 


On(k,8,¢) | 
o=f ——-| 


o¢ | t=0 





d*k 


@k=---. (9.5) 
t<0 


she f #n(k,B,5) 
= ae 





deter- 


By inserting (9.4) in (9.5) we immediately 


AYRES 


Assume first a spinless Fermi gas, with \ 1. In. 
troducing the above mentioned expansion parameter tC 


(7.10) becomes 


(91 


mine 2;7?: 


2; '=Zo fan (k,8) — 07(R,B)) 


B 


xf dai (3!) f RK (W—B)n(k 8 
x1 / f (les) ?(Rk,8))d®k. (96 


The process can be repeated indefinitely, if desired, to 
determine z2~', z37'---. Combining (9.6) with (9.4) we 
obtain the first correction to n(k,8). Some idea of the 
effect of the approximations introduced in Sec. 7 may 
be had by noticing that l 
the corrections to mo(k,8) vanish identically because of 
the presence of a factor (#»—m*) in front of each one. 
Thus the extreme low temperature limit is not accur- 
ately treated here, and the exact theory is needed. 

In the case of Bose systems the same difficulty at 
very low temperatures is likely to occur, and we there- 


at absolute zero (38—<) all 


fore shall not waste any effort discussing the case ofa 
strongly degenerate Bose gas, which is characterized by 
z=1 and in which a finite fraction of particles occupies 
the state of zero momentum (k=0). On the other hand 
above the critical temperature the elimination of th 
fugacity in the case of a Bose gas proceeds exactly as 
above. We merely alter the signs in a few places. Thus 
the factors 


no (kB) — ny*(k,B) 


are replaced by 
no(k,B)+no"?(k,B), 


and one replaces A(8’) by —A(@’) in (9.6) and (9.4 


10. CONCLUSION 


We have defined in Sec. 2 a set of distribution fune- 
tians y(™ (1'2’---m’|12---m;) related to the density 
matrix, and showed how the average value of any 
operator in either the canonical or grand canonical 
ensemble is obtained. A hierarchy of equations deter- 
mining the y‘” matrices has been displayed in Sec. 4 
and an approximate technique for solving the equations 
(the “superposition approximation”) has been discuss 
in some detail in Sec. 5. The equations for the ideal gas 
are treated in Sec. 6. A technique for recasting the 
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DISTRIBUTION UNCTIONS 
equations so that the superposition principle is more 
yseful is then proposed in Sec. 7, in analogy with 
the many-body perturbation theory developed by 
Brueckner and a. The equation for the single- 
particle matrix y‘ is put into an interesting form 
711), making use of the familiar Brueckner K 
matrix.°!%'8 Section 8 is devoted to a derivation of 
the XK matrix and proof that it is independent tem- 
perature. In the process another set of functions 
gim)(1'2’-+-m’|12---m;s) are defined which are seen 
m inspection to be the m-body Green’s functions of 
the many-body Schrédinger equation. These are similar 
io the functions investigated exhaustively by Martin 
aad Schwinger.? The result is proved that the statistical 
distribution functions are obtained from the Green’s 
junctions by an inverse Laplace transformation. In 
Sec, 9 we give a brief discussion of difficulties in the low- 
temperature limit and show how the fugacity is elimi- 
nated from the distribution functions. 
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APPENDIX A: CALCULATION OF y°)(x;’x2’; x:x2; 6) 
FOR AN ISOLATED PAIR OF PARTICLES 


The simplest way of computing y®)(1’2’|12) for an 
isolated pair is to make use of (2.8); e.g., when there 
are only two particles in the system, 


y)(1'2'| 12) = (2!/Z 2) F@ (1'2’| 12), 
where Z (2) 


(A.1) 


is the partition function for just two particles, 


Za= f [real 12)d?x,d3x». (A.2) 
The density matrix I'(1’2’!12) satisfies the Bloch 
equation 
-(0/08). 2)(1/2 ig 
a es (1'2"142).. {A.3) 


subject to the boundary condition at infinite tempera- 
lure (8=() 


lim P°) (12’| 12) =3[6 (ay! —271)5 (aro! — x2) 
ce) 
1 1/6 (x2— 2x2’) ], 


depending on the statistics. Summing over internal 
coordinates, we get 


lim} T°) (4 2'\1 
50 spin 


+6(x (A.4) 


= 3[6 (a1’ —_ #1)6 (a9 “9 Xe) 
+A6 (41—2471')6 (42-42) J, (A.5) 


\having been defined at the end of Sec. 6. A fairly 
complete derivation of I) can be found in an article 


AND Q 


DUAN TUN STATISTICS 
by Blatt,™ so only the results will be quoted here. The 
two-particle Hamiltonian splits into two contributions, 
one from center-of-mass motion and one from relative 
motion: 


HO =T14+-Tet Vio 


nh? h ; 
=——Vx1"——Vairt+V(yw), (A.6) 
4m m 
where 
Xi2= XitX2., fe=Xi— Xo. 
The two parts of the Hamiltonian commute, so T'® 
may be factored as follows: 
>, FP (xy/x0" s x12; B) 
spin 
= U (x12',%12,8)W (ris’,r12,8), (A.7) 
where 
; m \3 m 
l (ou 18) ( — ) exp| —- (sua), (A.8) 
hp n’B 


and 
W (r10' ,r12,8) 
= =i ( 1+A) 7 +(1—A 


leven 


E Jl+1) 


l odd 


x|E Riri!) Ri (r1s) exp(—Beni® ) 


2 n°k?B 
+ - f ep(- —) Ril! sk) Ri(ri2,k) 
T 


X Pi(tis’- ry2)k*dk ; (A.9) 


The sum over / is over relative angular momentum 
states, the sum over 7 is over all discrete bound states 
of the two-body potential (if any), and the integral is 
over all continuum (scattering) states. The radial scat- 
tering wave functions satisfy 

a? 1(l+1) m 
—[rRi(r,k) -(#-- ——+—V ( 


dr? r? i? 


Rule =0, 
(A.10) 


and the (normalized) bound-state radial wave functions 
satisfy 


L(l+1) m ra 
“trun (- ent ———-- — () )rRu(r)=0 
r? 
(A.11) 
where 
f R2(n)dr= :. (A.12) 
0 


Substituting into (A 
promised. 


.2) and (A.1), one obtains y® as 


*4 J. Blatt, Nuovo cimento 4, 430 (1956). 
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Thermodynamically Equivalent Hamiltonian for Some Many-Body Problems* 
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A method which allows a rigorous treatment of the statistical mechanics of a superconductor (Bardeen 
Cooper-Schrieffer model) is generalized so as to be applicable to a wider class of many-fermion or many-boson 


systems. 


As an illustration, we study a degenerate boson gas, adopting the “pair Hamiltonian” of Girardeau and 
Arnowitt. We confirm their finding, for this model, that there is a “‘gap”’ in the energy spectrum of the lowest 


excitations. 


I. DESCRIPTION OF THE METHOD 


N the “reduced Hamiltonian” of the Bardeen- 

Cooper-Schrieffer (BCS) theory of superconduc- 
tivity, only two types of operators occur, namely, the 
occupation number and the pair absorption (and emis- 
sion) operators: 


Ont *ant+a_ey*a_np=ber, G_nsanr =e. (1) 
A general expression for the BCS Hamiltonian is then 


=> wr(Emdbiat Ena*bia*) 
+V- > kA. REM Tx een Or* bey, (2) 


a * 
Tex wen =J ene en®, 


(here Ey2=0). More generally, we will admit Hamil- 
tonians of the form (2) where the operators 6,, are 
specified bilinear combinations of the a’s and a*’s, not 
necessarily those of the BCS theory, though subject to 
certain conditions to be introduced later. We will also 
allow the a and a* operators to refer to either fermions 
or bosons, since our procedure can be described without 
specifying the commutation relations. An example of a 
boson gas problem will be discussed in Sec. IT. 

A method which was previously used' to set up the 
statistical mechanics of the BCS model may be gener- 
alized to apply to a whole class of systems, with 
Hamiltonians of the form (2). The most convenient 
approach is a variational one*: Define new operators, 


Byex=bexr—ner, (3) 


where nia(A=1, 2, ---) are trial functions (¢ numbers, 
not necessarily reai*), and subtract from the Hamil- 
tonian (2) a “perturbation” defined as 


H=V9 Sian Jen Bet* Bey. (4) 


The remaining “unperturbed” Hamiltonian may be 
written 


H=H—f’= U+>. en(Gexdixrt+G en *dyr*), (5) 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1N. N. Bogoliubov, D. B. Zubarev, Iu. A. Tserkovnikov, 
Doklady Acad. Nauk. S.S.S.R. 117, 788 (1957) [translation: 
Soviet Phys.-Doklady 2, 535 (1957)]. 

2G. Wentzel, Helv. Phys. Acta 33 (1960). 

3In reference 2, they were assumed real, but this is not neces- 
sary. 
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where 

l — VIS ener Tener en* nen’, (6 

Gr =EwtVt Dd ew Jew ener. (7 


H®, being bilinear in the operators @ and a*, can be 
diagonalized in closed form, e.g., by a Bogoliuboy 
transformation, for any given set of functions 7;). The 
free energy I° of the ¢ orresponding canonical ensemble, 
defined by 


rr expe (f°—H i. (8 
can now be minimized by choice of the trial functions; 
OF / Onin = OF°/ Ongn*=0. (9 

Note that F° can be written a 
PM =U+F(Gin,Gia*), (10 


where U’, Gx,, and G,,* depend on » according to (6) and 
(7). It is then easily seen that (9) is satisfied by setting 


nir= OF 1/0G_y. (11 


Substituting this back in (7) leads to a set of coupled 
integral equations‘ for the functions G,,, with solutions 
depending on the given coefficients Z;., and Ja, x, and 
on the temperature 8 

The essential point is, now, to prove that this varia- 
tional solution is a rigorous one, in a certain sense, For 
this purpose we note first that the thermal average (for 
the unperturbed system) of b¢,, 


by) =TrL bx, expB(/°—H OF \/OGy, (12 


as is readily seen by substituting (10) and (5) into ( 
and then differentiating with respect to G,,.° From (i! 

and (12) it follows that the thermal averages of the 
quantities (3), and also of their conjugates, vanish: 
B (B,,*)=0. (13 

° ° . ° . Ra 

Having rigorously determined the free energy /* 

the unperturbed system H® [with (6), (7), and (11)J; 

. . . 1/4) affects 

we now investigate how the perturbation H’(4) alfects 


the free energy F of the system H=H°+H". We use’ 





4Of course, we consider the limit V -> « so that V2, be 
comes a k-space integral. d $ 

5 Note: 0 Tr{(H°)" ]/dGiy,=TrLban(//?)"""], even if ban does 
not commute with other terms (like 6,,-*) in //°. 
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well-known version of the perturbation theory in sta- 
tistical mechanics (like in reference 1) and assume 
convergence® of the series expansion (in powers of H’). 
Writing down the mth order correction to the partition 
| function, Tr expl—8(H°+H’) ], with H’ given by (4), 


one meets with expressions of the following type 


y-™ Tr{exp(—S8H°) 
XT] iat.--2mLexp(8:H")Ce; exp(—B8H°) J}, 





(14) 


where each Cx; stands for one of the operators B,, or 
B,,*. (The 8; are integration variables.) At this point, 
we want to assume that the commutation properties of 
the b® are such that, when #°(5) is written as 
U+>d. Wi, 


[Hi.,HevJ=0, [Ha,CejJ=0O for k#k'. (15) 


It is then easily seen that the trace (14) vanishes, on 
account of (13), if ove momentum &,, say hy, is different 
| from all the other momenta, ky: --k2,, occurring in the 
| product. In order to obtain a nonvanishing term, one 
| has to have m pairs of equal k,’s so that, after multi- 
| plying with the appropriate factors J, y,x%.» and then 
| summing over k,---kom, the sum runs over only 
m independent k vectors. If one then divides by 
Tr exp(—8H"°) and finally writes the sums as integrals, 
the factors V-™ and V™ cancel out and the result be- 
comes volume independent.’ Hence, to all orders in H’ 
(assuming convergence), 
' Tr expl—8(H°+H’) | 
im ———____—— 


Tr exp(—BH") 


= finite, 


lim V-1(F—F°) =0. (16) 
V=a 

We conclude that, subject to the assumptions made, 
H' does not affect the volume-proportional part of the free 
energy. H® alone determines the thermodynamics of the 
system H accurately; it can be termed a “thermo- 
dynamically equivalent Hamiltonian.” Its eigenvalues 
are easy to calculate. 

Incidentally, in taking first derivatives of F°, like 
S=—0F°/dT or p= —0F°/dV, considerable simplifica- 
tion results from the fact that the derivatives via the 
| ta give no contributions, on account of (9). Of course, 
this is no longer so in the second derivatives (specific 
heat, compressibility). 

Finally, we remark that it may be possible to relax the 
conditions (15) without altering the end result (16). We 
shall not discuss such possibilities since (15) is valid 
both in the BCS theory and in the example we are going 
to study now. 


Cuntiniteeeees 





‘As to the dangers inherent in this assumption, see reference 2. 
"Here, the possibility should be mentioned that a term in- 
volving, for instance, a product ---By,:--By,*---+ is actually an 
ninite sum (like ,,---) and thereby introduces a new factor V. 

$ Must, of course, be forbidden and is indeed, practically, 
already ruled out by the condition (15) which limits b,, to a finite 
number of terms ~a*a or aa. For example, bi, =D Gergen *@e is 
hot admissible. 
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II. DEGENERATE BOSON GAS 


We consider a gas of spin-less bosons with (weak 
repulsive) two-body interactions of spherical symmetry 


A int= 5 Ys > ( (g)an* ay *ay ghk+qy 


me (17) 

v(g)=2('g|) (real). 
At sufficiently low temperatures, like in the free boson 
case, a major fraction of the N particles will be con- 
densed in the lowest energy state, supposedly with 
momentum k=0Q, so that the creation and annihilation 
operators, do* and ao, may be replaced by the ¢c number 
N.i(>>1). Retaining in (17) only the “largest” terms, 
namely those quadratic and linear in Vo, one obtains the 
‘‘Bogoliubov Hamiltonian”®: 


H'=3}V—N?v(0) 
+2 [fila gant hy} (a,*a_,*+a 0x) |, (18) 
where k=O is excluded from the sums, and 
fii=k?/2m+V—-N[0(k)+2(0) ], 
C (19) 


hy! = V—Nov(k). 


‘he main asset 
is the phonon character of the 


The H' problem is rigorously soluble. ‘ 
attributed to this theory 
lowest excitations. 

However, we want to go one step further, following 
Girardeau and Amowitt. One observes that in the 
ground state of H', not only the occupation numbers 
N,=a,*a,, but also the quantities a,*a_;,* and a_,ax 
have nonvanishing expectation values (they even be- 
come large as k—+(). To obtain an improved approxi- 
mation, one would then, in the first place, want to 
include the interaction terms which are quadratic in 
these operators: 


H=1'+3 Div Liew" (an*ax) (ay *aw) 
+ jxx™(a,*a_,*) (a_xax) J, 
ixw'=V—[o(k—k’) +0(0) J, 
jret=V—v(k—k’). 


(20) 
(21) 


This H is what Girardeau and Arnowitt® call “pair 
Hamiltonian.” They use a variational method, in con- 
junction with a Bogoliubov transformation, to analyze 
this problem, and they find that a “gap” appears in the 
spectrum of excitations. 

Our treatment of this problem will be more general in 
that we allow thermal excitation. Then, the parameter 
No in (18), (19) will become temperature dependent, 
and it should finally be identified with the thermal 
average of the operator 


No = N->d, anak, (22) 


8N. N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947). In the 
terms k#0, one should, annetly speaking, introduce the number- 
conserving operators @x*aoNo~? and No~4ao*ax, but these we may 
safely re-name a,* and a,, without changing anything essential. 
9M. Girardeau and R. Arnowitt, Phys. Rev. 113, 755 (1959). 
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(k=O is again excluded from the sum) where NV is the 
given total number of particles.” An alternative pro- 
cedure" is to substitute for No, in H', the operator (22). 
This is the course we shall follow because it fits well 
with our treatment of the i, 7 terms in (20). 
With the substitution (22) made in (18) and (19), the 
Hamiltonian (20) becomes 
H=>°, Chita.*a.t+3h." (a,*a_.*+a_ xx) | 
+3 Sew Liew (ax*ax) (au *an) + jew (ax*a_,*) 
X (av ae) thew (an *a_¢*+a_ ax) (x *ax-) ] 
+3V-'N2(0), (23) 
with the following meaning of the coefficients: 
fe =k/2m+V—No(k), hit =V-Ne(k), 
tex = V—[0(k—k’) —0(k) —0(R’) J, (24) 
jee =V0(kR—R’), Lee = —V-0(R). 
Now, H (apart from the additive constant, and after 
some relabeling in the /,,- terms") has the form (2) if we 
identify 


bpi=a,y*ax, bxo=a_,Qk. (25) 


Introducing the trial functions 


Nei=EFk, Nke=MNk, 26) 


which we may take real without losing generality, we 
can immediately write down H®, as given by (5), (6), 
(7): 
H=H—H'=U 
+d ie Cfeae*ant+3hy(a,*a_.*+a_,a,) ], (27) 
where 
U= —} > ee LineEcEe + jeenene +Qlevneces | 
+3V—N0(0), (28) 
fi = fe +D we (icwede tle me), 9 
‘ (29) 
h).= WEDS wv (livkéet+tjinne)- 
As is well known, the diagonalization of H° is achieved 
by the transformation® 
ap=Ujagtra_,*, (30) 


with 


ue=$(1+(fe/ex)), v?=3[—-14+(fe/ex)], (31) 


ex= (fP—he)}, (32) 





For the Hamiltonian H!(i!, 7!=0), this determination of No 
is carried through with great care, by means of a grand ensemble, 
in a recent paper by A. E. Glassgold, A. N. Kaufman, and K. M. 
Watson, UCRL-9149 University of California Radiation Labora- 
tory Report (unpublished). Since their results afford an oppor- 
tunity to check our method we shall come back to the H! problem 
in the Appendix. 

4 See, e.g., K. A. Brueckner and K. Sawada, Phys. Rev. 106, 
1117 (1957). 

4 Re-ordering of factors leaves the V-proportional part un- 
changed. 
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(assuming | f;| 2 | 4x|), with the result 
= E+ >. imi, ne=ax*ay(=0, 1, 2, +++), (33) 
P=U+} dilexr—fi (34 


The free energy of the corresponding canonical ensemble 


is 
F°= E+ F,, (35 

F,=—8° >>. Ind »exp(—Bexm,) 
3 'S. Inf 1—exp(—Be;,) ]. (36) 


We note 
(n Prin, exps(F°— H®) | 


OF / de, (expBex—1)~". (37 
Also, by use of (30) and (31): 
(@x* ax) = UPN) HV NEAL) = (fe/€x) (na) +43)-3, 

, : 3 (38 
(Q_ 4x) = U4 ( 2 +1) = — (he/€x) (Ct) +3). 


It remains to find the trial functions (26) which 
minimize F°: 


OF®/ An... = OF Deny 


Onirt Oe / Onien=O0O (39 


[see (35) and (37) ]. Note that €,- (32) depends on £ and 
n through f and / (29). The solution of (39) can be 
anticipated from (3), (13) and (38), and is indeed 


gE aya} (fi/€x) (ne +3)—-3 
(40 
} 
ne=(a_xa — (hy/ ex) ((n +) 


This, together with (27), (28), (29), determines the 
“thermodynamically equivalent Hamiltonian.” Its di- 
agonal representation (33) makes it obvious that the 
conditions (15) are satisfied, and we can trust F* to 
describe the thermodynamics of the system without any 
error. 

Substitution of (40) into (29) furnishes two coupled 
integral equations for f, and /,, nonlinear because of 
(32). Contrary to the case of superconductivity (where 
the terms corresponding to /,'! and /,, in (29) are 
zero), there is no “trivial solution” (4;,=0, 7,=0), and 
an expansion in powers of i, j, and / may be possible, 
depending on the density )~'.V and the properties of the 
function 2(k). All admissible solutions are subject to the 
conditions | f;,|2>!A,! (for all &) and (Vo)>>1 where 

(No)=N—-D x bi. (41) 


— 


For the case of zero temperature ((7,)=0), we have 
verified that our method is equivalent to the variational 
Ansatz of Girardeau and Arnowitt.® On the other hand, 
if one wants to study the thermodynamic properties 0! 
the system, it is important to note that the coefficients 
fx and hy, as given by (29) and (40), now depend on the 
temperature through (,) (37). This is the same situa- 
tion as in the theory of superconductivity where the 
spectrum of elementary excitations (the gap) appears 4s 
temperature dependent, in the equivalent Hamiltonian. 
Since the condition (V»)>>1 precludes a study of the 
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phase transition ((No)/.N —> 0), we shall not here discuss 
such matters in detail. 

In conclusion, we add some remarks on the low- 
momentum excitations. As was mentioned already, 
Girardeau and Arnowitt® have found that, for their 
model, the phonon law (€,/k — const#0, as k—> 0) is 
invalid. This statement is important enough as to 
merit special consideration. From (24), (29), and (41), 
one finds easily 


lim f.= V-"(No)v(0)—-V— Dv v(k’)nw, 


(42) 
limh,=V-{No)0(0) + V4 Sv 0(k’)ne. 
k—0 


Unless one of the two terms on the right-hand sides in 
42) vanishes, €, (32) cannol lend to zero. Now v(0), or 
the space integral over the two-body potential, can 
hardly vanish, and would presumably be positive. For 
anestimate of the other term, we use (40) with (n,)=0 
(zero temperature) and hy~h,!! (24): 

—V2¥, o(k)ne~3 (VIN) VS [0(k) P/ ex. = (43) 
This expression is certainly >0O (note that, then, 
fi|>|hy| for k— 0, as is desired for consistency). A 
cancellation of the term (43) owing to the terms ~é, n in 
(29) cannot be expected although this might possibly 
happen under very special circumstances. We therefore 
arrive at the same conclusion as Girardeau and Arnowitt: 

lime,>0, (44) 
k-0 
for the system described by the Hamiltonian (20). 
Their value for the energy gap agrees with (42) at zero 
temperature. 

It is a different question whether other interaction 
matrix elements in (17) which we have deliberately 
omitted in (20) can cause the energy gap to vanish, 
independently of the density (and temperature). With 
a perturbation treatment, for the case of weak inter- 
actions, the necessary cancellations appear highly 
unlikely, in view of the incongruity of the various energy 
denominators coming in, but a convincing proof is 
difficult.!4 


"This would not exclude the possible existence of a phonon 
spectrum extending through the gap, for there may be eigenstates 





EQUIVALENT 


vt 
wn 


HAMILTONIAN F. 


It would be daring to extrapolate our results to the 
case of strong interactions or to real liquid helium where, 
even if inconsistencies were avoidable, the meaning of an 
analysis in terms of single particle states would be far 
from clear, to say the least. More convincing are then 
Feynman’s qualitative arguments concerning the 
structure of the wave functions in configuration space, 
from which the phonon law (for small k) appears to 
follow. 


APPENDIX: THE H! PROBLEM 


Our method can readily be applied to the system 
characterized by the Hamiltonian (18), just by changing 
the meaning of the i, 7 coefficients: 


ixe'=0, ten =V—L—2(0)—0(k)—0(k’) ], 


fisstaty (45) 
Jk =U, 


jxx'=0, 


The i and / terms in (23) have their origins now ex- 
clusively in the substitution (22), and one should then 
expect agreement with such calculations as those by 
Glassgold, Kaufman, and Watson, who determine 
No=(No) by other considerations." Indeed, their values 
for f, and h, agree completely with those obtained by 
substituting (45) in our Eqs. (29), etc., and also the 
ground-state energies agree. This finding is not alto- 
gether trivial because we have assumed convergence in 
the perturbation treatment of H’ (4), and the agreement 
may be regarded as an indirect confirmation of this 
convergence, at least in the case (45). 

Incidentally, even in this case €, does not strictly tend 
to zero as k— 0. Indeed, 


lim (fr— hu) = —Au(>0), 


where Au is defined in the paper quoted in reference 10, 
Eqs. (3.11) and (3.12). Only if Ay is neglected does the 
phonon law result. Of course, we regard H! as an even 
less realistic Hamiltonian than our H (20). 


of the complete Hamiltonian which are not even approximately 
eigenstates of the pair Hamiltonian (20). Such a situation might be 
compatible with the conclusions derived by N. M. Hugenholtz and 
D. Pines, Phys. Rev. 116, 489 (1959). 

4 R. P. Feynman, Phys. Rev. 94, 262 (1954). 
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Linear Decrease in the Magnetocrystalline Anisotropy* 
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In a previous paper, an attempt was made to reduce the theoretical coercive force by assuming that the 
magnetocrystalline anisotropy constant vanished in a certain region. A modification of this assumption 
was made in the present work, namely, the magnetocrystalline anisotropy was taken as zero in a part of 
the “imperfection” region and assumed to increase linearly to its constant value in the remaining part. The 
coercive force is calculated as a function of two parameters: the dimensions of the zero and linear parts of 
the imperfection region. A further reduction in the coercive force was obtained with respect to the previous 
case, but there is still a large discrepancy between the calculated and experimental values, for reasonable 


defect size. 


I. INTRODUCTION 


HE present work is based on Rathenau et al.’s 

suggestions,’ that domain walls might nucleate 
at regions where, for some defect of structure, the local 
magnetocrystalline anisotropy constant is low. In a 
previous paper,’ it was shown that it is not sufficient 
for K(x), the magnetocrystalline anisotropy, to be a 
step function, with a jump from zero to K. A gradual 
change from zero to K seems to be needed. Therefore, 
a linear change is assumed here. 

More specifically, a ferromagnetic material, infinite 
in all directions, which has an uniaxial magnetocrystal- 
line anisotropy K(x), is considered. The external field 
is in the direction of the z axis, which is taken also as 
the direction of easy magnetization. 

This implies that the direction cosines of the mag- 
netization vector are: 


a,=0, ay=sinw, a,=Ccosw, 


where w is a function of x only. Minimizing the energy,’ 
one obtains the following differential equation for w. 


2A d’w/dx®—K (x) sin2tw— HI, sinw=0. (1a) 


Here A is the exchange constant and J, the saturation 
magnetization. A(x) is assumed to have the symmetry 
property 


K(x)=K(—x), 
and to be of the form 


‘0 if O0<x<d 


R (x) =4 K(x—d) md if d<x<d+md. (1b) 


! 
LK if d+md<x 


Using (1b) one can write the differential equation (1a) 
in the form: 


Pw/d?P+T*h sinw=0, O<t<1, (2a) 


* This work will be included in a thesis by C. Abraham to be 
submitted to the Hebrew University, Jerusalem, in partial ful 
filment of the requirements for a degree of Doctor of Philosophy. 

1G. W. Rathenau, J. Smit, and A. L. Stuyts, Z. Physik 133, 250 
(1952). 

2 A, Aharoni, Phys. Rev. 119, 127 (1960). 
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Pw/dP+-T*h sinw+7T*| (1—2)/2m | sindw=0, 


@w/dP+T*h sinw—43T? sin2dw=0, 1+m<t, (2 
where 

t=x/d, h=—HI,/2K, T=dK'A-4, (3 
w and its derivative are continuous everywhere (includ- 
ing the points ¢ 
ditions are: 


1, ‘=1+m), while the boundary con- 


w (0 Ww ~ ) Q, (4 

The reduced field # defined in (3) is given in terms of 

2K/I,, which is the coercive force for perfect material. 
Therefore, solutions of (2) are sought only for 4<1. 

II. THE NUCLEATION FIELD 

If one starts with a material magnetized in the +: 

direction, reducing the field subsequently, a value h, 

of # is found, at which the saturation solution w=0, 

becomes unstable. Since any change is small when it 

just starts, (2) may be written at nucleation in the form: 

wo’+Thw=0, O<t<1, (5a) 


mo’ +T?(1+mh—t)w=0, 


w’+T?(h—1)w=0, 


1<t<itm, § (5b) 
1+m<t. (5c) 


The solutions of (5) for which the boundary conditions 
(4) hold, are: 


w=CcosThi, 0<t<1 (6a 


1+mh—-t\} ImTT1+mh—t7 
| 
(AES) 
m 3 mn 
2mT,1+mh—-t 
+ BJ ( | ) [ 
3 m 


1<‘<1+mh, (6bl) 
1+mh—t “ 2mTp1+-mh—t7} 
ACT) 
m | oe m 
2mTp1+mh—t}} 
+B,J-4( se )} 


tL = m 


1+mh<t<1+m, (6b2) 
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y=Dexpl[—T(1—A)'t], 1+m<1. (6c) 

Here, A;, Bs(i=1, 2), C and D are constants, and J is 

the Bessel function of the first kind. From the con- 

tinuity of w and w’ at ‘=1+4mh, we get for (6b): 
A\=—Ao= A, B,=B, Bb, 


so that 


1+mh—! Z| (|) 
y= {| — AJ, — 
P ( m ) | 3 m 
2mTT1-+mh—1}? 
| 
3 m 


1</<1+mh, (7b1) 


(t—1—mh\ 3 2mTpi—1—mh}} 
a) {-4(1-}) 
y= 4 j 

m | 3 m 
2mTpt—1—mh 
EY) 
et m 


1+mh<i<i+m. (7b2) 





TasLe I. The reduced nucleation field , as function of the two 
defect size parameters 7 and m defined in the text. 


T 0 1 2 4 

1 0.546 0.388 0.305 0.224 
2 0.265 0.171 0.136 0.104 
3 0.152 0.098 0.080 0.063 


Here J is the modified Bessel function of the first kind. 
Using again smoothness of w at the points ‘= 1, t=1+-m, 
the following equations are obtained: 
C cosy= hi. ! Jy(a)+ BJ (a ) } 
C siny= WL AJ 3(a)— BJ; (a) |, j=] (Sa) 
Dexp[—T(1—h)!]= (1—h)! 
X[—A1,4(8)+BL4(8)], t=1+m (8b) 
Dexp[—T(1—h)*#]= (1—h)! 
xX [AI_4(8)— BI, (8) ], 


where 
a=2mTh'/3, B=2mT(1—h)'/3, y=Thi. (9) 


Equating to zero the determinant of the coefficients of 

A,B,C, and D in (8) yields the following transcendental 

equation for a, 8, and y: 

J4(a)[T_4(8)+13(8) ]—Ji(@) [14 (8) +1-2(8) J 

lany =— m 

Jy(a)[7_4(8)+13(8) ]+J_-4(@)[74(8) +7-2(8) ] 
(10) 


1.0 


0.5 





‘’-, 
Fic. 1. The nucleation field in terms of the coercive force of 
perfect material, 2K /J, as function of the defect size parameters 
T and m defined in the text. 


Inverting (9), 


h=[1+(6/a)'P, (11a) 
m= (3a/4y)[1+ (8/a)*], (11b) 
T=[1+ (8/a)*}. (11c) 


The form of (10) compelled us to proceed as follows: 
Arbitrary values of a and 8 were introduced in (10) 
subject only to the restriction that the values of y 
found in this way should belong to the same branch of 
tany. 

Some graphs of T versus m were plotted, where only 
those triplets (a,8,y) were considered, for which 
8/a=const [that is h=constant, as seem from, (11a) ]. 
From these graphs, #, was plotted as a function of 7, 
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Fic. 2. The auxiliary function ft (in arbitrary units) in terms 
of the initial parameters wo, for different values of the reduced 
field # and for T=2, m=1, 
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Fic. 3. The values of w at =0, as found from the zeroes of /*, 
plotted as function of the reduced field 4, for 7=1 and different 
values of m shown in the figure. The value of / at w»=0 is the 
reduced nucleation field 4,. The reduced coercive force h, is the 
value of # at the turning point of wo=wo(h). 


each plot corresponding to a certain value of m. The 
results are plotted in Fig. 1 and summarized in Table I. 
III. SOLUTIONS OF THE DIFFERENTIAL 

EQUATIONS 

Departing from the nucleation field, the stationary 

states of the physical system are represented by the 

solutions of the nonlinear equations (2), with w and w’ 

continuous everywhere and fulfilling (4). 

The solution of (2a) and (4) is: 

w= —2 arctan((k/k’) cn(Th't,k)) (12a) 


[which is equivalent to (14a) of the previous paper’ ]. 








Fic. 4. Same as Fig. 3 for T=2. 


Here cn is the cosine amplitude function,’ and 
=sin(wo/2), k’=(1—F)3, 
where wo is the value of w at /=0 and is a parameter of 
the integration. For ‘>1+m (2c) reduces to the 
equation 
(w’)?+4$T? cos2w—2T*h cosw= D, (12¢ 

where D is a constant. 

Since w,=0 and w,=w are the envelope singular soly- 
tions for all values of ¢, the constant D may be deter. 
mined from the conditions 


, 


We- OQ, T, oOo. = 0, 


It follows that the following equations have to be 
considered : 


(w’)?= T° sin’w+ 2h(cosw— 1 ) |, for w.=0, (13a 


(w’)?= T*[sin’2w+2h(cosw+1)], for w=. (13b 











Fic. 5. Same as Fig. 3 for T=3 


The solutions of (13) are, respectively : 


2(k-'—1)§ exp[— 7(1—A)'(t+D,) ] 


w=2 arctan 


— o.= 5 
1+exp[ —27(1—h)}(t+D,) } 
(14a) 
w=2 arctan((h/1+h)! sinh[7(1+A) (t+Dz) }), Ts 
) 


Here D, and D, are constants. 

Since the solutions of (2b) cannot be expressed in 
terms of known functions, a numerical solution was 
undertaken, using the fourth-order Runge-Kutta 
method. The numerical solution was started at =9, 


3 P. F. Byrd and M. D. Friedman, Handbook of Elliptic Integrals 


for Engineers and Physicists (Springer-Verlag, Berlin, 1954). 
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LINEAR DECREASE 
ince this was considered easier than the programming 
of the solution (12a) for the first region. The Runge- 
Kutta method requires initial conditions, therefore 
=(0) was used as a parameter while w’(0) is given 
in (4). The computations were done on the WEIZAC, 
the electronic computer of this Institute. In the actual 
computations, the following definitions were found 
useful : 

(,=T*[sin’w+ 2h(cosw—1)]—(w’)?, for w.=0, (15a) 
i =T{sin’w+2h(cosw+1)]—(w’)*, for w=2. (15b) 


for given values of 7, h, and m, the values of wo for 
which f, or f- vanish at /=1+-m give solutions of (2), 
according to (13). The values of f,(1-+-m) and f_(1+m) 
were plotted as functions of wo. An example of this plot 
is given in Fig. 2. From this and similar plots, the 
zeroes of f, were read. These are plotted as function as 
w in Figs. 3-6. No zeroes were found for f_. 
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Fic. 6. Same as Fig. 3 for T=3, m=4. 


Starting from nucleation, the solution can follow the 
values of wo in Fig. 3 (the case 7=1) for increasing 
values of h, until it reaches the turning point in which 
it must jump to the solution w=z. This value of h is 
therefore the coercive force, since the magnetization 
in the finite defective regions does not influence the 
average magnetization and remains +1 up to this 
point, the hysteresis curve being rectangular. In 
fig. 4 the case T7=2 is plotted. Here, for m=4 one 
obtains 2 branches (a) and (b) (which appear together 
in constant 4 plots similar to Fig. 2). However, these 
start at different nucleation field and since the one for 
\a) is lower, the physical system starts on it and can 
iever reach the solution (b), as is seen from the figure. 
The case T= 3, m=2 in Fig. 5 is similar, while for m=1 
me obtains a single branch. More complicated is the 
ase T= 3, m=4 (Fig. 6). Here the branch (b) starts at 
thigher nucleation field than (a) but appears above (a) 
at the turning point of the latter, so that the jump 
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Fic. 7. Same as Fig. 3 for m=0 and different values of T. 


TABLE IT. The reduced coercive force i, as function of the 
two defect size parameters T and m. 





T\. 0 1 2 4 
1 0.546 0.403 0.321 0.230 
2 0.339 0.253 0.186 0.125 
3 0.283 0.199 0.136 0.089 





could in principle be to (b) rather than to the solution 
w=. However, the (b) solutions in this case were 
found out to be related to negative values of w in 
t=1+m which is impossible according to (14a). The 
curve (b) is therefore a parasitic solution introduced 
because of the form of (15a) and has no physical mean- 
ing. The coercive force in Fig. 6 is therefore the turning 
point of (a) as in previous cases. In Fig. 7 the case m=0 
is plotted, i.e., the case discussed in the previous paper.” 

The coercive force thus calculated is given in Table IT. 


IV. CONCLUSIONS 


The addition of linear region to the step function in 
K does not change considerably the nucleation field. 
However, the coercive force is considerably reduced. 
One order of magnitude reduction of the theoretical 
coercive force is obtained for rather small defect size. 
Yet this model does not seem to be sufficient to explain 
the experimental data. Only if superposition of imper- 
fections of similar type will prove to reduce the coercive 
force much further can this model be expected to 
approach the physical case. 
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The method of Luttinger and Tisza for finding the rigorous minimum of a quadratic form subject to 
certain strong constraints is generalized. In the extended method, one still minimizes the quadratic form with 
respect to a single weak constraint, which however now contains adjustable parameters. In determining the 
ground state for the classical Heisenberg exchange energy, some cases involving crystallographically non 
equivalent spins can now be handled. The following applications are made. The ground state for a linear 
chain with two different types of spins is obtained. We then prove that in the cubic spinel the Néel configura 
tion is the ground state if it is locally stable—that is, it is never metastable. This result was assumed in a 
recent perturbation theory of spin configurations. Finally, a similar result concerning the Yafet-Kittel 
triangular configurations in noncubic spinels is discussed. In the course of the analysis it is shown that the 
ground state is always a spiral for any lattice in which the spins are equivalent. 


W* are concerned in this paper with the problem It is sometimes useful to think of the L-T method ip 
of finding the ground spin-state in complex geometrical terms. For ease of illustration, consider an 
lattices. More precisely, we wish to determine the set of 
spin vectors assigned to a set of atomic positions in a 
crystal which minimizes the classical Heisenberg ex- 
change energy. We use the following notation. Let R, 
be the vectors of the direct lattice and 


R..= R,.+0,, v= 


Ising problem with two variables, uw; and ye. The energy 
is then a function, &(u:,u2), to be minimized subject to 
the strong constraints 4,7=1, represented by the four 
dots in Fig. 1. The weak constraint w?+-y?=2 corre 
i i It is clear that if &(1,1), 
say, is the minimum value of & for all 
the circle, then &(1,1 


sponds to the circle in Fig. 1. 
, 41,u2) lying on 
1,2,-°:,p; m=1,2,---,N, (1) yin 


- & evaluated at the other strong 


be the positions of the magnetic atoms, so that there are 
p spins per primitive unit cell, and Np spins in the 
lattice. If S,, is the spin at position R,,, the energy is 


E _ > Ficenamen* ae (2) 
nv,my 


where J ny, my is the exchange parameter connecting sites 
R,, and R,,,. The problem is to find the set of spins that 
minimizes / subject to the constraints 


Sas Sue= us (3) 


which fix the magnitude of each spin vector. Although 
generally speaking this problem is difficult, Luttinger 
and Tisza! (L-T) noted the following. If we sum the 
“strong constraints” (3) over all the spins, we obtain 


Lv(Su)?=N YS? (4) 


as a necessary, but not sufficient condition for the 
validity of (3). Now consider another problem: that of 
minimizing E with respect to the “weak constraint” 
(4). This is a much simpler problem, the solution re- 
lating the set of spin vectors to the lowest eigenstate of 
the matrix of the quadratic form £. If this solution 
should turn out to satisfy the strong constraints (3), it 
then follows that this solution is the rigorous answer to 
the original problem. If however (3) is not satisfied, then 
no progress has been made towards solving the original 
problem. 


* Operated with support from the U 
Force. 

1 J. M. Luttinger and L. Tisza, Phys. Rev. 70, 954 (1946); J. M. 
Luttinger, Phys. Rev. 81, 1015 (1951). 
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constraint points. This is the gist of the Luttinger-Tisza 
method. 

As Luttinger and Tisza showed, the favorable situa- 
tion where the minimum-energy state for the weak 
conditions satisfies the strong conditions occurs quite 
often. In fact, as is well known (and as will be seen 
explicitly below), the L-T method works whenever p=1, 
i.e., whenever all the spins are equivalent.? It has been 
generally felt that the method fails when p> 1, i.e., for 


GENERALIZED WEAK 


CONSTRAINT > ail 





ng 


Fic. 1. Constraints for two-particle Ising problem. The stro 
constraints are satisfied at the dots 


2 This is true for the Heisenberg problem; it is also true for the 
Ising model defined by E=Z J; ;S2S 4, where S;* is the s com 
ponent of a vector of fixed length; but it is not true for the Ising 
model defined by L=Z J; ju;u; where each yu; has +1 as ils 
possible values. 
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DETERMINING 


nonequivalent spins. We shall show that this is only 
partially correct, the L-T method working for some 
tuations when p>1; however, it does not work for 
others. 

It is, of course, desirable to find an extension of this 
method capable of handling a larger class of problems. 
We shall give such an extension based on the observa- 
tion that 


> av Sne* Sav >, Oar Ss, (5) 


n n.¥ 


where a,» are any real, nonzero numbers,’ independent 
of the spin vectors, is also a necessary but not sufficient 
condition for (3). That is, the class of all sets of spin 
}=S that satisfy (5) must include 
all sets $ that satisfy (3), but includes some § that do 
not satisfy (3). Equation (5) represents a 3.Vp-dimen- 
sional ellipsoid, shown in Fig. 1 for the simple case con- 
sidered there. Hence, again, if the solution to the 
problem using the single weak condition (5) happens to 
satisfy (3), the original problem will have been solved. 
We shall show that a simple choice of the a,, allows us 
to solve physically interesting problems for which the 
original L-T method fails. 

To take advantage of the translational symmetry, 
we transform to new variables Q,, as follows: 


S.0.= Dx exp(ik- R,,)Qx,; 


vectors {-* Sn» ** 


(0) 
also write 


> « exp(ik-R,,,)4,(k). (7) 


9 
Qn 


The k are the rationalized reduced reciprocal vectors in 
the first Brillouin zone. Then, since we can write 
J avmp=J o.(Ra—R.)=J»(R.—R;.), (8) 


we obtain for the energy (assuming periodic boundary 
onditions) 


8=E/N=Dx ¥y.p Lop (k)Qx,*-Qx,, 
and the weak constraint (5) becomes 


LX A(k—k’)Qy,*-Qe,=d A(O)S2. (10) 


k’ 


(9) 


~ 


Here 


L()= > 
R,, 


explik: (Rinu— Rav) Ju(Rm— Rn) 


x 


n 


=L,(k)*. (11) 


In the state that minimizes & subject to the constraint 
10), it is easy to show (e.g., by the method of Lagrange 
multipliers) that the Q,, must satisfy 


Ey Ley (k)Qy.=d Vw A(k—-k)Qy,, allk, (12) 
where \ is a constant independent of k. Using (12) and 
(10), the energy becomes 

&=\ >, A,(0)S,?. (13) 


F) Ba — ° ~ : 
: The restrictions on the coefficients in (5) were chosen in order 
that the minimum of £ subject to (5) be bounded. 


_—_—. 
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Hence the minimum & is obtained for the minimum \ 
for which solutions of (12) exist. 

For the applications to be considered here, it is 
sufficient to choose the a,,=a, independent of , so that 
A,(k—k’) =a,°6, 4. Then (12) becomes 


Dou Lou (kK) Quy =da,?Qes ; (14) 
letting 
P,.=a,Qx, (15) 
(14) becomes 
; Lyy(k)Px,.=AP x, (16) 
where 
£,,(k) =8,8,2>4(k) (17) 
with 


B, =», : 


With this specialization, the weak constraint (10) is 


kane 


> ok Pes Pao= > a7S,*, (18) 
and the energy in a state satisfying (16) is 


E=\¥ aS. (19) 


The basic equation (16) reduces to that occurring in the 
L-T method when 8,=1, all v. 

The procedure now is to find the lowest eigenvalue \ 
of the matrices £,,(kK) (one matrix for each k in the first 
Brillouin zone). This minimum eigenvalue will, for a 
given crystal, be a function only of the 8,: 


A=A(Bi- + -Bp). (20) 


Let ky and —kpo be values of k for which this minimum 
occurs, with corresponding normalized eigenstates 
u={y~i---~,} and *, respectively. Note that these 
states will also be functions only of the 8,. According to 
(16), minimum energy solutions of the weak constraint 
problem are given by 


0, k#~+ky 
Py,*= CW, k=ko, (21) 
ci*y,*, k= —ky 


where P,', i=, ¥, Z, are cartesian components of P,,, 
and the c; satisfy 


2> s\e;\?=>, a,S,, (22) 


but are otherwise arbitrary.‘ It follows from (6), (15) 
and (21) that 


S » B, Di £[c VY, exp(iko-R,.,) 
+c,*y,* exp(—iko-Rn,)], (23) 


giving, for different choices of the c; consistent with 

22), various minimum energy spin configurations for 
the weak constraint problem. 

‘This procedure may be looked upon alternatively in terms of 
the 3pX3p matrix L,,*/(k)=6;;L,,(k), i, 7=x, y, z. Then the 3p- 
dimensional vectors W; = (f,0,0), W,= (0, f,0) and W;= (0,0, t) 
are degenerate eigenvectors of L,,*/(k) and so any linear combi- 
nation 2 c;“#; is also an eigenvector. Equation (23) follows 
essentially from this consideration. 
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We must now see if there is any choice of the 8, (real) 
and c,; such that (23) satisfies the strong constraints (3). 
At first sight, it appears that this will always be pos- 
sible. For, if we choose c,=c/2i, cy=c/2, c.=0, c=c*, 
and write ¥,= |y,|exp(i@,), (23) becomes 


S..= cB, |W, {z sin(ko- R,.+¢,) 


+9 cos(ko-R,+¢,)}. (24) 


Note that this represents a spiral,>~’ or rather a set of p 
spirals, one on each sublattice v, having the phase 9¢,, 
respectively.* Also, to within rotations of the plane to 
which all of the spins are parallel, Eq. (24) is the only 
configuration derivable from (23) giving (S,,)? inde- 
pendent of m. Using (24), the strong constraints (3) 
become equations in the p unknowns f:- -8p: 


yv=1---p, 


where /,(---8,---)=|y,!. If these equations have finite 
real 8, as their solution, then the original problem will 
have been solved. However, such solutions do not 
always exist. For example, some of the /, might be 
identically zero (see Example 3 below), so that if the 
corresponding S,~0, there is no solution. On the other 
hand, for a given lattice with definite exchange param- 
eters Jn»,my, We see that there will always be some set 
(or generally, sets) of spin-magnitudes S, for which 
the spiral configuration (24) is the ground state. 

In the discussion preceding Eq. (24), only the de- 
generacy with respect to uniform spin rotations and the 
transformation kp to —k» was utilized in attempting to 
satisfy the strong constraints. If there is additional de- 
generacy of the lowest eigenvalue, there is additional 
freedom for the construction of a solution to the weak 
constraint problem that will satisfy the strong con- 
straints. In fact, an essential ingredient in discussing the 
Yafet-Kittel triangular configurations (Example 3), is 
to use the 8, to force some degeneracy. 

We conclude this general discussion by considering 
the simplest case p=1 (all spins equivalent). Then it is 
seen in Eq. (24) that 8; adds nothing to the L-T method 
since y; is arbitrary [L,, is now 1X1, and the eigen- 
values are simply £1;(k)=2£(k) ]. Clearly Eq. (24) with 
81|\¥1| =S; satisfies the strong conditions for any k, so 
that the original L-T method always works for this case, 
and the ground state is always a spiral defined by the 
k that minimizes £(k).’ It is important to realize in this 


¢ BF (Bi aie Bp) -_ A, om 


(25) 


5 A. Yoshimori, J. Phys. Soc. (Japan) 14, 807 (1959). 

6° T. A. Kaplan, Phys. Rev. 116, 888 (1959). 

7J. Villain, J. Phys. Chem. Solids 11, 303 (1959). 

*Such configurations have been studied in connection with 
spinels by E. F. Bertaut, Compt. rend. 250, 85 (1960). 

* Villain (reference 7) obtained essentially this result : He showed 
that the minimum energy spiral [Eq. (24)] is locally stable, i.e., 
stable with respect to sufficiently small spin deviations, for the 
general lattice with p=1 (Bravais lattice). Our result precludes the 
possible existence of a lower state which differs from the lowest 
spiral by large spin deviations. It is to be noted that this result 
implies that, whenever the spins are equivalent, the only state 
with nonzero total spin is the ferromagnetic state, which is a k=0 
“spiral” (it is impossible to have a ferrimagnetic ground state) and 
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connection that the equivalence of the spins depends 
entirely on the symmetry properties of the exchange 
energy (2). In simple terms, in any physical problem, 
one may determine whether or not the spins are equiva. 
lent by the following recipe: first determine the exchange 
parameters J nm (which may be due to indirect exchange 
via nonmagnetic atoms); then imagine the lattice with 
all nonmagnetic atoms removed, assign the number 5, 
to the appropriate magnetic site, Jnm to the line cop. 
necting (magnetic) sites » and m; if the resulting picture 
is invariant to any translation » — m, then the spins 
are equivalent. 


Example 1. The Linear Chain with 
Nonequivalent Spins 


We now consider in detail the linear chain A BAB... 
with nearest and second nearest neighbor interactions as 
a simple illustration of the foregoing method and one for 
which a complete solution is obtained. In the course of 
the discussion we shall see clearly why the original L-T 
method fails for the linear chain in the case of non- 
equivalent spins and how the difficulty is overcome. 

Letting v=1, 2 refer, respectively, to the A and B 
sites, the matrices defined by Eqs. (11) and (17) are 


cos2ka JB coska 
1Q(k) ( ), (1.1 
JB coska 8° cos2ka 
where we have taken Jaa=Jepn=1, Jaz=J, Bi=1, 
82=8 and (a) as the nearest neighbor distance. For 
definiteness, we assume the interaction parameters are 
positive. The spin ratio S=Sp/S.4 does not appear ex- 
plicitly in Eq. (1.1) but will influence the choice of 8. 
The original L-T method corresponds to putting 8=1. 
In this case, the eigenvectors of (1.1) are (1,1) and 
(1, —1) for all &. Since in general these vectors are not 
degenerate, the only spin ratio for which this approach 
would work is S=1. (See Eq. 25.) 
For arbitrary 8 and fixed &, let d (8,k) be the smaller of 
the pair of eigenvalues of (1.1), and let 


Ao(B,Ro) = MinA(B,k)=Ao. (1.2) 


If the eigenvector associated with Ao is (W4,Wx), then we 
have from Eq. (1.1), 
Wa cos2koa t+ WpJ8 coskya=AwWa, (1.3 


where we may take Wa and wz real. The strong con- 
straints as expressed in Eq. (25) become 


8 Val, Wal =S. (1.4) 

Combining this equation with (1.3) gives 
cos2kpatJS coskya= Xo. (1.5) 
that, except for quite special degenerate cases, the spins be 


necessarily all parallel to one plane. Any experimental deviat! 


° - 3 ° ° : ?) 
from this must be due to deficiencies in the energy expression (+? 
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DETERMINING 


If we can now find a real value of 6 such that the kp and 
\ydefined by (1.2) also satisfy (1.5), we will have shown 
that the ground state is a spiral of wavelength 2r/ko, as 
discussed in the first part of this paper. The determi- 
nation of such a 8 is most easily done as follows. The 
energy of a spiral of wavelength 27/k is proportional to 


&= (1+-S*) cos2ka—2/S coska. (1.6) 
Hence by differentiating (1.6), &o must satisfy 
sinkoa (coskoa— pw) = 0, (1.7) 
where 
p=JS/2(1+S*). (1.8) 


Asecond differentiation of (1.6) shows easily that mini- 
mum energy is obtained at ko=O for u21 and at 
ha=cosw for u<1. These values of koa may then be 
seen to satisfy Eqs. (1.5) and (1.2) with the following 
values of 8 and Xo: 


Case I. w21, Roa=0. 


JIS*-—S 
e=——_. (1.9a) 
J-S 
ho=1-JS. (1.9b) 
Case IT. w<1, Roa=cosp 
S?+2y?S4 
= ’ (1.10a) 
S?+ 2p? 
hoe —1—2y2S?. (1.10b) 


Note that (1.92) and (1.10a) are equal when p= 1. This 
completes the proof that the ground state of the linear 
chain is rigorously a spiral with wavelength given by the 
above formulas. 


Example 2. The Néel Configuration in Spinels 


The chief result to be obtained in this example is a 
proof that the Néel configuration Cy is the ground state 
ifit is locally stable (i.e., stable with respect to suffi- 
cently small spin deviations). In other words, Cy is 
iever a metastable state. This was explicitly assumed in 
a recent perturbation theory” of the ground state in 
cubic spinels, based on the behavior of the energy as a 
function of small spin deviations from Co. 

Although a proof of this theorem for nearest neighbor 
4~B(J4n) and B—B(Jgx) interactions has already 
been given," using the original L-T method, it is useful 


"T. A. Kaplan, Phys. Rev. 119, 1460 (1960). See also the 
Fith Conference on Magnetism and Magnetic Materials, Detroit, 
Michigan, 1959 (Suppl. J. Appl. Phys. 31, 364S (1960)]. 

lr. A. Kaplan, Massachusetts Institute of Technology Lincoln 
laboratory Group Report 53-30-1, March 17, 1960 (unpublished). 
_he case of nonmagnetic A sites in cubic spinels is also considered 
in this report. It is shown, using the original L-T method, that the 
minimum Ising energy is the same as the minimum Heisenberg 
‘ergy. J. Kanamori (private communication) has obtained the 
‘ame result. This supports P. W. Anderson’s important result 
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Tasce I. Eigenvalues and eigenvectors for k=0. 


du V. 


im 

1 BE — (B12 +86?)) (1,1,@1,@1,@:,@1) 

2 — pre’ (0, 0, 1, —1,0,0) 
3 — pre’ (0,0,0,0, 1, —1) 
4 — Be’ (0, 0, 1,1, —1, —1) 
5 0 (1, 1/00, 0,0) 
6 BE f (pte? +86?) ( 1,1 ,46,46,46,06) 


to give the derivation in terms of our extended L-T 
method as a simple illustration. For the spinel there are 
six spins per primitive cell (two A’s and four B’s); let 
v=1, 2 refer to spins A; and Ao, v=3, 4, 5, 6 refer to the 
B spins. We restrict ourselves to normal cubic spinels, 
the generalization to tetragonally distorted spinels in- 
cluding A—A interaction to appear in a future publica- 
tion.” It is sufficient to choose our parameters 8, as 








Bi=B2=1, B;:=8s=8;=Be=B. Then the matrix 
L=3J 42 defined by Eq. (17) is given by 

0 0 Bn, Bne2 Bn3 Bng 7} 

0 0 Bn.* Bn2* Bns3* Bn4* 

Vv (k) = Bn.* Bn 0 BES 12 BE'S15 BET 14 1 
2) Bno* Bn BES. O BPE Sos BETo4|’ ey 
Bns* Bns Bé'S1s BES. 0 E34 
LBns* Bong BE'Sia BES oa BE'Ssa = 


where n, and ¢,, are functions of k defined in reference 
10, and 
£’ = 2é 3 => 2J pp, 3S 4 B- (2.2) 
First consider k=0; then the n,=¢,,=1, for all v, u. The 
eigenvectors V, and eigenvalues \,, (u=1, ---6) are 
given in Table I where 2’'V,=A,V,, Vu= (WuiWu2- + Was) 
and 
a,=h,/48, u=1, 6. (2.3) 
Noting that a,<0 (taking 8>0), we see that V; repre- 
sents the Néel configuration. The ratio of the B-spin 
magnitude to that for the A’s is 
S=Sz, PF =| a, | =z | A | . 


(2.4) 


The factor of 6 enters in accordance with Eq. (15) 
because the components of V are the values of the P 
variables. Using the value of \; from Table I, (2.4) can 
be solved for 8 giving 


Be 2 


—_—=——_.. (2.5) 
S? 1—éS§ 
Note that £S=JppS8/J4eS4=the y parameter defined 
in reference 10. Thus there is a satisfactory solution (8 
finite, real) only for y<1. The nonexistence of a proper 
solution for y21 is of no consequence, however, since 
[Phys. Rev. 102, 1008 (1956)], based on an Ising model, con- 
cerning the large degeneracy in the ground spin state. 

2K. Dwight, T. A. Kaplan, D. H. Lyons, and N. Menyuk (to 
be published). 
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this occurs outside the region of stability of the Néel 
configuration, 


y<§, (2.6) 
as determined by the method of small deviations.'® 

An interesting check on Eq. (2.5) may be obtained by 
noting that the value of y for which the N éel configura- 
tion breaks down as deduced from the Yafet-Kittel 
theory,'* namely y= ?, should come just from our k=0 
modes. From (2.4) we have \, independent of whereas 
X2 monotonically decreases as £ increases. When \,= do, 
it is easy to see that £S=. 

So, by choosing 8 as in (2.5), and properly normalizing 
V, we have represented the Néel configuration Cy as an 
eigenvector of 2’(0) (for k=0) that satisfies the strong 
conditions for any S4 and Sg. Hence, whenever the 
corresponding eigenvalue, \;= — 45, is the lowest eigen- 
value of the matrices 2’ (k), for all k, Co is the rigorous 
ground state. Consider the matrices K(k) =’ (k)—A,l, 
where I is the unit matrix; then Cy is the ground state 
whenever K(k) is positive definite for all k. But the 
coordinate transformation y,=S~—4y,’ for v=1, 2 and 
y,=Sis-y,’ for v=3, 4, 5, 6, is easily shown to take 
K(k) into the matrix M(k) studied in reference 10 in 
connection with the small deviations. Hence" the signs 
of the eigenvalues of K(k) are the same as those of the 
eigenvalues of M(k), which were shown" to be positive 
in and only in the range (2.6). This completes the proof 
that the Néel configuration gives the absolute minimum 
of E whenever it is locally stable. 

To see how the original L-T method works in this 
case, we put 8=1. Then (2.5) gives S as a function f(é) 
so that V, can satisfy the strong conditions only if we 
happen to be considering a spinel with S,/S4 related to 
J ep/Jan by S=f(&). However, by writing the energy 
in terms of unit vectors, it is easy to see that the ground 
state can depend only on y=éS. Letting So= f(&o), it 
therefore follows that Co is the lowest state for all £ and 
S such that &S= So. The details'' now work out simi- 
larly to those given above. 

Let us return to the generalized L-T method, with the 
choice of the 8, leading to (2.1). When y=, there is 
another eigenvector, W of 2 which is degenerate with 
V;. The state W arises from the critical value kp of k 
found in reference 10 (Ko is in the cubic [110], the 
wavelength being roughly twice the primitive transla- 
tion in [110]). When y$32, the lowest eigenvector will 
be approximately W. W does not satisfy the strong 
conditions since in W there are two different amplitudes 
|Q,| for the B spins. Thus the method with this choice 
of the 8, fails when the Néel configuration becomes 
unstable in the present case of a cubic normal spinel. 


1% Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

4 This follows from the fact that if we write the coordinate 
transformation as V=TV’, then the quadratic form (V,KV) 
= (V’,T+*KTV’)=(V’,MV’), another quadratic form, with matrix 
T*KT=M. 





LYONS AND T. A. 


KAPLAN 


Fic. 2. Schematic diagram of 
Yafet-Kittel triangular con- 
figuration. 


3s Sy 


Example 3. The Yafet-Kittel Triangular 
Configurations in Spinels 


It has been shown®'" that the Yafet-Kittel" triangular 
configurations C; do not minimize the exchange energy 
in cubic spinels, but that®!* they are locally stable ina 
class of tetragonally distorted spinels. It is therefore of 
interest to prove rigorously that a member of C, is the 
ground state in these distorted cases. In these cases, of 
course, {(k) will be different from (2.1). However, we 
will not go into the details of the distortion here (they 
will be given elsewhere"), since the crux of the problem 
lies in the construction of an eigenstate of 2(k), for some 
k, that gives the Yafet-Kittel configuration. Hence the 
essence of the application of our method will be illus- 
trated by working with (2.1).!° Consider the k=0 states 
given in Table I. We saw in the previous example that 
when 8 was chosen to make V, represent the Néel state, 
Co, then A122 when y> 3. But Yafet and Kittel showed 
that the triangular configurations are of lower energy 
than Cy when y>#, showing that the states u=2, 3,4 
are closely related to C;. In fact it is clear that these 
states give C, in the case S4=0 (since Ya1=Wa2=9), the 
B sites being antiferromagnetic. Since, however, we are 
interested in S40, these states cannot satisfy the 
strong conditions. 

But since @ is in general a function of the parameters 
t, S [e.g., Eq. (2.5) ], there is no reason to preserve (2.5 
when y>3. Now C;, shown schematically in Fig. 2, is 
clearly a linear combination of V, and, say V4, with V; 
and V, referring, respectively, to the z and x components. 
This suggests we choose 8 to make 
(3.1) 
since then V,; and V, are degenerate, and any linear 
combination, 

biV,+c4V, (3.2 
is an eigenvector of 2(0).!* Equation (3.1) gives 
62/S?=9/(22S?). (3.3) 


Equation (2.5) for y<# and Eq. (3.3) for y># define 
8/S as a continuous function of y. The strong conditions 





16 For distorted spinels, the important k=0 states are as given it 
Table I, with modified values for a; and ag. The Aq will be different; 
in particular the triply degenerate set will be split. 

16 In the sense of reference 4. 
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may now be satisfied by (3.2) by choosing b=S,4/8 and 


Gh 


(y2 3), 


(3.4) 


then 


Ss*=Sal1— (Gy)? ]}, (3.5) 


in agreement with the Yafet-Kittel result. 


If, with the value of 8 given by (3.3), the eigenvalue 


| (3.1) were the lowest of all the eigenvalues of (2.1), (for 





all k), then C, would have been shown to be the ground 
state. This is not the case, for any y, giving consistency 
with the small deviations result.*"° For distorted 
ginels,” however, the same procedure yields a proof of 
the fact that the appropriate Yafet-Kittel configuration 
is the ground state whenever it is locally stable.” 

“Tt Note added in proof. This result, as well as that of Example 2 


and the result discussed in reference 9, is easily generalized: In 
any lattice, local stability of a configuration of coplanar spins 


SPIN CONFIGURATIONS 1585 


SUMMARY AND DISCUSSION 


We have shown that a straightforward generalization 
of the method of Luttinger and Tisza! allows the slou- 
tion of the ground spin-state problem in some new and 
physically interesting cases. The extended method has 
been applied elsewhere” to spinels for which neither the 
Néel nor the Yafet-Kittel configurations is the ground 
state. Using the device of “forced degeneracy” discussed 
in Example 3, it-has been shown” that the ground state 
for an interesting class of such spinels is a new type of 
spiral which is ferrimagnetic. 
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implies that the configuration is the ground state. However, we 
have found that metastable configurations of noncoplanar spins 
exist for some interactions in spinels. 
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Pulsed Field Measurements of Large Zero-Field Splittings : V*+ in Al.O; 
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Use of pulsed magnetic fields for determining large zero-field splittings of paramagnetic ions is considered. 
Measurements of zero-field splittings of over 50 cm™ are feasible; a numerical example for S=1 is discussed 
in order to indicate the present range and limitations of the method. The method is applied to measurements 
of the zero-field splitting of V** in Al2O; at 4.2°K and 1.5°K. Assuming g\;= 1.92, D=7.85 cm7 was deter- 
mined from experiments with 4 mm and 8 mm wavelength radiation and pulsed magnetic fields of the order of 
100 kilogauss. The magnitude and sign of D are in good agreement with earlier estimates from optical and 


microwave measurements. 


INTRODUCTION 


NERGY level separations of paramagnetic ions of 

the order of 10 cm cannot in general be readily 
observed with conventional paramagnetic resonance 
techniques. The present technology of millimeter wave 
generation and detection permits only a limited 
coverage of the frequency range of 10 cm~ and above.! 
If, however, a very large external magnetic field is 
applied along preferred directions it is possible in many 
cases to “tune” one or more of the Zeeman levels of 
higher states so that transitions can be observed at a 
convenient frequency vy which is much less than the 
weto-field splitting? Such large magnetic fields can 
tasily be obtained for short times. In this note we indi- 
cate some of the possibilities as well as the limitations 


ed 
. 
bormanent address, The Hebrew University, Jerusalem, 


J Operated with support from the U. S. Army, Navy, and Air 
€, , . 


1G S. Heller (private communication). 
S. Foner, J. phys. radium 20, 336 (1959). 


of pulsed magnetic field techniques as applied to such 
measurements. In particular we shall discuss the zero- 
field splitting of V** in corundum which we have meas- 
ured using this technique. 


PARAMAGNETIC IONS WITH LARGE 
ZERO-FIELD SPLITTINGS 


A large number of paramagnetic ions show Stark 
splittings between 1 and 50 cm™. The ions fall into 
three classes. 

(a) Ions with an orbital singlet as the lowest Stark 
level, and with an odd number of electrons. These ions 
have long relaxation times in octahedral symmetries 
but usually show small zero-field splittings. In the few 
cases where the zero-field splitting is larger than 1 cm, 
the separation among the various Kramers doublets can 
be inferred from a careful study of the angular depen- 
dence of the resonance spectra. This method is, however, 
not very accurate for D>>hy. Zeeman levels of different 
Kramers doublets can be brought together by the 
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Fic. 1. Energy level diagrams illustrating possible transitions 
with pulsed fields when |D|kT>>1 and E=0. The dashed lines 
indicate possible transitions when the spin-lattice relaxation time, 
T;, is sufficiently long, and the solid lines indicate expected 
transitions for 7;-'>v. The energy levels are labelled according 
to their high field limiting M, values. (a) S=}3, D<O and H 
parallel to the axis field direction. (b) Same as (a), but D>0O. (c) 
Same as (a), but S=1, D>0O. (d) Same as (c), but 7 not along 
the axial field direction. The minimum |AM,|=1 transition, hym, 
and the corresponding field k; = g8Ho//, are indicated. 


application of a large magnetic field. Transitions among 
these doublets can then be observed if not forbidden by 
selection rules. Examples for S=} and D<0O or D>O 
are shown in Figs. 1(a) and 1(b). 

For ions with an even number of electrons, the spin 
levels are usually split into a number of singlets in 
crystal fields of low symmetry. In this case high 
magnetic fields may also be used to great advantage. 

(b) Ions of the iron group with orbitally degenerate 
levels as the lowest Stark level. These ions, which have 
a partially quenched orbital angular momentum, are 
strongly coupled with the lattice and have, therefore, 
short relaxation times. For ions with an odd number of 
electrons, resonance can only be observed for the lowest 
Kramers doublet at very low temperatures. For ions 
with an even number of electrons, the individual spin 
levels are usually separated in energy by more than hy 
or kT and no transitions among these levels can be 
observed except possibly with high magnetic fields. 
Examples are V*+ and Fe?*, or Cr*+ and Ni’ in octa- 
hedral symmetry. Similar considerations prevail for the 
iron group elements in tetrahedral symmetry. 

(c) Rare earth and actinide elements. For these ions 
pulsed magnetic field techniques will find many inter- 
esting applications. In these groups the crystal field is 
relatively weak for most symmetries. Many ions have 
Stark level separations less than 50 cm™. Examples of 
such ions are Ce*+, Dy**+, Tb**+, and Yb**. The separa- 
tions of these Stark levels has been inferred from 
fluorescent and optical absorption spectra in concen- 
trated crystals. Since the g factors of the lowest levels are 
not strongly dependent on the separation of the other 
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levels, it is difficult to estimate these separations from 
paramagnetic resonance in dilute crystals. 

Pulsed fields of 750 kilogauss* have been achieved by 
discharge of a 2000-uf, 3000-v capacitor bank through 
suitably designed beryllium-copper solenoids. In this 
case the usable working volume was just sufficient to 
accommodate a 4-mm waveguide for room temperature 
measurements. Pulsed fields of 500 kilogauss can readily 
be produced over a volume sufficient for 4-mm resonance 
measurements at 4.2°K with a Dewar flask inserted 
into the working volume. Thus, pulsed field techniques 
can be used to measure zero-field splittings correspond. 
ing to wavelengths of 100 to 200 u. Measurements at 
wavelengths of less than about 10 to 20 yu are readily 
made with conventional infrared techniques. The gap 
between 20 and 200, will also require infrared tech- 
niques since fields of 10’ gauss are not readily produced, 
Of course, a large g value would effectively extend the 
present range of magnetic fields. 





10° 30° 50° 70° 90° 
@ (degrees) 
Fic. 2. Normalized plots of h;=/hvm/D versus angle, 6, between 


H and ¢ axis, where v» is the minimum frequency of an observed 
|AM,| =1 transition, and normalized plots of ki =g8Ho/D versus 
angle where //, is the field corresponding to vm [see also Fig. 1(d)] 
The subscripts of 4; and k; correspond to values of (E£/D)*=0, 
0.01, and 0.1, respectively. 


PARAMAGNETIC RESONANCE OF IONS WITH S=! 


As a particular example we shall consider ions with 
a ground state which can be described by a spi 
Hamiltonian with S=1. This occurs for example for 
Fe*+, V+, and Ni*+ in octahedral and axial fields. Fe* 
in fluosilicate and in the ammonium sulfate shows 
splittings of the order of 10 cm~, V*+ in alums and in 
corundum also shows splittings of the same order 0 
magnitude. Another class of systems, exchange coupled 
pairs of paramagnetic ions with relatively smal 
exchange constants, is currently being investigated. 

The energy levels are given by solutions W, of 


W?— 2DW?+[D°— (gH)? W+ (g3H)"D sin’@=0, (I) 


where H is the applied field and @ is the angle betweet 
H and the principal axis. The solutions for 6=0 are 


3S. Foner and H. H. Kolm, Rev. Sci. Instr. 27, 547 (1956) ; 28, 
799 (1957). 
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S from | shown in Fig. 1(c). Approximate solutions of interest 
an be obtained for small @ when (g8H)?>>D* or 
ved by (pH)KD*, or for (g8H)*~D*. For small 0, transitions 





rough | from the M,=0 to M,= —1 levels are given by 
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— i Fic. 4. Normalized values of g8H/D versus angle similar to 
those in Fig. 3, but for (E/D)?=0.1. In this case the averages for 
different values of 4v/D are distinguishable. 

4 - 3 and 4 for various values of hy/D when g= 2. These are 

| - also compared with the approximate solution D=(A, 

. ~ + A(H,—Hy,)/2 |g8 shown by the dashed curves, and the 

1 “4 horizontal line g8H/D=1. The approximation is 
4 accurate to one percent when 6<2 degrees. Finally, the 

1 J addition of a small rhombic term to the spin Hamil- 
-* 4 tonian is considered when H is applied in the plane at 
a 45° to the x and y direction. The change in Eq. (1) is 

ve —— that a term F? is added to the coefficient of W. The 
onal 5 10 %5S 2 25 30 numerical results are compared in Figs. 2 and 4 for 

) versis 8 (degrees) (E/D)?=0.1 and (E/D)?=0.01. Figure 3 approximates 

Pe Fic. 3. Normalized values of g8H/D versus angle for the case of closely the results for the case (£/D)*=0.01. As indi- 


E/D}=0, and hv/D=0.05, 0.1, 0.2, 0.3, and 0.5. The resonance —cated:in Fig. 4, some care in evaluating Dis necessary ; 
values g81H/D below “cross over’? and above “cross over’ are 


plotted. The average between these two resonances, shown by the 4 shift of the cross-over point may be caused by mis- 


S=1 | tashed curve for hy/D=0.5 cannot be distinguished from that alignment or an added E term. Assuming g=2.0 and 
lorsmall values of hv/D on the present scale. 


5 with w/y=25 kilogauss (4-mm radiation), it follows from 
5 ul <* - . 
. ate ; ; ‘ ; Fig. 2 that for 0<2°, hyv/D>0.05 can be observed with 
as te W hen hv<<D, two problems =. with high field an applied field of about 500 kilogauss. Larger values of 
Fe tsonance observations of the |AM,|=1 transitions. — » or w, or more accurate orientation of H would permit 
pristl First, a minimum value of hv» is required when @>0 — even larger values of D to be measured by this 
= see Fig. 1(d) ], and second, estimates of the error in technique. R 
ané i } determining D require that @ be determined. In order 
~ lo treat a specific case, interactions between the para- PARAMAGNETIC RESONANCE SPECTRUM 
oup magnetic ions and nuclear magnetic moments were OF V?+ IN Al.O; 

smau neglected, and the numerical solutions of Eq. (1) have aac Peiea : : 
ed. been obtai . on The energy level scheme of V** in a cubic and trigonal 
, obtained as a function of @. The values of ky, . . bs ee : : 
: versus 8. pl _——e : a field shows that the lowest cubic triplet, I's, is split by 

sus #, plotted in Fig. 2 on a normalized scale, indicate te Selnceal Wall inks & dels onl & bel ite 
. , > é : O é t ¢ a lower ly 

, (t the range of @ allowed for a given value of hv/D. The - ” ying 


25 2 ¢ J } me “a 
sonance fi ‘ single a separé : 
‘sonance fields before “‘crossover,” H,, and after “cross- singlet with a separation 6 of the order of 1000 cm 


tween say 39 » . ‘ ‘nin- it c i ‘ > try al fie . re > 
ree over,” H», for a fixed fv;, permit evaluation of @ and D Spin-orbit coupling and the trigonal field remove the 
? fg is known; otherwise an additional experiment at threefold spin degeneracy of the orbital singlet and 


56) ; 28, @ second frequency v2 is required to determine g. Nor- split this into a lower lying singlet (M.=0) and higher 
malized values of H, and Hy versus @ are shown in Figs. lying doublet (M,=+1). For the relatively small \/6 of 
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this case, this separation is given by a”A?/5—3p/2 to 
first order. The first term is the second order contribu- 
tion of the spin-orbit coupling, where a’ is a constant, A 
is the spin-orbit coupling constant in the crystal, and 
the second term 3p/2 is the contribution from spin-spin 
interaction. The magnitude of p is known neither for 
gaseous ions nor for ions in crystals. It is estimated to 
be probably a fraction of a wave number.‘ The separa- 
tion between the doublet and the singlet has been esti- 
mated from optical spectra to be (8+1) cm™.® 
Zverev and Prokhorov’ have measured the paramag- 
netic resonance spectrum of the higher lying doublet. 
Eight hyperfine lines, each 20 gauss wide and spaced 
108 gauss apart, were observed. From the intensity 
variation of this spectrum with temperature they esti- 
mate this splitting to be about 10 cm~'. No resonance 
could be seen below 2°K. 

We have observed the direct transition from the 
M,=0 to the M,=—1 level at 4.2°K with 36 and 71 
kMc/sec radiation. From the pulsed field measure- 
ments, the crossover of the M,=0 and M,=—1 transi- 
tion is calculated to occur at 88 kilogauss within an 
accuracy of +5%. Reference to Fig. 3 shows that, for 
the small values of hv/D employed, errors due to 
misalignment were less than 2%. The measured value’ 
of gi:=1.92 leads to a zero-field splitting of 7.850.4 
cm~ which is in good agreement with the optical data.* 
A line width of approximately 350 gauss was observed 
at high fields but no hyperfine structure could be 
resolved. Greater resolution has been limited by band- 
pass of the detectors and amplifiers used for the pulsed 


4M. H. L. Pryce, Phys. Rev. 80, 1032 (1950). Pryce infers the 
magnitude p from the deviation from the interval rule. This 
procedure is very suspect since these deviations can easily be 
explained as partial breakdown of Russel-Saunders coupling. It 
seems, therefore, that with the exception of helium, there are no 
reliable estimates of the magnitude of this coupling. 

5 W. Low (unpublished results). 

§°M. H. L. Pryce and W. A. Runciman, Discussions Faraday 
Soc. 26, 35 (1958). 

7K. M. Zverev and A. M. Prokhorov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1023 (1958) [translationi: Soviet Phys.-JETP 
34(7), 707 (1959) ]. 

8 The value of 7.85 cm™ measures the separation of the M,=0 
to M,=-—1 transition. The spin Hamiltonian probably contains 
aterm E(S,*—S,) which would split the doublet by 2E, and which 
would agree with the observations of a |AM,|=2 transition be- 
tween the doublet. From the results of Zverev and Prokhorov’ 
we infer that Z must be less than 0.3 cm™. 
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observations. No further resolution was noted for 
T=1.5°K although the intensity of the |AM,|=1 
transition increased as expected for D>0. . 

Resolution of the hyperfine structure was limited for 
two reasons. The pulsed field period could not easily be 
increased, so that even when the resonance occurred at 
the field peak, a time interval of 20 usec was required 
to sweep through the resonance. Sufficient gain was 
obtained with an amplifier of 350 kc/sec bandwidth, 
which limited resolution of the predicted lines. Further. 
more, each hyperfine line was expected to be broader 
than the low field | AM,| =2 observation because dv/dH 
was less for the |AM.|=1 transition. Additional 
broadening would result from the curvature of the 
energy levels even if other interactions were negligible, 
if 0 were greater than zero. 

We finally should like to remark that a determination 
of D, g, and 6 would determine p as well as a’d in the 
solid. These variables occur in the expressions for £1, 
gu, and D, i.e.® 


£1~2—2a"d?/8, 


gu™~ 2 _ (a +2 ax’)? GC". 
3p a”)? 3p 

Bie nr mom (2g 2. 
2 6 2 


Runciman and Pryce® indicate that 6~ 1200 cm—. We 
have looked for an absorption spectrum in this region 
but have not found any definite absorption line.’ Using 
their values of 6 and the value of D of 7.5 to 8 cm™ we 
find that g;,~ 1.98 cm, which seems to be inconsistent 
with the measured value’ of g,;. However, there is some 
indication of weak absorption in the region of 810 — 850 
cm7!, Assuming 6 1.5, we find gi,~1.% 
in slightly better agreement with the measured 4 
value. It seems, therefore, of great interest to determine 
g, with great accuracy. 


830 cm and @ 
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Measurements of the resistivity of n-type InSb of various carrier concentrations have been made as a 
function of electric field strength at low temperatures. The electric fields were kept small enough so that 
only a slight heating of the electron distribution occurred and the electron mobility u satisfied the relation 


=po(1+BF*), 


where yo is the ohmic mobility and F the electric field. 


Analysis of our experimental values of 8 yield information about the processes by which electrons lose 
momentum and energy and about the influence of carrier degeneracy and electron-electron scattering upon 
these processes. For example, at 4.2°K, piezoelectric scattering is responsible for most of the energy loss, 
while near 77°K polar optical scattering, enhanced by strong electron-electron scattering, is responsible for 


energy loss, at least in zero magnetic field. 


A novel means of changing the sign of the deviation from Ohm’s law near 77°K was observed by applying 


a strong magnetic field. 


I. INTRODUCTION 


HE mobility of charge carriers in a semiconductor 

becomes dependent on the strength of the applied 
electric field at moderate field strengths.’* This phe- 
nomenon is due to the charge carrier distribution no 
longer being in thermal equilibrium with the lattice. 
Toa certain approximation at least, the carriers can be 
thought of as being in an energy distribution having a 
temperature higher than that of the lattice, and thus 
have been called “‘hot”’ carriers. 

Hot carrier effects are observable in semiconductors 
because the high mobility of the charge carriers results 
in high power gain per carrier from a given electric 
field, while the relatively small number of carriers 
(compared to that in a metal, for example) allows the 
total power input to remain small. 

We shall be concerned with small rises in carrier 
temperature 7, such that (7.—T7)/T <1 where T is the 
lattice temperature. For such “warm” carriers the 
mobility is given by! 


b=po(1+6F"), (1.1) 


where yo is the Ohm’s law mobility, F is the electric 
field strength, and @ is a quantity which depends on the 
energy gain and loss rates of the carriers. In the relaxa- 
tion time approximation? 


|B! ™~ Loo, (1.2) 


where zr is the lattice scattering mobility associated 
with the energy loss process for F > 0 and yo is the 
Ohm’s law mobility as before. The sign of 8 is positive 
when the momentum relaxation time 7 increases with 
increasing carrier energy, €.g., ionized impurity scatter- 
ing, and negative when 7 decreases with increasing 
carrier energy, e.g., for certain types of lattice sc attering, 





iW. sinkley, Bell System Tech. J. 30, 990 (1951). 
a" . Gunn, Progress in Semiconductors, edited by A. F. 
son (John Wiley & Sons, Inc., New York, 1957), Vol. II, p. 213. 


The regime where (1.1) holds has been studied in 
germanium having few enough carriers so that classical 
statistics are applicable.? Since germanium is nonionic, 
the charge carriers lose energy to the lattice via scatter- 
ing due to the strain field potentials associated with 
acoustic or optical vibration modes of the lattice atoms. 

We shall be concerned with a slightly ionic semi- 
conductor, InSb. This affords the possibility of studying 
energy loss via scattering due to the polarization 
associated with lattice vibrations. Of course, scattering 
due to the strain field potentials is still operative, but 
it has been shown that lattice scattering in m-InSb may 
be almost completely via the polar interaction,* e.g., 
above 200°K polar optical mode scattering along with 
electron-hole scattering determines the mobility. Our 
measurements were made at temperatures <90°K 
where the mobility has not been fully explained so that 
the deviations we observe can be used to determine 
which type of lattice scattering is important and 
whether it limits the mobility significantly. Limitation 
of the mobility by lattice scattering is to be expected 
only in the purer samples in the temperature region 
from 50°K to 90°K perhaps. 

At lower temperatures (1.2 to 20°K) ionized impurity 
scattering is expected to be predominant in limiting the 
mobility for all samples. However, since scattering by 
impurity ions ordinarily causes insignificant energy loss 
by the carriers, the lattice vibrations are still responsible 
for energy loss. At liquid helium temperatures, only 
acoustic modes of vibration are probably important, 
but, in an ionic material lacking a center of symmetry 
like InSb, there is a piezoelectric polarization as well 
as a deformation potential associated with these modes. 
Which of these interactions is important in the energy 
loss process will be deducible from our data. 

The effects of carrier distribution degeneracy can 
also be studied in m-InSb. This is because the small 


3H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 
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electron mass permits Fermi energies greater than the 
thermal energy to be achieved for quite small carrier 
concentrations. We have studied the effects of de- 
generacy by making measurements at liquid helium 
temperatures on samples having various carrier 
concentrations. 

A novel way to change the sign of 6 in n-InSb 
suggested itself because of the possibility of quantizing 
electron motion by a magnetic field and thereby, under 
appropriate conditions, changing the energy dependence 
of the relaxation time from a decreasing to an increasing 
function of energy. We looked for and found that the 
sign of 6 could be changed by application of a strong 
magnetic field.‘ 

For a scattering mechanism causing momentum loss 
which is not describable by a relaxation time at electron 
energies of importance, the above remarks have to be 
recast in terms of scattering rates. In addition, if the 
momentum loss mechanism has a steep maximum at 
some energy much greater than thermal energy, &7, 
strong electron-electron scattering may completely alter 
the otherwise expected value of 8. Such a case involving 
polar optical scattering has been studied theoretically 
by Stratton.® Some of our experimental results require 
such an explanation incorporating strong e—e scattering. 


Il. THEORY 


The theory of mobility variation due to slight heating 
of carriers above the lattice temperature has been 
worked out in detail for a number of cases.5*° The 
principles involved in any case are the same. Some 
forms for the distributions of the carriers in energy 
and momentum must be calculated or assumed. The 
parameters characterizing these distributions are deter- 
mined by equating the rates at which momentum and 
energy are gained by the carriers from the electric field 
to the respective rates at which they are lost due to 
scattering. When the carrier distribution functions have 
been thus determined, the dependence of the mobility 
on electric field strength can, at least in principle, be 
calculated. 


A. Momentum Loss by Ionized 
Impurity Scattering 


For interpreting some of our data it is useful to 
extend theory to cover the case of impurity scattering 
determining the momentum relaxation time, piezo- 
electric scattering’ being responsible for energy loss, 
and the carrier distribution having arbitrary statistical 
degeneracy. Before doing so we shall summarize some 


*R. J. Sladek and F. S. Black, Jr., Bull. Am. Phys. Soc. 3, 378 
(1958). 
5 R. Stratton, Proc. Roy. Soc. (London) A246, 406 (1958). 
®M. S. Sodha, Phys. Rev. 108, 1375 (1957) and Phys. Rev. 
107, 1266 (1957). 
7H. J. G. Meijer and D. Polder, Physica 19, 255 (1953). 
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theoretical results of Greene for a similar case singe 
they can be used in our extension. 
Greene assumed that the electron energy distributio; 
function is given by 
fH1/ (eo kT e+ 1), (24 


where E is the electron energy, 7, is the electrop 
temperature and ¢’ is the Fermi energy for carriers 
heated by the applied electric field, and that the high 
temperature or classical approximation, holds for the 
phonon distribution, i.e., 


Ng=1/(e*@/#7—1) + kT /hgs—3, (2) 


where g is the phonon wave number and s is the velocity 
of sound. Under these conditions he found that when 
the momentum relaxation time is given by 


t~ i, (23 


where £ is electron energy and z is a numerical constant 
the mobility is given by® 


m wo(1+6)*+4F 4 4 (¢/ kT.) Fis (é kT), (24 


' xP?dx 
6=(T.—T)/T, Fp,(n) J " 
o em "+1 


and ¢ is the Fermi energy for carriers when the electric 


where 


field is equal to zero. For a constant concentration of 
charge carriers Greene found that for 6<1 Eq. (24 
becomes, 


where the F’,’s are functions of ¢/&7. For energy los 
due to acoustic deformation potential scattering 


br(O)uae® °(O) 
ie F?, (2.6 
35° 


where s is the velocity of longitudinal sound waves, I 
is the electric field strength, u;(0) is the ohmic impurity 
scattering mobility, and wa.*-*(0) is the ohmic acoustic 
scattering mobility when electron-electron scattering 
is much stronger than the acoustic scattering. More 
precisely for strong e—e scattering we have by following 


Keyes” 
fe / 0 fo OE )dE 
e 


Bae’ °(Q) ; {2./ 


m 
[ Bin. (Of. /dE)dE 


. 


8 R. F. Greene, J. Electronics and Control 3, 387 (1957). 
*R. F. Greene (private communication) 
 R. W. Keyes, J. Phys. Chem. Solids 6, 1 (1958). 
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QUADRATIC DEVIATIONS 
where ¢ is the electronic charge, m is the effective 
electron mass, TAc is the momentum relaxation time for 
acoustic scattering, and fo=1/[e‘#/*?+ 1]. 

The reason for expressing 6 in Eq. (2.6) and later in 
fq. (2.12) in terms of a lattice scattering mobility 
calculated for strong electron-electron scattering is 
two-fold. First, in calculating the total energy loss rate, 
it is 1/r (times a function of energy) which must be 
averaged over the electron distribution [see Eq. (2.11) 
for example ], and, second in our samples at low tem- 
peratures the mean free path for electron-electron 
scattering, /.-, calculated from theory turns out to be 
much smaller than the mean-free path for scattering 
by phonons. (See Sec. IV.) The theoretical expression 
for Jee is" 


1 ¢ 26 way" \? do* \2 
ACEI] 0 
dnd p?\ kT 2a, 4X p 


where ao*= effective Bohr radius, a,= (3/42n)!, n is the 
dectron concentration, and Ap is the Debye screening 
length. Equation (2.8) is for a statistically degenerate 
electron distribution ({>>&7T) in which case 
Kn-} 

- cm?, 
m/mo 


} 
T 
wi=( ) h?K /4e?mn' = 1.3510 (2.9) 
3 


where K is the dielectric constant (= 16 for InSb) and 
mis the effective electron mass (=0.013m» for InSb 
near the band edge). The right hand equality in Eq. 
2.9) holds when the electron concentration is in cc7. 
An average mean-free path for phonon scattering, 
l;, is obtainable from the lattice scattering mobility 
u, deduced from our measured deviations from Ohm’s 
law by means of the relation 


(2m¢)! 
. amma 7 
e 


=3.57 X10-"(E/R)M(urdem? vy etcm. (2.10) 


For energy loss via piezoelectric scattering we 
modified Greene’s treatment® (which is for energy loss 
via deformation potential scattering). The resultant 
energy loss rate via piezoelectric scattering is 


dE 2ms”? h?| k|? 21 | 
-( ) = a ge ee (.- i) 
dt/ pp kTrpr | 2m rs 


xLi—f], 


where k is the electron wave vector, Tpg is the mo- 
mentum relaxation time for piezoelectric scattering,’ 
and f is given by Eq. (2.1). The quantity s’ is the 
velocity of sound weighted by the polarization and 
averaged over crystallographic directions.’ 

a 





(2.11) 


“H. Jones, Encyclopedia of Physics, edited by S. Fliigge 
myst Verlag, Berlin, Germany, 1956), Vol. 19, Part I, pp. 
i-9, 
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Averaging the right-hand side of (2.11) over the 


electron distribution and equating the result to the 
power gained from the electric field we obtain 


1 ur(0)urr**(0) 
F?, (2.12) 


me 


s’2 


where upe® *(0) is the ohmic piezoelectric scattering 
mobility when electron-electron scattering is much 
stronger than piezoelectric scattering or, more precisely, 
is defined by a relation similar to Eq. (2.7) with rpg 
replacing Tac. 


For energy loss to phonons via either the strain or 


polarization fields associated with acoustic modes when 
¢>>kT the mobility given by Eq. (2.5) reduces to 


9 


Ss 


; RT \? uwr(0)ur**(0) 
ar=mi(0| -+¢(—) —— —F (2.13) 


where C is a constant which depends on the value of 


z, 


ux® *(0) stands for either ua.*-*(0) or wpe®*(0). In 


the first case s* stands for the square of the velocity of 
longitudinal sound waves and in the second case for s”. 


F 


or z= 1 and electron-electron scattering much stronger 


that lattice scattering C=52°/18. 


From Eq. (2.13) it can be seen that the coefficient 


of F*, i.e., 8, has an explicit inverse dependence on the 


F 


ermi energy, ¢. Thus a sample with more carriers and 


hence higher Fermi energy, should exhibit a smaller 
relative deviation from Ohm’s law for a given electric 
field. In addition 8 also depends on ¢ through uz**(0), 
because, in contrast to the case of classical statistics, 


Mm 


t*-*(0) depends on the Fermi energy, as we shall see 


presently. 


The above equations for the variation of mobility 


with electric field strength were derived from energy loss 
relations which neglected the effect of screening of the 
lattice scattering potential by the mobile electrons even 
though an appreciable effect due to screening is expected 
for carrier concentrations large enough so that (S&T. 
The reason for this neglect is that great complication 
would attend the inclusion of screening in the energy 
loss equations. However, the essential features of the 
screening can, we believe, be reproduced if the lattice 
scattering mobilities in the above relations are replaced 
by mobilities in which the effects of screening have been 
included so we shall consider these mobilities next. 


Since even the transport integrals for the pertinent 


lattice scattering mobilities cannot, in general, be 
expressed in a simple analytic form, when screening 
effects are included, we shall first give expressions for the 
mobilities neglecting screening and then derive correc- 
tion factors due to the latter which are exact only for 
the case of complete degeneracy. 


By adapting deformation potential theory for the 


mobility” to the case of arbitrary degeneracy and 


mW. Schockley, Electrons and Holes in Semiconductors (D. Van 


Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 278. 
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strong e—e scattering, we obtain when the classical 
approximation holds for phonons, i.e., when Eq. (2.3) 
holds, 
3e ps ah*t 1 F,(t/kT) 
act*(0) = — 


“(2.14 
4v2 Ez m! (kT)! F1(¢/kT) 


where p is the density and £, the deformation potential 
constant. For n-InSb with p=5.8 g/cc, Ei:=7.2 ev, 
s=3.7X10° cm/sec, and m=0.013mpo, we obtain 
bac**(0) = 2.60 10°T—-1F (¢/kT)/ 

F,(¢/kT) cm? vs. (2.15) 


By using the relaxation time for piezoelectric scatter- 
ing given by Meijer and Polder,’ we obtain the theo- 
retical piezoelectric scattering mobility for the case of a 
classical phonon distribution, 


3v2 WK? 3861 -Fy(¢/kT) 
upe® *(0) =— 
16x miee,2 (RT) Fo(t/kT) 
16 
x| —_ 
13 (C11 +612 +444 +169012/K) 
6 


+. 
13 (¢44+-4e142/K) 











—1 
» (2.16) 


where K is the dielectric constant, é4 is the piezoelectric 
constant, and the ¢;,’s are elastic constants. For 
n-InSb ¢,=6.66X10", ¢2=3.35X10", and c4=3.14 
X10" dynes/cm?. Thus 


1.80107 1 F,(¢/kT) 
ure’*(0) =— — c 
T* Fo({/kT) 


e14 


9 


—} 
? 


ie (2.17) 





2 


where ¢;4 is in (dynes)4/cm. Unfortunately the value of 
éi4 has not been measured in InSb. It is possible to 
calculate a value for ei4 by means of the relation™ 


K,—K 





c= (C12— C44) C44/C12, (2.18) 


Tv 


where the K, is the static and K the optical dielectric 
constant (for InSb, K,=17.5 and K=16) and the ¢;,’s 
are elastic constants (given above for InSb). For InSb 
Eq. (2.17) yields a value for e14 of 5.2 104 (dynes)#/cm, 

Now we shall consider the effect of screening on the 
acoustic and piezoelectric scattering mobilities. Since 
our samples are moderately degenerate we shall obtain 
a correction factor to apply to each of the mobilities 
given by Eqs. (2.15) and (2.17) by finding an expression 
for the screened momentum relaxation time for each 
type of lattice scattering, dividing it by the respective 
unscreened relaxation time, and evaluating the resultant 
ratios at the Fermi energy. The way the screened 


1 W. G. Cady, Piezoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946), p. 743. 
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relaxation times were obtained was to include a facto, 
of 1/[1+Ap*q*] in the q’th Fourier component of the 
matrix element of the scattering potential which is they 
squared and integrated over the phonon distributio, 
(q is the phonon wave number). The degenerate form 
was used for Ap. The screened momentum relaxatio, 
times are given by 
) 


eg 
a TAc 
<[2(E/E,)'—arctan2(E/E,)*), (2.19) 
anc 


)-G) 


— ) —n(4Z/E,+1), (29) 
TPE TPE 4E 


1 


3/E, 


E 


TAc 8 


1 


where £, is the screening energy =%?/2m} >? with )y 


being the Debye screening length. 


B. Polar Optical Scattering 


Since polar optical mode scattering has been found 
to be very important in limiting the mobility in n-InSb 
above 200°K,* this mechanism may be at least partly 
responsible for momentum and energy loss by the 
electron distribution in our samples at temperatures in 
the vicinity of 77°K. Thus we shall quote the theoretical 
results of Stratton® for the case of polar optical mode 
scattering being responsible for both momentum and 
energy loss. His results are for nondegenerate statistics 
with either weak or strong electron-electron scattering 
For lattice temperatures much smaller than the optical 
phonon temperature, @, he found that, when electron- 
electron scattering is weak, there are no quadratic 
deviations from Ohm’s law. This is because the mo- 
mentum relaxation time due to polar optical scattering 
Tpo, IS independent of energy at energies small compared 
to the optical phonon energy, #0, and moderate heating 
of the carriers doesn’t alter 7,.. Hence the mobility, 
which depends on a weighted average of ro over the 
electron distribution, is independent of electric field 
strength. 

When electron-electron scattering is strong, Stratton 
found that quadratic deviations from Ohm’s law do 
occur even when 7<@. He gives the following expression 
for the mobility for T7<@ when electron-electron 
scattering is strong enough to determine the momentum 
and energy distributions of the electrons and polar 
optical scattering determines the momentum and energy 
loss rates of the electron distribution, 


Lpo® . = Upo® «(0)[1 + A (yo) F*, Fe], 
provided FF /1/A, where 


Fo= (1/e)(K-'— K,) mek /h?, 


(2.21 


(y0o/2)] 


3x (1+70)Ki(y0/2)—3y0Ko 


8N ory" exp(7 o)K o(yo/2)[K1(v0/2)F 


A (yo) 
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, (2.20) 
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and w=7/0, T=lattice temperature, No=[e/7—1}" 
and the K,’s are Bessel functions. Stratton gives a plot 

of A(yo). When 7/0 — 0, Eq. (2.21) reduces to 


cof dh all 
0 = yo? sla ielates ama 
” k0/m 


P| (2.22) 
3T 


Note that 8, the coefficient of F?, is negative in contrast 
to the case when ionized impurity scattering dominates 
the momentum loss process. 

In order for electron-electron scattering to be strong 
enough for Eq. (2.21) and hence Eq. (2.22) to be valid, 
Stratton finds that the electron concentration must be 
greater than 


ng (eF ok0/2me**) (T./0)4 exp(—0/T.), (2.23) 


where e* is the effective charge of the lattice ions, or at 
least greater than 


np=ne(T./0)Lexp(6/T —6/T,.) F. (2.24) 


Equations (2.23) and (2.24) give the electron concen- 
trations above which energy or momentum, respectively, 
is lost to other electrons faster than it is lost directly to 
the lattice via polar optical scattering. 


C. Quantum Limit 


When the motion of electrons in a nondegenerate 
distribution is quantized by a magnetic field, B, strong 
enough so that Aw>kT, where w=eB/mce, the so-called 
quantum limit has been reached. In this regime the 
momentum relaxation times for certain lattice scattering 
mechanisms have an energy dependence opposite to 
that in zero magnetic field.'* When this is true, accord- 
ing to a relaxation time model at least, quadratic 
deviations from Ohm’s law should be of opposite sign 
in the quantum limit compared to the zero magnetic 
field case. 

The only quantitative theoretical result for the 
variation of electron mobility with electric field strength 
in the quantum limit has been worked out by Yafet 
for the case of acoustic lattice scattering causing 
momentum and energy losses.'® Although this type of 
scattering is probably not the important one in m-InSb 
near 77°K, where we have quantum limit data, we shall 
quote the theoretical expression for the mobility 
because it will be useful in interpreting our data. It is 


2(0)P AT 
pana] 3 ~ P| (2.25) 


s hw 


where the B superscripts indicate the presence of a 
Strong longitudinal magnetic field. Note that in Eq. 
(2.25) the coefficient of F?, Ba.®, is positive whereas in 


*P.N. Argyres and E. N. Adams, Phys. Rev. 104, 900 (1956) 
and E. N. Adams and T. D. Holstein, J. Phys. Chem. Solids 10, 
254 (1959), 


“H. Yafet (private communication). 
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TABLE I. Sample characteristics. 
Electron Hall Hall 
concen- mobility mobility 
tration at 77°K ~—_ at 4.18°K 
Sample Source (cc™) (cm? y~! s~1) (cm? vy s~) 
3.3-13 National 
Bureau of 
Standards 3.3 10% 112 000 8790 
3.7-13 Westinghouse 
Research 
Laboratories 3.7X 10% 111 000 
2.8-14 Ohio 
Semiconductor 2.810" 522 000 
3.0-14 Westinghouse 
Research 
Laboratories 3.0 10" 201 000 37 600 
6.5-14 Ohio 
Semiconductor 6.510" 279 000 
9.4-14 Westinghouse 
Materials 
Engineering 9.4 10" 82 000 18 700 
3.9-15 Chicago 
Midway 
Laboratories 3.9X 10" 130 000 54 500 
8.7-15 Westinghouse 
Materials 
Engineering 146 000 110 000 


8.7X 105 


zero magnetic Ba, would be negative 
{Bac~ — [wac(0) P/s*}. 


The kT/hw factor in Eq. (2.25) arises because quanti- 
zation forbids electronic transitions involving phonons 
having less than a certain minimum momentum. 


III. EXPERIMENTAL DETAILS 
A. Specimens 


The specimens were all n-type InSb cut, lapped, and 
etched to about 10X 2.5X 1 mm in size. Each had only a 
few large grains. Two current and four potential leads 
of No. 36 or No. 40 copper wire were attached with 
InSb solder. 

Some pertinent properties of the specimens are given 
in Table I which also identifies their source. Note that 
the number identifying a sample is an abbreviation for 
the carrier concentration. To minimize extraneous 
effects, e.g., sample inhomogeneity, only samples in 
which measurements of Hall effect and resistivity on 
different sets of leads agreed well were used and in 
which there was no anomalous rise of Hall coefficient 
with magnetic field strength, such a rise having been 
correlated with sample inhomogeneity by Bate."* 


B. Experimental Technique 


Measurements were made by means of a dc poten- 
tiometer system with the samples immersed in a bath 
of liquid helium, hydrogen, nitrogen or oxygen. Tem- 
peratures were determined from the vapor pressure of 
the baths. Magnetic fields were provided by an auto- 


16 R. T. Bate, R. K. Willardson, and A. C. Beer, Bull. Am. Phys. 
Soc. 5, 152 (1960). 
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Fic. 1. Variation of electrical conductivity, o, with electric 
field, F, for n-InSb samples having 8.7X10% and 3.910" 
electrons/ce. « is plotted versus /* for various liquid helium 
temperatures. 


matically controlled A.D. Little Electromagnet and 
measured with a rotating coil fluxmeter. 


IV. RESULTS AND DISCUSSION 
A. Low-Temperature Region 


The dependence of the electrical conductivity of 
n-InSb samples of various carrier concentrations on 
electric field strength is given for liquid helium and 
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Fic. 2. Variation of electrical conductivity, o, with electric 
field, F, for n-InSb having 3.010" electrons/cc. o is plotted 
versus /* for various liquid helium temperatures. 
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liquid hydrogen temperatures in Figs. 1 to 4. Th 
conductivity o, for a fixed lattice temperature has been 
plotted versus the square of the electric field Strength, F 
Straight lines of positive slope resulted at low electri: 
fields except for sample 3.3-13 at 4.2°K. (Note tha 
sample 3.3-13 has the smallest carrier concentration 
which may make the electron temperature approxi 
mation a poor one. 

The linear dependence of o on F* indicates variation 
of the mobility due to moderate heating of the carriers 
by the electric field as predicted by Eq. (1.1). That, 
increases with field strength is to be expected when 
ionized impurity scattering determines the momentum 
loss rate of the electrons. Other evidence for the latter 
is provided by the fact that the magnitude and tem. 
perature dependence of the observed Ohmic mobility 
at the temperature in question are explainable usin 
available theory for ionized impurity scattering.” 


no 
ng 


The deviation of o versus F? from linearity at the 
higher electric fields reached in samples 3.0-14 and 





“(v"cm *) 


Fic. 3. Variation of electrical conductivity, o, with electri 
field, F, for n-InSb having 3.310" electrons/cc. o is plotted 


versus F? for 1.32°K and 4.19°K 


3.3-13 are due to terms in the conductivity dependent 
on higher powers of the electric field. Such terms 
become effective when 6=(7.—T7)/T is not smal 
compared to one. Using Eq. (2.5) and the observe 
values of 8 (given by the slope s of o versus F*) we note 
that for sample 3.0-14 at 4.2°K 6=1 when F'=002 
v? cm™. We shall not discuss nonquadratic deviations 
from Ohm’s law. (Putley has observed such deviations 
in n-InSb at liquid helium temperatures and attempted 
to fit calculated curves to the experimental o versus F 
curves with some limited success. )!§ 

The smaller rate of increase of o at the highest fields 
in sample 3.3-13 at 1.32°K and sample 3.0-14 a 
liquid hydrogen temperatures suggests that an addt 
tional energy loss mechanism is becoming important 
A rough estimate indicates that this mechanism may 


17 See for example, F. J. Blatt, Solid State Physics, edited 
F. Seitz and D. Turnbull (Academic Press, Inc., New Yor, 
1957), Vol. 4, p. 343ff 

‘ E. H. Putley, Proc. Phys. Soc. (London) A73, 280 (1959). 
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be polar optical mode scattering in the case of the 
jiquid hydrogen temperature data. In our analysis we 
gall be concerned only with deviations in ¢ which are 
proportional to F? as F- 0. 

A summary of the liquid helium and liquid hydrogen 
sults for various samples is presented in Fig. 4 where 
j=Au/uol® is plotted versus lattice temperature. The 

ameter 8 was determined from the slope of the 
inear part of the o versus F? curve for the sample in 
question. Values of 8 are also given for an additional 
sample besides those for which data were given in 
figs. 1 to 4. From Fig. 5 it can be seen that 8 is 
gnaller the higher the carrier concentration. This 
suggests the presence of the effect contained in Eqs. 
(2.5) and (2.13) due to the carrier distribution being 
more degenerate in samples having more carriers. 

To test this hypothesis we have plotted 8/yo versus 
carrier concentration in Fig. 6. The carrier concen- 
trations were obtained from the Hall coefficient and are 
listed in Table I. The Ohm’s law mobility, yo, is calcu- 
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_fis. 4. Variation of electrical conductivity, «, with electric 
field, F, for n-InSb having 3.010" electrons/cc. @ is plotted 
versus F* for two liquid hydrogen temperatures. 


lated from the measured conductivity and the number 
of carriers. Data for a lattice temperature of 4.18°K 
are used rather than lower temperature data because 
the classical approximation for the phonon distribution, 
ie., Eq. (2.3), applies at 4.2° but not at 1.3°K, and it 
is for this approximation that the relations given in 
Sec. I were obtained. At 4.18°K the Fermi energy of 
ill samples having more than 3X10" carriers/cc is 
large enough so that the simpler Eq. (2.13) rather than 
Eq. (2.4) can be used to interpret our results. From 
Fig. 6 we see that our experimental 8/yo varies roughly 
like 1/n. The behavior predicted by Eq. (2.13) is 
§/uo~pr/¢, and since {~n!, if uw, were independent of 
i, this would give 8/uo0~1/n'. The somewhat low value 
of B/a for the 3.0-14 sample may be due to incomplete 
latistical degeneracy. At any rate the 1/¢ factor 
accounts for the general dependence of the experimental 
8/uo on n. 

Using our experimental values of 8 along with Eqs. 
(2.5) and (2.6) or (2.12) we deduced yy, the lattice 
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Fic. 5. Dependence of 8 on temperature for samples of n-InSb 
with various electron concentrations. B=[e(F)—«c(0)]/o(O)F* 
when o versus /* is linear. 


scattering mobility connected with the energy loss 
mechanism, for each of our samples at liquid helium 
temperatures and also for sample 3.0-14 at liquid 
hydrogen temperatures. The resultant values of uz 
at 4.18°K are plotted versus carrier concentration in 
Fig. 7. From these uz values we calculated the value of 
the associated average mean free path /; by means of 
Eq. (2.10). These mean-free path values are listed in 
Table II and are quite large (of the order of ~1 cm). 
Indeed the mean-free path for energy loss may be even 
longer (as discussed by Greene).* Both /; and the asso- 
ciated m.f.p. for energy loss can be longer than the 
sample dimensions because the electron suffers many 
changes of direction between phonon scatterings due to 
the very short m.f.p. for scattering by ionized impurities, 
l; (see Table II). Specifically the net rms distance 
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Fic. 6. Dependence of the experimental 8/uo at 4.2°K on 
electron concentration. yo is the Ohm’s law mobility. For com- 
parison a straight line of slope= —1 has been included. 
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TaBLe II. Characteristic energies and lengths for degenerate samples 7 =4.18°K. 

















lee It hy (lilt) AD E,/k 

Sample ¢/kT (10-*cm) (10cm) (10-*cm) (10cm) (10-* cm) (°K) t/E, 

3.0-14 3.2 0.46 56 4.6 051 50 43 TY Wie: 

9.4-14 7.4 2.4 105 3.7 0.62 41 20.3 15 

3.9-15 19.4 18.5 313 17.5 2.34 3.24 32.5 25 

8.7-15 33 49.3 425 46.3 4.43 2.85 42.1 3.3 
—— = —— = a ———— —— 
traversed between scatterings by phonons is [ (/,//r) }/; Note that yz deduced from the experimental 


= (I;l7)', since 1, /l; gives the average number of scatter- 
ings by ionized impurities between scatterings by the 
phonons. Table II lists the values of (/,/l;)! for the 
various samples. It is satisfying to note that for each 
sample (/,/;)! is much smaller than the sample dimen- 
sions. Since scatterings by impurities are so much more 
frequent than scattering by phonons, the question arises 
as to whether a small but ordinarily neglected energy 
loss due to ionized impurities may be important. Greene 
has estimated the energy loss via scattering by ionized 
impurities.’ It turns out to be small compared to the 
energy loss to acoustic phonons under the present 
conditions. 

To determine the type of lattice scattering responsible 
for energy loss, we have plotted in Fig. 7 the theoretical 
mobilities for screened acoustic and screened piezo- 
electric scattering along with the lattice mobility 
deduced from our experimental values of 8. The theo- 
retical mobilities were calculated by applying a screen- 
ing factor correction given by Eq. (2.19) or (2.20), in 
which we set E=f¢, to the mobility given by Eq. 
(2.15) or (2.17), respectively. 
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Fic. 7. Lattice scattering mobility at 4.18°K as a function of 
electron concentration. The circles give the values of uz deduced 
from the experimental values of 8. The curves are calculated from 
theory for piezoelectric and acoustic scattering assuming strong 
electron-electron scattering and include a correction for screening 
of the lattice potential by the electrons. 


varies with carrier con entration in about the same way 
as the “piezo” curve and is closer to it than to the 
“acous” curve. To obtain more quantitative agreement 
between yu, from 8 and the theoretical piezoelectric 
scattering mobility would require e,, be smaller than 
the theoretical value by about a factor of two. Such 4 
smaller value of e;4 is quite reasonable, since it is known 
that in ZnS the measured value of ey4 is a factor of 
about five smaller than the theoretically calculated 
one.'* With a value of e:4 of 3 the theoretical one all the 
energy loss at 4.2°K can be accounted for by piezo- 
electric scattering alone. 

Next we deduced the temperature dependence of 
ut from our experimental values of 8 by using Eqs 
(2.5) and (2.6) or (2.12). The results are presented in 
Fig. 8. From this figure we can see that at liquid 
helium temperatures the deduced yw; varies about like 
T~'" for three of the samples and about like 7~ for 
sample 9.4-14. The reason for the different temperature 
dependence of wz in sample 9.4-14 is not known; 
although it may be noted from Table I, that this sample 
has a lower ohmic mobility than would fit the general 
mobility versus » pattern. 

The temperature dependences of 4, deduced from 3 
are greater than expected from theory using the classical 
approximation for the phonon distribution which 
predicts a 1/7 variation for either acoustic or piezo- 
electric scattering when the electron distribution is 
statistically degenerate. A possible explanation of the 
strong temperature dependence of uz is that since 
Eq. (2.3) fails to hold somewhere below 4.2°K in the 
samples of interest (see Table III) there are fewer 
phonons available to scatter the electrons and hence 
a higher uw, than otherwise. Although the mobilities 
and energy loss rates could be calculated for the case 
when Eq. (2.3) fails, we have not done so because it 
would require a prohibitive amount of numerical 
integrations. 


TABLE III. Temperature at which maximum phonon 
energy* equals thermal energy. 


Sample T =hQmaxs/k 


3.0-14 1.2°K 
9.4-14 1.7 
3.9-15 2.8 
8.7-15 3.6 


* Calculated from fsdmax ~2(2ms%)}, 
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B. Vicinity of 77°K 


The variation of the electrical conductivity of a 
number of samples at 77°K with electric field is pre- 
gnted in Fig. 9. The ratio of the conductivity to that 
at zero electric field is plotted versus the square of the 
dectric field. For each sample the data fall along a 
straight line. The slope of the line depends on the 
sample in question. For sample 3.3-13 which has the 
lowest mobility the slope is positive while for the other 
samples with higher mobilities the slopes are negative, 
being more negative the higher the mobility. 

The linear dependence of the conductivities on the 
square of the electric field are interpretable by means of 
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Fic. 8. Temperature dependence of the lattice scattering 
mobility, ux, deduced from experimental values of 8. Slopes of 
straight lines drawn through some of the data are indicated. 


Eq. (1.1) as variation of the mobility due to small 
amounts of carrier heating by the electric field. The 
efiects in the various samples can be interpreted 
qualitatively as follows. 

The positive deviation from Ohm’s law for sample 
33-13 is due to the mobility in this sample being 
determined by ionized impurity scattering. Evidence for 
the latter is provided by the low value of the mobility 
(112000 cm? v- s~1) compared to that of other samples 
and the fact that the mobility of this sample is an 
ares function of temperature around 77°K. (See 

Ig. 42.) 

The different amounts of negative deviations from 
Jhm’s law for most of the samples are due to lattice 
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Fic. 9. The relative conductivity versus the square of the 
electric field for a number of n-InSb samples at 77°K. 


scattering being important to different degrees (with 
impurity scattering accounting for the remainder of 
the momentum loss). Evidence for the importance of 
lattice scattering is provided by the fact that in these 
samples the mobility is a decreasing function of tem- 
perature around 77°K (e.g., see Fig. 11). 

As yet it is not known what types of lattice scattering 
are important in m-InSb around 77°K. However the 
value of the mobility calculated when scattering is due 
either to the deformation potential or to the piezo- 
electric polarization associated with acoustic modes is 
much higher than observed in the purest material. Thus 
we shall consider polar optical scattering which has 
been shown to predominate in m-InSb above 200°K.® 
Calculation shows that polar optical mode scattering 
also gives much too high a value for the mobility at 
77°K to be important when electron-electron scattering 
is negligible. However, as noted in Sec. II, the effective- 
ness of polar optical mode scattering in limiting the 
mobility is greatly enhanced when there is strong 
electron-electron scattering. To see whether we should 
expect strong electron-electron scattering in our 
samples we have used Eqs. (2.23) and (2.24) to calcu- 
late the critical electron concentrations for which 
momentum and energy transfers to other electrons 
equals that to polar optical modes. These critical 
concentrations are given for a number of temperatures 
in Table IV. The samples we measured in this tempera- 
ture range had electron concentrations between 
3.310" and 6.510" cc“. Thus at 77°K m, at least 


Taste IV. Minimum electron concentrations needed for 
electron-electron scattering to determine energy distribution, mz, 
and momentum distribution, mp, when polar optical scattering is 
operative. 








F NE Np 
90°K 14.6 10" cc 4.54 10" cc™ 
77 7.76 2.06 
73 6.2 1.56 
65 3.62 0.81 
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Fic. 10. Comparison of the variation of the relative conduc- 
tivity of n-InSb, sample 6.5-14, in a strong longitudinal magnetic 
field and in zero magnetic field at temperatures between 65°K 
and 90°K. 


falls within this range of concentrations indicating 
that e—e scattering may be quite important. 

With the inclusion of strong electron-electron 
scattering, the negative deviations from Ohm’s law 
which we observe at 77°K can be explained quali- 
tatively as due to polar optical mode lattice scattering. 
(For weak e—e scattering there should be no quadratic 
deviations from Ohm’s law due to polar optical scatter- 
ing when 7<@.)> The higher the mobility the more 
negative the deviation is, in general accord with the 
theoretical Eq. (2.21) or (2.22). For a quantitative com- 
parison with the theory we note that for sample 
2.8-14 with the highest mobility and thus with the 
most nearly pure lattice scattering, 8 at 77°K has a 
value of —0.53 v~* cm? while Eq. (2.21) predicts a value 
of —0.0087 v~* cm’. Thus Bexp* 608rheor and the energy 
loss rate in our sample is almost two order of magnitude 
smaller than predicted by theory. This large discrepancy 
raises the question as to whether the theory is at all 
applicable. If it is, the discrepancy may be due to 
electron-electron interaction being relatively less effec- 
tive in enhancing the energy loss than the momentum 
loss to polar optical modes in our samples. Perhaps this 
might occur because the electron concentrations in our 
samples lie between the critical concentrations at which 
electron-electron scattering determines the energy and 
momentum distributions of the electrons. 

The variation of the conductivity with electric field 
strength for sample 6.5-14 at various temperatures is 
presented in Fig. 10 both for zero magnetic field and 
for a longitudinal magnetic field of 27 kgauss. In each 
case a/a¢ (f=) is plotted versus F?. When no magnetic 
field is applied, the data for a given temperature fall 
along a straight line of negative slope. However, in the 
presence of a magnetic field of 27 kgauss, which is 
sufficient to quantize electron motion, the data for each 
temperature fall along a straight line of positive slope. 
This change of sign of the deviation from Ohm’s law 
by the magnetic field we interpret as due to the energy 
dependence of the momentum loss rate in the strong 
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magnetic field case being opposite to that in gp 
magnetic field. 

The observed temperature dependence of 8 for sample 
6.5-14 is plotted in Fig. 11. For zero magnetic field 
between 65°K and 90°K 8 remains negative and 
decreases in absolute value as the temperature 
increased. This is expected since in this temperatup 
range the mobility of the sample decreases with jp. 
creasing temperature. (See Fig. 11.) However the size 
of the observed temperature dependence js much 
smaller than predicted by theory as given by Eq. (2.4), 
The reason for this discrepancy may be the same as that 
suggested to explain the discrepancy between th 
observed and theoretical magnitudes of 8 at 77% 

To interpret our data in the strong magnetic field 
case we shall resort to Eq. (2.25) even though the latte 
is for acoustic (deformation potential) scattering whic) 
is probably not the important type of lattice scattering 
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Fic. 11. Temperature dependences of |8| and the (Ohm’s law 
mobility in m-InSb, sample 6.5-14, between 65°K and 90°K ina 
strong longitudinal magnetic field and in zero magnetic field. 


in n-InSb at 77°K. To make Eq. (2.25) more applicable 
to the case of polar optical mode scattering we replace 
s* by k6/m. In addition, because of the presence of some 
impurity scattering we shall replace [uac?(0) F by the 
product of the observed Ohmic mobility of the sample 
in question and that of the most pure sample, the latter 
giving a rough (under) estimate of the lattice scattering 
mobility. Using Eq. (2.25) in this manner we calculate 
for sample 6.5-14 at 77°K a value for 8 of about 
0.66 10-5 cm? v~ which is five orders of magnitude 
smaller than the observed value of 0.42 cm? v~. Since 
there is some evidence that piezoelectric scattering may 
be important at 77°K at least in high purity -InSb 
when a strong magnetic field is present,'® we shall now 
use Eq. (2.25) without replacing s? by &0/m. (Rather s 
should be replaced by s’”? which however is expected to 
be similar in value to s*.) Upon doing so, we calculate 


salt a) F Sladek, J. Phys. Chem. Solids (to be published). 
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QUADRATIC DEVIATIONS FROM 


for 8a value of 0.21 v-* cm? which is only a factor of 
two smaller than the observed value. It should be noted 
that, for zero magnetic field, piezoelectric scattering 
could not be the important type of lattice scattering 
pecause, if it were, a negative 8 would be impossible. 

The temperature dependence observed for 8 in a 
strong magnetic field in sample 6.5~-14 is reasonable in 
that 8 decreases as the Ohmic mobility decreases 
(see Fig. 11) and also presumably the lattice scattering 
mobility decreases. A more quantitative comparison 
with theory represented by Eq. (2.25) is ambiguous 
because of our not knowing very well what mobility 
yalues to usé in the latter. 

For sample 3.3-13 8 and the (ohmic) mobility 
between 65° and 90°K are plotted versus temperature 
in Fig. 12. Note that both 8 and the temperature 
derivative of the mobility, du/dT are positive, while 
for each of the purer samples, in zero magnetic field, 
both 8 and du/dT are negative (e.g., see Fig. 11). 
Actually the sign of 6 should be the same as that of 
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Fic. 12, Temperature dependences of 8 and the (Ohm’s law) 
mobility in m-InSb, sample 3.3-13, between 65°K and 90°K. 


du/dT, since the signs of both these quantities depend 
om the process by which momentum is lost from the 
electron distribution. Thus the observed correlation 
between the signs of 8 and du/dT is reasonable although 
not actually required by the above considerations 
since du/dT might in principle have a different sign 
than du/dT,,. 

For sample 3.3-13 Fig. 12 shows that @ increases 
with increasing temperature between 65°K and 90°K. 
This is consistent with Eq. (1.2) in that the observed 


OHM’S LAW IN n-TYPE InSb 1599 
ohmic mobility also increases with temperature in this 
range. However Eq. (1.2) also states that 6 should be 
proportional to the mobility associated with the energy 
loss process, uz. Since the latter presumably decreases 
as the temperature is increased while uo increases only 
slightly with increasing temperature, it is not clear 
that the observed dependence of 8 on temperature can 
be accounted for by means of Eq. (1.2). 


V. CONCLUSIONS 


By measurements of quadratic deviations from Ohm’s 
law in m-InSb at low temperatures, the types of scatter- 
ing which are important for both momentum and energy 
loss can be deduced and the effects of carrier degeneracy 
can be studied. 

At liquid helium temperatures impurity scattering 
limits the mobility, piezoelectric scattering is largely 
responsible for energy loss by the carriers, and carrier 
degeneracy effects occur. 

At liquid hydrogen temperatures impurity scattering 
again limits the mobility. Energy loss to polar optical 
modes may be important after a certain electric field 
strength is reached. 

In the vicinity of 77°K the value of 8 can be explained 
qualitatively in terms of the magnitude and tempera- 
ture dependence of the Ohm’s law mobility. Quanti- 
tative conclusions from our data in this range are less 
certain because of the lack or inapplicability of existing 
theory. Among these conclusions are that (1) polar 
optical mode scattering enhanced by strong electron- 
electron scattering is the important type of lattice 
scattering in zero magnetic field, and (2) that a strong 
magnetic field changes the sign of deviations from 
Ohm’s law by altering the energy dependence of the 
momentum loss rate. 
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The method of Bardeen and Pines for treating electron-phonon interactions in normal metals is extended to 
include exchange and correlation effects. The interaction matrix element is found to depend not only on 
electron momentum transfer but also on the initial electron wave vector. An average over initial wave vector 
direction is therefore made; the average taken is discussed as being more reasonable than that of Bailyn ina 
previous treatment. Shielding is also introduced in a more physical manner than in Bailyn’s paper—via the 
dielectric constant as it arises in the random phase approximation. An alternate method of treating the 
problem in the long wavelength limit—employing deformation potential techniques—verifies the results of 


the above method in this limit. 


I. INTRODUCTION 


HE treatment of electron-phonon interactions in 
metals necessitates a careful consideration of the 
screening processes. The electrons tend to follow the 
motion of the ions, with the result that the ion field is 
screened within a distance which turns out to be com- 
parable to the interparticle spacing. On the other hand, 
the exchange hole and correlation effects screen the 
electron. Furthermore, they amplify the effects of lattice 
vibration and so tend to increase the electron-phonon 
interaction matrix elements. Recently, Bailyn,' by ex- 
tending the self-consistent field method of Bardeen,” has 
attempted to include the effects of exchange and corre- 
lation on electron-phonon scattering. The approach was 
somewhat intuitive; Bailyn found it necessary, for in- 
stance, to make the ad hoc assumption that the lattice 
does not affect the plasma or collective, part of the 
electron system wave function. A more rigorous ap- 
proach is provided by an extension of the procedure of 
Bardeen and Pines.’ Their method involves the use of a 
canonical transformation to eliminate from the Hamil- 
tonian terms linear in the phonon coordinates so as to 
decouple—to the desired order—electrons and phonons. 
The results yield both the interaction matrix elements 
and a sound wave dispersion relation. The long-range 
part of the Coulomb interaction is conveniently ac- 
counted for by the introduction of collective coordinates 
in the scheme of Bohm and Pines.‘ 

The inclusion of exchange is not difficult in the 
adiabatic approximation. The results show that even in 
the limit of small electron momentum transfer, exchange 
effects are important in the interaction matrix element. 
In this limit exchange appears predominantly in the 
effective mass parameter, so that, as might be expected, 
the change in the energy spectrum—or equivalently in 
the density of states—accounts most importantly for the 
exchange corrections. We find, as did Bailyn, that the 
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matrix elements depend on the initial electron waye 
vector «x as well as the momentum transfer, in contrast 
to the situation without exchange. This is so even though 
we continue to take the part of the interaction due ty 
the motion of the ions alone, which is assumed to be 
known, as independent of x. 

In Sec. II we discuss the Hamiltonian and by means 
of a canonical transformation derive an integral equ. 
tion for the interaction matrix element. Section II] 
deals with the solution of this equation to give the 
matrix elements—after an average over direction of x- 
in terms of a power series in &, the magnitude of the 
momentum transfer. The first two terms in the series are 
calculated explicitly, and an expression in closed form 
is also given. In Sec. IV we approach the whole problem 
from a different point of view—that of treating the 
interaction between electrons and lattice in terms ofa 
generalized deformation potential. As this approach 
yields only the first term in the power series in k ob 
tained in Sec. III, it gives in essence an expression for 
the appropriate effective mass parameter in terms of the 
observed lattice constants of the metal. It also affordsa 
comparison with the Bardeen-Pines result obtained by 
neglecting exchange effects. 


Il. HAMILTONIAN AND INTEGRAL 
EQUATIONS FOR vx 


We start from the Hamiltonian introduced by 
Nakajima and employed by Bardeen and Pines 


Wy=D Ece*et+} Li (pe* pet ore * ge) 
+> vigup- x +3 


2 ~ M ip xp- i 
+ >> (ve'—vx)Qep et } > (Q2—wi?)qe*qe- (21 


We have separated out the parts of the total Hamil: 
tonian which will not be of concern in treating the 
electron-phonon interaction—namely, the ion-ion inter 
action energy for the equilibrium configuration and the 
transverse phonon Hamiltonian. The electrons are de- 
scribed in second quantization by occupation numbers 
of a set of Bloch functions, with c,* and c, the creatiol 
and destruction operators, respectively (the spin indes 
has been suppressed). The system is taken in un 
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CORRECTIONS TO 
yolume with periodic boundary conditions so that the 
set of allowable wave vectors is discrete. The deviations 
of the ions from their equilibrium positions have been 
described in terms of the ionic normal coordinates, 
qi, and the conjugate momenta, px. The total effective 
matrix element for the electron-lattice interaction, 2, 
has been written as the sum of v,* due to the motion of 
the ions—and assumed to be known—and »,? due to the 
compensating motion of the electrons. Qy is the sound 
wave frequency associated with k as determined only 
from ion-ion interactions; w, is the corresponding cor- 
rect frequency. We have written the Coulomb inter- 
action between electrons in the form 


3 > Mi’p- ip, (2.2) 
where M,2=4e?/k? for free electrons and 
Pa= > Cone; P-e=L Caleb (2.3) 


We denote the first two summations in H; by Hy and 
the third by Hr. A canonical transformation generated 
by S is made such that 


i/a[S,Ho]=—H1, (2.4) 


so that to first order, H, is eliminated. The most general 
S for this is given by Bardeen and Pines’: 


S= > Cf(k,n)qu—ig(h,x) p_e len *Cc_x. (2.5) 
ky« 

In the adiabatic approximation, where we neglect 

phonon recoil, w+ 0, and terms in S which are pro- 

portional to p., are not needed, for there no longer 

exist terms linear in px in [qx,fo]. Then the condition 

(2.4) becomes: 


(1/h) Uo (Ex Eni) Ce*Ce—nf (kx) qx 
kn 
=f > Ve kCn*Cy_h =O, (2.6) 
ky« 


which, due to the independence of the q;, gives 

f(K,x) = —hv./ (Ew r—E,). (2.7) 
Then the interaction matrix element 2; can be deter- 
mined by the condition that after the canonical trans- 
formation, the term linear in g, in the third line of(2.1) 
be eliminated to the same order as that in the second 
line. The result of Bardeen and Pines is obtained in the 
approximation that in the commutator [p_ :pi,5] only 
the direct terms are kept. We now include the diagonal 
exchange terms. It is no longer convenient to introduce 
% into the Hamiltonian as was done in (2.1); the 
¢limination of terms linear in g; to first order now leads 
to the condition (see Bardeen and Pines,’ Appendix B): 


L sky’) (4me?/k*) n(x! —k) —n(x’)] 
> (4me?/k’*)['n(x—k—k’)—n(n— k’) | f(k,x) 
th [4are?/ (x! — x)? |[n(%’) —n(x’—k) ] f(k,x’) 


—(E.— E,-«) f (kx) =hio,'. (2.8) 
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In analogy with the system without exchange effects, 
we define vi. by: 
S(k,«) = hoy / (Ee ik —- EE), (2.9) 


where the energies have been “renormalized” so as to 
include the exchange energy: 


We =—L (4re/k!)n(k’—k"), (2.10) 
on 
Ey =Ep+Wyw. (2.11) 


Then (2.8) can be rewritten in terms of the effective 
matrix elements, 2;., giving an integral equation for 
them: 


; 82re” 4tre? 
rem E( -—.) 


2 en 
k |x’ — | 


' 





x’ 


[n(%’—k)—n(%’) Jone 
x — ; 
(E,-« — Ey™) 





(2.12) 


The singular character of the summation results from 
the neglect of correlation effects. In the scheme of Bohm 
and Pines‘ these are included by the introduction of 
extra degrees of freedom, the plasma coordinates, and 
the associated subsidiary conditions necessary to keep 
the total number of degrees of freedom unchanged. In 
the adiabatic approximation 


H=D Ee.*6.+ L004 'qep_e 


+32 Mepwp-it} LD Pi*Pi, (2.13) 
k<ke 
with the subsidiary condition 
PW=0, (k<k.), (2.14) 


where &, is a critical wave vector of the order of the 
Fermi wave vector, determined by system energy 
minimization as discussed by Bohm and Pines.‘ 

A canonical transformation can be made to obtain a 
Hamiltonian which describes independent plasma oscil- 
lations. The residual weak electron-plasmon and phonon- 
plasmon interactions can be neglected. We can apply the 
original transformation generated by (2.5) to the part 
of the Hamiltonian for which k>k,, which has not been 
affected by the introduction of plasma coordinates. The 
elimination of electron-phonon coupling to first order 
then leads to a condition of the form (2.12), with the 
exception that |x’--x| is to be restricted to values 
greater than k,. Almost equivalently, and perhaps 
somewhat more naturally in that it involves no abrupt 
cutoff, we can introduce a screening wave vector, which 
will be assumed to be of the order of the Fermi-Thomas 
screening wave vector: 


. Se? 4re? 
entire) 
k2 |x’ —«|?+2,2 


X[n(%’ —k)— n(x’) (Ey 0 — Ege) ge. (2.15) 





1602 DANIEL 


This is essentially the equation Bailyn' has obtained by 
other means. We feel that the above method has 
established this relation on firmer theoretical grounds. 
Also, as noted above, we have treated shielding some- 
what differently. Both methods can be discussed in the 
random phase approximation where one employs the 
dielectric constant ¢ to describe shielding. Whereas 
Bailyn has taken 

e=0 for |x’—«|<k,, 
sae (2.16) 

e=1 for |x’—x«|>k., 

we have chosen the conventional values: 
e(|x’—«| )=1+49a~1+h,?/|%’—x|% (2.17) 


That this choice is advantageous as well as reasonable 
will be clear in Sec. III. 


Ill. SOLUTION OF THE INTEGRAL EQ. (2.15) 


The integral equation is in the form 
Vig =0,'—)>, A (x, 2) 0 ex’ (3.1) 


We solve by iteration. Taking first 24. as independent of 
x’, we eliminate the dependence on « of the right-hand 
side of (3.1) by averaging over x in a way to be specified. 
Then 

vp=0,4'/(1+( A(x,%’)) ave). (3.2) 


Substitution of this into (3.1) gives a second approxi- 
mation 
(1+ A (k,k’))—> A (x,%’) | 


Se ee Te 
1+(> A (x,x’)) 


i 


Vig =Vk 


We consider processes in which both initial and final 
electron wave vectors are very near the Fermi surface. 
The requirements of energy conservation and the Pauli 
principle imply that these are the dominant processes, 
especially at low temperatures. Then the appropriate 
average is one over the Fermi surface. Thus, it seems 
that Bailyn’s procedure of averaging over all values of « 
within the Fermi surface is somewhat artificial, although 
its direct effect on the final result would be small. How- 
ever, he now claims to improve on the first approxima- 
tion by averaging the second approximation over the 
Fermi surface, and the difference in the two averages 
which appears in the numerator of the expression for v4. 
[compare with Eq. (3.3) ] is described as a significant 
term. This is certainly unjustified in the long wave- 
length limit, the case which he explicitly considers. 
Nevertheless, as Bailyn noted, the dependence of »;, on 
« is too complicated to be of any use in calculations, so 
we also take an average over the Fermi surface of (3.3). 
This just returns us to the first approximation. 

Now, as we perform the integration, we note that the 
choice of a smooth function as a dielectric constant is 
advantageous computationally as well as preferable 
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physically. We no longer are forced to investigate Sepa- 
rately the several regions delineated by the conditions 
imposed by the existence of a cutoff wave vector. This 
simplifies both the integration and the results, 

We eliminate the index (1) on the energies: gj 
energies will be taken as containing exchange contribu. 
tions. In order to obtain an idea of the order of magni- 
tude of the exchange effects, we first consider the long 
wavelength limit, where an immediate simplification cap 
be made, and the final result obtained quickly, 


n(x’ —k)—n(x’) (=) 
Nii ae =| —}) ~-—d(E-Ep), (34) 
Ev-n— Ev dE} » a 


where Ey is the Fermi energy. Then in the effective 
mass approximation 


dre? k? 
> A(«,x’) =— E|2- | 
“’ - 3 amen |*-+h2 
m* 
X—46(x’—ke). (3.5 
hk p 


The transition from sum to integral is made: 
> — 1/(2r)* fd’. The integration over x’ and ¢ is 
trivial if we choose x as the polar axis. In the limit 
k—0|«! as well as |«’| is approximately equal to the 
Fermi wave vector, kr. Making this substitution we find 


1, 
vk 


V2 $A 


(kR— 0). (3.6 


As is obvious from the integral equation itself, the 
Coulomb term dominates the exchange term in this 
limit by a factor of the order of (kr/k)*. The effect of 
exchange is exhibited almost entirely in the effective 
mass parameter, and all previous results can be extended 
to include exchange in the long wavelength limit by just 
this modification in the energy spectrum. As k becomes 
an appreciable fraction of the Fermi wave vector, how- 
ever, we would expect the higher order terms to become 
important. As the ratio of Coulomb to exchange terms 
in the denominator of (3.6) is of the order of 10(kp/k} 
we might expect that these terms would cease to be 
negligible in the range of k~ 4kr. Of course, the deriva- 
tion of Eq. (3.6) is not valid for & this large. 

For more general &, it is convenient to eliminate ont 
of the occupation number factors in (2.15) by a trans 
formation of variables: x’—k—> —x’ in the terms I 
volving the factor n(«’—k). 

1 


4 
A(x,%’) = (ire) ( — 
Re lx—x’|?+h, 
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CORRECTIONS TO 
We will take the low-temperature limit for n(x’): m(x’) 
={ for «<hr and n(«’)=0 for «’>kr. We note that it 
is permissible here to reverse the order of integration ; 
that is, we may first average over x on the Fermi sur- 
face. This average affects only the second and third 
terms in the numerator of (3.7). The former of these 


gives 
1 1 1 a+2x 
: fas —_—=——— ]n|-|,__ (3.8) 
dor x—«' +k? A4kpex’ a—2x 
where 
a=1+aP+2?; x=«'/ke; xo=k./kr. (3.9) 


The possible divergence of this integral is prevented by 
nonzero screening; i.e., by the existence of the correla- 
tion hole. The screening wave vector is of the order of 
magnitude of twice the Fermi wave vector, and it is 
easily seen that variation of its exact value from sub- 
stance to substance will have little effect on the results. 
This is fortunate, as our method of introduction of k, 
implies knowledge only of its order of magnitude. The 
other average over « leads to a similar expression. 

The first, or Coulomb term is the only one of the three 
which may be integrated without approximation (ex- 
cept, of course, for the expression of energy as a function 
of wave vector; we take the effective mass approxima- 
tion to be sufficiently valid) : 





lore? 1 2m* 1 

—— ——— ——._ ff d*’ 

RB (nr)? # x’ —k|?—«” 
m*e 2ke+k 2kr | 
=——}[2(kr/k)*— 4} ] In; ———_-|+——},_ (3.10) 
rki?| \2ke—ki ke 


which, as it must, reduces to the result of Bardeen and 
Pines’ in the long wavelength limit. 

The angular integration for the first exchange term 
involves only the energy denominator and is easily 
performed to obtain: 


fe In 


The integral is clearly intractable as it stands. The 
last logarithmic term, involving quadratic functions of x 
in its argument, is the hardest to deal with exactly and 
lortunately is also the more convenient term to expand. 
A convenient expansion parameter is 


m*e? 2kex tk 


——|In 


2k ri— k 


a+2x 


a—2x 


- (3.11) 
drh?h 


2x/a=2x/(1+a?+ax07) <4. 


This power series is then easily transformed into another 
in 1/(1+-x) whose coefficients are polynomials in x. 
This series converges rapidly, especially for small &, and 
tls easy to use in performing the integration. We are 
interested most in the region of small & for at least two 
reasons. First, we would expect the iteration procedure 
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for the solution of the integral Eq. (2.15) to converge 
most rapidly here, for the Coulomb contribution domi- 
nates here, and the matrix elements are independent of 
«x if only this term is kept. That is, if exchange and 
correlation are accounted for only in the energy de- 
nominator, the first approximation for 2, in the iteration 
process gives the complete solution. Secondly, the 
dielectric constant approximation used is most valid in 
the region of small &. 

The integral (3.11) is conveniently expressed in terms 
of u=k/2kr. The result is given to 1% accuracy for u 
less than 1 (a rather weak restriction) by: 





m*e? lxn-tu| ja+2x 
— fax In | ——| In| —— 
Sah?k pu x—U a—2x 
m*e? | 1 xe—u2 \|x+u 
=—__—_—__}— — In|— +] 
Qehk pul ital 2 x—U 


—4iL(1+20*) 2 $ (1+?) ad 


x+u x iz 
| (wn ew +ui( it -)| 
x—U u 33 


x®’—u® \x+u 


+ (1+?) | ———-In 


6 L—-& 


xe te TH | 
+—(=+-=+- )| : 
3\u 3u* 5u5/ J) 
The evaluation of the second exchange term is some- 
what more difficult. We make the change of variable 
«’—k= x". The region of integration in the «’’-space is 
over a Fermi sphere whose center is connected to the 
origin by the vector k. We define yu, as the cosine of the 
angle between k and a vector from the origin to the line 
of intersection of the two Fermi spheres, one of which is 
the region of integration and the other is centered at the 
origin. 


(3.12) 


2kk ruc= x’? —k’— ke’. (3.13) 


If we are considering k<kp 


kp—k 1 
faw — ae f a a) cf du 
0 —! 
kRr+k Ke 
+f x cf iu (3.14) 
kF—k 1 


where we have written cos#’’=y. There is a correspond- 
ing expression for k>kyr. There reappears here the 
cancellation which was obscured by the transformation 
from the integral equation in the form (2.15); this form 
involved a factor of the difference of occupation num- 
bers, restricting «’ to a region near the Fermi surface. 
The first integral in (3.14) is identical to that of the first 
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exchange term except for a minus sign and evaluation at 
kry—k instead of kr. The result (3.12) is then to be 
evaluated at limits x= 1—2u and x«=1. Thus, the total 
effective region of integration is that within a distance k 
of the Fermi surface; virtual processes occur only for 
electrons with wave vectors in this region. This is to be 
expected physically. The final integral is 

m*e? 1+2u 


4ah*k 1—2u 





dx In! In| -}. (3.15) 

a@—2x| | s—= | 
The argument of the second logarithm is complicated 
by the presence of uw a quadratic function of x. We 
found it necessary to approximate the cubic function of 
x, U—Xpe, by the linear function which gave the best fit : 
u+1/2u—(1/2u)x. The first logarithm can be expanded 
as before, and the final result to the same accuracy as 
the term (3.12) is: 


m*e/xiPb| (1x0?) A742 In| (x—u) 2“ | 


— 32 In| x—u| +3 In|z| —3(u—1)x] 

—43L (ita?) ?— § (1 +a0?)*] 

[at In| (a—u)2| — a4 In| x—u| +1n] 2! 

— (w®—1)x—} (uw?—1)x2—4(u—1)2°] 

+3 (1+?) [48 In| (x—u) 2 | — v8 In! x—u| 


+In|2| — (u'—1)x—4(ut—1)x29—4(u®—1)2x° 


z=l+2u 
—4}(w?—1)a4—4(u—1)2°] , (3.16) 
z=1l—2u 
where 
2uz= x— (2u?+1). (3.17) 
To lowest order in u, (3.16) is 
m*e/2xh?k [4 (1+) — 7 (1+-40)?/4 
+23(1+2:?)-*/6], (3.18) 


which is independent of u. When the result (3.12) is 
evaluated between the limits x=1—2u and x=1, it is 
found that the lowest order terms are proportional to u. 
Collecting the results and keeping only constant and 
lower order terms, we have 


v,=04'L1+A (ke/kP—B}, (3.19) 
where 
A=4m*é/xirk rp, (3.20) 
and 
B=}$A {[4(1+208)"—7(1+20)-*/4 
+23(1-+-0?)-*/6]+3}. (3.21) 


This agrees, as it should, to order 1/%? with the previous 
result (3.6). As A/B=5, the constant term gives about 
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a 1% correction to the 1/k* term for k=hky, The 
coefficient of the linear terms in k/kp turns out to be 
somewhat less than B, so that (3.19) is quite accurate up 
to k of the order of $k» or so. 

As indicated in Sec. II, the effect of exchange was ty 
introduce terms into the integral equation which depend 
on the initial electron wave vector, while the effect 9 
correlation was to reduce these terms by the dielectric 
constant. However, one must not then attribute to ¢. 
change alone the expression for B above with %o=0, for 
we have seen that the integrals involving exchange 
terms diverge when xo?—> 0 and several of the series 
expansions would suffer likewise. Exchange and corre). 
tion effects should be considered together; their com. 
bined effect is to increase the scattering—at least for} 
less than the Fermi wave vector. 

Our results are simpler than Bailyn’s due to the two 
improvements we have made and mentioned above 
That is, we have performed averages consistently and 
we have introduced a dielectric constant which js g 
continuous function of wave vector. As Bailyn sug- 
gested, we could improve the approximate expressions 
for E by including a term proportional to x‘ as well as 
the quadratic effective mass term. This, however, con- 
plicates the integrals considerably, and as the resultant 
corrections to the energy curve are quite small (i.e, one 
can fit the actual curve quite well with a quadratic 
function of « in the relatively small region of integr- 
tion), we feel that use of the effective mass approxima- 
tion is justified. 


IV. PARAMETRIC FORMULATION 


In the long wavelength limit we can employ a simpler 
method to determine the strength of the electron- 
phonon interaction. We will use the result of this method 
to verify the result obtained in previous sections in the 
same limit. The present approach also provides an et 
pression for the effective mass parameter which appears 
in the expressions for the matrix elements obtained 
above. 

We consider a crystal in which we treat the Founer 
components of the lattice vibrations independently. h 
the adiabatic approximation, at least for long wave- 
length components, the electrons are able to redistribute 
themselves in such a way that their Fermi level remains 
constant throughout the crystal. Thus the Fermi level 
as defined here may be thought of as being composed 0 
two contributions—the first of which, E(k,), depends 
only on the local electron density, p; it includes the 
effects of exchange and correlation. The second contt- 
bution is of electrostatic origin—the total local charge 
density will not in general be zero—and may be de- 
scribed by a deformation potential, —V (x), where the 
reference energy level is taken to be that at the surface 
of the s sphere appropriate to the density at % 
Then the distribution of electrons is determined by the 
condition E(kr)—V(x)=constant. The requirement 
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CORRECTIONS TO 

that Poisson’s equation also be satisfied will yield the 

desired expression for the interaction matrix elements. 
In the Fermi-Thomas approximation 


3a°p(x) = {2LErt V (x) ]}. 
We would like a more general relationship between p and 
By-including exchange and correlation effects. We 
employ the jellium model of a metal in order to be able 
to make a comparison with the Bardeen-Pines results. 


E(kr) is given® by: 
B(kp)=3.68r, *—0.617,*— (0.44) (r.+7.8)7 
—4(0.44)r,(r,4+7.8)~ ry, 


(4.1) 


(4.2) 


where Wigner’s expression for the correlation energy has 
been employed, and r,, the radius of the s sphere in 
units of the Bohr radius, ao, can be expressed in terms 
of the ion density : 


aor, = (3/4xp)*= (9/4) 41/kp. (4.3) 


As we anticipate that the variation of the electron 
density from the ion density will be small, we treat p in 
the energy expression as the electron density. Taking 
the variation of the condition E(kr)— V=constant we 
obtain an expression of the form: 


5V = (me*/ 2h’) f (po)dp, (4.4) 


where po is the density when no lattice vibrations are 
present. 

We consider the Fourier components of this. We also 
have Poisson’s equation to be satisfied : 


V4°Qr=M 5px. (4.5) 


Since [6V (x) ].= (vx'+04°)qx, the requirement of self- 
consistency yields the relation: 


t=0e'[1+ 207M ,2/me' f (po) | 

= 0,'met f(po)/2h*M 7. (4.7) 
The term in f(po) proportional to po~? when taken alone 
corresponds to the Bardeen-Pines result in the approxi- 
mation in which exchange and correlation effects are 
neglected. If, in fact, we include it alone throughout the 
above treatment, we find exactly the Bardeen-Pines 
result [Eq. (3.9) in their paper]. 

We have used here a very accurate expression for the 
energy, and in the limit where this treatment is valid, 
we are justified in having great confidence in the results. 
We would like, therefore, to compare expression (4.7) 
with the corresponding equation in the treatment of 
Sec. ITI. In the long wavelength limit we may use the 
approximation (3.4). In this way we are at once led to 
the realization that whatever differences exist (to order 
F) in the two expressions may be determined by a 
comparison of (0E/dk)kp and OE pr/dkp. In the former 





‘PF. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940). 
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case we are concerned with the excitation spectrum with 
a fixed number of electrons—or quasi-particles; in the 
latter we must deal with the rate of change of the 
Fermi energy with number of electrons. That these may 
be different is a consequence of the existence of many- 
body effects; the energy of a quasi-particle depends not 
only on its momentum but also on the distribution of 
the remaining quasi-particles. For an investigation of 
the excitation spectrum we may use the values for 
specific heat given by Fletcher and Larson.® As as- 
sumptions have been made concerning isotropy, we 
investigate the ratio (@E/0k)kr/(0Er/dkr) for metals 
which very nearly satisfy this condition—Na and K. 
We find that the ratio is about 1.1 to 1.2; as Fletcher 
and Larson’s calculations are estimated to have an 
accuracy of about 10% the results of the two calcula- 
tions of this paper are seen to be in good agreement. 
Another estimate of the above ratio can be made 
employing the Landau’ model of a Fermi liquid. That 
this model can be used directly for electrons in a metal 
in the approximation of a uniform background charge 
has been shown by Silin.* The difference of the ratio 
from one is found to be small to the order of the differ- 
ence between the reciprocals of the “‘effective mass” and 
the mass as calculated without inclusion of electron 
correlation effects. Thus both masses include corrections 
due to the lattice. As calculations involving only lattice 
effects have produced effective masses which agree very 
well with empirical values, we again expect the deviation 
of the above ratio from one to be small. Indeed, we 
might want to use an expression for v; such as we have 
derived in this section to “evaluate” m* in the formulas 
of Sec. III, especially for smail &. The alternative in- 
volves calculating exchange energies. 

If we consider that the correction to the Bardeen- 
Pines result is small, we may rewrite expression (4.7) in 
a convenient form—in terms of k, e’, vo, the velocity of 
an electron at the Fermi surface, and w,’=4rNe?/m* 
=the square of the plasma frequency for particles of 
mass m*. We take 


M 2=4re/F’, (4.8) 
and 
3m*ve°= Er ~ te -aopo(32)!'p-3. (4.9) 
Then 
vE= ago v ‘L4 (t o/ dw»)? — 0.011 (09/aow p)* 
—0.02[1+-3(7.8+-17,)* ](v0/anw )* ]k*. (4.10) 
The correction terms are of the order of 5%, since 


“10 
vo/(aqw,)~1, at least if m*~m. The terms in brackets 
correspond to 1/(3°~ A(«,x’)) in the other formulation. 
As expected, the previous treatment yields higher order 


§ J. F. Fletcher and D. C. Larson, Phys. Rev. 111, 455 (1958). 

7™L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058 
(1956) [translation: Soviet Phys.-JETP 3, 920 (1957)]. 

8V. P. Silin, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 495 (1957) 
(translation: Soviet Phys.—JETP 6, 387 (1958) ]. 
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terms than this one; it is valid over a wider range of 
momentum transfers. 
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The paramagnetic reSonance spectrum of a manganese-doped single crystal of TiO: in its rutile structure 
was investigated at a frequency of 9.505 kMc/sec at room temperature. The following results were obtained: 
The manganese atoms replace the Ti‘* ions in the rutile and exist as tetravalent ions having a spin value of 
S=3/2 and strong admixtures of covalent bonds to their six oxygen neighbors. The parameters of the spin 


Hamiltonian were determined to be g=1.990, | D| =1 


2.1 kMc/sec, and | EF! =0.388 kMc/sec. Within the 


accuracy of this experiment the magnetic hyperfine structure was isotropic and could be described by 


|A| =215 Mc/sec. 


INTRODUCTION 


ITH only one exception, all previously investi- 
gated paramagnetic resonance data for manga- 
nese in various host crystals could be interpreted with 
the assumption that the manganese atoms exist in the 
crystals as Mn** ions having a spin value of S=5/2. 
For all crystals the splitting of the °S5;2 ground level 
of the Mn** ions due to the influence of the crystalline 
field was so small that the paramagnetic spectra con- 
sisted either of a single hyperfine structure pattern or 
of several strongly overlapped hyperfine structure pat- 
terns, each showing the characteristic six-line splitting 
resulting from the spin J=5/2 of the Mn* nucleus. 
Van Wieringen' and Matumura? systematically in- 
vestigated the behavior of the g factors and the hyper- 
fine structure parameters A for Mn** in various host 
crystals. They showed that the parameter A decreases 
at a rate which is nearly proportional to the covalent 
character of the manganese bond to its crystal neigh- 
bors and that the g factor simultaneously increases 
slightly. Typical values for manganese atoms with 
strong ionic bonds (e.g., Mn-MgF») are g= 2.001 and 
|4|=271 Mc/sec, whereas the resonances of manga- 
nese in ZnSe, which is an example of a Mn** bond with 
strong covalent admixtures, can be described by g= 2.01 
and |A|=180 Mc/sec. 
Mueller’ observed the paramagnetic resonance spec- 
trum of a manganese-doped single crystal of SrTiO; 
and interpreted the spectrum using g=1.994 and 


| A | = 209 Mc/sec. The combination of a relatively small 


1 J. S. van Wieringen, Discussion Faraday Soc. 19, 118 (1955). 
20. Matumura, J. Phys. Soc. Japan 14, 108 (1959). 
3K. A. Mueller, Phys. Rev. Letters 2, 153 (1959). 


A factor and a g factor that is less than two does not 
fit into the scheme of the Mn++ resonances. Therefore, 
Mueller explained the spectrum by assuming that in 
SrTiO; the manganese atoms exist in a tetravalent 
state having a spin value of S=3/2. 

The paramagnetic resonances of a manganese-doped 
TiOz single crystal in its rutile structure are, to a cer- 
tain extent, similar to the resonances of manganese in 
SrTiOs, since, for both spectra, the g and A factors are 
nearly equal; thus Mueller’s conclusions may also be 
extended to the resonances of manganese in rutile. In 
addition, however, manganese in rutile has a large 
fine-structure splitting, so that for most of the crystal 
orientations the hyperfine structure patterns are sepa 
rated from each other. Therefore, the spin value, as 
well as the lattice position of the manganese impurity, 
can be determined in a more direct manner from the 
angular dependence of the resonances. 


CRYSTAL STRUCTURE 


The rutile form of TiO, is a tetragonal crystal be 
longing to the class Dy,.*® The unit cell (Fig. 1) com 
sists of two nonequivalent Ti‘ ions. Each of these Ti* 
ions is surrounded by a slightly deformed oxygen octé- 
hedron, so that the local symmetry of a Ti** site is only 
orthorhombic. Nevertheless, there is overall tetragonal 
symmetry of the rutile crystal, because the surround- 
ings of the two nonequivalent ions differ from one 
another only by a rotation of 90° around the ¢ axis 0! 
the crystal. Thus the paramagnetic spectrum of an 





‘F. A. Grant, Revs. Modern Phys. 31, 646 (1959). on 
5R. W. C. Wyckoff, Crystal Structures Handbook (Interscienct 
Publishers, Inc., New York, 1958). 
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impurity substituting a Ti*t ion should show a peri- 
odicity of 90° as the crystal is rotated around the c 
axis. It should be noted that if the magnetic field lies 
in the (010) or the (100) plane the two Ti** sites become 
magnetically equivalent. 


EXPERIMENT 


The crystal boules, which were grown by the Verneuil 
flame fusion method, were obtained from Linde Air 
Products, New York. In contrast to the Cr- or Fe-doped 
rutile boules, which consisted of fairly large single 
crystals, the Mn-doped boules were composed of many 
small single crystals of different orientations. After the 
largest single crystalline areas of the boules were iso- 
lated by systematic x-ray scanning, the samples were 
cut into cubes approximately % in. on a side. With the 
aid of x-ray orientation, it was possible to cut the 
samples so that the faces of the cube were parallel to 
the (001), (100), or (010) planes, respectively, with an 
accuracy of better than +2°. The concentration of 
manganese was determined by spectrochemical analysis 
to be 0.01% by weight. 

All measurements were performed at room tempera- 
ture with a Varian EPR spectrometer at a frequency of 
9.505 kMc/sec. The crystals, which were mounted in a 
rectangular cavity, were oriented in such a manner that 
the de magnetic ficld could be rotated in either the 
(110), the (001), or the (100) planes. The rotational 
plane of the magnetic field could be specified with an 
accuracy of approximately +2°, whereas the orienta- 
tion of the crystal in the rotational plane of the field 
could be determined to an accuracy of better than 0.5° 
by means of the symmetry properties of the paramag- 
netic spectrum. A NUMAR NMR gaussmeter was used 
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Fic. 1. Crystal structure of TiO: (rutile) and magnetic axes. 
ZAPE= ZBPE=9°; ZDPC= ZAPB=78 
EP=1.99 A; AP=BP=1.89 A. 


for precise measurements of the dc magnetic field; all 
field measurements could be correlated with the re- 
corded paramagnetic spectrum with an accuracy of 
better than +3 gauss. 

Figures 2 and 3 show the magnetic resonance field 
at the center of gravity of the hyperfine structure pat- 
tern as a function of the crystal orientation. Fe** 
resonances, which also observed, have been 
omitted, since the manganese resonances could easily 
be distinguished from the former by the characteristic 
hyperfine structure. 

For most of the crystal orientations the linewidth of 


were 


YX z 
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_ Fic. 2. The points shown in the 
figures are the observed resonances 
at 9.505 kMc/sec. The solid lines 
represent the theoretical resonance 
fields for the parameters stated in 
the text. 0 is the angle between the 
Z axis and the magnetic field H; 
@ is the angle between the X axis 
and the projection of the magnetic 
field H in the XY plane. 
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Fic. 3. The points shown in the figures are the observed reso- 
nances at 9.505 kMc/sec. The solid lines represent the theoretical 
resonance fields for the parameters stated in the text. In the 
figure for S=5/2 the value E/D=0.333 has been used instead of 
the E/D value stated in the text. @ is the angle between the Z 
axis and the magnetic field H. 


the resonances varied between 2 and 8 gauss. The line- 
width data and the slope of the calculated curves of the 
energy levels versus magnetic field were used to obtain 
a typical value of T,=1.610- sec for the relaxation 
time. 


RESULTS 


By observing a 90° period (Fig. 2) of the paramag- 
netic spectrum while turning the crystal around the c 
axis, one may conclude that the manganese atoms have 
actually replaced the Ti* ions in the rutile crystal. 

The crystal field at the location of the manganese 
atom has orthorhombic symmetry, so that the spin 
Hamiltonian,® which describes the lowest energy levels, 
should contain at least the following terms: 


x= g6H-S+D[S2—1/35(S+1)] 
+E(S2—-S,)+AS8-1. (1) 


The axis of quantization Z was chosen parallel to the c 
axis of the crystal, because the E/D ratio for manganese 
assumes its smallest value in this direction. The mag- 
netic axes X, Y, Z and X’, Y’, Z’ of the two nonequiva- 
lent positions of the manganese atoms in the rutile 
lattice are shown in Fig. 1 in their relation to the direc- 
tions of the crystal axes. 

The displacement of the center of each hyperfine 
structure complex, according to second-order con- 
tributions of the hyperfine structure interaction, is 


*B. Bleaney and K. W. H. Stevens in Reports on Progress in 
Physics (The Physical Society, London, 1953, Vol. 16, p. 107. 
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approximately 5 gauss at X-band frequencies,? For 
most of the crystal orientations, this displacement lies 
well within the limits of experimental error, so that 
one may neglect hyperfine structure contributions oj 
second order during the evaluation of the experi- 
mental results. Under this assumption each center of 
the hyperfine structure patterns can be described solely 
by the g, D, and E terms of the spin Hamiltonian, — 

Because of a large D parameter, the zero-field split. 
tings of manganese in rutile are well above X-band 
frequencies and, therefore, cannot be used for the 
determination of the spin value in this experiment, 
With the exception of very few crystal orientations, al 
resonances that can be observed at 9.505 kMc/sec must 
be correlated with transitions between energy level, 
which may be characterized by the quantum number 
+m and —™m, respectively, for the limit of a small £/p 
ratio and the magnetic field H parallel to the ¢ axis, 
Since the hypothetical +5/2— —5/2 transition js 
highly forbidden for this orientation of the magnetic 
field, the number of resonances for H|\c also cannot be 
used to establish the spin value unambiguously, At 
X-band frequencies the spin value of manganese in 
rutile can be derived most directly from the angular 
dependence of the resonances. 

Peculiar to the manganese resonances is the almost 
perfect mirror symmetry of the spectrum in the Z/ 
plane with respect to @=45° (Fig. 3). The nonsym- 
metrical curves of Fig. 3 refer to the other ion of the 
unit cell, and represent a @ variation in the ZX plane.’ 
The following consideration is concerned with the 
problem of establishing a relationship between the pa- 
rameters of the spin Hamiltonian, which can explain 
the observed symmetrical behavior of the resonances. 
The result, as one would expect, will be shown to be 
independent of the spin value. 

In order to establish the parameter relationship, it 
useful to change the direction of the quantization axis 
Z from the ¢ axis of the crystal to the direction of the 
magnetic field. The transformation may be carried out 
in one of two equivalent ways: Either the operators of 
the spin Hamiltonian may be transformed, or the ma- 
trix of the Hamiltonian may be transformed to 
[D.”™’ (a,8,y) |LD,”"" (a,8,y) }t, where a, 8, and y ate 
the three Euler angles, describing the rotation of the 
original coordinate system to the new one, and s is the 
dimensionality of 5¢.° The first method is preferable 
in the present problem, because this transformation 
independent of the spin value. 


7 This estimate is only valid for transitions between enetg) 
levels that are not nearly parallel to each other in their functional 
relationship to the magnetic field. p 
8 For this identification of the rotational planes of the magnet 
field, the sign of E/D has been arbitrarily chosen to be positive. 
9M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, and Chapman and Hall, Ltd 
London, England, 1957). 
A. R. Edmonds, Angular Momentum in Quantum Mecham 
(Princeton University Press, Princeton, New Jersey, 199/)- 
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Tasie I. Elements of rotational matrix and components of irreducible tensorial operator used in transforming the spin Hamiltonian. 
ie m D*™ (a,8,0) Do™ (a,8,0) D.-*™ (a,8,0) T” 
78 +e~2@(1-4+-cos8)?/4 + (3/8) sin’ +e'2#(1—cosg)*/4 Ss, 
1 — ¢~ ‘2 sinB(1+cosf) /2 + (3/2)% sin8 cos8 +e¢ sin8(1—cos®)/2 _ irae a) 
0 +e~'2@(3/8)4 sin’8 +43 cos*8—1] +-e'2« (3/8)? sin’B (2/3)§(3S2—S? 
sf —¢~ ‘2a sinB(1—cos8) /2 — (3/2)+ sin8 cos8 +e'2« sin8(1+cosf) /2 [S_S,+S,5_] 
~? + (3/8)* sin’s +e'@(1-+cos8)?/4 S23 


+e¢7"22(1—cosf)*?/4 





—_ = ———— — = 


The transformation of the operators can be per- 
formed easily if the spin Hamiltonian is expressed in 
tems of components 7” of irreducible tensor opera- 
tors. By definition, the components transform under a 
rotation of the coordinate system as follows?-"': 


Ti" =>-m D?™ (a,8,y) Ti". (2) 


The symbols are as follows: /=rank of the tensor opera- 
tor; Di" (a,8,y) = rotational matrix of rank 2/+1." 

Since the term g8S-H of the spin Hamiltonian (1) 
can be expressed as the scalar product of two tensor 
operators of rank 1, the form of this expression is in- 
variant under a rotation of the coordinate system; the 
Dand E terms of the spin Hamiltonian (1) can be ex- 
pressed in terms of tensor components of rank 2, which 
are listed in Table I: 


D[S2—1/38(S+1)]+E(S2—S,?) 

=(1/6)!DTY+3E(T?+T2*). (3) 
For a rotation of the magnetic field in the (110) plane, 
transformation (2) is determined by the following three 
Euler angles: 8 is identical with the polar angle 6 be- 
tween magnetic field and c axis; a equals 0° or 90°, de- 
pending upon which of the two nonequivalent lattice 
sites is being considered; and y is identically zero. By 
use of the explicit expressions given in Table I, the 
spin Hamiltonian (1) transforms to 


X(@)=[D(1—3/2 sin?@)+3/2E sin’é ] 
X[S2—1/3S(S+1)]—43(D¥E) siné cosé 
X({(S4,+S_)S,4+-5.(S5,+3S_)] 


+4(D sin%+E(1+cos*) ](S42+S_2). (4) 


In the sign combination of Eq. (4) and the following 
equation (5), the upper sign corresponds to a=0°, the 
lower sign to a=90°. For a=0° and 3E=—D, as well 
as for a=90° and 3E=+D, Eq. (4) changes to the 
simpler form 


KO)=D cos26LS.2—1/3S(S+1) ] 
+E sin20[(S,+S_)S.4+S,(S,+S_)] 


+E cos20(S,2+S_*). (5) 


ua - . + . . ° 

: G. Racah, Irreducible Tensorial Sets (Academic Press, Inc., 
New York, 1959). 

a , P 
It should ‘be noted that Ty” are tensor components in the 
otated coordinate system; because Dy””’(a,6,y) is a unitary 
matrix, the inverse transformation is given by 


T;"= =D" (a,B,y) |* Ty’. 


The matrix elements of this Hamiltonian satisfy the 
condition 


[3C (8) ln, m= —[5C(90—8) ]_m, —m’- (6) 


As a consequence of Eq. (6) the energy levels of the 
Hamiltonian 3C(@) differ from those of the Hamiltonian 
5K(90—@) only by a factor —1, so that the transitions 
between two energy levels are exactly the same for both 
orientations of the magnetic field. A similar behavior is 
depicted by the calculated energy levels of manganese 
in rutile (Fig. 5), because the £/D ratio differs only 
slightly from 1/3. A 

Since it is known, from the symmetrical behavior of 
the resonances in the ZY plane, that the E/D ratio is 
very close to 1/3 independently of the spin value, the 
comparison of the angular dependence of the resonances 
for different spin values can easily be performed. The 
right side of Fig. 3 depicts the @ dependency of the 
resonances in the ZY plane for S=5/2 and for the 
parameters E/D=1/3, D=12.1kMc/sec, and g= 1.990, 
Only the transitions 1— 2, 3-4, and 5—6 are 
shown, because these transitions are comparatively 
independent of a variation of the parameter D at large 
D values. The numbers of the energy levels refer to the 
order of ascending energy. The 5 — 6 transition starts 
for 6=0° at field strengths below 1000 gauss, and its 
intensity is more than ten times weaker than the strong 
transitions for S=5/2. The comparison of these results 
with the measured and theoretical curves for S=3/2 
in Fig. 3 proves that the electronic configuration of 
manganese in rutile must be described by S=3/2, be- 
cause the curve whose symmetry behavior is equivalent 
to the 5—> 6 transition for S=5/2 starts above 1000 
gauss with strong intensity. The spin value of S=3/2 
indicates that the manganese atoms in rutile exist in a 
tetravelent state. 

For H||Z the solutions of the secular determinant of 
the spin Hamiltonian (1) can be written explicitly : 


Woi=+38H+[ (g8H+D)+3E}\, 
W32=- }g8H+[(g8H —D)+3E }. 


(7) 


The form of the transformed spin Hamiltonian (4) 
shows that these equations may be extended to H||X 
and H||Y if one changes D and E in Eq. (7) to the cor- 
responding terms of the spin Hamiltonian (4). In order 
that the eigenvalues of the spin Hamiltonian (1) could 
be calculated for an arbitrary orientation of the mag- 
netic field, the secular determinant was developed in 
the form: 
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Fic. 4. Energy levels of manganese in rutile for various 
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magnetic field orientations in the X Y plane. 


0=W'*—W°[S (g3H)?+2D°+6E] 
+W (g8H)?(2D—6D cos’*@—6E sin*é cos2¢) 


+ (D?+3E’)?+ 35 (g8H)'+ 3 (g8H)?(D?—6D* cos*é 
+9? cos26+12DE sin’6 cos2¢). 


The symbols are as follows: W=energy, 0=angle be- 
tween Z axis and magnetic field, and ¢=angle between 
X axis and the projection of the magnetic field in the 
XY plane. The linear term of Eq. (8) vanishes for 


E/D=}3(1—3 cos*@)/sin6 cos2¢. 


(8) 


(9) 


In this case the solutions of Eq. (8), which can be ob- 
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Fic. 5. Energy levels of manganese in rutile for various 
magnetic field orientations in the ZY plane. 


ANDRESEN 


tained explicitly, indicate that the difference between 
energy levels 1 and 2 is equal to the difference between 
levels 3 and 4. Thus the Z£/D ratio can be determine 
independently of the other parameters of the spin 
Hamiltonian, provided there is a superposition of the 
two transitions 1 — 2 and 3-4. These superpositions 
were actually observed for two different crystal orients. 
tions at €=71°, ¢=18.5° and 6=82°, ¢=3°. The By/p 
ratios, which were calculated by means of Eg, (9) 
agreed within the limits of error with the value found 
by a more accurate method described below. The more 
precise E/D ratio was derived from the difference be. 
tween the magnetic fields H,= 3295 gauss and Hy=3475 
gauss, attributed to the transitions 1— 2 and 34 
at @=90° and ¢=0°. By changing D and E in Eq. (7 
to the corresponding terms of the spin Hamiltonian (4 


for H||X, expanding, where possible, the square roots 
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Fic. 6. Energy levels of manganese in rutile for various 
magnetic fields orientations in the ZX plane. 


to first order,” and utilizing the fact that both trans- 
tions were measured at the same frequency, one may 
obtain the equation 


H.—H,= (3E/D—1)D{ A (g8H,)°+3(E+D¥ 7° 
+ Hf (g8H2)?+3(E+D) Fy. (10 


This relationship is very useful for an accurate deter- 
mination of the ratio E/D, provided the E/D rato 
differs only slightly from the value 1/3. The g factor 
could be determined most accurately from the 3-4 
transition at 1247 gauss and @=0°. The parameter D 
was determined by fitting the solutions of Eq. (8) © 
the resonances that show a minimum at 6=45° in the 
ZY plane (Fig. 3). These resonances are related to the 
2— 3 transition and are, therefore, sensitive to any 


13 The expansion of the roots is based on the assumption 


| (3E—D)[i(3E—D)+g8H | « (g8H)?+3(E+D)*. 
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ELECTRON PARAMAGNETIC 


variation of the parameter D. The results are 


¢=1.99040.003, | E/D| =0.321-+£0.001, 
|D| =12.1+0.1 kMc/sec. 


Using these values, Eq. (8) was solved numerically on a 
Burroughs 220 digital computer; the resulting energy 
levels are shown in Figs. 4, 5, and 6 for different crystal 
orientations as a function of the magnetic field. The 
centers of a!l observed hyperfine structure patterns 
(Figs. 2 and 3) agree with an accuracy of better than 
1% with those predicted by Eq. (8). 

The hyperfine structure pattern consists of at least 
six lines, resulting from the spin value J=5/2 of the 
Mn® nucleus. At some crystal orientations five addi- 
tional lines, occurring about halfway between the six 
main lines, were observed. These lines may be attributed 
to “forbidden” transitions |AM|=1, |Am|=1. Along 
the three magnetic axes X, Y, and Z, the over-all 
splitting between the outer lines of the hyperfine struc- 
ture pattern was determined to be 390, 379, and 390 
gauss, respectively. Because of the apparent anisotropy, 
the hyperfine structure interaction should be described 
by a term A2S2J2+A,S,J,+A,S.J;. Along the three 
magnetic axes, the over-all splitting, in the first approxi- 
mation, is independent of the parameters D, E, and the 
magnetic field H, and is given by the terms (5A ,/g@), 
(5A,/g8), and 5A./g6, respectively. However, since the 
resulting parameters |A,|=218 Mc/sec, |A,|=211 
Mc/sec, and |A,|=218 Mc/sec indicate only a small 
deviation from isotropy, one may describe, within the 
accuracy of this experiment, the hyperfine structure 
interaction by an isotropic term AS-I with | A|=215 
Me/sec. It seems worthwhile, however, to analyze the 
hyperfine structure more precisely, especially since the 
“forbidden” transitions are comparatively sensitive to 
a nuclear quadrupole interaction. 


DISCUSSION 


The Mn** ion has the same electronic configuration 
as the Cr ion. Comparing the paramagnetic data of 
both ions when they replace the Ti** ions in the rutile 
crystal, one observes two essential differences: Sub- 





“HL J. Gerritsen, S. H. Harrison, H. R. Lewis, and J. P. 
Wittke, Phys. Rev. Letters 2, 153 (1959) 


RESONANCE OF Mn IN TiO, 1611 
stituting Mn** instead of Cr*+ for a Ti** ion in the 
rutile crystal results in a slightly different distortion 
of the surrounding oxygen octahedron, since the 
smallest E/D ratio of Cr** is correlated with the Z 
axis parallel to the [110] direction, whereas the E/D 
ratio of Mn** is smallest for Z|\c. The g factor of Mn*+ 
(1.99) is considerably larger than the g factor of Cr*+ 
(1.97); it is nearly the same as that of Cr!'(3d*) in the 
[Cr(CN)¢ |** complex,'® where strong covalent bonding 
is present. Therefore, one may assume that manganese 
in rutile also has strong admixtures of covalent bonds, 
so that the notation Mn!V(3d*) instead of Mn**+ is more 
appropriate. This is confirmed by the comparatively 
small hyperfine structure parameter | A | = 215 Mc/sec,!? 
since one can show that Mn‘ should have at least 
a hyperfine structure parameter of 365 Mc/sec or 
larger, assuming that the bonds of Mn* and Cr*+ 
in rutile are exactly equivalent. This estimate can 
easily be made if one takes into consideration the well- 
known hyperfine structure splitting of (Cr**)** in 
rutile,“ the different spins and magnetic moments of 
the Mn® and Cr* nuclei, and the contraction of the 
electron orbits of Mn** due to the higher effective 
charge. Manganese in rutile is another example which 
proves that a tetravalent atom has stronger covalent 
bonds than a trivalent atom with the same electronic 
configuration and in the same lattice position.'® This 
fact also increases the possibility that the Ti bond in 
rutile is not completely ionic, but has additional ad- 
mixtures of covalent bonds.'? 
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The spin-wave spectrum of yttrium iron garnet is treated using a Hamiltonian involving nearest-neighbor 
a-a, d-d, and a-d isotropic exchange interactions. Values of the exchange constants are estimated frora the 
molecular field constants of Pauthenet. Anisotropy and magnetic dipole-dipole interactions are neglected. 
Twenty spin-wave modes are found, and their energies calculated at points of cubic symmetry in k space. 
The dispersion relation of the single “acoustical” spin-wave mode is found to agree with the value previously 


reported by Meyer and Harris. 


INTRODUCTION 


QUANTUM-MECHANICAL spin-wave treat- 

ment of the ground and low excited states in 
antiferromagnets has been given by Anderson, using 
a set of approximations whereby the z components of 
spin operators are expanded in terms of the transverse 
(x,y) components. His treatment depends upon, and 
provides some justification for, the approximation of 
the antiferromagnetic ground state by a simple arrange- 
ment in which spins on different sublattices are anti- 
parallel. This scheme was used by Kaplan in a calcula- 
tion of the spin-wave spectrum of a normal spinel 
ferrite.2 Previous semiclassical calculations had given 
the dispersion relations of the two modes of lowest 
energy.** We have used the approximations of Anderson 
in calculating the spin-wave spectrum of yttrium iron 
garnet (YIG). 

YIG has a body-centered cubic lattice. The conven- 
tional cubic unit cell contains 40 magnetic Fe** ions 
distributed over 24 d sites and 16 a sites. Neutron 
diffraction and saturation magnetization experiments 
show that spins on a and d sites point in opposite 
directions. It has been shown that, on the basis of the 
theory of Yafet and Kittel, canted spins should not 
occur in the ground state.> References and a further 
description of the structure are given by Geller and 
Gilleo.® 

There is believed to be an antiferromagnetic super- 
exchange interaction between nearest-neighbor Fe** 
ions on nonequivalent sites.* Antiferromagnetic coupling 
of neighboring Fe** ions on equivalent sites is also found 
experimentally.’ We shall assume that all interactions 
are isotropic, and are confined to nearest-neighbor pairs 
on equivalent and on nonequivalent sites. 


METHOD OF CALCULATION 


We assume the presence of a magnetic field in the 
z direction with which the spins interact through their 


* This work was supported by the National Science Foundation. 

1 P. W. Anderson, Phys. Rev. 86, 694 (1952). 

2 T. A. Kaplan, Phys. Rev. 109, 782 (1958). 

3H. Kaplan, Phys. Rev. 86, 121 (1952). 

‘J. S. Kouvel, Technical Report 210, 
Harvard University, 1959 (unpublished). 

5 P.-G. de Gennes, Phys. Rev. Letters 3, 209 (1959). 

® S. Geller and M. A. Gilleo, J. Phys. Chem. Solids 3, 30 (1957). 

7R. Pauthenet, Ann. phys. 3, 424 (1958). 
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magnetic moments w,= — 2uzS;, and along which they 
are quantized. The Hamiltonian takes the form 


KR=> > J ySi-S;+2ueHd)S,,. (1) 


Each index is summed over all spins in the crystal, s0 
that each pair interaction occurs twice in the double 
sum. The exchange constant J;; takes on the values 
Jaa, Jaa, Jaa, OF zero, depending upon the relative 
locations of the ith and jth spins. Following Anderson, 
we approximate the z components of the spin operators 
as 


Sj.=M{S—(Sj2+Sj2—S)/2S]. (2) 


This should be a rather good approximation for YIG, 
since S= 3 is large. Only terms quadratic in spin oper- 
ators are retained in the Hamiltonian. To the same 
degree of approximation we may use the commutation 
relation 


[ Sj2)Sxy |= iM jbj.S. (3) 


In Eqs. (2) and (3) the factor M; is plus one if j desig- 
nates an a site, minus one if 7 designates a d site. 
Now consider the operators defined by 


Aust = (2SN)AY je!*¥its;(Sjet+iSj,), 
[. 1x, yt ]=opbux’ 5ga’, (5) 


and the adjoint of Eq. (4). Here r; is the position of 
the jth spin, k is one of N wave vectors which are 
uniformly distributed throughout the first Brillouin 
zone, and N is the number of primitive unit cells in 
the sample. The subscript 8 will designate the different 
spin-wave modes. The coefficients £; are the same for 
two spins which occupy identical sites in different 
primitive unit cells, and Eqs. (3), (4), and (5) imply 
the orthonormality condition, 


+ * = 
DsM jéB; £3-3= — ods", (6 


where the sum is over different sites in the primitive 
cell. The sign factor og will, according to (4) and (9); 
determine whether the excitation of the Sth spin-wave 
mode increases or decreases the z component of total 
angular momentum. 

Using relation (6), we can invert (4) to obtain the 
spin operators as functions ofthe Axg and their ad joints. 
Upon substitution of these functions, the Hamiltonian, 
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SPIN-WAVE SPECTRUM 


apart from constant terms, will take on the diagonal 
form 
=D Le S[hwe(k) +o s2unHz 

X (AxnpAugt+AxstAns), (7) 


provided the £6, are properly chosen. The §sj must be 
components of the eigenvectors of a Hermitian matrix 
whose structure depends upon the spin couplings in the 
primitive unit cell. The dimension of this matrix is 
equal to the number of magnetic ions in the primitive 
cell; hence, we get as many modes as we have magnetic 
ions in the primitive cell. For a body-centered cubic 
lattice, the primitive cell has half the volume of the unit 
cube, so YIG has 20 modes. It is possible to satisfy the 
orthogonality requirement (6) and simultaneously to 
diagonalize this matrix; the solution gives the coeffi- 
cients £g;, the sign factor og, and the frequencies wg(k). 
There is no guarantee that the frequencies are all posi- 
tive, since the matrix is not positive definite, but the 
occurrence of negative frequencies would indicate a poor 
choice for the ground-state alignment. 

In the present calculation the problem has been 
treated in terms of a simple cubic lattice, and the con- 
ventional cubic unit cell was used as a primitive cell. 
Thus, there were 40 modes, and the Brillouin zone had 
half the volume of the one appropriate to the bcc lattice. 
The same eigenvalues occur in both approaches, though 
half of the energy surfaces near k=O on the sc picture 
would appear near the corners of the first Brillouin zone 
on the bee picture. 

Since the matrix reflects the symmetries of the space 
group of the crystal, the problem of solution is simplified 
for wave vectors lying along the (111) direction of k 
space. The eigenvectors must then transform according 
to irreducible representations of that part of the space 
group which leaves this direction unchanged.* The com- 
ponents £s;(k) are thus restricted to such an extent 
that it was possible to solve the eigenvalue problem 
algebraically for all 40 modes at k=0. 

A formal perturbation solution shows that the energy 
ofa mode which is not degenerate at k=0 is expressible 
a8 a power series in components of k. The cubic sym- 
metry of the problem restricts this series to the form, 
wa(k)=«9(0)+A pk?+-O(k'). The functional form of the 
energy of modes degenerate at k=O has not been 
determined. 


RESULTS 


The dispersion relation of the single acoustical spin- 
wave mode was found to be 


Winn = (5/16) (SJ aa—8J ca— 3 aa) (ka)?+O(ka)*, (8) 


where a= 12.3 A is the lattice constant and the exchange 


constants are as given in the Appendix. The same result 
—— 


9 Geenciaert R. Smoluchowski, and E. Wigner, Phys. Rev. 
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has been recently reported by Meyer and Harris.® For 
k=0 the components of the eigenvector £; are all equal 
and o,;=1, which is consistent with the usual picture 
of ferromagnetic spin waves."® 

The dispersion relation (8) can be simply derived by 
expanding the Hamiltonian (1), now taken as the energy 
of a system of classical spins, for small deviations from 
perfect spin alignment. Thus we obtain the Landau 
exchange stiffness A which occurs" in the phenomeno- 
logical dispersion relation #w;= 2A k*/ (spin per unit vol- 
ume). Using values inferred from the molecular field 
constants for the exchange constants, the results are 


A= (5J aa—8J aa—3J aa) S?/2a= 2.2K 10 erg/cm. 


( 
ho, = BAR? /4S=4.1K 10-2? erg. ©) 

Experimental values of A result from measurements 
of the spin-wave contribution to low-temperature heat 
capacity. Expressed in terms of A, the results reported 
thus far are 2.5 10~7 erg/cm,® 2.7X10~ erg/cm," and 
4.3X10~ erg/cm,” the last value being derived from 
measurements made at a single temperature. The total 
specific heat results differ considerably from one another, 
and it has been suggested that the larger specific heats 
(and smaller A’s),are the result of magnetic impur- 
ities.*-"? Although present results are somewhat am- 
biguous, the theoretical value is at least seen to be of 
the correct order of magnitude, and any discrepancy 
is probably due to inaccuracies in values of the J’s. 

Since our assumption that the a-a and d-d interactions 
are between nearest neighbors on equivalent sites seemed 
rather arbitrary, it was thought to be of interest to 
repeat the calculation using next-nearest neighbors. The 
simple classical calculation showed that the new results 
are obtained by multiplying the coefficients of Jaq or 
Jaa by 8/3 or 7/3, respectively, in formulas (8) and (9). 
These factors include the changes in values of exchange 
constants, i.e., we should still use the exchange con- 
stants given in the Appendix. On the basis of this model 
then, large interactions between next-nearest-neighbor- 
ing spins on equivalent sites seem unlikely, since they 
lead to very low values of A. 

The other modes have finite energy at k=0. The 
simplest of these has energy fAw2= 10/4. The frequency 
we is equal to the exchange resonance frequency derived 
for a ferrite by Kaplan and Kittel using a two-sublattice 
model.'* The components of the eigenvector £ take the 
values £2, and og for a and d sites, respectively, where 
3éoa= 2b; and a2= —1. The exchange resonance is not 
expected to be directly observable, due to the equality 
of gyromagnetic ratios of spins on a and d sites. 

The remaining energy eigenvalues are given in Table 


®H. Meyer and A. B. Harris, J. Appl. Phys. 31, 49S (1960). 

0 C, Herring and C. Kittel, Phys. Rev. 81, 869 (1951). 

DZD). T. Edmunds and R. G. Peterson, Phys. Rev. Letters 2, 
499 (1959). 

2 J. E. Kunzler, L. R. Walker, and J. K. Galt, Phys. Rev. 119, 
1609 (1960). 

13 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 760 (1953). 
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Taste I. Spin-wave energy levels at the center and extreme corners 
of the first Brillouin zone of the bcc lattice. 


No Ne os hug 

1 0 + 0 

1 0 10J aa 

1 0 + 20F aa—40F aa 

2 6 + 20J aa— 30T aa 

3 0 + 20J aa— 20 aa 

2 0 + 20 aa nes 10 ga 

1 0 — 30S aa— 80 aa 

3 2 _ 30F aa— 40 ac 

3 0 _ 5U t+ (S5Jaa+10Saa— 20S aa)" 
3 0 ao 5U*— (5Jaa+10Jaa— 20S aa)* 
0 6 - 5V4+ (STaat+SJaa—20I aa)” 
0 6 + 5Vi— (SJaat+ 5Jaa—20I aa)” 


{i 7J ad? —20JI ad( J dd +25 aa) +4 (J da +25 a0)? ). 
L17Jad® —10J ad(J ad +45 aa) + (JS dd +4J aa)? ). 


U 
bY 


I, along with their degeneracies at the center (mo) and 
corners (m.) of the first Brillouin zone of the body- 
centered cubic lattice, and sign og of the unit contribu- 
tion of the spin wave to the z component of angular 
momentum of the sample. Some modes have energies 
which do not depend upon Jaq. The excitation of these 
modes involves distribution of a unit spin reversal over 
the d sites, since those components of the eigenvector 
which refer to @ sites are zero. Corresponding modes 
occur in which spins on d sites are unaffected and the 
energy does not depend upon Jag. Other modes involve 
excitation of spins on both a and d sites. The large 
numerical coefficients seem reasonable in view of 
the fact that the Hamilton (1) gives energies of 
(30) ga—40J aa) or (20Jga—20J aa) for a localized unit 
spin reversal on an a or d site, respectively. 
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APPENDIX 


R. Pauthenet finds that the paramagnetic suscepti- 
bility of YIG can be explained if we assume that in the 


DOUGLASS 


absence ofan applied magnetic field the spins are acted 
upon by the following molecular fields, where j, or is 
designates the magnetic moment of a mole of Fe ions 
on a or d sites, respectively’: 


H,= — 88j,—6(46.6)ja; 
Hu= —4(46.4)jo—80jz. (A) 
Letting uw; be the magnetic moment of the ith ion 
we may write the energy of the system of spins in terms 

of these fields: 
H=—} Divi Hi. (A.2) 


> 


The Hamiltonian (1) may be written in the following 
io] 
form: 


K= Doi wi Li (is/ 48") yy. (A3) 


In Eq. (A.3) we may put Vow.=Jja and Nowa=ja, where 
No designates Avogadro’s number. Letting 244 be the 
number of nearest-neighbor d sites about each a site, 
etc., a comparison of (A.2) with (A.3) gives 


H,= = Guat ox 2us’No)J - (ZaaJ ad 2urNo)ja; (Ad 

Ha= — (Za0J da 2us’No)Ja— (ZaaJ aa/ 2B? No)ja. 
Comparison of (A.1) with (A.4) gives the exchange con- 
stants in terms of the molecular field coefficients. For 
YIG we take Zaa=8, Zaa=6, Zaa= Zaa=4, giving 


Jaa=Jan=4.8X10- erg, 
Ja=1.1XI0 erg, (A5) 
J aa= 21X10"! 


erg. 
These values agree with those quoted by Meyer and 
Harris.’ 

Note added in proof. After this paper had been sub- 
mitted, the author became aware that a similar calcule- 
tion had been performed by L. R. Walker. Walker's 
results, which have not been published, agree with those 
of Table I. However, he has derived the exchange con- 
stants from a fit to the spontaneous magnetization curve 
rather than the paramagnetic susceptibility, thus ob- 
taining somewhat different values. 








pHY: 


heliui 
condi 
in el 
densi 
prodt 
nism 
densi 
dono’ 
dono 
Mi 
incre 
and 
chan 
for a 
By 
depe! 
lishes 
the | 
elect 
deter 
the « 


rr 
the I 


nolog 
of Do 





Cted 
Mr jy 
ions 


con- 


For 





1 


' . ‘ 
pHYSICAL REVIEW VOLUME 


120, 


NUMBER 5 DECEMBER 1, 1960 


Recombination of Electrons and Donors in n-Type Germanium*}{ 


G. ASCARELLI§ AND S. C. Brown 
Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received july 18, 1960) 


This paper describes a study of the recombination of electrons and donors in n-type germanium at helium 
temperatures. The excess electron density is obtained by means of low-temperature breakdown. Experi- 
mental results indicate that the recombination probability varies approximately with the inverse of the 
square of the temperature. Recombination light was detected. The origin of the disagreement of the present 
measurements with those published by S. H. Koenig is discussed, and evidence is given to explain the dis- 
crepancies between the two measurements. The magnitude of the recombination cross section appears to 
depend on the binding energy of the electrons to the donor impurities, but large errors that are present 
in the determination of N44 are responsible for a large uncertainty in the absolute magnitude of the cross 


section. The cross sections vary from 10~" to 10~™ cm?. 


I. INTRODUCTION 


HEN a sufficiently large electric field (~5 v/cm) 
is applied to a sample of germanium at liquid 
helium temperatures, the density of electrons in the 
conduction band increases rapidly for small changes 
in electric field. The rate of change of the electron 
density is determined by the interplay of electron- 
production and electron-loss mechanisms. The mecha- 
nism responsible for the increase in the free electron 
density is impact ionization of electrons bound to 
donor impurities. The recombination of electrons with 
donors is responsible for the electron loss mechanism. 
Many workers have observed the above-mentioned 
increase of the electron density.'~6 In particular, Sclar 
and Burstein* proposed an equation to describe the 
change in the electron density as a function of time, 
for a constant electric field. 

By showing that the “breakdown” field was in- 
dependent of sample size, Sclar and Burstein*® estab- 
lished that diffusion of the electrons to the surface of 
the crystal was not the mechanism responsible for 
electron loss. Two additional mechanisms could 
determine the rate of loss of electrons in the bulk of 
the crystal: direct electron donor recombination with 

*This work is based on a thesis presented by G. Ascarelli to 
the Department of Physics, Massachusetts Institute of Tech- 


nology, in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. 

_} This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 
} This work has been partially reported in Bull. Am. Phys. Soc. 
4,227 (1959); Bull. Am. Phys. Soc. 5, 194 (1960). ; 

$Now at Department of Physics, University of Illinois, 
Urbana, Illinois. 

'E. J. Ryder and W. Shockley, Phys. Rev. $1, 139 (1951). 

*E. J. Ryder, I. M. Ross, and D. A. Kleinman, Phys. Rev. 95, 
i342 (1954), 
. N. Sclar, E. Burstein, W. J. Turner, and J. W. Davisson, Phys. 
ev. 91, 215(A) (1953); also N. Sclar and E. Burstein, J. Phys. 
and Chem. Solids 2, 1 (1957). 

‘E. Burstein, J. W. Davisson, W. J. Turner, E. E. Bell, and 
H. G. Lipson, Phys. Rev. 93, 65 (195 a 

ws) Darnell and S. A. Friedberg, Phys. Rev. 98, 1178, 1860 
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Solids 2 268 se G. R. Gunther-Mohr, J. Phys. Chem. 
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or without the emission of light, and impact recombina- 
tion in which two electrons collide with a donor—one 
of them recombines, and the other is responsible for the 
removal of the momentum of the recombining electron. 
This last mechanism is, according to Moss,’ responsible 
for the recombination of photocarriers in PbS; these 
measurements were made by means of the photoelectro- 
magnetic effect. We shall show that impact recombina- 
tion is unimportant in germanium of high purity. 

Many workers have attempted calculations of first- 
order processes that could be responsible for the direct 
electron donor recombination. Sclar and Burstein*® 
calculate the probability of recombination of an electron 
with a donor with the emission of light. Their calcu- 
lation is based on scaling the classical resu!t for the 
hydrogen atom to a hydrogen-like model of the ground 
state of the donor. The calculation predicts a re- 
combination probability a whose dependence on 
temperature is proportional to 7~}. 

Gummel and Lax*” calculate a cross section for 
recombination with the emission of one phonon; the 
dependence of the corresponding cross section is 
proportional to T7—'. Both of the cross sections predicted 
by these calculations are much smaller than those found 
experimentally. Lax" used a semiclassical model 
similar to the Thomson" scattering in a gas, by means 
of which an electron is initially captured in a highly 
excited state of the donor by the emission of a phonon. 
After that, the electron can either absorb a phonon 
and be excited back into the conduction band or emit a 
phonon falling into a more tightly bound donor state; 
this process repeats itself, and the electron slowly 
diffuses into the ground state. When the binding energy 
of the electron is of the order of kT its final capture is 
practically assured, and the remaining steps may take 
place with a mechanism that has a much smaller 








7™T. S. Moss, Proc. Phys. Soc. (London) B66, 993 (1953). 
8 N. Sclar and E. Burstein, Phys. Rev. 98, 1757 (1955). 
® H. Gummel and M. Lax, Phys. Rev. 97, 1469 (1955). 
 H. Gummel and M. Lax, Ann. Phys. 2, 28 (1957). 

M. Lax, J. Phys. Chem. Solids 8, (1959). 

2M. Lax, Phys. Rev. 119, 1502 (1960). 

13 J. J. Thomson, Phil. Mag. 47, 337 (1954). 
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probability than the interaction with phonons; e.g., 
emission of light. The predicted cross section is propor- 
tional to 7~* and should be independent of the ground 
state of the electron in the donor when its energy is 
larger than kT. This, in general, will imply that this 
cross section is independent of the type of impurity. 

Our experimental result gives a cross section that 
depends on temperature approximately as T~?-5; the 
cross section also depends on the binding energy of the 
ground state of the donor impurity. Recombination 
light was detected. 

The magnitude of the recombination cross section 
and its temperature dependence disagree with those 
determined by Koenig.'* The disagreement can be 
explained with the assumption that there has been some 
Joule heating of the lattice and that at the lowest 
temperatures this is the predominant factor in the 
measured rate of disappearance of free electrons. We 
believe that such an assumption is confirmed by the 
more recent measurements of Koenig” on a new sample 
with the same characteristics as that reported in 
reference 14 and by our measurements on the sample 
used by Koenig. 

Weinreich ef al.'® measuring the acoustoelectric 
effect were able to measure the intervalley scattering 
down to temperatures of approximately 20°K. The 
mechanism proposed by Weinreich ef al. to explain the 
observed intervalley scattering is that an electron is 
trapped into one state of a donor corresponding to one 
of the valleys, is transferred to the level that is de- 
generate with the first and corresponds to another 
valley and is re-emitted from there into the conduction 
band. Extrapolating their results from 20°K to 10°K, 
Weinreich e¢ al. found a recombination probability 30 
times larger than that determined by Koenig; from 
this they concluded that the measured trapping proba- 
bility can be explained by trapping into a highly 
excited state of the impurity. If we extrapolate our 
results on As-doped germanium at 4.2°K to 10°K and 
compare them with the corresponding extrapolation 
of Weinreich, the disagreement between them is only 
of the order of a factor of 2, which is excellent, in view 
of the many extrapolations involved. 

Our measurements consisted of the measurement of 
the Q of a microwave cavity at different times after the 
pulsed dc breakdown field is removed. The procedure 
is repeated periodically, and, by varying the delay 
time between the measuring microwave pulse and the 
time that the breakdown field is removed, the sample 
conductivity can be measured as a function of time. 
The recombination is bimolecular, and from the shape 
of the electron-loss vs time curve the recombination 
time constant can be determined. If the electron 
mobility is known, the density of compensating im- 


“4S. H. Koenig, Phys. Rev. 110, 988 (1958). 
16 G. Weinreich, T. M. Sanders, Jr., and H. G. White, Phys. Rev. 
114, 33 (1959). 
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purities in very pure samples can be measured With a 
fair degree of accuracy. 


II. NONEQUILIBRIUM STATES 


Our measurements were made on a Sample whose 
carrier density is not that corresponding to thermal 
equilibrium with its surroundings; its electron density 
is much larger than that corresponding to the lattice 
temperature and will decay to the equilibrium density 
at the lattice temperature in a time determined by the 
recombination mechanism. The average electron energy 
will decay to the lattice temperature in a time generally 
different from the former decay time for electron density 


Decay of the Electron Energy 


There are two processes (both of which tend to 
redistribute the electron energy) that go on at the same 
time during the ‘afterglow of our discharge”: The 
redistribution of the energy among the electrons them. 
selves—so that a Maxwellian distribution whose tem. 
perature 7, is not generally equal to the lattice tem. 
perature TJ; is produced, and processes in which the 
electron distribution loses energy to the lattice. The 
time constant associated with the former process is of 
the order of the inverse of the plasma frequency" 
wp= (4rne?/Km*)!. We 
constant by w,'; 
10"/cc, wp= 10" sec 

The latter mechanism, which determines the decay 
of the electron temperature towards the lattice tem- 
perature, is usually longer than w,' and therefore 
determines the shortest significant time of our measure- 
ments. Gilardini and Brown’ made a calculation of 
the time necessary for an electron in a gas, subject to 
an rf field EZ and angular frequency w, to gain energy 
until it reaches equilibrium at an energy U=8I, 

= M(eE/2m*w)*. This time interval is very sensitive 
to the mechanism responsible for the energy loss of 
an electron in each collision. We shall call M the massa 
the particle with which the electron collides, m* the 
effective mass of the electron, v,, the collision frequency 
proportional to the th power of the velocity, and 7: 
the lattice temperature corresponding to an energy U’. 
The problem of the decay of the electron energy from 
an energy U to an energy U’ is similar to the convers 
case of heating, so that we can use the results 0 
Gilardini and Brown shown in Fig. 1. As will be seet, 
the corresponding times are generally much longe! 
than w,'. The time is measured in units 0 
[(2m*/M)vm}", vm being the collision frequency fot 
momentum transfer and in general a function of 71 
and T,. In the case of a semiconductor, as well as in 
gas, it is important to know which transfer mechan 


scale 


16D), Pines, Solid State Physics, edited by F. Seit ee 
Turnbull (Academic Press, Inc., New York, 1955), Vol. Lp i8 
7 A. Gilardini and S. C. Brown, Phys. Rev. 105, 31 (1957). 
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yill be more effective in producing the required energy 
loss (or energy gain). 

Collisions with ionized impurities, considered as ions 
in a gas, are not the most important mechanism for 
transfer of energy because m*/M will be very small (of 
the order of 10~), and the time constants for the loss of 
energy will be exceedingly long. Collisions with acousti- 
cal phonons will, on the contrary, be very effective in 
disposing of the excess energy. Shockley’* has shown, 
in connection with the problem of hot electrons, that, 
in an electron phonon collision, the phonon could be 
considered as having a mass kT,/c?, where Ty is the 
lattice temperature, and c is the velocity of sound. Thus 
M/2m* reduces to very reasonable values at helium 
temperatures: =35 for transverse phonons and ~12 
for longitudinal ones (at T,=4°K). 

For longitudinal phonons the theory of hot electrons 
gives h=1 (vmxT.'T,), so that for T./TL=3.5, 
approximately 20 collision times are sufficient for the 
electron temperature to come within 1°, of the lattice 
temperature. The times involved are of the order of 
10° sec. 


The Rate Equation 


The change in carrier density as a function of time 
can be described by the following rate equation proposed 
by Sclar and Burstein.’ 
dn/dt= —an(n+N 4)+8(Np—Na—n) 

+yn(Np—Na—n)—6n?(n+Na). 


1000 T T 


(1) 
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7. 


2m 
M 


( 

















Normalized Time 
For Equilibrium 


i0 


| 100 
Energy Ratio x, 


oom necessary for an electron gas to reach an energy 
Pe * +U) starting from the “gas” energy U.U is the energy due 
i peo with an applied rf field. The time is measured 
“ae M/2m(1/vm), where vm is the collision frequency for 
AL rs transfer assumed proportional to (velocity)*. [From 
4. L. Gilardini and S. C. Brown, Phys. Rev. 105, 31 (1957). ] 
tin ) 
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DONORS 


IN n-TYPE Ge 1617 

The first term, whose coefficient is a, describes the 
direct recombination of one of the m electrons that 
are in the conduction band with one of the (NV4+n) 
ionized donors; a can be expressed in terms of the 


recombination cross section , and the carrier velocity v: 


(2) 


the average being taken over the electron distribution 
function. The term whose coefficient is 6 describes the 
thermal ionization of the (Vp—N.4—n) nonionized 
donors. The term in ¥ is due to impact ionization of the 
impurities by electrons accelerated by the applied 
electric field; y is zero in the absence of an electric field 
and is very sensitive to the exact form of the high- 
energy tail of the electron distribution function. (This 
subject will be taken up in more detail in a forthcoming 
paper.) The term in 6 describes impact recombination ; 
it will be shown to be negligible. 

Contrary to the case of low-pressure breakdown in 
gases, diffusion has been completely negle¢ted in Eq. (1). 
Sclar and Burstein® have shown that the “breakdown 
field” is independent of the sample dimensions. Con- 
firming this, we found that the rate of loss of carriers is 
independent of the cross-sectional dimensions of the 
sample. 

At thermal equilibrium, in the absence of an applied 
electric field, the terms in a and @ are tied by a simple 
relation obtained by writing n=n,, dn/di=y=6=0, 
and using the condition of detailed balance 


B  Ne(Net+Na) 2x ; 
Scania aia ae 2(=#r) (mymym;)! 


a Np—Na-ne h? 
€ 
Xexp— (=), (3) 
kT 


where ¢ is the binding energy of the electrons into the 
donor levels, and the other symbols have their 
customary meaning. This formula is the usual expression 
that is used to describe the density of carriers in the 
conduction band in an extrinsic semiconductor. 

If the term that is proportional to @ is the most 
important term in Eq. (1), its solution for short times 
when n>WN 4 is 


a= (o,v), 


N—N»p= 1/t. 


If impact recombination, described by the term in 4, 
were predominant, a faster recombination, proportional 
to ¢-*, would be expected. 

If we assume ¥ and 6 to be zero (y=0 when no electric 
field is applied), Eq. (1) can be easily solved (a and 8 
are independent of density). 


| a(N4+2n,.)—B 
EE carole 
al {[a(Na+2n.)—B) eee ( 


N— Np = 





where m,, is the equilibrium density in the absence of 
any applied field and is given by Eq. (3) ; 20 is the initial 
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density, at the moment the breakdown field is removed ; 
and r is the main parameter measured experimentally 
and is 


tT *=a(N4+2n,.) +B. 


In our case, from Eq. (3), for n.<N.4, we have aV4>>8. 
Accordingly Eqs. (4) and (5) can be simplified, and 
we obtain 


(5) 


Na 
8 fig —————— 


rar, (4a) 
(Na/no+1)et"—1 


riwaN,. (5a) 


For large times, when />>r, corresponding to n<Na, 
the recombination becomes exponential, and we have 


Na 
N— N~=~———— 


é 
Na /no+ 1 


y—t/r 


(4b) 


if, additionally, Vu<mo, n—n,.~ Na exp(—t/r). 

By extrapolating this exponential to ‘=0, the value 
of Na/L(Na/no)+1]~Na, the compensation, can be 
determined. If r and Ny are known, a@ and oa, can be 
calculated. To simplify the calculation of o, we shall 
assume (0,0) ~(o,)((v))}. 


III. DESCRIPTION OF THE MEASUREMENT 
METHOD 


Our measurements are based on the knowledge of 
the Q of a microwave cavity as a function of time. The 
sample is mounted on the axis of a cylindrical re-entrant 
microwave cavity. The electron density in the sample 
is increased periodically by means of breakdown 
produced by a short (~2 ysec) de pulse applied across 
it. The cavity is filled with liquid helium to ensure good 
thermal contact with the sample. The applied fields 
are approximately 15 v/cm for the BTL samples and 
of the order of 50 v/cm for sample LL 2, so that break- 
down is obtained after times of the order of 1 usec. The 
breakdown field is removed approximately 0.5 psec 
after breakdown is observed. A microwave pulse, whose 
frequency is equal to the resonant frequency of the 
cavity, is incident on the cavity, and the corresponding 
impedance at resonance is measured by determining 
the voltage-standing wave ratio in the line it terminates. 
This is proportional to the loaded Q of the cavity, Q1, 
determined by the losses in the line and in the cavity. 
By varying the instant at which the microwave pulse 
is incident on the cavity, the variation of the cavity 
impedance can be followed as a function of time. The 
measurements of time intervals are accurate within 
10~* sec ; the impedance measurements have an accuracy 
shown by the experimental data. 

Denoting by Ow, the Q of the cavity when no losses 
are due to the sample, by Qs the Q of the cavity when 
losses are due only to the sample, and by Q the measured 
Q, we have 1/0=1/Q0s+1/Qw or Qw/Os= (Ow/Q)—1. 

The value of Qw is determined by measuring the Q 
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of the cavity when the sample is not broken down: the 
ratio of the cavity admittances at resonances, measured 
with the sample broken down and measured with the 
sample not broken down is thus Q/Qy. 

Bethe and Schwinger" calculated the frequency shift 
and the change in Q experienced by a microwave cavity 
when a sample is introduced into it. If the sample 
parameters are its dimensions, the dielectric constant K 


and the complex conductivity ¢=¢,+ jo;, then 


AN 1 7; | | 
—m |K~1 “ead f Exdi / { E%dr, (6 
dA 2 WE sample cavity 
and 
1 Or 
A = { Bde / if Edo, (7 
(;) €0” Y sample J avity 


where E is the electric field in the cavity. 

When we have a lossless sample, as is the case of 
germanium at low temperatures, the measured fre. 
quency shift produced by the dielectric constant K 
allows us to calculate the ratio of the preceding 
integrals; hence, with a broken-down sample if ()y is 
known, the conductivity can be calculated. 

To obtain a good time resolution for a given (), it 
would be ideal to work at the highest available fre- 
quency; the time constant Q/w which is due to the 
rise-time of the resonant circuit representing the cavity 
could then be neglected when compared with the times 
associated with the conductivity changes. When very 
high frequencies are used, the imaginary part of the 
conductivity of the sample can become appreciable 
compared with the real part: o;/0,=w/vm (for an 
energy-independent collision frequency). Wheng;/o,>1, 
a nonnegligible frequency shift accompanies the 
change in Q; taking it into account in fast transient 
measurements is a major difficulty. As a convenient 
compromise we choose \~11 cm. Experimentally (by 
means of measurements), it was 
verified that at this frequency the changes in the 
resonant frequency of the cavity resulting from the 
changes in electron density, could not be detected, being 
completely swamped by the changes in Q. 

The microwave measuring power was sufficiently 
small (~1 pwatt) to have a nonmeasurable effect on 
the sample conductivity. This was ascertained by 
measuring the impedance of the cavity when the 
microwave power was doubled and verifying that, 
within experimental error, the impedance of the cavity 
remained unchanged. During these tests the microwave 
power was continuously applied so that an eventu# 
heating of the sample would have been much larget 
than that produced by the short measuring puss 
used in the transient measurements. A block diagram 
of the circuit is given in Fig. 2. 


continuous-wave 


a ea , + 
9H. A. Bethe and J. Schwinger, National Defense Researca 
Committee Report D 1-117, 1943 (unpublished). 











A 
late 
tivity 
Arbi 
refer 
choic 

Re 
infra 
germ 
10'8/ 
and 
a wa 
the | 
light 
Dew: 

By 
breal 
tivity 
any ( 
chan 
coup 
appl 
inter 
the | 
avoic 


'y the 
sured 
h the 


shift 
avity 
imple 
nt K, 


Se ( f 
fre- 
nt K 
eding 


of the 
ciable 
or al 
o>], 
5 the 
nsient 
enient 
y (by 

was 
n the 
m the 
being 


‘ently 
ect on 
ed by 
n the 
that, 
cavity 
owave 
entual 
larget 
pulsts 
jagram 


research 











ELECTRONS AND 


cached to sample 


pulse in cavity 
enerator 
si _ to Z axis of 











DONORS IN 


n-TYPE Ge 1619 
















trigger \Ome marker °SCilloscope 
generator — . 
elay line 
a se oscilloscope 
trigger input 
delay line 
. Klystron 
ulse ; 
siabetiee power setting 
mixer attenuator 
oscilloscope. -—_ 4d m 
1.F amplifier wave meter [— 
Klystron L. power 
measurement 
oscilloscope slotted 
2 1.F amplifier §. mixer precision section 











attenuator b 
c cavity 


Fic. 2. Block diagram of the experimental apparatus used for measuring the very fast changes in conductivity. 


A final problem must be solved before we can calcu- 
late the electron density from the observed conduc- 
tivity: the electron mobility must be determined. 
Arbitrarily, we chose a mobility u= 10° cm*/v-sec; we 
refer the reader to Sec. IV for a justification of our 
choice, 

Recombination light was detected by means of a far 
infrared photocell that consisted of a block of Sb-doped 
germanium whose impurity density was approximately 
10/ec. Along the axis of this block, a hole was bored, 
and the sample under study was fitted into it in such 
away that it would not have electrical contact with 
the photocell. (Fig. 3). Both samples were housed in a 
light-proof casing and put into the liquid-helium 
Dewar. 

By means of a constant field applied to the sample, 
breakdown was produced. Simultaneously, the conduc- 
tivity of our “detecting block” was monitored so that 
any changes in its conduc tivity couid be detected. These 
changes were detected with the help of a capacitively 
coupled amplifier and an oscilloscope. We chose to 
apply to our sample a voltage that would produce 
intermittent breakdown, and this effec tively modulated 
the light output. In this manner, we avoid the un- 
avoidable long time constants that are connected with 


the high impedance of the detector (the modulation 
being at a relatively low frequency), as well as the 
pickup problems that are present when pulse techniques 
are used. 

It is expected, in view of the high density of im- 
purities in the detecting crystal, that the binding 
energies of the electrons to the donors will be somewhat 
smaller than in purer samples. This is evidenced by the 
fact that impurity band conduction is dominant at 
4.2°K, as should be expected when there is an appreci- 
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Fic. 3. Diagram of the experimental setup for detecting the 
emission of light during breakdown. The sample under study is 
mounted in the hole on the axis of the large germanium parallele- 
piped (No— Na=10" antimony atoms/cc). Both samples were 
mounted in a light-proof case that was lowered into the helium 
Dewar. 
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TaBLeE I. Characteristics of the samples used in the experiment. 








oo 
Evaluations of NV, 





Dimensions Doping Photoconductive Room temp. by originating 
Sample mm* element lifetime resistivity laboratory 
BTL-1* 1.98 X 2.03 X 22.6 Sb > 1000 usec 31.7 ohm-cm between 1 and 10% Ny 
BTL-2* 0.880.818 Sb > 1000 usec 31.7 ohm-cm between 1 and 10% Ny, 
LL-2 1.4 X1.4X16.5 As 2310 psec 35 ohm-cm unknown 
n WLB-28-6 1.75X1.46X 6.96 Sb unknown No=2X10"%/cc? 5X 10"/c¢ 








data are known for the other samples. 
> From reference 14. 


able overlap of the electron wave functions correspond- 
ing to neighboring donors. 

Our samples had different origins. The BTL samples 
were obtained from Bell Telephone Laboratories, 
Murray Hill, New Jersey, by courtesy of L. J. Varnerin, 
Jr. These samples are supposed to have between 1% 
and 10% minority impurities; the major impurity is Sb. 
Sample LL-2 came from Lincoln Laboratory, Massa- 
chusetts Institute of Technology, by courtesy of P. L. 
Moody. The major impurity is As; its compensation 
was unknown. Sample n-WLB 28-6 was obtained from 
S. H. Koenig of Watson Laboratories, International 
Business Machine Corporation, and is the same as that 
used for the measurements given in reference 14. The 
characteristics of the samples used in the experiment 
are shown in Table I. 














0 35 6 9 12 1 2 24 27 30 33 
TIME (10"° secs) 

Fic. 4. Variation of the microwave losses in sample BTL-1 as a 
function of time after the breakdown field is removed. (Qw/Q)—1 
is proportional to the sample conductivity. The full line is obtained 
by fitting a curve solution ofjEq. (1); B=1.05; temperature, 
4.2°K. 





* The etch pit count on the BTL samples was of the order of 100/mm? on the smaller face of the parallelepiped that constituted the samples, 





No similar 


IV. EXPERIMENTAL RESULTS 


Using the microwave pulse technique described 
above, we measured the conductivity of sample BTL-1 
as a function of the time interval from the instant the 
breakdown field had been removed. Figure 4 shows the 
results at 4.2°K. The solid line is drawn according to 
what would be expected from the solution of Eq. (1) 


Qw/O—1=(A/B exp t/r—1). 


Here, + is measured directly from the slope of the 
straight line, and B is approximately obtained from the 
ratio of [(Qw/Q)—1] at m=mo and the extrapolation 
of the exponential towards ‘=0. For samples with a 
very small compensation, small changes in B around 1 
will produce large changes in the theoretical curves, 
In the case of sample BTL-1 for a breakdown field of 
14 v/cm, B is 1.05, and N4/(Np—N.«4) 1.2%. The 
difference obtained for LL-2, which is more heavily 
doped (as is also evaluated from the breakdown 
characteristics) is clearly seen in Fig. 5; here the coefl- 
cient B has a value of 1.2. The values of V4 of Table II 
were calculated from the conductivity that corresponds 
to the extrapolation towards time /=0 of the exponen- 
tial portion of the decay of the electron density. For this 
evaluation of V4 we assumed p= 10° cm?/y-sec. 
This choice of mobility can be justified. An upper 
limit for the mobility should be evaluated as being 
equal to that of pure ionized impurity scattering; for 
BTL-1 this is u~4X 105 cm?/v-sec. Another evaluation 
can be obtained from the data of Debye and Conwell” 
(on a sample similar to ours) measured at 11°K ifit 
is extrapolated to 4.2°K and pure ionized impurity 
scattering is assumed. Finally, the results of cyclotron 
resonance of the Lincoln group”! indicate that r=10™ 
sec at 4.2°K. It is well known that the collision time 
measured by cyclotron resonance appears to be longer 
than the collision time computed from pure ionized 
impurity scattering; cyclotron resonance appears [0 
discriminate against point imperfections. At these low 
temperatures and with the low density of compensating 
impurities present, scattering connected with Im 


2” P. Debye and E. Conwell, Phys. Rev. 93, 693 (1954). 
"1 H. J. Zeiger, C. J. Rauch, and M. E. Behrndt, J. Phys. Chem. 
Solids 8, 496 (1959). 
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TABLE II. Recombination coefficients as a function of temperature. 


n-TYPE Ge 








—— 
T Trec (SEC) Ttail (SEC) a(cm*/sec) o,(cm?) B/a(cm7*) 
a ia =o 
(a) Sample BTL-1 
4.2 4.3+0.4X 10-8 41+4x 10% 5.1 1075 1.85 10-4 2.3 105 
3,42 3.340.3X 10-8 45+4x 10-8 6.6 X10-5 2.63 X 10-" 3.82 X 108 
7.96 2.340.3X 10-8 3544 1078 9.45 X 10-5 4.1210" 24.7 
Na~4.6X10"/cc No—Na~3.8X10"/cc 
(b) Sample LL-2 
4.2 5.6+0.3 x 10-8 27X10-8 5.1 «10-6 1.85 10-" 5.710? 
3.48 5.1+0.5< 10-8 tee 5.6 «107° 2.24 10-# 0.77 
3.05 3.0+0.6X 10-8 9.5 K10-* 4.05 10-" 7X10 
2.13 2.5+0.3X 10-8 11.6 K10-* 5.9 K10-" 3.28X 10-4 


Na3.5X10"/cc 


No—Na~42X10"/cc 





EE ————— - — — 





purities like H, N, and O, that are present in large 
quantities should become important.” 

In this work it was noticed that for sample BTL-1 
the conductivity corresponding to an electron density 
N4/{1+(Na/mo)] does not appear to depend on 
temperature in the range measured. The dependence of 
such conductivity in sample LL-2 is also very small. 

These experimental results and the _ order-of 
magnitude calculations of previous workers lead us to 
conclude that the errors associated with this arbitrary 
choice of the mobility should not be greater than a 
factor of 3. 

If the breakdown field is increased in either value or 
duration, a larger time constant appears in the ultimate 
decay of the density. This was attributed to Joule 
heating of the sample. In Fig. 6 the decay of the density 
in the low-field case is compared with the decay in 
the case of a higher breakdown field. If the long tail 
appearing in the curve of the higher breakdown field 
isextrapolated towards time ‘=0 and the corresponding 
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Fis. 5, Variation of the microwave losses in sample As LL-2 as a 
unction of the time after the breakdown pulse is removed. The 
line is a solution of Eq. (1); B=1.2; temperature, 4.2°K. 
ee 
*H. A. Papazian and S. P. Wolsky, J. Appl. Phys. 27, 1561 
(1956); J. H. Crawford, H. C. Schwenler, cat B. K. Stevens, J. 
Appl. Phys. 22, 838 (1956). 


values are subtracted from the experimental data, 
the newly calculated points fall on the curve of the 
lower breakdown field. This slower decay process is 
probably never absent; experimentally, we can only 
minimize its importance by decreasing the applied 
breakdown field and the time during which the sample 
is ‘broken down.” This time constant is very clear for 
an applied field of 43 v/cm; it is, however, probably 
responsible for the departure from a pure exponential 
of the last two points of Fig. 4, even though the field 
is only 14 v/cm. 
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‘ ee, 
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Time (107° sec) 


Fic. 6. Thermal effects appear if the power input during break- 
down is increased (sample BTL-1 at 4.2°K). The longer time 
constant is attributed to Joule heating. The decay corresponding 
to pure recombination (and a lower breakdown field) can be ob- 
tained if the effect of heating is subtracted 229. 


The long time constant is temperature-independent 
(for temperatures below 4.2°K) and does not depend 
upon the value of the breakdown field; the breakdown 
field determines only the intercept of the extrapolation 
of this exponential with the ordinate axis. To explore 
the origin of this tail, measurements were made on 
sample BTL-2 with dimensions approximately half 
those of BTL-1 but originating from the same ingot 
(Fig. 7). The low-field time constant of BTL-2 is not 
changed as compared with that of BTL-1, but the 
high-field time constant is nearly halved. This is what 
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Fic. 7. Variation of conductivity after the breakdown field was 
removed. Both samples were cut from the same ingot; BTL-2 
has cross-sectional dimensions nearly half of those of BTL-1. 
The fast decay is not influenced by sample size; the longer time 
constant is approximately halved, as expected from theory. 


would be expected if the long time constant is due to 
heating and the phonon mean-free path is limited by 
sample size. 

Similar measurements were made at lower tempera- 
tures. At temperatures between 4.2°K and the \ point 
of helium, the importance of heating was often ap- 
preciable, and the recombination time constants had 
to be obtained by subtracting the thermal effect. The 
results are shown in Table II and in Figs. 8 and 9. The 
best measurements are those at 4.2°K, where the error 
is smaller than 10%. At lower temperatures the errors 
increase somewhat, but they remain of the same order 
of magnitude. 

Measurements on sample n-WLB-28-6 should be 
considered separately. This sample was shorter than 
the others, so that it could not completely fill the gap 
in the re-entrant cavity used for the measurements. 
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Fic. 8. Variation of the time constants for recombination 
as a function of temperature. 


ASCARELLI AND S. C. 


BROWN 


As a result the leads necessary to produce de breakdown 
penetrate into the cavity, producing an appreciable 
distortion of the rf field, and our method for calculating 
the integrals appearing in Eq. (6) is not very reliable, 
particularly when the sample is broken down. Two 
elements are responsible for the decrease of our sens. 
tivity: the penetration of the leads (which make the de 
contact to the sample) and the decrease of nearly 4 ip 
the sample volume. Consequently, the changes in the 
value of (Ow, Q)-1 could not be followed over such a 
large range as in the other samples. The results are 
shown in Fig. 10. The corresponding time constant js 
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Fic. 9. Variation of the recombination cross section with 
temperature. o,=1/r(v*)4N 4; Na is calculated from the measured 
conductivity corresponding to the extrapolation of the exponential 
of Fig. 4 towards t=0. 


3.4X10-* sec, approximately three times smaller than 
the result of Koenig" on the same sample. 

From our data on -WLB-28-6 it was impossible to 
tell whether heating increased the apparent time 
constant. To obtain breakdown in a time of the order 
of microseconds larger fields had to be applied to this 
sample than to BTL-1. It was also not possible to ob- 
serve the nonexponential portion of the recombination. 
This could be ascribed either to the fact that when the 
breakdown field is sufficiently low and there is no ap 
preciable heating, then p< 4, or to the fact that the 
perturbation from both the wires and the sample pt 
duces changes in the field configuration of the cavily 
(mode jumping). We shall compare our result on this 
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sample with those of Koenig and try to explain the 
corresponding discrepancies, assuming that they are due 
to heating. 

Light emitted during the breakdown of BTL-1 was 
detected. The signal observed was in the form of a 
large increase of noise when the value of the dc field 
was such that intermittent breakdown was produced. 
If the de field applied to BTL-1 was increased, the 
detected signal decreased, as is to be expected if the 
gmple’s temperature is slightly increased by ohmic 
heating. The spectral distribution of the light was not 
measured, but since it is ascribed to recombination light, 
its energy cannot be much smaller than the binding 
energy of Sb donors in germanium. Its lower limit 
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Fic. 10. Variation of the conductivity as a function of time 
after the removal of the breakdown pulse. Sample n WLB-28-6; 
temperature 4.2°K. Field applied during breakdown: run 1, 
17 v/cm during 0.9 usec; run 2, 77 v/cm during 1.8 ysec; run 3, 
71 v/em during 2 usec. 


should be that corresponding to the transition between 
the impurity band and the conduction band of our 
detector. 

_ Recently, Koenig” confirmed this observation. He 
lurthermore observed that the signal detected and at- 
tributed to light is larger when the broken-down sample 
was antimony-doped germanium and the detector was 
arsenic-doped germanium, rather than vice versa, as 
would be expected from energy considerations. 


V. DISCUSSION OF RESULTS 


We shall first discuss the rate of change of density 
resulting from thermal effects and explain the reasons 


FE ee 


(1960) Koenig and R. D. Brown, III, Phys. Rev. Letters 4, 190 
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that lead us to attribute to them the longer observed 
time constant shown in Fig. 6. Assume that during 
breakdown the temperature of part of our sample is 
slightly changed by Joule heating. Differentiating Eq. 
(2) with nx<N4, we have 


ldn ¢ 1 dT 
n dl ee 

For small changes of temperature, T/e can be 
considered nearly constant, and the rate of change of 
the logarithm of the density will be approximately 
proportional to that of the logarithm of the tempera- 
ture: 1/rr. Classically, rr is determined by the specific 
heat of the sample, its thermal conductivity, and the 
sample dimensions. 

If we wish to use phonons to describe the transport 
of thermal energy we should introduce the idea of 
phonon mean-free path \fas suggested by Casimir.” 
The random-walk problem applied to this case allows 
us to compute the number of collisions that a particle 
whose mean-free path is \ experiences before diffusing 
out the sample: Vc=3A?/A where A is the diffusion 
length of the sample. In the case of a parallelepiped 


gt 4 
ate—(—+—+-) 
4\e F @2 


a, b, and ¢ are equal to one-half the sample dimensions. 
The time between successive collisions is \/v, so that 
the average time necessary for particles to diffuse out 
of the sample is 
tr=Ncd/v= 3A2/dv. 


It is well known that at very low temperatures the 
phonon mean-free path will be limited by sample 
dimensions; \ should then be taken as of the order of 
the smallest sample dimension. This is borne out, in the 
case of germanium, by the measurement of thermo- 
electric power at very low temperatures,”®* and in a 
more direct fashion by the measurements of the thermal 
conductivity below 10°K made by Geballe and Hull.” 
Accordingly, this will mean that ry varies proportionally 
to sample dimensions, and not proportionally to the 
square of sample dimensions, as expected from the 
usual diffusion theory. This fact is verified experi- 
mentally by the halving of the time constant measured 
on sample BTL-2 as compared with that on BTL-1. 
In the case of an isotropic distribution of phonons, the 
time constant can be calculated from the preceding 
formula by using an average of the velocities of longi- 
tudinal and transverse phonons in the different direc- 





% A. B. Casimir, Physica 5, 495 (1938). 

25 A. P. R. Frederickse, Phys. Rev. 92, 248 (1953). 

26T. H. Geballe and G. W. Hull, Phys. Rev. 94, 1134 (1954). 

27'T. H. Geballe and G. W. Hull, in Proceedings of the Fifth 
International Conference on Low Temperature Physics and 
Chemistry, Madison, Wisconsin, 1957, edited by J. R. Dillinger 
(University of Wisconsin Press, Madison, Wisconsin, 1958), p. 380. 
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tions. The result, calculated with »>=3.010° cm/sec, 
tr=2X10~ sec, is in reasonable agreement with the 
experimental result (4.1 10~’ sec). 

If the phonon distribution is not isotropic and/or 
there is not equipartition of energy between the longi- 
tudinal and transverse modes (as is expected in the 
case of breakdown pulses of very short duration), rr 
should be different from the calculated value. The fact 
that our phonons are largely produced by electrons 
with a net drift velocity along the axis of the sample 
tends to produce a phonon beam directed in the same 
direction as the electron drift velocity and conse- 
quently leads to an increase of the time constant that 
is necessary for the decay of the phonon density. On the 
other hand, our electrons mainly produce longitudinal 
phonons whose propagation velocity is somewhat 
greater than the previously assumed average velocity. 
This consideration tends to decrease our estimate of rz. 
The fact that the calculated thermal-decay time 
constant is shorter than the experimental value tends 
to support the idea that the phonon distribution has 
been changed. 

‘Two other observations support this interpretation 
of the origin of the longer time constant: its independ- 
ence of the electric field and temperature in the range 
covered. This is in contrast with the electric field 
dependence of the intercept of the thermal exponential 
with the ordinate axis. (This intercept is proportional 
to the density of high energy (~1X10-* ev) phonons 
achieved during breakdown.) Both of these properties 
are to be expected. When J is limited by sample size, the 
only term in rr that presents a variation with tempera- 
ture is the sound velocity, v. This variation is expected 
to be very smail and was not detected with our type of 
measurements. For the same reason, r7 is independent 
of the applied field as long as the effects of the anisotropy 
and nonequipartition of energy of the phonon distribu- 
tion do not change very much. The variation of the 
initial phonon density distribution with electric field is 
also to be expected. The density of the energetic phonons 
that can produce electrons is related to the electric field 
applied to the sample. Summing up, it can be said that 
the long observed time constant can be attributed to a 
variation of m, with time; this variation is due to a 
variation of the lattice temperature T_. 

We can now draw some conclusions on the re- 
combination of electrons and donors. As we stated in 
the introduction, there are, basically, three different 
calculations for the recombination cross section. Sclar 
and Burstein*® calculate the recombination probability 
for a radiative transition by scaling the well-known 
result for the hydrogen atom. Their result predicts a 
recombination probability proportional to T,-4e, where 
¢ is the ionization energy of the donor level. The same 
criticism that is important for the case of hydrogen 
atoms can be applied here®*: No provision is made for 


28R. G. Fowler, in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 22, p. 230. 
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an easy way to dispose of the momentum of the inciden, 
electron that must be given to the crystal as a whol 
Gummel and Lax’ calculated the recombination 
probability characterized by the emission of a single 
acoustical phonon. They predict a recombination 
probability proportional to go*7—4e®, where go is the 
momentum of the emitted phonon whose energy is eq 
to the binding energy of the electron. 

Finally, Lax''-? proposed a theory in which the 
electron decays from the conduction band into the 
ground state of the impurity through its excited levels 
The temperature dependence of the recombination 
probability should be 7~7 and should be independent 
of the binding energy of the electron to the imputity, 
The measurements of Koenig'* were interpreted by Lar 
as confirming this theoretical calculation; the flattening 
of the measured time constants toward the low. 
temperature end of the range of measurements (Fig, 1 
was attributed to the overlap of the excited levels of 
different impurities at which the electron recombines: 
This would effectively decrease the number of re. 
combination centers. 

At 4.2°K we again measured the recombination time 
constant of sample » WLB-28-6 used by Koenig 
obtaining the point shown by a black triangle on Fig. 11, 
The discrepancy between our measurement and 
Koenig’s can be explained in terms of heating. The 
temperature-independent value of the time constant 
represented by the broken straight line is obtained by 
means of the previous theory of thermal decay. When 
the temperature is increased, in the presence of im 
portant thermal effects, the measured time constant 
should vary continuously from pure thermal decay 
to pure recombination. As we saw previously (Fig. 6), 
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Fic. 11. Variation of the measured time constants for the de- 
cay of the conductivity as a function of temperature. y 
n WLB-28-6 and the equivalent one reported in reference 12. 
microwave measurement of the time constant clearly lies on 
tangent to the high temperature, measurements of Koenig. 
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ELECTRONS AND 
if the decay of the density is not followed for a few 
orders of magnitude it is not possible to recognize the 
existence of heating, and the recombination time 
constant will appear longer than in the absence of 
heating. J Aha 

Koenig’s measurements," in which the variation of 
the sample resistance was displayed on an oscilloscope, 
have the characteristic of having a relatively small 
range over which the sample’s resistivity could be 
accurately followed. In that type of measurement, a 
greater weight is given to the long times, when heating 
is expected to be more important if r7>+r. This condi- 
tion is found at the lowest temperatures. 

More recent measurements by Koenig, as reported 
by Lax,” on a sample having the same impurity con- 
centrations as » WLB 28-6 tend to confirm this view; 
they are shown by squares on Fig. 11. Some of these 
measurements, as well as our own, on m WLB 28-4, fall 
on a straight line tangent to the high-temperature 
measurements given in reference 14. The slope of this 
line is approximately 2, as is expected from our 
measurements. 

If we take our result for the value of the time constant 
for recombination at 4.2°K, and take the value 5.10!/ 
cm’ quoted by Koenig" for the value of the compensa- 
tion, there is a large disagreement in the value of the 
cross section for recombination for BTL-1 and » WLB 
28-6. This discrepancy can be very much decreased if we 
calculate the compensation with the Brooks-Herring 
formula for ionized impurity scattering corresponding to 
the mobility measured by Koenig” (7.5 10° cm?/v-sec 
at 4.2°K). 

To explain the observed magnitudes of the cross 
sections, their dependence on the binding energy of the 
donor ground state, and their lattice temperature, we 
propose a mechanism by means of which an electron is 
initially trapped in a highly excited state® and then 
decays radiatively to the ground state. 

Assume that a low-energy electron initially emits a 
phonon being captured into a p state of the impurity 
whose energy is of the order of kT below the edge of 
the conduction band." From this bound state the 
electron can either be scattered back into the conduc- 
tion band, into a neighboring bound state with approxi- 
mately the same binding energy, or it can decay into 
the ground state. If the electron is scattered into another 
highly excited bound p state, we have again the same 
possibilities, if it is instead a state with some other 
angular momentum the probability of radiative 
transition to the ground state decreases very much and 
only phonon induced transitions to other excited states 
or the continuum are possible. Finally if the electron 
gains an energy of the order of kT it will be excited into 
the conduction band and the process can repeat itself. 

* W. Schillinger (private communication, April, 1959). 


_ "The large cross sections obtainable if an electron is trapped 
phy excited state were pointed out to us by A. Rose, March, 
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For the sake of simplicity in such a qualitative calcu- 
lation we treat in the same way all electrons excited 
out of the p state. We shall call a,, the probability that 
the electron in the excited state scattered by a phonon, 
and a,; will be the probability that an electron will 
make a radiative transition to the ground state. 

The cross section for the capture of the electron in the 
excited state o, will be estimated to be equal to the 
geometrical cross section of the corresponding classical 
orbit : 


e rer? 
—=hkT; o,=29r°= -(--) =2 X10 cm? 





Kro K?\ kT 
at 4.2°K. 
The total recombination cross section will be 
Apt Apt 
Or=0-¢ — =o,— 
Apt t+aQpn Apn 


@pn can be estimated from conductivity measure- 
ments,”’*! a@,,~10"; a,, can be evaluated from a 
calculation similar to the calculation used for the 
transition between bound states in a hydrogen atom®: 


ey sn,3 : 

p 

apt =— a cos?6| x| a2, 
A Xe 


where is the index of refraction of germanium and 
Xab, is the matrix element of the coordinate x. 

An order of magnitude of ||.» can be obtained by 
substituting it by a, the Bohr radius of the electron 
in the ground state of the impurity: 


é 1 va\? vp 
iol end NY 
é 137 c/ FR 


vn 


—_—_——§-~10-"p. 

(137)*K? 

In our case y~3X10" cps, so that a,.~3 X10, and 
at 4.2°K o,0.(ap:/apn) ~6X10-" cm’. 

This order-of-magnitude calculation should be con- 
sidered a lower limit of o,. The quantity ap; might be 
increased by the contribution of states other than the p 
states considered in this “hydrogen-like” model—from 
both the effect of the ellipsoidal effective mass and the 
valley orbit interaction. The value of o, could also be 
appreciably increased by the fact that when we take 
Qpn equal to the inverse of the conductivity mean free 
time for phonon scattering, we overestimate it. Such 
a choice of a», would not have a “minimum exchanged 
energy” as is necessary for changing the state of the 
electron. This calculation allows for the possibility of 

31 F. Morin and J. P. Maita, Phys. Rev. 34, 1525 (1954). 

2W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, New York, 1954), 3rd ed., p. 178. 
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some dependence of the recombination cross "section on 
binding energy, as“well as the emission of light as 
observed by us and by Koenig and Brown.” 
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Ranges of 7.5- to 52-kev H.*, D.*+, He*, and Ne* Ions in Quartz* 


R. L. Hines 
Northwestern University, Evanston, Illinois 
(Received July 11, 1960) 


Experimental values of penetration depths of positive ions in quartz obtained from measurements of 
reflection coefficient versus wavelength are compared with theoretical predictions. Measurements of the 
change in refractive index of quartz as a function of the energy dissipated per unit volume are shown to give 
experimental values for the ratio of energy loss due to displacement collisions per unit thickness to the energy 
loss due to ionization per unit thickness. The energy loss due to displacement collisions per unit thickness 
agrees with theoretical predictions. From the experimental values of energy loss due to ionization, it is found 
that the cross sections for scattering of valence electrons by the field of the incident atoms are an order of 


magnitude larger than the geometric cross sections. 


I. INTRODUCTION 


HE penetration in solids of atoms with energies 
below 50 kev is of current interest in connection 
with investigation of radiation effects in solids. Most 
of the information available!” deals with energies above 
50 kev and contains very little concerning the pene- 
tration of medium weight low-energy atoms such as are 
formed in solids by fast neutron bombardments. 
Experimental determination of the ranges of the low- 
energy atoms of interest here are hampered by the very 
small penetration distances (10-° cm) involved. 
However, a variety of techniques have been successfully 
employed to obtain range information at these low 
energies.*~’ In this paper, some recent determinations 
of ion ranges in quartz® are compared with the theo- 
retical predictions. 
The theoretical analysis of low-energy atom pene- 
tration is limited to approximate methods which are 


* Supported by the U. S. Atomic Energy Commission. 

1H. A. Bethe and J. Ashkin, Experimental Nuclear Pshyics, 
edited by E. Segré (John Wiley & Sons, New York, 1953), Vol. I, 

. 166. 

2S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 779 
(1953). 

3 J. R. Young, J. Appl. Phys. 27, 1 (1956). 

4 J. Koch, Nature 164, 19 (1949). 

5R. A. Schmitt and R. A. Sharp, Phys. Rev. Letters 1, 445 
(1958). 

6 U. F. Gianola, J. Appl. Phys. 28, 868 (1957). 

7K. O. Nielsen, Electromagnetically Enriched Isotopes and Mass 
Spectrometry, edited by M. L. Smith (Academic Press Inc., New 
York, 1956), p. 68. 

8R. L. Hines and R. A. Arndt, Phys. Rev. 119, 623 (1960). 


valid over only small energy regions. In general the 
atoms lose energy both by ionizing atoms of the stopping 
material and also by making elastic collisions with 
atoms of the stopping material. The general framework 
of the theory of penetration of energetic particles is 
presented by Bohr.’ More specific discussions of the 
penetration of low-energy atoms are given by Nielsen’ 
and by Seitz and Koehler." 


2. THEORY 
a. Energy Loss by Elastic Collisions 


Following the treatment outlined by Seitz and 
Koehler,” the collision problem can be treated classically 
as long as 

b/x>>1, (1 


where A=A/uV and where 6=Z,Z2¢7/}uV? is the 
classical distance of closest approach in pure Coulomb 
scattering. Z; is the atomic number of the incident 
atom, V its velocity, and e is the electronic charge. 2: 
is the atomic number of the stationary atom. M, and 
Mz; are the atomic masses of the incident and stationary 
atoms, respectively, and »=M,M./(M,+Mz) is the 
reduced mass of the system. In all the cases of interest 
here, the classical approximation is justified. 





®N. Bohr, Kgl. Danske Videnskab. Selskab. Biol. Medd. 18, 
No. 8 (1948). 

” F, Seitz and J. S. Koehler, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press Inc., New York, 1950), 
Vol. 2, p. 305. 
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RANGES OF H:+, Dat, Het, 
The screening effect of the orbital electrons is taken 


‘ato account by assuming a potential of the type 


P(r)=Z,Z2e"r' exp(—r/a), (2) 
where ¢ is the separation between the two atoms and 


a= ah, (Z,!+-Z.3)}, (3) 


where a, is the Bohr radius of the hydrogen atom. The 
importance of the screening can be inferred from the 
size of the parameter ¢ where 


(4) 


C=b/a. 


Values of ¢ large compared to unity denote strong 
greening. The experimental information discussed in 
this paper gives values of ¢ less than unity which 
denotes weak screening. 

Nielsen? has shown that for 0.8<¢<15 the potential 
2) can be replaced by an inverse square potential. With 
assumption the energy loss per unit path length by 
dastic collisions with the screened Coulomb field, 
iE/dx),., is found to be 


(dE/dx) .=3.70nge?ZZ2aM 1/(Mi+M2), (5) 


where ois the number of atoms/cc of stopping material. 

For weak screening when ¢<1, the interaction is 
primarily due to the unscreened nuclear Coulomb fields 
and, as given by Seitz,'® is 


(dE/dx) = 2amZPZ7e'M yV~ log(Tm/Ta), (6) 


where 


Tm=4M \M2(M,+M?2)E, 
T.= 4Z°Z2R,7E“M\M:; 1(Z, 34 ZA). 


and R, is the Rydberg constant for hydrogen. 
b. Energy Loss by Ionization 


The excitation of electrons of the stopping material 
is relatively improbable when the energy parameter, € 
given by 

e=m_/M,, (7) 
of the incident atom is small compared to the first 
strong excitation potential, 7, of the stopping material. 
m. is the electron mass. For quartz, J=6.2 ev. Although 
the actual calculation given by Seitz and Koehler" for 
the energy loss per unit path length by ionization applies 
only to metals, it can be modified to apply to insulators 
as well. It is convenient to use the coordinate system 
in which the incident atom is at rest and the stopping 
material is moving with velocity V. The energy transfer 
is then due to the scattering of the valence electrons as 
they move past the atom that is now considered at rest. 
However, only those collisions are allowed which scatter 
the electrons to unoccupied states. This means that 
only collisions where the energy gain exceeds J are 
allowed. Assuming that the valence electrons are bound 
‘na Coulomb field, their kinetic energy will approxi- 
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mately equal their binding energy" and they thus are 
uniformly distributed in a thin spherical shell in velocity 


space at a velocity Vo where 


Vo= (21/m)}, (8) 


and where m is the effective electron mass. The energy 
transferred to the electrons is on the order of 2mV Vo 
per collision when V<Vo. The fraction of allowed 
collisions /(@), due to scattering through an angle 6 in 
the center-of-mass system, is 


f(0)= (4V Vo sin3— V.2+4V? sin®30)/8V Vo sin}@. (9) 


The energy loss per unit path length due to electronic 
collisions, (dE/dx),, is then given by 


(dE/dx) — Ww f (2mV Vo) f(@) sinéd@, (10) 


0 


where No is the number of valence electrons/cc and o 
is the total scattering cross section for valence elec- 
trons in collisions with the field of the incident atom. 
It follows that 


(dE/dx) Noo (2I'e'—1). (11) 


c. Diffusion Effects 


In the above discussions it must be remembered that 
the quantity x is the distance actually traveled by the 
ion. For low-energy ions with masses approximately 
equal to the mass of the stopping atoms, the scattering 
is isotropic in the center-of-mass system and almost 
every collision will result in a large deflection and the 
ion penetration will be determined by diffusion effects. 
Consequently, the experimental results are expressed 
in terms of ¢, the depth beneath the surface. Nielsen’ 
has shown how the theory developed for neutron 
scattering can be used by making only minor changes in 
notation. By comparing Eqs. (13) and (21) given by 
Nielsen’ it is seen that the depth R at which the incident 
flux falls to one half of its initial value is approximately 
given by the relation 


R/x=M,M2(M,+M2)~[0.75E(1—(cos¢)av) }3, (12) 


where (cos¢)ay=2M,/3M2, £=1+r(1—r)“ logr, and 
r= (M,.—M,)?/(M.+M,)?. Equation (12) is applicable 
only when the number of scattering events is large 
enough to make the motion of the incident ions random. 
An approximate idea of the significance of (12) can be 
obtained by calculating the number of collisions per 
incident ion, C(¢), which result in deflections of more 
than ¢ in the laboratory system. This is 


C(¢)=mAto.(¢), (13) 


where o.(¢) is the cross section for scattering through 
an angle of more than ¢ in the lab system, and At is the 
thickness of stopping material. For small values of ¢ 
where the screening is weak, it follows from Seitz and 


1 —, Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 
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Fic. 1. Range in quartz of H:* and D,* ions as a function of ion 
energy. The molecular ions split into atomic particles as they 
enter the solid so that the range for atomic ions of a given energy 
will be equal to the range of molecular ions of twice the energy. 


Koehler,”® Eqs. (7.2) and (3.6), that 
C-= aZ P°Z.7e*(sin *39—1) wy, 


where M, sin@/(M,+M, cosé)= tang. 


(14) 


d. Relation of Bombarded Layer Depth to Range 


Intuitively, the depth of the layer formed when an 
ion beam bombards a quartz surface is expected to be 
related to the range of the ions. The following discussion 
shows the exact nature of the relationship. The range, 
R, is defined as the depth at which the flux of ions falls 
to one half of the incident flux at the surface of the 
stopping material. The depth, d, of the bombarded 
layer is obtained by fitting the theoretical curve of 
reflection coefficient versus wavelength predicted for a 
layer with uniform refractive index to the experimental 
points of reflection coefficient versus wavelength. 
However, the layer is expected to be nonuniform near 
the end of the range of the particles. For saturation 
bombardments, the change in refractive index of the 
bombarded layer as a function of depth, An[Z] is 
believed to be constant for values of ¢<R and to 
monotonically approach zero for values of />R. 
Analysis of a simple case of a nonuniform layer (curve 
b in Fig. 2 given by Hines and Arndt*) shows that the 
approximation of fitting the curves for a uniform layer 
gives a value of d which is numerically equal to 
JSo”An{t |dt/An[(0]. In a first approximation this integral 
relationship is equivalent to defining d by the relation 


An{d ]=4An(0). (15) 


The change in refractive index as a function of depth 
is due to the fact that the energy liberated per unit 
volume in displacement collisions, &(¢), is a function of 
the depth. Thus, it is more accurate to represent the 
change in refractive index by An[&(t) ]. If £.’(#) is the 
energy liberated in displacement collisions per unit 
thickness of stopping material at a depth ¢ below the 
surface, (15) can be expressed in the form 


An[E.' (d)F (d)]=}An[ (Ee! )avF (0) ]. (16) 


HINES 


(E-’)av is the value of E,’(t) averaged over the dept, 
of the bombarded layer. F(?) is the time integrated f 
density of the incident beam as a function of ¢ Fim 
Fig. 8 given by Hines and Arndt,® it is seen that} 
possible to choose a value of incident time integra 
flux density, Fr(#), such that 


An[(E.’)av3 Fr (0) ]=3 An (E.’ avi’ r (0) ]. 


Since (16) is true for any F(é) including F(t), it is see 
that 
Fr(d)= 3 (Ee )av/E-'(d) |F r(0). 


The distribution of the penetration of the maj 
of the particles as a function of depth is expected to} 
a Gaussian function.' Thus 


F (d)=F(0)3{1—erfl[ (d—R)/v20}}, 9 


where R is the mean range and is the root mean squy 
fluctuation in particle penetration. From (19) and ({i 
it follows that 


R=d—v2Q erf 1¢] —[ _ - E.'(d) }}. 
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Fic. 2. Range in quartz of He* ions as a function of ion energ 


e. Ratio of Ionization Energy Loss to 
Displacement Energy Loss 


For values of the energy parameter such that 





it is expected that practically all of the particle eneg 
Under ths 
condition the energy per unit volume required t 


loss is due to displacement collisions.” 


produce a given change in refractive index is t 
dependent of the bombarding particle. For lage 
values of ¢, energy is lost through ionization as wells 
through displacement collisions. If E’(é) is the tote 
energy loss per unit thickness at a depth /, and Er(!) 
the energy loss per unit thickness at depth ¢ due 
ionization, then 


. 7 . ") 

E’), E.!\avt+ (Ee av, \s* 

and - 
F 9% E/d=F 50% (Ec' av t+F 50% (Ee avy \ 


where F59% is the time integrated flux density of tons 
required to produce 50% of the saturation change 12 


5, 271 (1949). 


2. Seitz, Discussions l'araday Soc. 
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Taste I. A comparison of experimental and theoretical values for the energy loss due to displacement collisions per unit thickness of 


q 
Th 


vartz, E,’; the energy loss due to ionization per unit thickness of quartz, /,’; and the total energy loss per unit thickness of quartz E’. 
calculated values of the ratio, ¢, of the collision diameter to the screening constant; the ratio, b/A, of the collision diameter to the 


incident atom wavelength/27; and the energy parameter, e=m,/2/M,, are also included. The averages for (/.’)ay/(Ec’)ay are taken over 


the depth of the bombarded quartz layer. 

















nen nel — ~~ 
Energy E’ E,’ E,’ theory E.’ E,’ theory 
Atom kev € ev f b/X (E’)av/(Ee’ dav Mev/cm Mev/cm Mev/cm Mev/cm Mev/cm 
aT 1s 641 0.0601 229 45 +55 539+ 62 527+ 61 49.3 11.74 1.9 12.4 
D 10.6 2.90 0.0730 43.2 10.1 +1.3 464+ 65 422+ 59 17.3 418+ 7.6 26.6 
He 15.5 2.12 0.122 101 3.1 +0.5 885+ 74 668+ 61 12.9 216 + 32 128 
Ne 45.0 1.23 0.368 673 0.45+0.13 6240+ 1900 1940+ 700 0 4300 +1330 6060 
An. The averages are taken over the depth, d, of the is predominantly neutral. 70% of the charge- 


bombarded layer. For F's0%(E-)av the value of 7.810” 
ev/cc found by averaging the values of F50%#/d for 
4+ ion bombardment given by Hines and Arndt® is 
ysed because for At ion bombardment the energy 
parameter is small enough to neglect ionization. Thus 
the ratio of ionization energy loss to displacement 
energy loss can be found from (23) to be 


(Ee\av/ (Ec! )av=((F 50% E/d)/7.8X10%]—1. (24) 


It is also possible to estimate the ratio E.’(d)/(E-’)ay 
by using the experimental observation from Figs. 1, 2, 
and 3 that the range versus energy curves are approxi- 
mately linear. This means that E’(t) is constant and 
that 


(E’\ wo E.' (d) (25) 


because £,'(d) is small when the ions are near the end 
of their range and moving slowly. It follows from (22), 
(24), and (25) that 


E.'(d)/(Ee’)av™(F 50% E/d)/7.8X 10", (26) 


3. DISCUSSION 


The experimental penetration depths found by 
Hines and Arndt*® for H,+, D+, He*, and Net, ions in 
quartz are presented in Figs. 1, 2, and 3. The data for 
penetration of A+, Kr+, and Xe? ions in quartz are not 
included here because the depth of the altered quartz 
layer may be partly or completely due to the primary 
Si and O knockons created by the heavy atoms and 
may bear little relationship to the penetration of the 
heavy atoms themselves. 

It must be remembered that the ions are penetrating 
a layer of damaged quartz whose density is close to that 
of vitreous silica (2.20 g/cc). Thus a density of 2.20 
g/cc is used in the range calculations rather than the 
density of quartz (2.65 g/cc). 

Although the incident atoms are positively charged, 
the cross sections for charge exchange are very large 
and the beam quickly reaches a charged state in- 
dependent of the original charge. In particular, Allison” 
States that thicknesses of 10-* g/cc (0.1% of the 
penetrations discussed here) are sufficient to produce 
charge equilibrium. Also, the charge-equilibrated state 





#S. K. Allison, Revs. Modern Phys. 30, 1137 (1958). 


equilibrated beam of 10-kev hydrogen emerging from 
a silicon monoxide film is neutral and 96% of a 16-kev 
helium beam in neon gas is neutral. Consequently, the 
particles of interest here can be considered neutral 
during most of the time they are moving through the 
solid. 

The molecular ions are expected to split as they 
penetrate the first surface layers of atoms with the 
subsequent atomic particles following independent 
paths. The energy will be shared equally between the 
two atomic particles because they have equal velocities 
and masses. Fogel e¢ al. find that the energy distri- 
bution and charge state of the beam emerging from an 
Al foil for an incident beam of 32-kev H,* ions is the 
same as it is for an incident beam of H* ions with half 
the energy of the molecular ions. Here, all calculations 
for molecular beams are carried out assuming the 
penetrating particles are neutral atomic particles with 
one half the energy of the incident molecular ion. 

The relationship of bombarded layer depth to range 
is given by (20) and (26). Using the experimental values 
of Fs5o%/d given by Hines and Arndt, it is seen that 
the difference between the range and the penetration 
depth varies from 0.602 for 7.5-kev Het ions to 2.340 
for 32.6-kev H,* ions. Although no theory exists for 
calculating 2 in this energy range, it is expected to be 
small and can be neglected because most of the energy 
is lost by ionization and the average energy loss per 
ionization event is only 10~* of the total energy. Some 
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Fic. 3. Range in quartz of Ne* ions as a function of ion energy. 


4. M. Fogel, B. G. Safronov, and L. I. Krupnik, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 711 (1955) [translation: Soviet 
Phys.—JETP 1, 546 (1955)]. 
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straggling is also to be expected from nuclear Coulomb 
scattering, but, as shown below, only a minor fraction 
of the incident atoms are scattered through large angles. 

Table I presents experimental average values of E’ 
obtained by subtracting the lowest and highest energy 
points given in Figs. 1, 2, and 3 for each ion. These are 
compared with theoretical values of EZ.’ and E,’. The 
values of (E.’)av/(E.’)ay are found using (24) and the 
experimental values of FPs0%/d given by Hines and 
Arndt® for the middle bombardment energies. Since 
both E’ and (E,’)../(E.’)ay are known, approximate 
experimental values for E.’(E,,) and E.’(E,,) can be 
found by assuming that 


(Ee! \av/ (Ec! av™ LY Ch.. y/ E. "( #...). (27) 


where E,, is the mean energy of the two points used to 
calculate the experimental values of E’. Since E,’(#) 
vanishes at the end of the range, the value of E,’(E,)/ 
E./(Em) is larger than (E.’)av/(Ec’)av. For 45-kev Ne 
atoms, E,’ is calculated by dividing (5) by (12). The 
value of ¢=0.368 is outside the region where (5) is 
valid, however, the agreement between calculated and 
observed values of E,’ is satisfactory. For the light 
ions the diffusion factor is not pertinent since the 
nuclear scattering cross section is low. From (13) and 
(14), the fraction of incident atoms scattered through 
lab angles in excess of 45° can be calculated for the 
thickness involved for the experimental values given in 
Table I. The fractions are 0.074 for 11.8-kev H atoms, 
0.099 for 10.6-kev D atoms, and 0.183 for 15.5-kev 
He atoms. Since (<1 for the H, D, and He incident 
atoms, the weak screening formula (6) is used to 
calculate E.’. For 11.8-kev H atoms the agreement 
between experimental and theoretical values of E.’ 
is within the range of experimental error. For 10.6-kev 
D atoms and 15.5-kev He atoms the experimental 
values of £,’ are significantly larger than predicted. 
However, the assumption (27) overestimates the value 
of E.’. If ionization energy loss predominates and varies 
approximately linearly with particle energy, assumption 


HINES 


(27) would overestimate E,’ by a factor close to bie 
Thus it appears that the experimental values of E.! for 
10.6-kev D atoms and 15.5-kev He atoms do agree 
with theory within the validity of the analysis Of the 
experimental data. 

For the ionization energy loss the experiment,| 
values are an order of magnitude greater than the 
theoretical values calculated from (11) if the crog 
section for scattering of valence electrons by the field 
of the incident atom is taken equal to the geometric 
ra,°Z,', of the incident atom. Thi 
result is not sensitive to the assumption (27) because 


cross section, oo ‘ 
ionization accounts for most of the energy loss for 
11.8-kev H atoms, 10.6-kev D atoms, and 15,5-key 
He atoms. Consequently it appears that the scattering 
cross section is considerably larger than the geometric 
cross section. Comparing the experimental results 
with (11), the ratios for o/ao are seen to be 11+1 for 
11.8-kev H atoms, 24+3 for 10.6-kev D atoms, and 
52+5 for 15.5-kev He atoms. For 45-kev Ne atoms. 
(11) predicts zero ionization energy loss. Experi. 
mentally, some ionization energy loss is observed but 
it is of doubtful significance since it is only 2.8 times 
the experimental error. 


4. CONCLUSIONS 


The experimental value for energy loss per unit path 
length due to displacement collisions for 45-kev Ne 
atoms in quartz is consistent with Bohr’s theory when 
the diffusion nature of the Ne atom motion is taken 
into account. For 11.8-kev H atoms, 10.6-kev D atoms, 
and 15.5-kev He atoms the energy loss per unit path 
length due to displacement collisions is consistent with 
the theory of weakly screened nuclear collisions. The 
energy loss of 11.8-kev H atoms, 10.6 D atoms, and 
15.5-kev He atoms is mainly due to ionization and the 
cross sections for ionization of the valence electrons 
by the moving atoms are found to be an order of magni- 


tude larger than the geometric cross sections. 
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pHYSICAL REVIEW VOLUME 


Measurements have been made of the complex capacitance 
c=C’-iC”) of undoped, high-resistance, single-crystal TiOz 
nutile) in vacuum at 78, 195, 273, and 300°K as a function of 
frequency between 10! and 3X10* cps with a 0.1-volt ac signal. 
With the field in the c direction, one low-frequency loss peak is 





found at 200 cps. The capacitance C’ and loss C”’ of a 2-mm cube 
with the field in the c direction are characterized by 1/2r7=200 
| sect, tand200 cps = 0 7, and a dielectric constant (€’): Me/see of 170, 
| while (€’)20 eps =30 000. The loss and low-frequency capacitance 
of the crystal are directly proportional to the area of the electrodes 
| and depend but slightly on the sample thickness, electrode 


INTRODUCTION 


HE dielectric constant of titanium dioxide (rutile) 
is of interest because it is large and anisotropic. 
Grant! quotes values for the static dielectric constant 
at room temperature of 173 with the electric field in the 
cdirection and 89 perpendicular to the ¢ direction, com- 
pared with the optical value of ~7. Recently Nicolini? 
has reported that the dielectric constant. e’ of ceramic 
rutile at room temperature increased from a value of 
about 100 at 10° cps to a value of 10 000 for frequencies 
below ~ 10° cps. Moore® has found similar low-frequency 
dielectric constants in both the a and the c directions of 
single-crystal rutile. Srivastava* measured a value of 
1 for the dielectric constant at 100 cps in the ¢ direc- 
tion at 300°K ; but this dielectric constant was a func- 
tion of frequency, apparently increasing without limit 
a3 the frequency decreased. Van Keymeulen® did not 
find this effect in his measurements of the dielectric 
constant of single-crystal rutile. 
A series of experiments designed to find the source of 
these amazing low-frequency dielectric constants seemed 





to be lacking. An investigation was therefore made of 
the capacitance (C’) and loss (C”’) of undoped, single- 
aystal rutile as a function of frequency (10'—3X 10° 
ps) and temperature (78-300°K). The effects of various 
parameters such as the electrode metal, sample dimen- 
sons, surface treatment, bias voltage, and carrier 
electron) concentration, were studied. A few measure- 
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materials and surface treatment. C’ and C’” have been measured 
at 300°K as a function of the oxygen vacancy concentration in the 
crystal. C’ and C” have also been measured as a function of dc 
bias from 0 to 400 volts; (C’)20 eps, (C’” max and 7 are proportional 
to V-" where n is between 0.3 and 0.8. The results of the experi- 
ments can be explained by an electron-deficient barrier layer 
whose thickness increases with increasing applied dc voltage. 
When the dc voltage in the ¢ direction is changed, effects are 
observed whose time constants are of the order of hours or even 
days. 


ments were also made of the two-terminal dc resistance 
of the samples. 

The experimental results may be explained by an 
electron-deficient barrier layer at the electrode-crystal 
interface such as has been proposed to explain the action 
of contact rectifiers.6 The experimental results cannot 
be explained by assuming that the crystal is ferro- 
electric. 

THEORY 


The exhaustion layer theory of rectification is due to 
Schottky. When a metal and a semiconductor of 
different work functions are placed in contact, the 
difference in work function causes the formation of a 
double layer which reduces the potential at the surface 
of the semiconductor by an amount equal to the differ- 
ence in work function, thus equalizing the Fermi levels. 
In the case of TiO2, the double layer consists of positive 
ionized impurity centers in the semiconductor and elec- 
trons at the metal-TiO, interface. If the density of 
ionized donors in the exhaustion layer is assumed constant 
and equal to the total bulk donor density N, the thickness 
b of the layer for a given difference in work function @ 
and applied dc bias voltage V is given by 


b=[e(@—V)/2xNe }}, (1) 


where ¢ is the static dielectric constant of the semi- 
conductor and e is the electronic charge. The conduc- 
tivity of the barrier layer will be reduced by the removal 
of the electrons. This layer then has all the properties 
necessary for rectification. And as Breckenridge and 
Hosler’? have shown, the Ti— TiO, contact does rectify. 

Joffé* and Torrey and Whitmer® have pointed out 
that such a barrier layer should have a capacitance 
which could be used to measure its thickness. A simple 


® W. Schottky, Z. Physik 118, 539 (1942). 

7™R. G. Breckenridge and W. R. Hosler, J. Research Natl. Bur. 
Standards 49, 65 (1952). 

SA. F. Jofié, The Physics of Crystals (McGraw-Hill Book 
Company, New York, 1928). 

®H. C. Torrey and C. A. Whitmer, Crystal Rectifiers (McGraw- 
Hill Book Company, New York, 1948). 
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Fic. 1. Equivalent R-C circuit for discussing the complex capaci- 
tance of a crystal with a barrier layer. 


R—C circuit whose capacitance has the same frequency 
dependence as that of the crystal for small ac voltages 
is shown in Fig. 1. The capacitance and resistance of the 
barrier layer (C; and R,) and the capacitance and 
resistance of the rest of the crystal (C; and Re») are given 
in Gaussian units by 


C\=€A/4rd, 
C2= €A/4nr(L—d), 


and 
R.=p(L—d)/A, 


where A is the cross-sectional area of the crystal, LZ is 
the total crystal thickness, and p is the bulk resistivity. 
¢ is assumed to be constant and equal to the static value 
of the dielectric constant of the crystal. Since the elec- 
trodes are symmetrical, there are two barrier layers in 
the crystal, one at each electrode. Thus, for zero bias, 
d in the equations above will be equal to twice the 
barrier layer thickness. However, under high dc bias, 
the resistance of the barrier layer at the negative elec- 
trode will be increased, and that at the positive elec- 
trode decreased. In this case, d will be equal to the 
thickness of the barrier layer at the negative electrode, 
the value for b calculated from Eq. (1) with V taken as 
a negative quantity. 

Von Hippel” has shown that the complex capacitance 
(C=C’—iC”) of the circuit shown in Fig. 1 exhibits a 
Debye-type loss with an added term for the dc 
resistance: 





C’—C.,,’ 1 (2) 
Ci’'—Ce’ 1+0*r? 
C”—1/wRae wr 
-= (3) 





Ci'-Ce’ 1402? 
Here Rac=Ri+R:2 is the dc resistance of the crystal 
and r, Co’, and C,,’ are complicated functions of Ri, Re, 
C;, and C."° Now since Breckenridge and Hosler found 
that the Ti—TiO, contact is rectifying, the resistance 
of the barrier layer must be much greater than the bulk 
resistance. Using therefore the approximation R:>R», 
0A. R. von Hippel, in Handbook of Physics, edited by E. U. 


Condon and H. Odishaw, (McGraw-Hill Book Company, New 
York, 1958), pp. 4-121ff. 
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the expressions for r, Co’, and C,,’ become 


C,,'=€A/4aL, (4 
Co’ = €A/4rd, 5 

and 
r= epL/4rd. (6 


The bulk resistivity may be conveniently calculate 
from relations derived from these equations: 


2(C”—1/wRac)max A ( “) 
‘ = —s ea Jo § (7 
T pL L 


and 
A d 
lim (wC””) = ( ~ ). (8 
— pL Ez ; 
EXPERIMENTAL 


Sample Preparation 


A boule of undoped rutile grown by the flame-fusion 
technique was obtained from the Linde Company. The 
boule was oriented by x-ray back reflection. Sample 
approximately 1X23 mm were cut with a diamond 
saw. One of the directions in the sample corresponded 
to the c axis and the other two to a or 110 axes. The 
samples were polished gently by hand on No. # 
corundum paper to remove gross irregularities in the 
surface. The dimensions were then measured witha 
micrometer. A few samples were polished further, using 
0.3-micron alumina on a paraffin lap as the final polish. 

The orientation of the ¢ axis of the samples was 
checked with polarized light, and was in all cases correct 
within 2°. The samples were not perfect single crystals 
they seemed highly strained and most contained twoa 
three low-angle min) grain boundaries. The 
dielectric properties did not seem to be affected by the 
presence of these boundaries. 

The crystals were washed with water, alcohol, and 
trichloroethylene. Treatments of the crystal with hot 
dilute or concentrated acids such as HNO; or H,S0, 
did not alter the dielectric properties. 

The carrier (electron) density in the crystals depents 
upon the concentration of oxygen vacancies; the number 
of vacancies can be increased by reduction of the crystal, 
or decreased by oxidation. The bulk resistivity of the 
crystals as cut is calculated in a later section to be about 
3X10 ohm cm in the c direction. This can be decreasél 
two orders of magnitude by heating the crystal 1 
1000°C in one atmosphere of oxygen and then de 
creasing the temperature as rapidly as possible. (Further 
reduction can be accomplished by heating in vacuum, 
The resistivity can be increased one or two orders 0 
magnitude by cooling the crystal slowly from 100°C 
in 1 atm Oy. 

Several different metal electrodes were tried. Indiun 
and indium-gallium amalgam wet the crystal and wert 


(~5 


spread on in a thin uniform coat; in the case of indium, 
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DIELECTRIC CONSTANT AND 
the crystal was warmed until the metal flowed easily. 
silver and titanium were evaporated onto the crystal 
at a pressure of ~1 micron Hg; the crystal was cleaned 
by glow discharge before the evaporation and a shutter 
was used so that the metal could be cleaned by partial 
evaporation before the crystal was coated. The evapor- 
ated electrodes were quite adherent. Silver paint was 
fred on by heating the crystal gently until the organic 
material in the paint had burned off. Electrodes were 
removed with warm dilute acids such as HNO . The 
application of the electrodes and their subsequent 
removal with acid had no effect on the surface or bulk 
resistivities or on the capacitance and loss of the crystal. 


Apparatus 


Measurements of capacitance were made by a substi- 
tution method with General Radio 716 and 716-CS 
capacitance bridges and a 722-DQ variable precision 
capacitor. The technique is described by von Hippel." 
The ac signal strength was reduced until a further 
reduction in signal strength had no effect on the meas- 
ured capacitance, usually about 0.1 volt. The dc bias 
voltage was supplied with batteries. Before measure- 
ments of capacitance under dc bias were made, the bias 
voltage was applied until the capacitance of the crystal 
did not change with time; this usually required about 
20 minutes. 

For the measurements, the sample with metal elec- 
trodes applied was held between the lightly spring- 
loaded plates of a shielded parallel plate capacitor. The 
plates were 0.8 cm in diameter; the plate spacing was 
adjusted by moving the upper plate which was mounted 
on a screw. The capacitor was connected through a 
stainless steel coaxial pipe about 18 in. long to a switch- 
ing arrangement which made a coaxial connection to the 
bridge when the sample holder was in the circuit and 
grounded both holder terminals when the holder was 
out of the circuit. The part of the apparatus containing 
the sample, parallel plates and center conductor of the 
coaxial lead from the switch was evacuated to at most 
X) microns Hg pressure. The total capacitance of the 
holder, coaxial connectors, and external capacitor was 
at least 136 wuf. The capacitance difference between the 
holder in and out of the circuit was about 40 uf. C”’ for 
the holder was no larger than 0.005 yuf. For a dielectric 
constant of 100, the capacitance of the sampies was 
-10uuf. Though capacitance differences could be 
measured to +0.01 uuf, the absolute value of the sample 
capacitance could be determined to only +0.05 puf 
because of the errors involved in setting the plate 
spacing for the measurement of the capacitance of the 
sample holder. Because of the large dielectric constant 
of the material, this error was not serious in these 
‘periments. The loss of the sample was measured to 
£0,005 uf or +2%, whichever was the larger error. 





uA R von Hi | ° . . . . 
RK. ppel, Dielectric Materials and Applications 
Vohn Wiley & Sons, New York, 1954). : 
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Fic, 2. Apparent dielectric constant and loss of single-crystal 
TiOz (rutile) in the ¢ direction at 300°K. Sample dimensions 
2X2X2 mm. Indium electrodes. 


Two-terminal dc resistance was measured with a 
General Radio electrometer which read the current 
through its internal resistance in series with the sample 
and a voltage source. The sample holder was connected 
through coaxial pipe to a carefully shielded voltage 
supply (batteries) which made in turn a coaxial con- 
nection to the electrometer. The resistance of the leads 
and the sample holder with the sample removed was 
greater than the largest measurable resistance under all 
conditions of temperature and voltage used in these 
experiments. 


RESULTS 


The complex dielectric constant («= e’—ie’’) of rutile 
when the electric field is in the ¢ direction is strongly 
dependent on frequency. Figure 2 shows data for an 
as-cut, unpolished crystal with indium electrodes at 
300°K. ¢’ at 10° cps is 166, in good agreement with the 
values of the static dielectric constant in the c direction 
quoted by Grant.! But the apparent value of ¢’ at low 
frequencies is about 30 000 and is fairly independent of 
frequency below 50 cps. At intermediate frequencies a 
loss peak is observed; e”’ rises to a maximum at 200 cps, 
at which frequency tand=0.7. This is similar to the 
behavior of ceramic TiO, reported by Nicolini.” 

With the field perpendicular to the c direction, ¢’ was 
89 at all frequencies and e” was 3 or 4 orders of magni- 
tude smaller than in the c direction. In Fig. 3 are shown 
data for e’”’ as a function of frequency for two orienta- 
tions (a and c) of an unpolished, very lightly reduced 
sample with indium electrodes. The curves marked 110 
were measured in the 110 directions of another similarly 
treated crystal. Since in a direction perpendicular to c, 
ée’ and e” do not depend on the crystal dimensions, the 
capacitance and dielectric loss in these directions is a 
normal bulk effect. 

The complex capacitance in the c direction was meas- 
ured as a function of frequency for two identically 
treated crystals of different dimensions. The values for 


e” and e’—(e’): Mejsee Calculated from the capacitance 


-data are strongly dependent on the crystal dimensions, 


though (e’): nic/see is not. In Fig. 4, the ratios of the 
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Fic. 3. Dielectric loss of single-crystal TiO2 at 300°K as a 
function of orientation. Indium electrodes. 


measured losses C,’’/C2"" and of the capacitance incre- 
ments [C’— (C’)1 mejsee_li/[C’— (C")1 me/see 2 are shown 
as a function of frequency. The frequency was normal- 
ized by setting wr equal to one when C” —1/wRa. was 
a maximum. If this were a bulk effect, these ratios 
would have been (A;/JZ;)/(A2/L2)=5.7 at all fre- 
quencies, the upper horizontal line in Fig. 4. Instead 
the points cluster about the lower line in the figure 
which corresponds to A;/ Ag, the ratio of the areas of the 
c faces of the two crystals. Therefore, the increase in 
capacitance at low frequencies in the c direction must 
be a surface effect and is best described as a capacitance 
per unit area of c face rather than as a dielectric con- 
stant. The points shown in Fig. 4 represent a collection 
of data taken with different electrodes, principally 
soldered In and evaporated Ti. 

Measurements of D—E curves for these crystals at 
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Fic. 4. Ratios of measured capacitances in the ¢ direction at 
300°K for two different size samples of single-crystal TiO. Indium 
and titanium electrodes. @=C,"/C2"; O=[C’—(C’)1 me/sec ] 
[C’—(C’)1 me/sec ]2- 
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60 cps and 500 volts ac showed hysteresis loops in the 
c direction similar to those shown by Nicolini? fo 
ceramic TiO, and completely linear behavior in direc. 
tions perpendicular to c. 

The values for the dielectric constant and loss of the 
crystal are not affected by changing the metals used Pa 
electrodes—indium, indium-gallium amalgam, silver 
or titanium. Nor does the treatment of the surface seem 
to be important. The largest change observed, the 
result of highly polishing the surface under the electrode. 
was a 30% increase in the low-frequency dielectric 
constant in the ¢ direction. 

The effect of lowering the temperature is to lower 
both the low-frequency capacitance and the relaxation 
frequency. A change of a factor of about 5 in these 
quantities is seen when the temperature is changed 
from 300°K to 78°K. 
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Fic. 5. Capacitance of single-crystal TiOz in. the ¢ direction at 
300°K as a function of oxidation of the crystal. Indium electrodes 
Sequence of treatment of the crystal: No. 1, as cut from the boule 
No. 2, reduced slightly; No. 3, oxidized slightly; No. 4, heatec 
under conditions which should have neither oxidized nor reducet 
No. 5, oxidized further 


The low-frequency capacitance and the relaxation 
frequency are changed by orders of magnitude when the 
crystal is slightly oxidized or reduced. In Fig. 5, data 
for the capacitance and dielectric loss of a crystal at 
300°K are shown as a function of frequency for several 
stages in the oxidation of a crystal. Curve No. 1 is the 
measurement on the as-cut crystal. For No. 2, the 
crystal was reduced slightly ; for No. 3, oxidized slightly 
For No. 4, the crystal was then heated five days a! 
300°C in 1-atm air, a treatment which should have 
neither oxidized nor reduced it, and as is seen in Fig. 
the properties were the same as before. Number 5 was 
measured after yet further oxidation. Oxidation of the 
crystal causes a decrease in both the low-frequency 
capacitance and the relaxation frequency. ’ 

The most striking result of the experiments Is the 
dependence of the capacitance and loss on de bias 
voltage. In Fig. 6 is shown a series of measurements 
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BIELECTRIC CONSTANT 
taken at 78°K in the ¢ direction of an untreated sample 
with evaporated Ti electrodes. As the dc bias is in- 
creased, the capacitance and loss decrease at low fre- 
quencies but are not affected much at high frequencies, 
ghile the relaxation frequency is increased. Similar 
measurements were made at 195 and 273°K; the only 
difference was that the losses, capacitances and relaxa- 
tion frequencies were all somewhat larger. 

Whenever it was possible, the two-terminal dc 
resistance of the crystal was measured. The resistance 
at 78°K was greater than 10“ ohms, and thus could not 
be measured with the electrometer. At 273 and 300°K, 
continued application of the measuring voltage caused 
a decrease in the resistance of the sample. The resistance 
returned to its original value if the crystal was heated 
eg.,3 hour, 1000°C, 1 atm O.) orif it was allowed to stand 
for several weeks (e.g., 3 weeks, 300°K, 20 microns Hg 
pressure). At 195°K it was possible to measure the two- 
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Fic. 6. Capacitance of single crystal TiO in the c direction at 78°K 
as a function of dc bias. Titanium electrodes. 


terminal resistance as a function of voltage over several 
ordersof magnitude in voltage. Expressed in terms of volt- 
ageandcurrent, J « V3 fit the data very well from V = 1.5 
to V=400 volts. For V=9 volts, the dc resistance of 
the sample whose capacitance is shown in Fig. 6 was 
8K, 210" ohms; 195°K, 10" ohms: 273°K, 10° ohms: 
W0°K, 5X 108 ohms. 
When the de voltage was removed from the sample, 
‘ne sample generated a voltage of the same sign which 
required several minutes to decay, the decay time being 
ibout 1 hour at 195°K and faster at higher tempera- 
lures, an effect first observed for glass by Franklin” 
in 1748, ; 
INTERPRETATION AND DISCUSSION 
Ferroelectricity as an explanation for the high 
‘parent dielectric constants is immediately ruled out 


ia T. Littleton and G. W. Morey, Electrical Properties of Glass 
om Wiley & Sons, New York, 1933). 


AND 
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by two experimental results. The low-frequency capaci- 
tance in the c direction for identically treated crystals 
depends only on the cross-sectional area of the crystals. 
And this capacitance changes when the concentration 
of oxygen vacancies in the crystal is changed. 

The general form of the dependence of dielectric con- 
stant and dielectric loss on frequency for an untreated 
crystal under zero bias, as in Fig. 2, is well explained by 
the barrier layer model. According to Eqs. (2) and (4), 
the capacitance at high frequencies should correspond 
to the static dielectric constant, as is observed. The 
capacitance at low frequencies [Eq. (5) ], however, 
depends on the barrier layer thickness and will be much 
larger, as is also observed. Since the low-frequency 
capacitance does not depend on the sample thickness, 
this capacitance is better represented as a capacitance 
per unit area, Co’/A=€/4xd, which agrees with our 
results shown in Fig. 4. As long as dL, Eqs. (2), (3), 
(4), and (5) show that the ratios of C’’ and of C’—C,,’ 
measured for crystals of different dimensions at corre- 
sponding normalized frequencies wr should be equal to 
(Co’—Cx')1/ (Co —C eA 1/ A? at all frequencies. This 
is also observed in the data in Fig. 4 

The model predicts, in Eqs. (2) and (3), that C’ and 
C” will show a Debye-type frequency dependence. The 
data in Fig. 2 have the general form of Eqs. (2) and (3); 
as C’ changes from its high-frequency to its low- 
frequency value, (C’—1/wRa.) goes through a maxi- 
mum. (In this case, 1/wRa. is negligible, even at the 
lowest frequencies.) But the data are not fit exactly by 
the equations. The loss peak is a little broader than is 
predicted and the peak occurs at a frequency below 
that at which C’—C,,/= (1/2)(Co’—C,,’). These devia- 
tions from ideal behavior are not large enough, however, 
to cause significant difficulties in this analysis. 

The model is most successful in explaining the dc 
bias dependence. As can be seen from Eq. (1), de bias 
will cause an increase in the barrier layer thickness. 
Consequently, according to Eqs. (5) and (6), both + 
and the low-frequency capacitance will decrease. How- 
ever, Eqs. (7) and (8) show that as long as the barrier 
layer occupies a small fraction of the crystal, the high- 
frequency values of C” and the value of (C”’—1/ 
#Rac)max/t should be constant. These predictions are 
borne out in the data shown in Fig. 6. The decrease in 
the capacitance at high frequencies for 400-volt bias 
occurs because d=0.8L, and hence the term (1—d/L) 
in Eqs. (7) and (8) becomes appreciably less than one. 
Similar results are obtained at different temperatures 
and with other differently treated samples. The same 
kind of behavior has also been observed by Stucky" for 
the capacitance and loss of copper oxide rectifiers. 

The thickness of the barrier layer for | V |>>@ can be 
calculated from Eq. (5) as d=€A/4mC ’. The static 
values of the dielectric constant € were calculated from 


'8J. N. Shive, Semiconductor Devices (D. Van Nostrand and 
Company, Princeton, New Jersey, 1959). 
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Fic. 7. Barrier layer thickness as a function of dc bias for 
| V|>>¢, calculated from data in Fig. 6 at 78°K and similar data 
taken at 195 and 273°K. 


C,,’ at a particular temperature [Eq. (4) ]. Calculated 
values for d are shown in Fig. 7 for the data in Fig. 6 
at 78°K, and similar data taken at 195 and 273°K. From 
Eq. (1) it is predicted that d should vary as V°-® for 
|V|>>@. The dependence in Fig. 7 is closer to V°-® at 
all three temperatures, except for dc bias above 60 volts 
at 78°K, where the layer thickness approaches the total 
thickness of the crystal. For other samples, exponents 
as low as 0.3 and as high as 0.8 have been observed. 

The thickness of the barrier layer can be calculated 
from Eq. (1) as d= (|V | €/2xNe)! for | V|>>¢. The bulk 
resistivity of the sample at a particular temperature was 
calculated from Eqs. (7) and (8). For the data shown in 
Fig. 6, p calculated from Eq. (7) is 6X 10° ohm cm and, 
from Eq. (8), 310° ohm cm. This value is relatively 
independent of temperature between 78 and 300°K; 
this has also been observed by Breckenridge and 
Hosler™ for the resistance of more highly reduced 
samples. From the calculated values of the bulk resis- 
tivity of these samples and the data of Breckenridge 
and Hosler™ for the mobility of electrons in more 
reduced samples, the total density of donors N is calcu- 
lated to be about 5X 10"/cm*. Taking, for example, the 
data in Fig. 6 for V=22.5 volts: € calculated from C,,’ 
is 240; the value calculated for d is 3.5X10~ cm, in 
good agreement with the value 4.4 10- cm calculated 
from the height of the loss peak in Fig. 6. 

Other parameters besides V in Eq. (1) for the barrier 
layer thickness can be varied, thus changing the low- 
frequency dielectric constant and the relaxation fre- 
quency. For example, if the concentration of donors N 
is varied by changing the concentration of oxygen 
vacancies by oxidation or reduction of the crystal, p will 
vary as 1/N, and Cy’ and 1/7 will both vary as VN 
[Eqs. (5) and (6) ]. This sort of behavior is seen in Fig. 
5 for the capacitance and loss as a function of oxidation 
of a crystal. The bulk resistivity calculated from Eqs. 
(7) and (8) shows that NV decreases when the crystal is 


4R. G. Breckenridge and W. R. Hosler, Phys. Rev. 91, 793 
(1953). 
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oxidized, as was expected. And as N decreases, Cin 
1/7 decrease as N°-™, 

If the temperature is varied, the quantities jn Eq, ( 
which vary are e and ¢. Again for dc voltages Very mig 
larger than ¢, the barrier layer thickness should vay 
as Ve, i.e., it should increase about 20% as the temper, 
ture decreases from 273° to 78°K. As can be Seen 
Fig. 7, d does increase as the temperature decreases, by 
the increase is larger than 20%; for a given Voltage jt 
closer to a factor of 3. 

If the electrodes are changed, the quantity in Ea. ( 
which is changed is ¢, the difference in work functig 
In the measurements reported here, the changing ¢ 
electrodes did not affect the results appreciably, Bug 
of the metals tried as electrodes have work functions; 
about 4 ev. No experiments were performed with mets 
of quite different work functions. 

The results of the experiments were also rather}. 
sensitive to the treatment of the surface of the sample 
Since the behavior observed is not a “‘surface effect"; 
the usual sense, surface treatment would not be expect 
to change the capacitance and loss unless the density 
donors in the vicinity of the surface were sufficient 
altered to change d. This may be what happened whe 
the samples were polished protractedly ; in the damag 
region of the crystal at the polished surfaces the dow 
density was increased and hence d was decreased a 
the low-frequency capacitance increased. As state 
above, the magnitude of this effect was no greate 
than 30%. 

From Eq. (3) it is seen that if Rae is sufficiently smd 
there will be an increase in C”’ at low frequencies wil 
C” =1/wRae with no corresponding change in C’. Intk 
data in Fig. 3, this can be seen particularly for the los 
in directions perpendicular to c. (It is also present int 
measurements parallel to c in Figs. 3 and 5, but isn 
seen so easily until the loss peaks are subtracted out 
There was no corresponding increase in C’ in any a 
The values calculated for Ra. from the low-frequeny 
losses agree within a factor of two with the two-termm 
dc resistance measurements made on the samples wit 
the electrometer. 

One of the assumptions upon which this analysss 
based is that the barrier layer resistance is much greait 
than the bulk resistance. The bulk resistivity calculate 
from the high-frequency losses is of the order of 
ohm cm. In the absence of any leakage conductance 
the sample, Rac=Ri+R2~R:. In the c direction, vals 
for Rac were at least two orders of magnitude larger ti 
the values calculated from the bulk resistivity. _ 

The resistance measurements suggest a posi 
explanation for the absence of losses in the @ and {I 
directions in Fig. 3. The resistance in directions pep® 
dicular to c is about five times that parallel toc™ 
p-~0.1-10 ohm cm.!5 For higher resistivities, § 


15. E. Hollander, Jr., and P. L. Castro, Phys. Rev. 119, 1% 
(1960). 
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DIELECTRIC CONSTANT AND DIELECTRIC 


jiference between the two directions becomes more 
pronounced, e.g., a factor of 100 1000 for p-~ 10° ohm 
om8* Now as the bulk resistivity increases, the 
laxation frequency decreases. The loss peak could thus 
te shifted to frequencies below the limit of 10 cps of 
these experiments. In Fig. 4, this has almost occurred 
in the c direction for p-~ 10° ohm cm. In addition, if the 
rsistivity becomes high enough, the assumption Ri>Rz 
used in this analysis breaks down; and a more detailed 
analysis shows that for Ri~ Ro, the loss peak disappears, 
¢j=C,’, and C’” = 1/wRae, which is what is observed in 
the a and 110 directions in Fig. 3. Moore*® has found 
large low-frequency dielectric constants in the a direc- 
tion for lower resistivity material. 

At 195°K, the measurement of the resistance of the 
aystal as a function of voltage gave J « V1.5, just Child’s 
iw" for a space-charge-limited current. 

The resistance at 78°K was too high to be measured. 
The resistances at 273 and 300°K were fairly ohmic 
and probably corresponded to the current leakage 
mentioned above. 

The barrier layer model is too simple to cover the 
several long-time-constant effects which were observed. 
The two-terminal dc resistance of the crystals (and 
simultaneously the apparent barrier layer thickness) at 
273 and 300°K decreased when the crystals were sub- 
jected to prolonged high dc bias. Koller and Pospfsil's 
correlate the decrease in resistance of ceramic TiO, 
capacitors under these conditions with the generation 
ofcolor centers in the vicinity of the negative electrode. 
Bogoroditskii and Fridberg™ attribute the decrease in 
resistance to the generation of oxygen vacancies at the 
positive electrode by the reaction 


207 > 4e-+20,°+0s. 


*R. A. Parker (to be published). 

"C.D. Child, Phys. Rev. 32, 492 (1911). 

*A. Koller and Z. PospfSil, Czechoslov. J. Phys. 8, 315 (1958). 

*®N. P. Bogoroditskii and I. D. Fridberg, Elec. Tech. (U.S.S.R.) 
2, 259 (1959), 
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In addition, the high fields across the barrier layer at 
the negative electrode might be sufficient to cause the 
accumulation of vacancies in the vicinity of that elec- 
trode. When the electrodes were removed from one of 
these crystals, the conductivity of the surfaces in the 
vicinity of the electrodes was increased by two orders 
of magnitude over the value for the same treatment for 
the crystal but omitting the dc bias. However, the 
process is too fast to be explained by the motion of 
vacancies, as judged from measurements of vacancy 
diffusion at 800-1000°C,'* and is too slow for an elec- 
tronic process. 

Since this analysis is restricted to small voltage 
changes, it cannot be used to explain the time effects 
connected with large voltage changes which were ob- 
served, such as the generation of voltage by the crystal 
when the dc bias was removed and the hysteresis loops 
observed in the D—E measurements. 


CONCLUSIONS 


Large apparent dielectric constants, of order 30 000, 
are observed in the c direction of undoped single-crystal 
rutile. The behavior of the capacitance and dielectric 
loss of undoped rutile as a function of frequency 
(10'—3X 10° cps), temperature (78-300°K), dc bias 
(0-400 volts), and oxygen vacancy concentration can 
be explained by an electron-deficient barrier layer at the 
electrode-crystal interface. It is not necessary to 
postulate any increase in the dielectric constant above 
the usual “static” value. The experimental results 
cannot be explained as ferroelectric phenomena. 

Several effects with very long time constants have 
been observed to occur on large changes in voltage; 
concerning these, the barrier layer model as developed 
here makes no predictions since it is specifically re- 
stricted to very small voltage changes. Further experi- 
mental work is necessary for these effects to be under- 
stood. 
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The technique of neutron spectrometry has been used to meas- 
ure the dispersion curve of the spin waves in a metal for the first 
time. The momentum distributions of inelastically scattered 
neutrons from a single crystal of fcc cobalt containing 8% of iron 
have been observed under constant energy transfer conditions. 
The observed neutron groups (which satisfied momentum and 
energy conservation between the neutrons and the spin-wave 
quanta) enabled the dispersion relation to be established. The 
response of the intensity of the neutron groups to an applied 
magnetic field was used to identify those of spin-wave origin. The 
dispersion relation is in agreement with the form predicted by the 


INTRODUCTION 

HE dispersion curve of the spin waves in a ferro- 
magnetic metal has been measured using neutron 
spectrometry. The spin waves were observed in a single 
crystal of an alloy of cobalt containing 8°% of iron, by 
the analysis of inelastic neutron scattering from the 
crystal. The measured energy-momentum relation of the 
excitations is of the form predicted by the Bloch- 
Heisenberg spin-wave theory.' The value of the ex- 
change integral deduced from the dispersion curve, 
however, is in poor agreement with the value deduced 

from low-temperature magnetization measurements. 
The inelastic scattering of neutrons resulting from 
the creation or annihilation of a single spin-wave 
quantum (magnon) is subject to the conservation of 
energy and momentum. If the initial and final neutron 
propagation vectors are kp and k’, respectively, and the 
associated energies are /y and EF’, then for a ferromag- 

netic crystal? the conservation relations 

ky)—k’= 2r-—q, (la) 
AE= Ey— FE’ =+hw (1b) 


hold, where q is the propagation vector of the spin wave 
and fw is its energy. ¢ is a reciprocal lattice vector. 

If the neutrons which suffer an energy loss AF are 
observed as the crystal orientation y and scattering 
angle ¢ are changed, a neutron group will be seen as the 
spin-wave vector satisfies Eqs. (1). The center of this 
group will give the values of fw and q of the spin wave 
which has taken part in the scattering process. A series 
of such observations employing a range of values of AF 
establishes the energy-wave number relation w(q) of 
the spin waves. 

Previously this technique has been applied only to 
magnetite’ though neutron scattering involving inter- 








* National Research Council of Canada Fellow. 

1 F. Bloch, Z. Physik 61, 206 (1930). 

?R. G. Moorhouse, Proc. Phys. Soc. (London) A64, 1097 
(1951); R. J. Elliott and R. D. Lowde, Proc. Roy. Soc. (London) 
A230, 46 (1955). 

3B. N. Brockhouse, Phys. Rev. 106, 859 (1957); 111, 1273 
(1958). 


1638 


120, 


NUMBER 5 DECEMBER 41 


196 


BROCKHOUSE 





Bloch-Heisenberg spin-wave theory. Over the range of measure. 
ments, which was limited by the available spectrum of neutron 
energies, approximate isotropy was observed to hold. The Value 
of the product of the exchange integral and the atomic spin is 
found to be JS=(1.47+0.15) X10 ev. Assuming S=0.92 the 
value for J is in poor agreement with a value obtained from the 
spin-wave interpretation of low-temperature magnetization dat, 
Study of the widths of the neutron groups leads to the conclusion 


that the mean lifetimes of some of the spin waves are greater than 
3X10-" sec. 


action with spin waves has been studied in magnetite 
and hematite.® The only metal in which spin waves had 
been observed was iron® for which the spin-wave inter. 


pretations of the neutron scattering data and low. 
temperature magnetization data were consistent. Hov- 
ever, the work’on iron involved only spin waves of very 
low energy, and no dispersion curve was obtained. _ 


THE EXPERIMENT 


The face-centered cubic cobalt alloy, which was 
chosen for its phase stability at room temperature, has 
a Curie temperature 7.= 1300°K and a Bohr magneton 
number (pg) of 1.84.7 These properties together with 
the small coherent nuclear scattering cross section make 
the alloy suitable for study by this technique. The 
crystal was cut in the form of a plate (4 in.X1} in.X} 
in.) and the long dimension coincided with the [0,11 
direction so that the face was the (2,0,0) plane. It was 
mounted with the (0,1,1) plane horizontal. Mono 
energetic neutrons of energy / were selected from the 
reactor spectrum by Bragg reflection from the (1,11 
or (2,0,0) planes of an aluminum crystal and after co! 
limation were scattered by the specimen. Those nev- 
trons undergoing an energy loss AF were counted as the 
angles @ and y were varied in a predetermined way wit! 
Ey and F’, i.e., {ko| and |k’| held constant (Fig. ! 
The outgoing neutrons of energy F’ were detected by 
an analyzing spectrometer using the (1,1,1) plane o 
aluminum. In all cases magnon creation was employed, 
i.e., y>’. The above procedure was adopted in order 
to obtain easily recognizable neutron groups with the 
extremely steep dispersion curve involved. The appe 
ratus and methods are described in detail elsewhere.’ 
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DISPERSION RELATION 

Using the reciprocal lattice representation of Eq. (la) 
the spin-wave vector q is represented by the line drawn 
from the terminal point of —k’ to the nearest reciprocal 
lattice point. The angles ¢ and W were chosen such that 
the terminal point of —k’ lay on a line which repre- 
sented a chosen direction through the reciprocal lattice 
point, i.e., q was along a chosen direction. Distributions 
were taken as the magnitude of q was changed by 
varying @ and y. Linear variations were found to be 
adequate for this purpose.* The momentum distribu- 
tions so observed revealed neutron groups and the 
origin of each was determined by the response of the 
neutron intensity to the application of a magnetic 
feld2 A field of 5 koe was applied in a direction per- 
pendicular to the scattering vector (i.e., along the 
01,1] direction) and would be expected to result in’a 
decrease in spin-wave scattering of 25°% and an increase 
of 30% for phonon scattering which partially results 
from the creation of a phonon through the magnetic 
sattering cross section (magnetovibrational scatter- 
ing). The distribution shown in Fig. 1(b) is the number 
of neutrons losing 0.00921 ev as the terminal point of 
-k’ was moved, as shown, in the [0,1,1 ] direction of 
the reduced zone through the (2,0,0) reciprocal lattice 
point by changing the angle y. The two spin-wave peaks 
showing the expected field dependence, are symmetrical 
within the errors, about the reciprocal lattice point. 
The position of the magnetovibrational peak leads to a 
value of the velocity of sound which is in good agree- 
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(b) 

Fig, 1. (a) The (0, 1,1) plane of the reciprocal lattice of fcc 
cobalt (+8% Fe) showing a typical arrangement of the vectors 
2 and ky when the crystal orientation y was changed so that 
feed of the spin-wave vector varied in the (0, 1,1] 
“Sn through the (200) reciprocal lattice point. (b) The distri- 
ution of neutrons losing energy AE=9.21 X 1073 ev asy was varied 
a8 in (a), for the case of zero applied field and of a field applied 
perpendicularly to the scattering vector. M, and Mz represent 


th ion of ¢ “ 
— of a magnon and P, represents the creation of a 
Peonon, 
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Fic. 2. The energy transfer AE as a function of the reduced 
vector of the spin waves. The error bars are about half of the full 
width at half maximum of the neutron groups. The solid line is 
the best fit to Eq. (3). 


ment with a value from the estimated elastic constants 
of the alloy. 

The majority of the distributions were taken in the 
transverse [1,1,1] direction through the (1,1,1) recip- 
rocal lattice point because the low velocity of sound in 
this direction leads to the largest separation in mo- 
menta of spin waves and phonons of the same energy, 
and also because the magnetic form factor is favorable. 


RESULTS 


The energies and wave vectors of those neutron 
groups which were definitely established to be of spin- 
wave origin are shown in the dispersion curve (Fig. 2). 
The decrease of the peak intensity with the increase of 
wave vector, due to the limited spectrum of neutron 
energies which was available from the reactor combined 
with the population factor in the cross section, pro- 
hibited the extension of the curve beyond a value of 
the reduced vector of about 0.2. This represents a 
quarter of the distance to the zone boundary in the 
[1,1,1 ] direction. The values of the reduced vector were 
measured in the horizontal (0,1,1) plane, without con- 
sideration for the vertical divergence of the beam—this 
will be discussed later. 

The errors have been estimated after consideration 
of the widths of the neutron groups and of the probable 
error in the determinations of @ and W. The errors in y 
are partially eliminated from the dispersion curve since 
points were taken on either side of the (1,1,1) reciprocal 
lattice point. Errors in @ were usually not so important 
because of the near isotropy of the spin-wave dispersion 
curve. 
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Figure 2 also shows points which were taken in the 
[0,1,1] and [1,0,0] direction of the reduced zone. The 
accuracy achieved in this experiment was not sufficient 
to demonstrate the dependence upon direction over the 
limited range of q which was attainable, but approxi- 
mate isotropy is observed to hold. 

The field dependence of the intensities of neutron 
groups that represented spin waves with fw<0.003 ev 
was not symmetrical about the reciprocal lattice point. 
On one side the effect was in approximate agreement 
with the theoretical prediction while on the other its 
magnitude was reduced by at least 50%. At present 
this anomaly is not understood. 


DISCUSSION 


The dispersion law for a ferromagnetic cubic lattice 
of spins with nearest neighbor interaction only may be 
written’ 


hw=C+2IS[Z— Si cos(q-1) J, (2) 
where the summation is over the Z vectors denoted by 
1 which join the central atom to its Z nearest neighbors. 
The constant term C allows for the presence of the ex- 
ternal and anisotropy fields and, using the relations of 
Herring and Kittel,"® has a value of roughly 10~ ev for 
the cobalt alloy in the geometry of this experiment. 

For the [1,1,1] direction of the face-centered cubic 
alloy this expression reduces to 


2r qa 
ho =C-+1215| 1—cos(—-) | 
v3 


2r 


(3) 


where a is the lattice constant. 

The continuous line in Fig. 2 represents a least 
squares fit of Eq. (3) to the experimental points and 
yields a value of JS=(1.47+0.15)10~ ev and an 
apparent value of C= (1.30.5) X10~* ev. However, in 
this experiment the values of the wave vector were 
measured in the horizontal plane and allowance must 
be made for the vertical divergence of the neutron 
beams which tend to increase the effective value of the 
wave vector. The mean divergence is estimated, from 
the geometry of the spectrometer, to be 1.5+0.3°. 

For small values of q, neglecting fourth and higher 


9 J. Van Kranendonk and J. H. Van Vleck, Revs. Modern Phys. 
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SINCLAIR AND B. N. 


BROCKHOUSE 


order terms, (3) may be written 


4? (0q0\* 4” /agy\? 
w-cras! (2) sas!() 
3 or 3 ya ’ 


where gy and q, represent the components of the 
effective wave vector measured along and perpendicular 
to the horizontal plane. As a good approximation the 
value of ag,/2r may be considered as a constant of 
magnitude 0.04+0.01 over the range of measurements, 
Hence the measured value of C contained a contribution 
from the second term on the right-hand side of (4). The 
magnitude of this term is (1.60.6) x 10- ev and this 
represents the principal contribution to the measured 
value of C, thus masking the effect of the applied and 
anisotropy fields. From this experiment all that can be 
said is that C<10- ev. 

Because of the nonintegral number of Bohr mag- 
netons there are difficulties in obtaining the value of 
the exchange integral J, and in comparing it with values 
obtained from other work. If S is simply taken to be 





ps/2=0.92, then the determined value of J is 1.60x10" 
ev, and is to be compared with a value J=2.42X10°w | 
| equat 


similarly derived from the spin-wave interpretation of 
the low-temperature magnetization data of Weiss and 
Forrer.’ Brown and Luttinger" have collected values of 


kT ./J as predicted by the Kramers-Opechowski method | 


for a fcc lattice of spins. They also give a semiclassical | 


method for the generalization of the ratios to arbitrary 
S. This procedure, when adopted for this alloy, results 
in a value of /=1.12X10~ ev. 

Because of the limited range of measurements, the 
experimental curve is not very sensitive to the range of 
interaction between spins. 

Study of the widths of the neutron groups is difficult 
because of the comparatively poor resolution. Con 
sidering the full width at half maximum of the groups 
(W), a limit on the mean lifetime (7) may be set by 
using the relation Wro=h. The only conclusion that 
may be reached is that the lifetimes represented by the 
sharpest neutron groups are longer than 3X 10™ sec. 
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The transport theory of an electron gas recently developed is extended to include the interaction with 


the ions in a metal. The perturbation of the lattice 


vibrations induced by an anistropy of the electron 


distribution is calculated. Subsequently the ionic degrees of freedom are eliminated from the transport 
equation of the electrons in favor of a long-range electron correlation term. The influence of this term 
becomes important at long wavelengths (in the far infrared) but constitutes a small perturbation for the 
eigenfrequencies of collective motion of the electron gas. Nevertheless the dispersion relation for the col- 
lective oscillations shows that the contributions due to the phonon interaction are of the same order of 


magnitude as the influence of thermal agitation. 


1. INTRODUCTION 


ECENTLY the author derived a quantum me- 

chanical transport equation! for a “free” electron 
gas in which the coulomb forces between the electrons 
were taken into account in the sense of long-range 
correlations. Close encounters, i.e., binary collisions 
were neglected so that the equation derived is entirely 
equivalent to the classical collision less Boltzmann 
equation. The ions were treated as a uniform back- 
ground of a smeared out positive charge density without 
any dynamical properties of their own. Actually, of 
course, the ions form positive charge concentrations 


| localized at the lattice sites and they perform small 


oscillations about their equilibrium positions. Naturally 
this is going to influence the electron distribution. The 
ions by virtue of their interaction potential with the 
“free” or conduction electrons will induce a polarization 
of the electron cloud which in turn will affect the ionic 
motion. It is precisely this interplay between ions and 
conduction electrons we wish to investigate in this 
paper. To be sure the electron phonon interaction has 
been investigated in the past.? But these treatments 
are essentially limited to zero temperature. We intend 
to give a derivation in what follows, which is based on 
statistical concepts. In fact, we assume that the 
majority of both the electrons and the phonons are in 
statistical equilibrium at a given temperature and that 
the electron-phonon interaction gives rise to a polar- 
ization of both the electron distribution and the phonon 
distribution which is triggered by an external force 
field. If the external fields are small we may treat the 
ensuing polarization of the medium also as small and 
linear equations for the perturbed distribution result. 
In part 2 we will give the actual derivation of the 
transport equation of the electrons in the presence of 
the lattice ions. Two new terms will appear in this 


‘quation. The first term which is present even if the 
wan Roos, Phys. Rev. 119, 1174 (1960); hereafter referred 


bal Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955); D. 
m m and I. Staver, Phys. Rev. 84, 836 (1952). S. Nakajima, 
ern of the International Conference on Theoretical Physics, 
The and Tokyo, September 1953 (Science Council of Japan, 
okyo, 1954), H. Frohlich, Phys. Rev. 79, 845 (1950). 


ions are rigidly fixed in their equilibrium positions and 
therefore has the periodicity of the lattice, will be 
eliminated in part 3. In part 4 finally the dispersion 
relation for the electron plasma oscillations is derived 
and some comments about the applicability of the 
theory to problems of physical interest, particularly the 
optical properties of metals in the far infrared, are made. 


2. DERIVATION OF THE ELECTRON 
TRANSPORT EQUATION 


If the quantum mechanical distribution function 
F(rk,/) for the electrons introduced in I is split into a 
large and a small part according to: 


P= Fy(k)+F,(r,k,) 


=Fu(k)+ f exw a(K,k,w)e*®-*-~) (1) 


then we know from I that a(K,k,w) satisfies the 
following equation if only electron-electron interactions 
are taken into account: 


( 


h h 
—w+— K-k+—B° Ja(Kkw) 
2m 


m 


m 1 
= wp? —[Fo(k+K)—Fo(k)] f a(K,k’ wo)’ 
2h K? 


m 
— wrt f dR! | k—k’ |-2(a(K,k’ 0) [Fo(k+K) 
1 


— Fo(k) ]—a(K,k,w)[Fo(k’+ K)— Fo(k’) J}. (2) 


Fo(k) in the above formulas is the Fermi Dirac distri- 
bution. k= (m/h)v is the wave vector of the electron. 
Otherwise the symbols used are the same as in I to 
which the reader is referred for more details. From the 
definition of F as given in I it is easy to discover that 
a(K,k,w), i.e., the Fourier transform of the perturbed 
distribution function may be written as 


a(K,k,w)=p(K+k, k), (3) 
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where p(k’,k) is the density matrix in momentum 
space. Equation (1) therefore is equivalent to the 
assumption that the density matrix consists of large 
diagonal elements given by the thermal equilibrium 
distribution and small off diagonal elements. This 
establishes a connection with the work by Ehrenreich 
and Cohen.* To recapitulate, Eq. (2) is valid if any 
electron-ion interaction is neglected. In order to intro- 
duce the latter we assume that there exists a potential 
energy of interaction between the ions at positions R; 
and an electron at position r of the following form 


V inter= >. ; V(R;—1). (4) 


The sum runs over all NV ions inside a fixed and large 
periodicity volume. Later we will take the limit V — « 
since we are only interested in bulk properties and the 
formulas simplify somewhat in this limit. The exact 
form of the interaction potential V(R;—r) between an 
ion and an electron need not be specified at the moment. 
For large interparticle distances however, it will become 
an attractive Coulomb potential: 


V(R;-—r) — — ——_.. (5) 
R;-—r 

For simplicity we assume singly charged ions so that 
for each ion there is one conduction electron. For small 
distances a screening by the core electrons has to be 
taken into account.‘ We now assume that the ions 
perform small oscillations about their equilibrium 
positions R,° so that we may write: 


R;—r=R,°—r+a,, (6) 
and 

V (R;—r)=V(R—r)—a;-V,V(R°—r). (7) 
Clearly the a; signify the amplitudes of oscillation of 
the individual ions. Considering the potential (4) as an 
external potential to which the electrons are coupled 
we know from I that it will give rise to a term: 


(i/h)[exp(—iV,-Vi)—1]V inter(t) FP (r,k,t), (8) 


on the right-hand side of Eq. (29) of I. In the linearized 
version, corresponding to Eq. (2), in which the external 
potential is regarded as small the Fourier transform of 
the following term has to be added to the right-hand 
side of Eq. (2): 

(i/h)Lexp(—iV,-Vi)—1]V interd o(k), (9) 
where V inter is given by Eqs. (4) and (7). Turning now 
to the ionic motion we know that, if the interaction 
with the conduction electrons is disregarded, an ade- 
quate description is given by the phonon hamiltonian®: 


Hp=h ¥ wa(Q,)[bst(Q:)bg(Q;) +3]. 


B,t 


(10) 
*H. Ehrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959). 
4 J. Bardeen, Phys. Rev. 52, 688 (1937). 
5G. Leibfried in Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1955), Vol. 7, part 1. 
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In this expression 8 (running from 1 to 3) is the pol. 
ization of the lattice wave and Q, is a vector ip the 
reciprocal lattice. There are V different Q; in the firy 
Brillouin zone indicated by the sum over j, The 3Y 
possible frequencies ws(Q;) are solely determined }; 
ion-ion interactions. They are therefore the “bare 
phonon frequencies of Bardeen and Pines.* The Oper. 
ators 6 and b+ satisfy the well known commutation 
relations: 


[b3(Q;),ba*(Q;) | 


All other commutations vanish. Expressed by the j 
and 6+ the ionic displacements are given by® (gre 


08a0i;. (]] 


subscripts indicate cartesian components) : 


h i 
(fy) 
2MN e 


> [ws (Q.) F {exp (iQ.- R;)d3(Q,) 
+exp(—iQ,- R,;")bs+ (Q.)}. (2 

Here M is the mass of a lattice ion. The coupling with 

the conduction electrons may be described by th 

following interaction hamiltonian: 

H inter= , Vi * a; Vr; 


2 


x feren'v Rr’ )Fi (rk). (23 


N,=N/V is the number density of electrons. The sum | 


runs over all NV ions of our quantization volume | 
The integral over the interaction potential with the 
(unknown) electronic distribution function arises from 
the fact that we assume that the phonon degrees of 
freedom and the electronic degrees of freedom ar 
sufficiently weakly coupled so that the state vector of 
the complete system is adequately represented by a 
product of wave functions for the phonons and electrons 
separately. This is equivalent to the use of Hartree’ 
self consistent field method. It can also be shown tobe 
equivalent to the use of the very same statistical 
assumptions as made in I, namely that the double 
distribution function splits into a product of single 
distribution To this we need only 
introduce a distribution function containing also the 
phonon variables, establish the Liouville equation in 
analogy to the procedures employed in I, obtait 
equations for the singlet distribution functions in terms 
of the doublet distribution functions and finally make 
the assumption of negligible correlation as done inl 
However, we adopted here the Hamiltonian approaa 
for the phonons since it is mathematically somewnil 
simpler. Collecting the formulas (10), (12), and (1 
we now obtain our first basic equation, i.e., the equation 
for the state vector of the lattice vibrations coupled 0 
the conduction electrons 


(H p+ inter)Q 


Turning back to the electron distribution and Is 
equation we see that in the spirit of the self consisten 


functions. show 


(h/7i)(0/dDQ. (14 


® See Bardeen and Pines, reference 2 
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ELECTRON-PHONON 


eld the interaction term (9) may be written observing 
Eq. (7): 
(i/a)[exp(— iV, Ve) -1 KV (Rj°—4) Fo(k) 
-+(Q| a;|Q)-VreV(R—r)Fo(k)}. (15) 
Corresponding to the expectation value of the inter- 
action potential with respect to the electronic degrees 
of freedom in Eq. (13) we have the expectation value 
of the ionic displacements with respect to the ionic 
degrees of freedom in expression (15). It is the Fourier 
transform of expression (15) which has to be added to 
the right-hand side of Eq. (2). Defining: 
few V (uje**-*=9(K), (16) 
and observing the definition of the operator 
[exp(—i¥,-V.)—1] [Eq. (10) of 1] it is not difficult 
to discover after some calculation that the Fourier 
transform (both in space and time) of expression (15) 
is given by: 


i/t)o*(K)[Fo(k+ K) — Fy (k) ] 


xz. | 2n5(w) exp(—iK-R,°) 


~if deme a; 0)-K exp(—iK-R,)| (17) 


F 
The first term of the sum in expression (17) is due to 
the static interaction, the lattice ions being fixed at 
their equilibrium positions. The second term is due to 
phonon interaction. It is the latter term which contains 
the distribution function a(K,k,w) by virtue of the 
coupling Hinter Eq. (13) which in turn determines Q 
and subsequently the expectation value occurring in 
(17). We now may write down the second basic equa- 
tion, i.e, the equation for the electron distribution 
function in the presence of electron-ion interactions. 
Dividing (17) by a normalization factor (27)* from the 
Fourier transformation and adding the result to Eq. 
(2) we find: 


h h 
(-v+ K-k+ Ke Ja( Kh) 


m 2m 
m 1 
=wp* [Fy(k + K) Full) f ae a K,k’ w) 
h Kk? : 
m 
=ar, foe k—k’ {a (K,k’,w)[Fo(k+ K) 
2n 


—Fo(k) ]—a K,k,w)[ Fo (k’ + K) — Fo(k’) } 
+[1/(2r)*h 6 (w )p* ( K)[/o(k + K)— Fo(k) ] 
XX exp(—iK- R,")—[i/(2m)*]6*(K)[Fo(k+K) 


i 


—Fo(k) \f a e'’“(Q) a;|Q)-K exp(—iK-R,°). (18) 


INTERACTION 


IN METALS 1643 
Equations (14) and (18) constitute the basis for our 
further investigations. From here we can go either of 
two ways. Either we eliminate a(K,k,w) from A jnter in 
Eq. (14) by means of Eq. (18). This procedure is 
essentially the one adopted by Bardeen and Pines which 
leads to the corrected sound wave frequencies.* Or we 
may eliminate the phonon degrees of freedom by solving 
Eq. (14) and inserting the result into the expectation 
value occurring in Eq. (18). It is this latter approach 
which we actually wish to investigate. In order to do 
so, we have to solve Eq. (14). Let us define: 
6] 
Dja(t)=— - [VRP yr karen’ (19) 
OR ja" 


We then may write for the interaction according to 


(13) and (12): 
h } exp(iQ,- R,") 
Hint =Ni(- - ) z. D chan s 
2MN €,j,@ [wa(Q.) ]} 
x [b.(Q.)+6.+(—Q.)], 


ja(t) 


(20) 


and we propose to solve Eq. (14) by considering AH inter 
as a perturbation. Furthermore, we will make the same 
assumption with respect to the phonons as we did with 
respect to the electrons, namely that the majority of 
phonons is in thermal equilibrium. Introducing the 
occupation number formalism we assume that in Oth 
order, disregarding H inter, the solution of Eq. (14) is 
given by: 


20 = din O(N; NQ.N;), (21) 
with 
(N TP Wi. r 
CON © th=Z exp) —- = Wa(Q,;)N ; 
tas eal | 
+io(N )— —E(V;) (22) 
h 
Here we have 
Q(N |) =Q(Ny oO”, NA ,- --Nj@---), (23) 
as eigenstate to the number operator’: 
Dd bat (Q;)ba(Q)Q(N iY No, + --Nj---) 
¥ (No +N, (22) +... @O4..-) 
KCN EY, No(42) +++ NM-++), (24) 


and the summation in (21) extends over all possible 
sets of 3.V positive integers .V;“. Furthermore it is: 


Z=exp{—%8 ¥ w.(Q)N;@}, B= 


),@ 


1/xT, 


(25) 


7G. Siissmann, Seminarausarbeitung. Institut fur theoretische 
Physik der Freien Universitat, Berlin, 1950 (unpublished). 
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the partition function of the phonons at temperature T. 


E(N;)=h XY wa(Q;)(Ni5+4), (26) 


the energy corresponding to the excitation of VV; 
phonons of polarization a and wave vector Q;. The 
random phases ¢(V ;‘) finally are such that: 

av{explid (NV) --9(N j@") J} =8(Nj{,N 5") (27) 
where av{---} means phase average and 6(N,N’) is the 
Kronecker symbol. In the light of these explanations 
it is easily seen that the amplitudes c® represent the 
system of phonons in thermal equilibrium. In fact, the 
density matrix according to (22) is given by 


p(N,,N,") =avecr(Nj")c(V)} 


=Z— exp{ —#8 } wa(Qi)Nj}5(Nj{,N;"), (28) 
j,a@ 

which is the diagonal representation of thermal equi- 

librium in the occupation number formalism. Taking 

the interaction into account, we write 


Q=Q0 +0 = yo \ fc (N;,2) 
+c (N; 


and obtain the following set of equations for the c” 
using standard first order perturbation theory: 


@) 1) 12(N;™), (29) 


adhe | 
het is ila a) ,t) 
t 


h 3 
= -v,(——) y D.s(t)[ws(Qi) } ' 
2MN/ ¢,Q:6 


x {exp(— iQ;- RR.) (N,) tc (N;™ —5;;508) 
+exp(iQ;- R.°) (Ni, +1)'c (Nj +6; j6a8)}. (30) 
This equation may readily be solved with the aid of 
Fourier transformation with respect to time. With the 
definition 


Dalt)= [ Daslw)eridu (31) 


we obtain from (30) the solution: 


Nis hk \3 
coin so) =—( ) a 
h \2MN/ 6 
D.s(w)e-*” 
lim 1 fa —e oaererenn cat of 
w—w,(Q;)+ie 
+exp(iQ;- R.°)(V;+1)! 


D.s( w)e ons | 
x fa (Nj +6;5a8) |. (32) 
AE EE J" 





| exp(—i0.- RYN)! 


—5;j5a8 ) 
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The solution we took in ( 
of a retarded Green’s function since phy sically j 
D(t)=0 for t<t say then also c”=0. Our task is no 
to determine the matrix element of the ion displaceme 
occurring in the last term on the right-hand side g 
Eq. (18) with the help of the state vector Q as given} 


32) corre sponds to the choig 


(29) together with the amplitudes Eqs. (22) and (3) 
A phase average in the sense of Eq. (27) has also to} 


performed. The straightforward but somewhat tediog 


calculations yield eventually the following result: 
av{(Q| ans!Q)} 


exp[iQ;- (R,°—R,’)] 
ws(Q;) 





— 


Ny 
a—— JF > Z [x 
2MN Ni 0.0: 


x sass 
7,@ 


Das (we we 
<lim few — —— 
e=0 w—ws;(Q;)+ie 


+exp[—%8 > wa(Q,;)N;% 


7,@ 


Drs*( wW jerwe ] 
lim few —_ 
0 w-+-ws(Q,)—ie! 


14(Q;)(N; 


 —§; bas) | 


expl—i0,- (R,°— )J 
) 


ViO41 - 
ws(Q.) 


x! e xpl — ne , > 


x) a(Q; ) N ws +5: jaa) | 


Dis (we 


lim fact — 
<0 w+w,;(Q,)+7e 


wa(Q,) N°] 


Dus* (w) ‘ ] re 
Xlim few — } | 
“0 —~— 


w 


+exp[—”8 >> 


7,@ 


The sums over the occupation numbers may easily 
performed noticing that they may be written as 
product of geometric series and their derivatives. Using 
also the fact that 


D,,3* (2 ye , I 


since D(/) is real, we obtain for the Fourier transom 


of Eq. (33) 
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[ac av{(2| ajs|82)} 


. 
--— ¥ {(1—exp[—480(Q,)]}" 
2MN «0 


a2 Oc 
2 w;(Q,) w—ws(Q,)+ie 
D.s(w) 
tent #8 0 | 


D.s(w) 
w—-u wl -_s 
Daw) JP 2. 
aa | (35) 
wenlid+de |" 


(31), (19), and (16) we also have 


ws(Q:) 


exp —iQ;(R,°— 
- 


aie 


+exp[—%8w;s(Q;) } 





From Eqs. 


Da(w)=i f d®k'd®K’ Ky’ exp(iK’-R.) 


Xa(K’,k’,w)o(K’). (36) 
All we have to do now is to insert expressions (36) and 
35) into the appropriate interaction term of the 
transport Eq. (18) and perform the summations over 
the lattice sites as indicated. These summations are 
conveniently done by taking at this point the limit 
V=, In this limit 


Vy 
>= = fro 
Qi (29)? 


2r)*N, >, 6(K—I,,). 


extends only over the first 
The vectors I, belong to the reciprocal 
lattice.’ Designating the basis vectors of the lattice 
by aya and a; the I, are defined more specifically by: 


(37) 
and 
>; exp(iK- R,°) = (38) 


The integration in (37) 
Brillouin zone. 


~(M\@. Xas+measXai+n3a,Xaz), (39) 
) 


with arbitrary intege rs, 11, M2, m3. With the help of 
(37) and (38) it is found after some calculation that: 


fawey av{{Q| a;5|2)} exp(—iK- R,’) 


T 


= (n)—L (w+ie)?— (ws(K))?}° 


XE (Retlado( K+) f d¥a(K-+, 22). (40) 
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Using Eqs. (38) and (40) we have finally reached our 
goal. The two last terms on the right-hand side of the 
transport Eq. (18) are given by: 


N 
vena 6(K—I,) 
1 n 


“CF (k+K)—Fo(k) JE messin 
0 9 —[wa(K) ? 


n,6 (wt+ie)? 
‘ slioiiilaiaiad k’,w). (41) 


The first term of expression (41) represents the static 
interaction with fixed lattice ions, the second term 
represents the response to the ionic motion. 


3. ELIMINATION OF THE STATIC INTERACTION 


the first 
), is most easily effectuated with 


The elimination of the static interaction, 
term of expression (41 
the “ansatz” 


a(K,k,w) =as(K,k,w)+6(K,k,w) 
=6(w)>>n cn(In,k)5(K—I,.)+8(K,k,w), (42) 


suggested by the form of the static interaction. It can 
be shown (see the appendix) that no contribution 
toward as arises from the phonon interaction term [the 
second term of expression (41) ] provided that the 
interaction potential (5) is a central potential, an 
assumption which we will make from now on. In this 
case @(K) is real and depends only on the magnitude 
of K. We may also neglect the exchange term [the 
second term on the right-hand side of Eq. (18) ] since 
it gives rise only to small effects.’ Inserting then as 
into Eq. (18) yields the following set of equations for 
the coefficients c,: 


h h 
(—1-k+ eo (I,,k) 
m 2m 


7 =[ Fo( 0 (k+I,) F( —F(k)} wr me fe at (1,,k’)d* k! 


N, 
+— och) |. (43) 
h 


Dividing Eq. (43) by [(#/m)l,-k+(h/2m)1,2] and 


integrating over k gives after a few rearrangements: 
A(I,) 


N 
J ealla hae’ = —“1,26(In) Se ee tae (44) 
m 1—wp?A (1,.) 





* P, A. Wolff, Phys. Rev. 92, 18 (1953). 
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OL 


m\? Fo(k) 
4()=(=) fer —-, (45) 
h k-1,—41,2 


Inserting Eq. (44) back into (43) finally 
desired solution. 


DWIG 


with 





mN 


én(lnk) = —(1,)[1—we?A (1,) 
2 


Fo(k+1,,) — Fo(k) (46) 





k-1,+40,2 
co(0,k) = 0. 


That part of the distribution function which corre- 
sponds to as and which is given by an inverse Fourier 
transformation according to Eq. (1) may be written as 
a series over the reciprocal lattice: 


FP s=Dn Cn(In,k) exp(il,-r). (47) 


It has the periodicity of the lattice and is the statistical 
average of the motion of a nearly free electron perturbed 
by a periodic potential. 


4. THE DISPERSION RELATION FOR 
THE ELECTRON PLASMA 


In the last section we succeeded in eliminating the 
static interaction. The transport equation (18) therefore 
reduces to an equation for 8 as defined by Eq. (42). 
Before writing down the equation for @ let us introduce 
two simplications. Firstly, we are only interested in 
small values of | K!. More specifically, we assume that 
K is much smaller than the reciprocal of the inter- 
particle spacing. Physically this means that any external 
perturbation which gives rise to a polarization of the 
electron distribution or in other words which excites 
the medium varies appreciably only over many lattice 
sites. The Fourier transform of an external potential 
deviates appreciably from zero only for small values of 
K. This is true for instance for the wave vector of light 
up to the far ultraviolet. In this case we expect that 
8(K,k,w) rapidly decreases with increasing K and we 
may neglect the sum over the reciprocal lattice vectors 
I, in the phonon interaction part of expression (41). 
Secondly, for small K we may write for the phonon- 
frequencies 

ws(K)=c,|K], (48) 
with ¢z as the longitudinal velocity of sound.* Keeping 
these simplifications in mind we obtain for the equation 
obeyed by @: 


yields the 





von ROOS 
h h 2 
(-wt—kK L K )a(K, kw) 
m 2m 
| 
m 1 ’ 
=wp* ong: [ Fo(k i K) —_— Fo(k) if Kk’ w)d?p’ 
h K? 
N?; [Ko\ K) }? 


—__— [ Fo(k-+ K) — Fy(k)] 
Mh (wt+ie)?—c,?R? 


x TB Kk’ w) dp’, (49 


The further analysis proceeds along the same lines as 
in I. Dividing by the bracket on the left-hand side of 


Eq. (49), integrating over k yields the following 
condition to be met by w: 
NZ ([K*o(K)P 
1=wp*;1+ 
| Mm (w*—c1?K?)wp* ) 
*(k) 


ij 
x foe. - - (50 
[w — (h/m)k- K }?— (hK?/2m)? 


which reduces of course to the old dispersion relatior 
[ Eq. (38) of I] in the limit M=-. For small K itis 
the Coulonb tail of the interaction (5 
which predominates. We may therefore write to a ven 
good approximation: 


79) K 


electron-ion 


drre”/ K?. (51 


If we also expand the integral in Eq. (50 up to the 
order A? we obtain from Eq. 


—\-+(*.) on} 


k fe k k?Fo(k), 53 


50 


( h 
mw" 





m Wp 
1=w(1 + 
M Ww" — Cr 


where 


solving for w we have from (52 


with ps 
k ‘ hy) 


conduction 


E.=(1 


2m)h 


the mean thermal “free” 
electron. For small K the last term in Eq. (94) I 
entirely negligible. In this case the phonon interactio 
is seen to shift the actual plasma frequency by 4 


K-independent amount of m/2M. Taking conditions 4 
. . ¢ senersidll 
currently encountered in experiments® the dispersi! 


energy of a 


*H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956). 
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ELECTRON-PHONON 


term in Eq. (54) tends to be somewhat larger than the 
»/M-term. In the experiments by Watanabe’ the 
dispersion term ranges from 10°° to 2.10~* depending 
on the energy transfer of the primary electrons whereas 
the m/M-term is of the order of 10~° (for Al) which is 
rather small and may have escaped detection.'!? In 
onclusion we like to remind the reader that we neg- 
lected the electron exchange part of the interaction" 
arguing that it only gives rise to a small contribution 
to the dispersion relation (54). This contribution has 
been calculated very recently” and found to be small 
indeed. 

The applications of the theory given in this paper 
are not limited to a determination of a dispersion 
ration. The optical properties of metals constitute 
another field of application. For, suppose a (weak) 
external potential is switched an. This will immediately 
begin to polarize the medium. For the electron gas the 
nduced charge density p; is given by: 


(56) 


wails a(K,k’,w)d?k’, 


. 


in Fourier space, where 8 is the solution of Eq. (49).'% 
But this procedure establishes immediately a connection 
with the concept of a dielectric constant pretty much 
in the same sense as in investigations by Lindhard and 
others.** We also see from Eq. (49) that for very low 
frequencies (w~10'* sec!) the phonon interaction 
tem becomes important as expected. Of course, the 
“This result has also been obtained theoretically by Brout, 
however, using a different method (R. Brout, 1959 International 
Plasma Physics Institute, Seattle, Washington). 

The second term on the right-hand side of Eq. (2). 

"H. Kanazawa, S. Misawa, and E. Fujita, Progr. Theoret. 
Phys. (Kyoto) 23, 426 (1960). 

"Equation (49) has of course to be supplemented by an 
expression for the external potential. 


"J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, 8 (1954). 
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polarization of the ion charge distribution has to be 

taken into account at these low frequencies. We 

therefore expect to obtain two contributions for the 

dielectric constant, one from the electron gas and the 

other from the ionic motion. A detailed investigation 

of these topics will be given in a future publication. 
APPENDIX 


Here we wish to show that the phonon interaction 
term of expression (41) does not contribute toward the 
static part of the distribution function given by: 


as=6(w)> » cn(I,,k)d(K—I,). (A) 


In fact, inserting this equation into the second term of 
expression (41) we find it to be proportional to 


> [Fo(k +1,— 1,) — Fo(k) ](Lms—lns) lms (Lm—1,) 


5,n,m 
6 (Im) f cm (ln—In k’)d*k’5(K—I,,+1,), (B) 
where the double sum runs overall reciprocal lattice 
vectors defined by Eq. (39). But writing 
1,—l,.= 1, | C 
, (C) 
a on: I+, 
expression (B) goes over into: 


> [Fo(k+l1,)—# o(k) lps (2 ps t+lns)o(1,) 


b,p,n 


X$(Ip-+l,) f ca(lp,k’)d*k's(K—I,), (D) 


an expression which contains (with fixed p) the sum 
DY n(lpstlns)\oAp+1,) =0, 


which clearly vanishes provided that ¢ depends only 
on the magnitude of its vector argument. 
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Short- and Long-Range Order Parameters in Disordered Solid Solutions 
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For a crystalline solid made up of a partially ordered array of 
structural units of more than one type it is shown that the state 
of order may be described and defined in terms of the self-con- 
volution, or Patterson, function of the structure. The peak heights 
of the Patterson function are proportional to the short-range 
order parameters, a;. The periodic component is described by the 
long-range order parameters, defined as the limiting values of 
the a; at large distances from the origin. The limitations of 
previous definitions of long-range order parameters are discussed. 

The interpretation of the Patterson function as a vector 
distribution function forms a basis for the calculation of con- 
figurational free energy and hence the derivation of equations 
giving the order parameters as functions of temperature. Some 


1. INTRODUCTION 


N a previous publication,’ the author developed an 

approximate method for deriving short-range-order 
(s.r.o.) parameters in disordered alloys and obtained 
values of these order parameters in excellent agreement 
with those obtained experimentally by analysis of the 
diffuse scattering of x rays from single crystals of the 
alloy Cus;Au.*~* Equations were also derived giving the 
long-range order (l.r.0.) parameters as a function of 
temperature and, in spite of the fact that the assump- 
tions and approximations of the method seemed even 
worse in this case, these equations gave agreement with 
experimental results’? to within the probable experi- 
mental error. 

A recent reappraisal of this theory has shown that 
the derivation of useful equations from it must be 
considered as completely fortuitous. Not only is the 
assumption that the order parameters are independent 
gross and unjustifiable, but there are also serious 
fallacies in the arguments used to derive the expressions 
for the configurational entropy and energy. However, 
the equations which were deduced remain the most 
convenient and accurate means available for calcu- 
lating the values of order parameters to be expected 
under any given experimental conditions. In view of 
the increased interest which has recently been shown 
in the calculation and measurement of such parameters, 
it was considered worthwhile to reformulate the 
problem and attempt a more satisfactory development 
of the theory and justification of these equations. 

The basis for a reformulation of the problem became 
evident in the course of calculations of x ray and 
. M. Cowley, Phys. Rev. 77, 669 (1950). 

. M. Cowley, J. Appl. Phys. 21, 24 (1950). 
W. Roberts and G. H. Vineyard, J. Appl. Phys. 27, 203 


= 


.R. Chipman, J. Appl. Phys. 27, 739 (1956). 

. Chipman and B. E. Warren, J. Appl. Phys. 21, 696 (1950). 
. T. Keating and B. E. Warren, J. Appl. Phys. 22, 286 (1951). 
. Muldawer, J. Appl. Phys. 22, 663 (1951). 
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parameters for the alloys CusAu and 8-CuZn. 

For Cu3Au, other binary alloys, it is shown thy 
two long-range order parameters and 
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previously used. The fact 


numerical results short- and long-range or 
g-range orde 


and for most 
are required to speci 
r than the single paramete 
that these parameters are not 
simply related is interpreted as for nonrandom fu 
tuations in the composition of the alloy, probably y associated with 
the presence of out-of-phase domain boundaries which may be 
rich in one or other of the component types of atoms, It is su. 
org that a regular superlattice of out-of-phase domains ma 


be present under equilibrium condit 


nge order, rath 
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ions for most alloys. 


diffraction intensities 


systems. It was previously 


electron given by disordered 
shown! that it is possi 
order 
which could be used to spec ify 
system and also to calculate 
The diffraction intensities given, in fact, by sum 
ming a Fourier series with the a; as coefficients. The 
a; therefore correspond to the weights of peaks in the 
(nonperiodic) Patterson function, which is the Fourie 
transform of the intensity distribution. It is well know 
that the Patterson function can be interpreted in term 
of the interatomic vectors in the crystal lattice. The 
maxima in the Patterson function indicate the magn: 
tude and direction and the frequency of occurrence «i 
each type of interatomic vector. The Patterson function 
therefore contains all the 
average surroundings of an atom which is normally d 
interest in discussing the physical properties of a 
imperfectly ordered system. It can be used not only 
to specify the state of order of a system but also asi 
basis for the calculation of configurational energy and 
entropy and hence of thé equilibrium state of order a 
a function of temperature. 

In general the Patterson function as described above 
will be nonperiodic, but if long-range order exists 
the crystal lattice it will have a periodic componetl 
and appreciable deviations from periodicity will occtr 
only in the neighborhood of the origin point. The 
periodic component may then be described by one 
more l.r.o. parameters which may be regarded as t 
limiting values of the s.r.o. parameters. 


to define short-range (s.r.o.) 


the 


coefficients, 


are 


2. PATTERSON FUNCTION AND SHORT-RANGE 
ORDER PARAMETERS 


It is possible to deduce from the observed intensitie 
in x-ray, electron-, or neutron- diffraction experiments 
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SHORT- AND 
a quantity expressed, in x-ray diffraction terminology, 
as |F(u,v,w) |?, where F(u,v,w) is the Fourier transform 


of the electron density distribution, p(x,y,2); thus, 


F(u,0,w) = Fp(x,y,2) = fffe (x,y,2) 


Xexp{ 2ri (ux+vy+wz)}dx,dy,dz. 


The Patterson function is then given by the inverse 
Fourier transform, 


P(x,y,s) = 5" F (u4,0,w) - P*(u,v,w)} 
+ p(x,y,2) * p ( —<Z, 


—A) —_—g 


7) ee 


where the * sign signifies a convolution, i.e., 


rays)=f f foxy.zy 


-p(a+X, y+ ¥, 2+Z)-dX-dY-dZ. 


Thus, in the language of statistics P(x,y,z) can be called 
an autocorrelation function or, in optical terms, a 
coherence function. 

For simplicity we consider a crystal made up of only 
two different kinds of structural unit, designated A 
and B, with electron density distributions, referred to 
arbitrary origins, pa(x,y,z) and pr(x,y,z) or pa(r) and 
pa(t). Relative to some arbitrary origin, the origins of 
the A and B units are defined by the vectors r4,; and 


Tp ke Then 
o(t)=pa(r)* >>; 6(r—1a4,;)+pa(r)* >. 6(r—re,). 
Hence 


P(x,y,5)=p(r) Kp(—r) 
=pa(r)kpa(—r)*)>; Ly 6(r—ra jt+tas) 
+pp(t)*pa(—r)* Do Dox 8(r—re.t+rp.x) 
+pa(t)*pa(—r) kD; Dox 6(t—4r4 j+1B,x) 
+pa(t)Kpa(—1)* De Dy 6(r—re.+14,7). 


Let V be the total number of structural units of which 
Nm, are A and Nmg are B. 

If we assume that the surroundings of all A units and 
of all B units are equivalent, i.e., if we ignore the 
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effects at crystal boundaries, we can say that relative 
to each of the Nm, A units, other A units can occur at 
positions given by the set of vectors r44,; and B units 
can occur at positions given by a set of vectors rap, 
such that r44,; contains all vectors r4,;—ra,z and rapy 
contains all vectors r4,;—fp,x. Similarly we can define 
vector sets rgz,; and rga,;. Then 


P(t)=Nma{pa(t)*pa(—1) * Di pass 6(t—raa,:) 
+pa(r)Kpa(—r) kD: paz, 6(t—ras,)} 
+Nma{pn(r)*Kpa(—1t)* Dd: papi: 5(t—rep,:) 

+pa(rt)*psa(—1r)*D: pea,8(t—reai)}, (1) 


where pa, is the probability that an A unit should 
be separated by the vector r44,; from another A unit, 
and paz,i, Pea and paz, are defined in an analogous 
way. 

If the numbers i are assigned in a consistent manner 
to denote the various members of the vector sets r44.i, 
rpa,i, etc., it is possible to define a set of order parame- 
ters a; by which the probabilities pa4i, pea,i, etc., can 
be specified. Thus we put 


bea i=ma(1—aj). (2a) 


Then, since the number of AB vectors is the same as 
the number of BA vectors, 


paBi=mp(1—ai), (2b) 


and since the probability for an A plus the probability 
for a B must be unity at all points, 


paai=mat+mpai, (2c) 
and 


(2d) 


Substitution of (2) in (1) thus gives the Patterson 
function in terms of the s.r.o. coefficients. 

A further simplification of (1) is possible if the A and 
B units are located on a set of fixed positions, such as 
the lattice points of a regular one-, two-, or three- 
dimensional lattice. Then the various vector sets faa: 
rap,i, te4,i, and rgz,; are identical and may be denoted 
by r,. This is the case, for example, in binary alloy solid 
solutions such as Cu;Au or CuZn if the differences in 
size of the constituent atoms are ignored. Then (1) 
reduces to 


Paai=mMptimaa,. 


P()=N{[map. (t)+mppa(r) | [mapa (—r)+mapa(— r) J*D 5(r—r,)} 


+Nmams{[pa(t)—pa(r) > [pa(—1r)—pa(—r) ]* Di ai-6(r—r,)}. 


_ Taking the Fourier transform gives the expression 
lor the diffraction intensity : 


I(h)« F(h)- F*(h) 
=N|maF 4(h)+-mpF g(h) |? 0; exp{—2ni(h-r,)} 
+Nmamp|\ F 4(h)—Fps(h)|? >; a: 
Xexp{—2mi(h-r,)}, (4) 


where h is the reciprocal lattice vector with components 
M0, w, 


(3) 


For both Eq. (3) and Eq. (4) the first term is inde- 
pendent of the a; and corresponds to the state of com- 
plete disorder. 


3. LONG-RANGE ORDER PARAMETERS 


A state of long-range order may be said to exist if 
the second, order-dependent, part of Eq. (3) or, more 
generally, the corresponding part of Eq. (1), has a 
periodic component, i.e., if the values of a; become 
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spacially periodic for very large magnitudes of the 
vectors r;. If the periodic component has a unit cell 
containing a number, m, of the end points of vectors 
r;, then we may define |.r.o. parameters 5), 52°--Sm, 
corresponding to the limiting value of the m sets of 
S.r.0. parameters, aj. 

It has been assumed in the past that all the L.r.o. 
coefficients s; to s» will be either identical or directly 
proportional to one another, so that a single L.r.o. 
parameter, say s, can be used to describe the state of 
l.r.o. completely. It is shown below that this is not 
necessarily the case. 

The l.r.o. parameter, S, defined by Bragg and 
Williams* and subsequently used almost universally, 
is defined in relation to the ordered lattice itself and 
not to the Patterson function. Since only the Patterson 
function, and not the lattice, is observable, the definition 
of S involves an arbitrary assumption. For example, in 
the case of an AB alloy of the body-centered cubic 
CuZn type, the lattice can be considered as made up 
of two interpenetrating simple cubic lattices, desig- 
nated a and 8. Then the a sites are arbitrarily chosen 
as the “right” sites for A atoms, so that for perfect 
order all A atoms are on a sites and all B atoms are on 


B sites. 
1 /Ua—mMs 1 /ug—mMep 
CS)G=) 
2 1—m, 2 1—mp 


Then 
where #q is the fraction of @ sights rightly occupied 
(by A atoms) and wg is the fraction of 8 sights rightly 
occupied. 

By summing the number of A and B atoms we derive 
from (5) 





(5) 


Ug=mMat+2ZmampS; uUg=mpt+2mampsS. (6) 


The periodic part of the Patterson function has two 
types of peaks, one occupying the corner positions of 
the unit cells and corresponding to a—a and B— 8 
vectors, and the other occupying body-centered posi- 
tions and corresponding to a— 8 and 8 — a vectors. 
For the unit cell corner sites we can find the proba- 
bility that both ends of the vector are occupied by A 
atoms. If we assume deviations from perfect order to 
be completely random, we get 
MAPAA»=Ugtaj2t (1—ug)(1—ug)/2, 
or 
paaix=mat4mame’S*. 
Similarly 
Pas i=mp—4mamz’S”, 
Ppa i=ma—4ma>mpS’, 
Pap i=mpt4m emp’. 
Comparing these equations with (2) above, we see 
that for these sites the limiting of a, is equal to 4m 4mgS*. 


Rie W. L. Bragg and E. J. Williams, Proc. Roy. Soc. (London) 
A145, 699 (1934). 


COWLEY 


Hence, for unit cell corner sites, 
$;=4m amp". 


Similarly it can be-shown that if r; corresponds 
body-centered site, and the assumption of comple 
randomness of ordering defects is made, 


So -4m 4mpS*= — 5S). 





It is therefore evident that the state of long-rang 
order is properly characterized by a quantity, such « | 


$, proportional to S?, rather than by S. An ambiguity 
is thereby removed since, from (5), S and —S§ refer j 
exactly the same state of order, the minus sign appearing 
if A atoms are concentrated on 8 rather than a sites 

Similar considerations apply in the case of alloys g 
face-centered cubic 
Cu;Au-type ordered lattice. The lattice is then cop. 
posed of three simple cubic sublattices of a sites and 


near A3;B composition with the 


a 


one simple cubic sublattice of 8 
3 f/Ua—Ms4 1 /ug—mep 

Ss t 
t\ 1—m,4 +\ 1—mep 


As was demonstrated previously,'! we have for aw 


sites. Then 


cell corner site 


ay > J] 


l6omampS*/3, 


and for a face-centered site, if we make the assumption 
which is later shown to be probably invalid, that ther 
is complete randomness in the deviations from perfec 
order, 


S9= — 16mampS?/9= —5,/3. 


4. THE EQUILIBRIUM STATE 


The configurational free energy of a crystal is given 

by 
F=—kT \n>_, exp(—U,/kT) 

where the summation is over the index , enumerating 
the configurations of the system for which the orde 
parameters have the values a;. The information t 
quired for the enumeration of the states and evaluation 
of the energy terms is contained in the Patterson 
function if we can associate a particular contribution 
to the energy with each type of interatomic vectot 
However, a general solution to the problem of eval 
ating this free energy has not yet been found. W 
therefore make plausible simplifying assumptions. — 

For equilibrium conditions a definite relation exist 
between all the order parameters, a;. Given the valit 
of one order parameter, the values of all other order 
parameters may, in principle, be determined. If chang 
of temperature are considered, the variations o th 
order parameters may be specified by expressing ® 
order parameters as functions of any one particu 
order parameter. The assumption we make is that lot 
small isothermal deviations from equilibrium 
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SHORT- AND LONG 

junctional relationship between order parameters is 

* same as for small temperature changes, i.e., that 
,/da; for T constant is equal to (da;/8T)(dT/ /aa). 

7 the equilibrium state, then, we need consider 
only the free energy term associated with one particular 
order parameter. The number of configurations of the 

system is given by the number of configurations for 
yhich the order parameter associated with the ith 
Patterson function peak is a;, and the energy for each 
configuration is the energy associated with the fact 
that this order parameter has the value a;. The equi- 
librium state is determined by minimizing the free 
energy so calculated with respect to this one order 
parameter. 

We assume that an energy V44,; is associated with 
a pair of A atoms separated by the vector r44,;, and 
we define similarly Vas, (=Vea,i) and Vgg,;. Con- 
sidering each A and B atom in turn as origin, the total 
number of vectors of each type and hence the total 
energy associated with these origin atoms is found, 
using Eqs. (1) and (2), as 


=}Vm," Di Vaa iti Nm dD Ves. 
+Nmamp di VasitiNmame 

Xd iai(VasstVee,i—2V a8,:) 
=Vot+Nmame > aiV i, (7) 
where V; is half the average energy required to replace 
two A-B atom pairs separated by vectors rag,; by a 
pair of A atoms separated by r4a,; and a pair of B 
toms separated by rgz,;. Equation (7) thus gives the 
energy associated with t taking each atom in turn as 
origin and saying that it is definitely either an A atom 
ora B atom. Hence, this may be considered as the 
energy associated with the origin peak of the Patterson 
function. However, what we require is the energy 
associated with the fact that an order parameter a; is 
asigned to the peaks of the Patterson function corre- 
sponding to the vectors r;. This is given by considering 
the average interaction energy of all atoms with the 
atoms at the sites separated from the chosen origin 
‘ites by r; for which the probability of being an A or a 
Bis given by the coefficient a;. It is readily shown that 
the average energy associated with a pair of sites with 
order parameters a; and a; is Mampaia;V ;; plus a con- 
‘lant term, where V,; is the analog of V; for vectors 
tj. The total energy associated with the r; peaks 
ot the Patterson function is therefore 


U;=UoitNmame >; aajV 5. 


(8) 


We now assume that 


re = one , -r’ 
Ln exp(—U,/kT) iexp(—U;/kT), 
where W’; is the number of configurations with the value 
a; for the ith order parameter, i.e., that we may take 
@ average value of >>; a,;V;; for all of these configu- 


nations, equal to the equilibrium value. 
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From Eq. (2) it follows that the V r; vectors are 
divided as follows: 


number of A-A vectors: N4a=Nma(ma+mepa;), 
number of A-B vectors: VN4gp=Nmamp(1—a,), 
number of B-A vectors: Ng4=Nmgma(1—a,), 
number of B-B vectors: Ngs=Nmp(mpt+m,a;). 


These can be arranged in a number of ways given 
approximately by 
Wi=N'/Naa!Nes!(Nas!)? 
Using Stirling’s approximation for the logarithm of a 
factorial, 


+k InW = — Nims (ma+mpai) In{m4(ms+mpa:)} 
+mp(mp+m sa;) In{meg(mg+maa;)} 
+2m 4mp(1—a;) In{mamp(1—a,)} J. 
The free energy term associated with the r; vectors is 


thus 
F=U,—kT \nW,, 


and minimizing this with respect to a; by putting 


OF /da;=0 for constant T gives, 
Oa; 
LiaVijta; do; - J ij 
0a; 


(m4+mpa; )(ma-+m, 10; ‘) 
eM net -1=(), 


~ 
There is one such equation for each value of 7, giving 
a; in terms of the other order parameters and the 
temperature 7. This simultaneous set of equations can, 
in principle, be solved to give all order parameters and 
so specify completely the state of order at any 
temperature. 

It may be noted that Eq. (9) is identical with Eq. 
(1) of the previous paper' except for the second term. 
The earlier result may thus be considered a good 
approximation if the second term can be shown to be 
either very small compared to the first term or else very 
nearly equal to it. In the calculations reported below it 
was found that, at least for the particular cases con- 
sidered, this seems to be the case. The second term 
approximates to the first for low temperatures when 
there is considerable long-range order and is small for 


+kT In (9) 


| mamp(1—a;)* 


temperatures much greater than the critical tem- 
perature. 
When the vectors r; define the points of a regular 


lattice, as is the case, for example, for alloys such as 


CuZn or Cu;Au if the differences in atom size are 
ignored, it may be possible and convenient to group 


them into sets of vectors which are all of the 
length and are symmetrically equivalent. The 
defined by such a set of vectors have a common order 
parameter, a,, and may be referred to collectively as: 


same 


sites 
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an mth nearest neighbor shell, the shells being num- 
bered according to the magnitude of, the vectors. 
Equation (9) can then be written 


20 Vn Eii(arte 


0a, 


‘ 
0a; 





)+47 injlai)=0 (10) 


where 


(a,)=1 [ (ma+mpa;)(mp+m sa) | 
J (ai)= af I? 


and >°;'" is a summation over j for sites which are 
nth nearest neighbors of the ith site. In general, the 
value of the V, will decrease very rapidly with in- 
creasing m and only the first one or two values need be 
considered. 

The solution of the simultaneous set of Eqs. (9) or 
(10) is a matter of considerable difficulty. An approxi- 
mate method of solution, which could be made iterative 
has, however, been found. Integrating Eq. (10) gives 

a; = Vardi? " a;-+ kTH (a;) =C, 


1 homes J 


H(a;)= f fled 


This may be written in the form 


>» Va Dj" aj +b,0;=0, 


Las ® 





mamp(1i —aj)? 


where 


(11) 


where 


b,=az*{kTH(a;)+C}. 


The constant, C, is independent of a;, and so of all order 
parameters, for constant T. The value of C may thus be 
obtained by taking the limiting value of a; for very 
large r;. Above the critical temperature, a; tends to 
zero and C=kTH(0). Below the critical temperature 
the a; values tend to the l.r.o. parameters, sm, and 
substituting the values of s,, for the a; in Eq. (10) leads 
to a set of m equations which may be soluble by trial 
and error methods if m is a small number. 








0.2 0 0.2 0.4 


06 08 40 

Fic. 1. The function a; (a;)—H(0)] plotted against a; for 
CusAu and 8-CuZn type alloys. The ordinates have been adjusted 
to make the values for a; =0 equal. The dashed line refers to CuZn; 
the solid line to CusAu. 
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Fic. 2. A portion of the Patterson function for CusAu showin 
the assignment of s.r.o. and I.r.o. parameters to the peaks of on 
unit cell including the origin and one unit cell far from the orign 


The function a, [ H(a —H 0) ] is plotted in Fig. | 
for the alloys, CuZn and CusjAu. It does not vary, 
great deal over the range of a; values and is, in fact 
very nearly constant for small values of a;, for whid 
f(a;) is nearly linear. Hence, approximate values fora 
give fairly accurate values of 6,. For temperatures 
above the critical temperature, if we assume that onh 
a finite number of order parameters are different from 
the 
a; which may be solved by standard methods, TI 
first, approximate values of a; can be obtained eithe 


zero, we get from (11) a set of linear equations for the 
by assuming all the 6; to be equal for a given tem. 
perature, or else by using the results of the previous 
paper.' For temperatures below the critical temper: 
ture the problem is not quite so easily solved but a 
limited number of order parameters can be found with- 
out great difficulty. 


5. Cu,Au—LONG-RANGE ORDER 


Equations for the l.r.o. parameters are obtained by 
substituting in Eq. (9) or (10) the limiting values, for 
large distances from the origin, of the order parameter 
For the CusAu_ lattice the 
periodic component of the Patterson function has 


Qi. face-centered cubic 
unit cell containing four peaks, one at the cube corner 
and three at face-centered positions as shown in Fig. 2. 
We let the limiting value of a; for unit cell comer 
position be s:, and since the face-centered positions art 
equivalent we assign them a common order parametet 
sx, which varies from zero for no long-range order t 
} for perfect order. From Eq. (10), taking int 
account only the nearest neighbor energy term V;, we 


get the two equations 


OS» kT 
Sots - f (si), 
ar _ 
at a (12 
OS} kT 
st4sotsi- i(s 
Os 4V, 


These simultaneous equations have no unique solt- 
tion. Some further assumptions as to the behavior @ 
s; and sy must be made so that a solution may . 
obtained. Approximate solutions were obtained first) 
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SHORT- AND 
by using the limiting form of Eq. (11) with the value of 
the constant C appropriate to 7=0 and secondly by 
assuming Os,/As, to be a constant, which seemed from 
the first method to be approximately true. Both of 
these methods gave values of s; and —3s» differing 
by a maximum of about ten percent, and predicted a 
critical temperature of about T=1.5V',/k-at which the 
long-range order parameters dropped discontinuously 
to zero. This is also the value for the critical tempera- 
ture found in the previous paper.’ 

A more exact solution was obtained by assuming 
near-linear relationships between s, and s2 to calculate 
the differentials and using these to solve Eqs. (12) 
numerically at various temperatures. From the solu- 
tions a new relationship between s, and s2 was found 
and used to correct the initial assumption. 

Several stages of such refinement gave finally a set 
of parameter values consistent with (12). The variation 
of s, and —3s_ with temperature is shown in Fig. 3. 

If it is assumed that both s; and —3s, tend to unity 
for T=0 the only solution found was approximately 
represented by 6s2/6s,;= —0.267 which gives —3s2>5, 
for T>0. This is a physically impossible solution. 
Hence it was necessary to admit the possibility that s, 
or —3s, might deviate from unity for 7=0. The solu- 
tion illustrated in Fig. 2 is approximately represented 
by —3s,= --0.015+0.960 s, for s,;>0.2, so that for 
T=0, —3s,=0.945. This solution is the one with 
~35.¢5; which seemed to be indicated by the approxi- 
mate solutions mentioned above. It is not necessarily 
the only solution, but no other reasonable solution was 
found. The solution —3s.=s, was definitely excluded. 
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"6, 3, The variation of the order parameters s;, —3s2 
—3a;, and a2 with temperature for Cus3Au. 
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Fic. 4. Comparison of the experimental values® of the L.r.o. 


parameter, S, for CusAu with theoretical values from the previous! 
and present treatments. 


It is seen that —3s_ is consistently about 5% lower 
than s; up to the critical temperature given by 7,.=1.5 
V;/k. At T, the order parameters drop discontinuously 
to zero from the values s;=0.576, —3s.=0.540, both 
of which are lower than the previous value, S?=0.685, 
obtained' by making the assumption s;=—3s_ and 
considering unit cell corner vectors only. 

The intensities of x-ray reflections are given by the 
Fourier transform of the Patterson function. It is 
evident from Fig. 2 that superlattice reflections such as, 
for example, the (100), will have an intensity propor- 
tional to (s;—s2) instead of 458%. Hence, the value of 
the long-range order parameter S deduced from x-ray 
diffraction intensities should be slightly lower than 
predicted in the previous paper.' Figure 4 shows that 
the agreement with experimental results® is now very 
good at temperatures near JT, but not quite so good at 
lower temperatures. Our present results are thus in 
excellent agreement with the Monte Carlo calculations 
of Fosdick.® 

The significance of the difference between the values 
of s; and —3s2 is probably best seen by considering the 
diffraction intensities. The so-called ‘fundamental 
reflections” are normally considered to be independent 
of the state of order since for them all atoms scatter in 
phase and the intensity is proportional to the square of 
the sum of atomic scattering factors for the average 
unit cell contents, i.e., to (faut+3fou)*. However, for 
51> —3s2 it is evident from Fig. 2 that fundamental 
reflections [the (200) for example ] will show an increase 
in intensity proportional to 3s2+5,. This is not possible 
if deviations from the average unit cell contents in the 
lattice are completely random. To explain the increase 
in the intensity of the fundamental reflections, we must 

°L. D. Fosdick, Phys. Rev. 116, 565 (1959), 
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assume that the — from the average unit cell 
content are not random, i.e., that gold-rich and copper- 
rich regions exist in the Riatliviain alloy, so that regions 
with increased and decreased scattering power per unit 
cell are present. 

For a regular modulation of the scattering power, 
with a periodicity many times that of the unit cell, 
the fundamental reflections will be accompanied by 
very close satellite reflections. For irregular modulation 
the fundamental reflections will be broadened. In our 
theoretical treatment the satellite intensities in either 
case will be added to those of the fundamental re- 
flections, giving the efiect of an increase in the intensity 
of the latter. Let us suppose, for example, that the 
average scattering power of the unit cell is modulated 
by multiplying by a function 


O(x,y,2) = 


1+ (cos2rA x+cos2rBy+cos2rCz), 


which has periodicities 1/A, 1/B, and 1/C, assumed to 
be much larger than the unit cell. Then we have 


| J [evedsayde=1-43¢ a 


where the integration is taken over one repeat distance 
of the function in each direction. Applying Parseval’s 
theorem, we deduce that the intensity of the funda- 
mental reflections will also be increased by a factor of 
1+3¢ 


From Eq. (4) we then obtain 


14+3e2/2=[4 (3 fout fants (fau— fou)?(s1+382) ] 
(3 fout fau)’, 
or 
Sit3se , 
e= ( fau— fe uw) (3fe ut fau) i? , ) . 


This value is seen to be independent of periodicity 
of the modulation of average scattering power in the 
lattice. From Fig. 3 we have s;+3s.~1/20, from which 
it follows that the fluctuation in the sum of the scat- 
tering factors is of the order of §(fau— per unit 
cell in each direction. 

Our result therefore implies that at all temperatures 
below the critical temperature, the equilibrium state 
of order in the alloy Cu;Au is one in which there is a 
fluctuation in average composition to the extent that 
one gold atom is replaced by a copper atom or vice 
versa for each six or seven unit cells distance in each 
direction. Such a fluctuation could be the result of the 
occurrence of the out-of-phase domain structure, which 
is well known to occur in this and many other alloys. 
If the lattice is considered to consist of four inter- 
penetrating simple-cubic sublattices, out-of-phase do- 
main boundaries occur where the preferred sites for 
gold atoms shift from one of these sublattices to another. 
The inter-domain boundaries may then be gold-rich 
or copper-rich. To explain our result, such boundaries 


feu) 
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would have to occur at intervals of about six or seven 
unit cells. 

A regular arrangement of such out-of-phase dom 
boundaries could result in a superlattice unit cell y 
repeat distances many unit cells in each divection ¢ the 
minimum repeat distance being about 12 or 13 unit 
cells. Superlattices of this sort are well known, The 
most commonly quoted and the most studied js jp the 
alloy CuAu II, but such superlattices have also bee 
observed in the Cu;Au-type alloys CusPd,"" Ag.Mg2 
and Au;Mn." For CuAu; Hirabayashi" observed syd 
a superlattice formation, with periodicity 11 times the 
fundamental by x-ray diffraction anj 
Raether,'® using electron diffraction methods, observed 


unit cell, 
a superlattice periodic ity of 7 to 10 times the unit cel 
dimensions for Cu;Au. It is interesting to speculate that 
an out-of-phase domain superlattice may in fact be the 
true equilibrium state for the alloy CusAu and that itis 
only under the conditions of intense electron bombard. 
ment present in electron diffraction experiments that the 
equilibrium state may be 
time would normally be 
observation. 

It may be significant, in 
found that “ 
configurations of 


achieved since the ordering 


too long for convenient 
this connection, that Fosdick 
out-of-phase planes” appeared in stabk 
500 atoms which he con 


assumed, have, that 


set of 


he 


the 
sidered, especially if 


V.= 0. 


as 


6. Cu;Au; SHORT-RANGE ORDER ACCOMPANYING 
LONG-RANGE ORDER 


A limited number of s.r.o. parameters for CuyAu 
may be calculated in the region T7<T, using Eq. (ll 
with the value of the given by taking the 
limiting values of the s.r.o. parameters to be the Lr. 
parameters found in the previous section. 


constant C 


For example, if we assume that only V; is appreciable 
so that the other V’,, may be neglected, Eq. (11) becomes 


: kT : 

a; >! aj +—{ HA (a;)— H(s,)}—5; St ajy=0. (b 
V1 

If we then assume that all a; except a; and ay have 


the limiting values s; or so, we get two ‘equations for 
a, and a, by using the re lati ions, derived from Eq. (14 


below: 
>; a 1+ tot 2a s;+ bso 
> 7 a fai +8s 
> 5 aot 12s 
Zi Bet 4s, +- SS 
iw a aa 
1 T), Watanabe and S. Ogawa, J. Phys. Soc. (Japan) il, 2 
(1956). , 
. | . . , oa 3 12 28 
1M. Hirabayashi and S. Ogawa, J. Phys. Soc. (Japan) 4° 
(1957). 


2K. Fujiwara, M. Hirabayashi, D. Watanabe, and S. Ogawé 
J. Phys. Soc. (Japan) 13, 167 (1958). 

13D). Watanabe, J. Phys. Soc. (Japan) 13, 535 (1958). 

4M. Hirabayashi, J. Phys. Soc Japan) 14, 262 (1959). 


15 H. Raether, Z. angew. Phys. 4, 53 (1952). 
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s TaBLeE I. Comparison of theoretical and experimental values® of the first ten s.r.o. parameters for Cu3Au. 
Seven The coordinates in column two refer to unit distances of half the unit cell dimensions. 
) N Fos . 
me Perfect ee ee pens 
L with Shell order T = 405°C 7 = 460° T =550° 
n, the numbers Coordinates T=0°K Expt. Theor. Expt. Theor. Expt. Theor. 
unit | — 4 1,1,0 —0.315 0.152 —0.201 —0.148 0.178 —0.131 —0.154 
Th 2 2,0,0 1.000 0.186 0.260 0.172 0.192 0.105 0.135 
in th 3 2,1,1 —0.315 0.009 0.037 0.019 0.038 0.026 0.034 
m 4 2.2.0 1.000 0.095 0.067 0.068 0.043 0.045 0.026 
been 5 3,1,0 —0.315 —0.053 —().091 0.049 —().064 —0.032 —0.040 
Meg 6 2,2,2 1.000 0.025 —0.028 0.007 0.023 —0.009 —0.017 
| Pe 7 3,2,1 —0.315 0.016 —0.003 —0.008 —0.004 —0.003 — 0.004 
8 40,0 1.000 0.048 0.086 0.042 0.053 0.019 0.029 
CS the ; 3,3,0 —0.315 —0.026 —0.030 —(0.022 —0.015 —0.011 —0.007 
and ‘ 4,1,1 —0.315 0.011 0.010 0.020 0.009 0.007 0.007 
. e 10 420 1.000 0.026 0.034 0.025 0.022 0.007 0.013 
erved 
it cel = 
e that « See reference 2. 
be the a . ; : : ; ; ; ; . a 
ater These two equations were solved by trial and error subsequently refined by iterative solution of the first 
At itis . ; 5 Se : ie s 
hard methods at a number of temperatures to give the two equations of (14) using values of 6; and 0b, from 
1Dard- a : " . . . . 7 . . 
’ ~ | variation of —3a; and a» with temperature which is Eq. (11) with the temperature and a; values obtained 
iat the | . Saag a ; : ; ‘ za 
% | shown in Fig. 3. At T=0, ay=s2 and a,=s,=1. For from the previous solution. The maximum change on 
dering ones cia ; tp é 
~°  T=T., a= —0.229, ag=0.637. refinement was about ten percent. The values of the 
enient | - . . ° e 
first five order parameters are plotted as functions of 
did 7. Cu,Au; SHORT-RANGE ORDER ABOVE T temperature in Fig. 5. The experimental values? are 
SAIC ° . rr : 
; io , . added for comparison. In Table I the theoretical and 
stable To evaluate the s.r.o. parameters for CugsAu at ; , : 
re ; experimental values of the first ten order parameters 
e co | temperatures above the critical temperature, Eq. (11) 4 : 
. are compared for the temperatures at which the 
, that | has been used in the manner suggested in the paragraph 
Fares : : : measurements were made. 
following that equation. From the geometry of the = : ‘ 
TE as “ . faa The agreement of the calculated values with the 
lattice we see that if only V,;#0, Eq. (11) gives the ‘ 
YING rian. " experimental results is about as good as can be expected. 
be, CU De ~° ° . . 
, Since the experimental values were obtained it has been 
CurAu —byay 1, 0= —bya)= 1+4a1}+2a9+4a3+ 04, shown!'®!7 that the difference in atomic size for the Au 
}. (1 —beta,9,0= — bya = 4a, +4a3+4a05 and Cu atoms will give rise to appreciable diffuse 
th : scattering, < this will in gener: ake » values o 
ng Une —bsa2,1,1= —b3a3= 2a)+ 24+ 2a3+ 2044+ 2a5+06+ 2a7, ittering, and this r > cigmeg - ike the sa of 
e [ri | eR Sy ae Sea ay ae a the S.1.0. paramete rs, dec uced on the assumption that 
. , P ’ all diffuse scattering is due to short-range order, too 
<a | = (14) jow by an appreciable amount.'? A reappraisal of the 
‘comes } Here the subscripts of the a’s in the first term of each 
line refer to the coordinates, in terms of half the unit 
(13) | cell dimensions, of a typical point of a shell of atoms, 
and the subscripts in the rest of each line refer to shell 
have | Bumbers. 
oat fe If we assume that all a;=0 for i>m, where m is 92 
. (i some integer, we can use the first m of Eqs. (14) to 
obtain the m values of the nonzero order parameters. 
Previous results! have shown that only a; and ay» are 
lable to exceed the value of 0.1 for T>T7,. It is seen o 
| ‘tom Fig. 1 that, with possible exceptions in the case ~ 
of the first two 6; values, it should be a good approxi- 
mation to assume that all the 5; values in Eqs. (14) 
have the value appropriate to a;=0. The set of equa- ® 
11, 2 lions is then linear and can be solved readily. 1.0 15 2.0 2.5 3.0 
nel Assuming b;= by and a;=0 for i>12, the set of twelve aT /Vs 
i Meat equations derived from (14) was solved for a Fic. 5. Values of the first five s.r.o. parameters for CusAu 
Ogawa number of by values by use of the digital computer plotted against temperature and compared with experimental 


N “rags > values? of a;, indicated by an encircled 1. 
SILLIAC. The temperature corresponding to each by 


’ Value was found from the expression for 6; given with 


16 B. E. Warren, B. L. Averbach, and B. W. Roberts, J. Appl. 
Eq. (11), taking i>2. The values of a; and a were 


Phys. 22, 1493 (1951). 
7B. Borie, Acta Cryst. 10, 89 (1957). 
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experimental data should therefore lead to better 
agreement of the experimental values of the first two 
order parameters in particular with the theoretical 
values. Also the results of Fosdick® indicate that the 
magnitudes of a; and a2 calculated for V2=0 may be 
greater than those calculated for .#0. Hence, the 
agreement with experiment would probably be im- 
proved further by modifying Eqs. (14) to include the 
effects of a finite V». 

From both the experimental results’ and the previous 
theoretical results,’ it was deduced that above the 
critical temperature the values of the order parameters 
were more nearly dependent on the radial distance 
from the origin than on the preferred occupancy of the 
lattice site for the state of long-range order, i.e., that 
there is a “liquid-like” state of order in which the 
occupancy of a site by Cu or Au atoms is governed by 
a radial distribution function such as applies to the 
density of atoms in a liquid. As a consequence, some of 
the order parameters, including a3, ag, and the part of 
ag referring (o coordinates 4,1,1, tend to have the sign 
opposite to that appropriate to the state of perfect 
order. The present theoretical results confirm that this 
effect occurs and, in fact, predict that the effect should 
be even more marked than the experimental results 
indicate. The theoretical value of as, for example, is 
negative for all T>T., whereas experimentally ag was 
found to be negative only for T>500°C. 


8. $-CuZn STRUCTURE—LONG-RANGE ORDER 
AND SHORT-RANGE ORDER 


The ordered lattice of the 8-brass structure is body- 
centered cubic. The periodic component of the Patterson 
function has two distinguishable types of vector peaks, 
those at cube corner positions and those at cube- 
centered positions. If we let the l.r.o. parameters 
associated with these two sets of peaks be s2 and sy, 
respectively, then for perfect order s= =1. As- 
suming that only V, is important, Eq. (10) gives 


— S$} 


OS2 kT 
$2+5;—=——f(s1), 
OSs} 8V, 
(15) 
Osi kT 
Si+S2—=——f(s2). 
So 8V; 


From Eq. (10) also, 
f(s:)=In(1+5,)?/ (1—s,)?=2 In(i+s1)/(1—s1) 


if the two types of atoms are present in equal amounts. 
Then f(s:)=—/f(—s,) and the two equations (15) are 
symmetrical in s; and sz. One solution, although not 
necessarily the only solution, is given by putting 
—s,=5e=s5. This is consistent with the reasonable 
condition that —s,;=s,=0 for T large. It gives 


s=—(kT/16V;) f(s). (16) 
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Since § 
1 


that derived previously,! 
to give excellent agree 


S* for this structure, Eq. (16) is identical 


with 
and has already been shown! 
ment with x-ray diffraction 


measurements. The variation of s with temperature i 
shown in Fig. 6. The order parameter falls smoothly 
zero at a critical temperature 7, equal to 4 V,/k, — 


As in the case of CusAu, the first two s.r.o. paramet 


were calculated in the ra 
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nge 7<T. by using Eq. (13 


rhe appropriate sums of nearest neighbor s.r.o, parame. 


ters are: 
Va 
pe a 
> "a 
The values for a@, an 
Fig. 6. 
For temperatures abc 


1 aw so derived are shown jj 


we T 


values of the sro 


parameters were found in the same way as for CujAu 
The set of equations analogous to (14) is 


— bray 1.1 bia 1 + 3a 304 Tas, 
— boas bows Lev; T das, 
— bro ° - bsa ; 2a; T tor, T 2a7, 
bse ae bscrs a 2a a Ce 2ast+a 


tc., 


where the coordinates in 
in each line refer to half 
As can be seen from 


assuming [ H(a;)—H(0) | 


better in this case than 
b;= bo, the value for a;=( 
resultant set of linear « 
zero for i greater than s« 
set of equations was solv 
SILLIAC. The values of 


the subscripts of the first term 
the unit cell dimensions. 
Fig. 1, the approximation of 
a? to be a constant is even 
for CusAu. We therefore put 
) for all z values and solve the 
‘quations, assuming a; to be 
yme integer m. For m=11 the 


red using the digital computer 


the first two order parameters 


so found are plotted against kT/V, in Fig. 6, and in 
Table II the values of the first eight s.r.o. parameters 


are given for RT/V,=4.1 
The values for kT/V, 


only available experime 
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ieters for 8B-CuZn type lattices at several temperatures: 


compared with experimental values* for B-AgZn at kT/V,=4.40 (T=330°C). 


=——— 





Shell ay kT/N 1=4.1 
number Coordinates T=0°K Theor. 
7a 4,3 —1.00 ~0.271 
2 2,0,0 1.00 0.199 
3 2,2,0 1.00 0.162 
4 3,1,1 — 1.00 —0.137 
5 22,2 1.00 0.140 
y 4.0.0 1.00 0.120 
7 3,3,1 — 1.00 —0.119 
N 4,2,0 1.00 0.115 
» See reference 17, 
Suoninen and Warren'® for B-AgZn at 330°C 


T.=272°C), for which no great accuracy is claimed. 
The theoretical and experimental values differ by a 
factor of about 2, but the relative values of the different 
s1.0, parameters show fair agreement. 


9. CONCLUSION 


The use of the self-convolution of the structure, or 
Patterson function, as a basis for a description of the 
state of order in a system has proved fruitful. The 
ambiguity and limitations inherent in the definition 
of the Bragg-Williams l.r.o. parameter, S, have been 
dearly shown and it has been demonstrated that at 
least in the case of Cu;Au-type alloys a single parameter 
is not sufficient to describe the state of I.r.o., i.e., the 
periodic component of the Patterson function. 

This conclusion may be generalized. It seems that 
more than one |.r.o. parameter is required when the 
two kinds of atoms are not present in equal numbers, 
0 that mame and the function f(a;) defined after 
Eq. (10) is not antisymmetric about a;=0. For example, 
for 6-CuZn type alloys it follows from Eqs. (15) that 
05;/O52= f(s2)/ f(sy). If at some temperature s;=—So, 
then f(s:)#—f(se) and 0s,/dse% —1, so that ds,/dT 
#-0s,/0T and at neighboring temperatures s;# — 52. 
Hence, with the possible exception of a limited number 
of temperatures, two order parameters will be required 
to specify the long-range order since no simple relation- 
ship exists between s; and So. 

For the special case m4 = mp, it is sometimes possible 
to obtain a solution of the equations for which the s; 
Values are simply related, as in the case of 8B-CuZn, and 
this solution seems to be in excellent agreement with 





es Suoninen and B. E. Warren, Acta Metallurgica 6, 172 
58), 


kT/V,=4.4 


kT/Vi=5.0 


Theor. Expt. Theor. 
—0.176 —0.31 —0.131 
0.100 0.27 0.060 
0.066 0.14 0.035 
—0.044 —0.08 —0.018 
0.047 0.06 0.022 
0.030 0.009 
—0.029 —0.009 
0.026 0.007 


experimental results. In other cases, such as the CuAu 
structure, this is not necessarily so since one direction, 
the ¢ axis, is uniquely defined in the ordered structure 
and it is necessary to distinguish between peaks in the 
Patterson map corresponding to vectors not equally 
inclined to this unique direction. 

When more than one l.r.o. parameter is needed, the 
contributions to the intensities of the fundamental 
diffraction maxima due to the state of order will not 
cancel out. The fundamental reflections will show an 
increase in intensity corresponding to a modulation of 
the diffracting power of the lattice which, presumably, 
corresponds to the existence of out-of-phase domains 
with boundaries rich in one or other type of atom, or 
else corresponds to a segregation of the atoms of the 
alloy to form two phases of slightly differing composi- 
tion. The considerable number of observations of 
out-of-phase domain superlattices, which have recently 
been reported in the literature, suggests that such 
superlattices may occur much more widely than was 
previously supposed and may, in fact, represent the 
true equilibrium state of ordered alloys for which there 
are two or more unequal l.r.o. parameters, Sm. 

Finally, it may be noted that, although this theo- 
retical treatment has here been applied to only the 
simplest of order-disorder systems, it is equally appli- 
cable to other more complicated systems including 
those with unequal size of the ordering units, those with 
nonstoichiometric composition and those with more 
than two types of structural unit. 
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The adiabatic elastic constants of 8 tin have been measured in the temperature range 4.2 


to 300°K 


using the ultrasonic pulse technique. An unusually large variation with temperature of the shear constant 
$(cii—¢iz) has been observed. From the elastic constants extrapolated to 0°K, the limiting value of the 
Debye temperature of tin has been calculated. Using this value, the low-temperature specific heat data 
on both normal and superconducting tin have been re-evaluated. 


I. INTRODUCTION 


HE single crystal elastic constants of 8 tin were 

first measured, at room temperature, by Bridg- 
man! using a static method. More recently, Mason and 
Bommel? obtained values for these constants using 
ultrasonic waves. As can be seen from Table I, there is 
considerable disagreement between these two sets of 
values. Furthermore, there existed no detailed study of 
the variation of the constants with temperature. The 
work described in this paper was undertaken to remedy 
this situation. A precise knowledge of the elastic 
constants and their variation with temperature is of 
interest in the theory of solids. From their values at 
0°K, the limiting value 0) of the Debye temperature 
can be computed. This is particularly useful for metals 
with a low 4, where the usual calorimetric method of 
determining 4 is not very accurate. The shear elastic 
constants can be related to certain details of the Fermi 
surface in the metal. 

This paper describes the measurement of the elastic 
constants of 8 tin between 4.2°K and 300°K. From the 
extrapolated values at O°K, 6) is computed. The 
existing data on the specific heat of 6 tin in the normal 
and superconducting states are reconsidered in the 
light of this new value of @. An unusually strong 
dependence of certain shear constants on temperature 
is pointed out, and it is suggested that this is connected 
with overlap electrons (and possibly holes) across 
certain faces of the Brillouin zone. 


II. EXPERIMENTAL DETAILS 


The starting material was tin, stated to be 99.999% 
pure, obtained from the Vulcan Detinning Company. 
Cylindrical single crystals, 2.5 cm in diameter and up 
to 20 cm long, were grown in an alumina crucible using 
a nitrogen atmosphere by a modified Bridgman tech- 
nique. The crystals were oriented by the back-reflection 
Laue method, and suitably oriented specimens cut using 
a high-speed water-cooled carborundum wheel. The 
samples were then lapped to remove the damaged 
surface layer (about 0.025 cm) and to produce opposite 
faces which were flat and parallel to each other to 

1P. W. Bridgman, Proc. Am. Acad. Arts Sci. 60, 305 (1925). 


2 W. P. Mason and H. E. Bémmel, J. Acoust. Soc. Am. 28, 930 
(1956). 


within 0.0005 cm. One specimen was further electro. 
polished to remove the residual surface damage Dpto. 
duced by the lapping. There was no detectable difference 
in the elastic constants measured on this sample befor 
and after the electropolishing. It is therefore felt tha 
the data are free from errors due to surface imper. 
fections. 

To 
constants to be made, five crystals in all were used, 
The propagation and polarization directions are show 
in Fig. 1. In each case the propagation direction was 
within 1° of the indicated crystallographic direction 
this results in an error in the velocity of less than! 
part in 2000, which is negligible. 

The were made in the 
temperature from 4.2°K to 300°K using a 
Arenberg pulsed oscillator and wide band amplifier in 
conjunction with a Tektronix 545 oscilloscope. Ten 
Mc/sec pulses of 1 usec duration were used, the reflected 
pulses being observed without rectification to minimiz 
transit time error. The details of the apparatus have 
been described in a previous paper.* 

Considerable difficulty was experienced in making a 
bond between the quartz transducer and the tin crystal 
which would hold below liquid nitrogen temperatures 


enable adequate cross-checks on the elastic 


ultrasonic measurements 


range 


Both glycerol and Nonaq tended to crack below 77°%. 
A satisfactory bond was finally obtained using Dow 
Corning silicone of 2.510® centistokes viscosity and 
rapidly cooling the specimen by plunging it into liquid 
nitrogen. This procedure presumably allows the tin to 
undergo most of its thermal contraction before the 
bond solidifies, and thereby minimizes the thermal 


TABLE I. Previous data on the elastic constants of B tina 
room temperature. The values attributed to Mason and Béomme 
were recalculated from their paper, using the x-ray density 0 
7.279 g cm= at 300°K as determined during the present invest 
gation. 


: ; : — 
Elastic constants in 10" dyne cm 


Authors C11 c C44 C66 C12 
: cre re a oe 
P. W. Bridgman 8.39 9.67 1.75 0.741 487 49 
W. P. Mason and 14 
H. E. Bémmel 7.33 8.74 219 2.25 2.38 + 


= _—_——__—_—_—_—— 


3J. A. Rayne, Phys. Rev. 115, 63 (1959). 
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ELASTIC 


gresses in the latter on subsequent cooling to liquid 
helium temperatures. 

It is necessary to know the lattice parameters of tin 
as functions of temperature in order to obtain the 
dastic constants from the measured sound velocities. 
‘fhe parameters were obtained by making x-ray meas- 
yements at 300, 77, and 4.2°K on two single crystal 
dices mounted such that the [100] and [001 ] directions, 
respectively, were parallel to the scattering vector of 
the xray beam. Crystal-monochromated molybdenum 
K, radiation was used to obtain the Bragg angles for 
the (16,0,0) and (0,0,8) reflections, respectively, the 
lattice parameter in each case being taken as the mean 
of the values given by the a, and a2 components. The 
lattice parameters at intermediate temperatures were 
obtained by interpolation. The results are shown in 
Table II, together with the values obtained by Lee and 


[001] 








[010] 






Cu-Ci2 
2 


Ci +Cio 
ne 


[110] 


Fig. 1. Propagation and polarization directions for the various 
modes used in determining the elastic constants of tin. The 
constants associated with each mode are indicated. 


10} CéE6 


Raynort (corrected to 300°K). It is felt that the agree- 
ment is satisfactory. The expansivities between 77°K 
and 300°K obtained in the present work are Ag=3.17 
X10“ along the a axis and A,=6.69X 10-3 along the 
c axis, compared to the values obtained by Erfling,®, 
vi, 3.15X10-* and 5.81X10-%, respectively. While 
the values for A, are in good agreement, the discrepancy 
in 4, is outside the estimated combined experimental 
arors. It should be noted that the thermal expansion 
coefficient at room temperature along the c axis meas- 
ured by various observers also shows similar discrep- 
ancies, the values ranging from 28.9910-* deg@! 
obtained by Erfling to 36.4X10-* deg~! obtained by 
wee and Raynor. 

es 

13 sse and G. V. Raynor, Proc. Phys. Soc. (London) B67, 
‘H-D. Erfling, Ann. Physik 34, 136 (1939). 


CONSTANTS :OF 6 


Sn 


TABLE II. The lattice parameters of 8 tin. 
All parameters are in angstrom units. 


’ Irese 2 > : 
Lee and Raynor’s Present measurements 





Parameter data at 300°K 300°K 77°K 4.2°K 
a 5.83185 5.83152 5.81311 5.81187 
c 3.18151 3.18280 3.16164 3.15743 





III. RESULTS 

Table III gives the experimental results at 300, 77, 
and 4.2°K in terms of pv?, p being the density of tin, 
and v the velocity calculated from the observed transit 
time. Both quantities have been calculated taking 
account of the thermal expansion. The total error in 
all cases except crystal d is estimated to be less than 
0.7%. This arises mainly from the uncertainty in the 
transit time determination, and the possible effect of 
dislocations on the elastic constants. Owing to the 
somewhat impaired quality of the reflected pulses for 
the quasi-modes in crystal d, the error in transit time 
determination was higher. It is estimated that the total 
error in pv” for these modes is 1.5%. Figure 1 shows the 
combinations of elastic constants corresponding to the 
various propagation modes as computed from Eqs. 
(A1) and (A3) of the Appendix. From the data of 
Table III, the elastic constants and their associated 
errors have been computed. These are shown in Table 
IV. The values at 300°K, obtained in the present work, 
are compared in Table V with those of Mason and 
Bommel.* The latter have been recalculated using the 

TABLE III. Summary of experimental data. The letters Z and 
T in the second column refer to longitudinal and transverse 
modes, respectively. The appropriate combinations of constants 
- shown in Fig. 1. Equation (A6) of the appendix defines vz 
and vr. 





Crystal and 


propagation Particle 
direction motion 300°K 77°K 4.2°K 
a, [100] [100]L 7.250 8.114 8.260 
roo1 |r 2.217 2.616 2.694 
[010 ]T 2.407 2.782 2.823 
b, [001] [001 L 8.840 10.040 10.310 
C100 77 2.199 2.620 2.689 
c, [110] (11072 9.006 9.755 9.878 
[110 ]T 0.666 1.184 1.271 
[001 JT 2.193 2.624 2.702 
d, at 7/4 to [100]T 2.311 2.626 2.691 
[010] and corresponding to vz 8.005 9.005 8.996 
[001 ] axes corresponding to vr 2.291 2.811 2.922 
e, [100] [100]L 7.209 8.190 8.287 
2.780 2.813 


row r 2.393 








* Note added in proof. D. G. House and E. V. Vernon, Brit. J. 
Appl. Phys. 11, 254 (1960) have reported measurements of the 
coefficients of compliance of tin. Their values at 15°C and the 
values calculated from the present room temperature data are 
compared below (in units of 107 cm? dyne™): 


Siu $33 S44 S66 Siz 513 
House and Church 41.6 149 45.6 42.8 -—31.2 -—-48 
Present work 43.6 145 454 41.7 —33.9 —3.94 
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ELASTIC CONSTANTS OF 


value p=7.279 g/cm® obtained from the present x-ray 
measurements. For every elastic constant except ¢,3, 
shere are at least two independent values, which agree 
io within the estimated error. The constant ¢33 was 
measured on a crystal 3.8 cm long having exceptionally 
sood acoustic qualities; no cross-check was therefore 
ft to be necessary in this case. Boldface numbers 
have been used in Table IV to indicate the mean value 
of each constant, weighted in relation to the estimated 
erors where necessary. Figures 2(a) through 2(e) show 
the temperature dependence of each elastic constant. 
4s may be seen, the internal consistency of each set of 
measurements is considerably better than the error 
estimates quoted above. 

The agreement between the present results and those 
of Mason and Bémmel for the values at 300°K of cy, 
(yj, and ca is within the experimental error. There are, 
however, discrepancies in the values for Cge, ¢i2, and 
¢;, Which are particularly severe for the latter two 
constants. No reason can be advanced for this dis- 
crepancy, but it may be pointed out that the values 
obtained in the present experiments have been verified 
by cross-checks, and are therefore considered to be 
more reliable. The agreement of the present results 
with Bridgman’s values is very poor. Since his measure- 
ments were made by a static method, his results may 
have been influenced by the ease with which pure tin 
deforms plastically. 

[he compressibility A of tin calculated from the 
formula 


K= (eu t+¢12+ 2¢33— 4¢13)/[e33(¢1+¢12) = 2¢13" | 
is 1.821X10-" cm? dyne at 300°K. This agrees well 


TasLe IV. The elastic constants of 8 tin at 300, 77, and 4.2°K. 
Boldface numbers show the weighted mean values. The errors 
are shown only for the values at 4.2°K; these are used subse- 
quently in the calculation of the uncertainty in 6. The units are 
10° dyne cm~, 


Temperature 





Constant Sample 300°K 77°K 4.2°K 
Cu a 7.250 8.114 8.260 
c 7.209 =8.190 8.287 

Mean 7.230 8.152 8.274+0.062 

Ca b 8.840 10.040 10.310+0.077 
C44 a 2.217 + =2.616 2.694 
b 2.199 2.620 2.689 
¢ 2.193 2.624 2.702 

Mean 2.203 2.620 2.695+0.021 
Co a 2.407 2.782 2.823 
e 2.393 2.780 2.813 

Mean 2.400 2.781 2.818+0.021 
Cis ¢ (transverse) 5.898 5.784 5.732 
¢ (longitudinal) 5.982 5.796 5.846 

Mean 5.940 5.790 5.785+0.115 
C13 d (transverse) 3.512 3.544 3.533 
d (longitudinal ) 3.626 3.744 3.395 

Mean (see appendix) 


3.578 3.642 


3.421+0.11 





B-Sn 


1661 


TABLE V. A comparison of the values of the elastic constants 
at 300°K obtained in the present work, with those of Mason and 
Bommel. The latter values have been recalculated using p=7.279 
g cm’ as determined in the present x-ray measurements. The 
unit is 10" dyne cm. 











Constant Mason and Bémmel This work 
Cu 7.33 7.230 
C33 8.74 8.840 
Cus 2.19 2.203 
C66 2.25 2.400 
C12 2.38 5.94 
C13 2.48 3.58 





with the mean value of 1.86+0.1310-" cm? dyne— 
obtained by Bridgman® at 303°K. 


IV. DISCUSSION 


A. Temperature Dependence of the 
Elastic Constants 


Figures 2(a) through 2(e) show that the temperature 
variation of all constants, except the shear constant 
(C11—C¢12)/2, is normal. The increase on going to 4.2°K 
from 300°K is about 15 to 20%; this increase is some- 
what larger than that quoted by Mason and Bémmel.? 
Since they do not present detailed data on the temper- 
ature variation observed by them, it is not possible to 
assess the significance of the discrepancy. 

The shear constant C’=(c1:—¢12)/2 has an excep- 
tionally large temperature coefficient, increasing by 
about 100% on going from 300°K to 4.2°K. This 
behavior is in contrast to, for example, an increase of 
15% in silver over the same temperature range. Other 
experiments like the de Haas-van Alphen effect and 
cyclotron resonance in tin have shown the presence of 
pockets of electrons and holes in the higher Brillouin 
zones.’ It seems likely that these pockets contribute to 
the elastic constants in a manner similar to that 
discussed by Leigh* for aluminum. Since the configura- 
tion of these pockets should be sensitive to temperature, 
one would expect a resulting marked dependence of 
certain elastic constants on temperature. Such a 
mechanism may be responsible for the anomalous 
behavior of C’. 


B. The Limiting Value of the Debye 
Temperature 


At very low temperatures, only phonons of long 
wavelength are excited in a solid, so that the effects of 
dispersion may be neglected and the system treated 
as an elastic continuum. The thermal properties in 
this region, and in particular @o, the limiting “value of 
the Debye temperature, may be calculated from a 
knowledge of the elastic constants. Thus 4 is readily 


6 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 58, 165 (1922). 

7D. Shoenberg, Progress in Low-Temperature Physics, edited 
by J. C. Gorter (North Holland Publishing Company, Amsterdam, 
1957), Vol. 2, p. 226. 

8 R. S. Leigh, Phil. Mag. 42, 139 (1951). 
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Fic. 3. A plot of (C,—aZ7*)/T versus T* to determine the 


coefficient y~ of the linear term in the low-temperature specific 
heat of tin in the normal state. The broken line represents a 
least squares fit to the linear part of the curve. 


shown to be given by 


ON sh dQ 
0°= -) 5 1 (1) 
Vp'\k 


where N=the Avogadro number, V=molar volume, 
p=density, and / and k have their usual meaning. The 
£; are the eigenvalues of the propagation matrix, whose 
elements are defined in Eqs. (A2) and (A3) of the 
Appendix. The summation with respect to 7 is over the 
three normal modes corresponding to the propagation 
direction which lies within the element of solid angle 
dQ, and the integration is over the total solid angle of 
4r. The tetragonal symmetry of tin permits one to 
rewrite Eq. (1) as 


9N (*) = wit ——— 
6.4 =—_—_ yz 1% is (2) 
16V p} 


6) was evaluated from Eq. (2) using an electronic 
computer. To obtain the eigenvalues é;, the propagation 
matrix was diagonalized at 450 points in the solid angle 
defined by the limits of integration indicated in Eq. 
(2). The resulting value of 6) is 





6) = 201.642.6°K. (3) 


The uncertainty in this figure was obtained by direct 
calculation from Eq. (2), using the extremal values of 
the elements of the propagation matrix corresponding 
to the error estimates in Table IV. 

The calorimetric value obtained by 
Satterthwaite?® is 


Corak and 


6) = 195.0+0.6°K, (4) 


the error being the standard deviation for the least 
squares fit of their specific heat data to the equation 


a=yl+aT*, (5) 
102, 662 


®W. S. Corak and C. 
(1956). 


B. Satterthwaite, Phys. Rev. 


AND B. 





S. CHANDRASEKHAR 
where C, is the specific heat in the normal state 
Barron and Morrison’ have re-examined these qa 


Z ata 
assuming a heat capacity of the form 


Cra=yl+aT*+ dT, 6 
and find a better fit with @)=205°K. The value of g 
calculated from the present @)=201.6°K has been yss4 
to obtain the best fit of the calorimetric data es (6 
by plotting (C,—aT7*)/T T* (see Fig. 3), The 
deviation from linearity of this plot shows “e at 
temperatures beyond 3°K the lattice heat , capacity 
should also include higher order terms in T." A |e 
squares analysis of the linear region gives 


versus 


ast 


y= 1.7610 


joule deg? mole 


which agrees well with the value of (1.75+0.01)x10 
joule deg mole given by Corak and Satterthwaite 
but differs considerably from that obtained by Barton 
and Morrison, viz., y= 1.9X10- joule deg mole 

The new values of @) and y have been used to recalcu. 
late the constants in the equation for the 
specific heat C., given by the 
Schrieffer theory”: 


electroni 


Bardeen, Cooper, and 


Cali Fs ] 


a exp(—bT, 


As shown by Bardeen and S ‘ this equation is 
approximately valid in the 25<T.<6 with 
a=8.5 and b=1.44. We obtain for these two constants 
the values a= 10.03 and 6=1.528. 


hrie ffer, 


region 


V. CONCLUSIONS 


The elastic constants of tin have been menenine 
the temperature range of 4.2 to 300°K. Although t 

room temperature results differ in 
Bridgman, and Mason and Bémmel, it is felt that the 


present data are more reliable, 


part from hen 
since adequate CTOSS- 
checks were made. The ) shows 
an unusually 

presumably associated 


shear constant 3(¢y—¢1 
large variation with temperature, which 


with the presence of smal 


pockets of electrons and holes in the Fermi surface of 
tin. The extrapolated to O°K have 
been used to compute 6, the limiting value of the 
this value of Op, the 
low-temperature specific heat data of tin in the normal 


elastic constants 
Debye temperature of tin. Using 


a more reliable 
electronic term. 


state have been reanalyzed to obtain 


estimate of y, the coefficient in the 


The specific heat data in the superconducting state hav 


also been re-evaluated to obtain new estimates of ¢ 
and 6 in the equation C,,=ayT,.. exp(—06T,/T). 

0'T. H. K. Barron and J. A. Morrison, Can. J. Phys. 35, 
(1957). 


4 Note added in proof. Recent measurements of the specific heat 
of tin below 0.5°K by N. V. Zavaritskii, Progress in Cryogemics 
edited by K Mendelssohn (Heywood & Co., Ltd , London, 1959) 
Vol. I, p. 217, give @o>=202+3°K in good agreeme nt with the value 
obtained in the present work 

ey. Bardeen, L. N Cooper, al d J 
108, 1175 (1957). 

13 J. Bardeen and J. R. 
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APPENDIX 


The equation giving the velocity of propagation of 
nlane waves in an aeolotropic solid medium is 


(Al) 
where 


Nee (A2) 


k, jt. 


In Eq. (A2) cix,j¢ is the elasticity tensor, and the a; 
are the direction cosines of the propagation vector. 
Consider now a tetragonal crystal, and choose the 1 
ind 2 axes along the a axes, and the 3 axis along the 
caxis. Then the \,;; are given in terms of the usual 
elastic constants by 


| 


Au Car TCegQe” + C44Q3", 


A22 Cees t Cy)02+¢ 44 . 

As3= Cas(aP tas) +3303 (A3) 
Aj2 (¢ ot C56) Q1Q2, 

Xe (Cis t- C44) QoQ, 

Asi= (Cis + C4s)a3a, 


and all the other A;; vanish. 

As shown by Waterman," the only propagation 
directions giving pure longitudinal as well as pure 
transverse modes are [100], [110], and [001]. For a 
propagation direction making an angle of 2/4 with the 
[010] and [001 } directions, Eqs. (A1) and (A3) lead 
to the determinantal equation 


1 


9 (C44 Cog) — pv™ 0 0 | 
0) (Cirt+¢44)—pe® 3 (134+ €44) 0. 
Q) (cist C44) 5 (€33+C44) — pr? | 


*P. C. Waterman, Phys. Rev. 113, 1240 (1959) 
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OF B-Sn 1663 
From this equation, it is clear that there is a pure 
shear’ mode polarized in the [100] direction, with a 
velocity corresponding to pv?=}(c4s+ces). The other 
two waves are quasi-longitudinal and quasi-shear modes 
with velocities given by the equation 


| 3 (Crs +C44) — pr” 4 (Cis tC44) Q. (A5) 
5 (C3 +Ca44) > (C33-+C44) — pr” 


This equation can be solved approximately to give 


Cutess C13 
cL= p01? =——+—teu—¢, 
(A6) 
Cutess C13 
> re, 


) 


Cr=p?r"= 

4 

4 

where vy and vy are the velocities of the quasi-longi- 

tudinal and quasi-transverse modes, and € is a small 
correction term 


t (C11; —€33)" 16(¢13-+C44). 


It can readily be shown that the particle motion for 
the quasi-longitudinal and quasi-transverse 
makes angles 8 and 2/2+ 8, respectively, with the 
propagation direction, where 


modes 


re T 4—3 tan (cis tcas) (€11:—C33) |. 


J 


In the present case 8~4°, so that these two modes are 
in fact almost pure. 

The elastic constants corresponding to the various 
propagation modes used in the present work are shown 
in Fig. 1. Except for c,;, the calculation of the elastic 
constants from the measured values of pv is straight- 
forward. The constant c;; was computed from each of 
the two Eq. (A6), and also from their difference. The 
last value has the least uncertainty, and is taken as 
the best estimate of c);. The constant ¢€ is obtained 
iteratively. 
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Energy Model for Edge Emission in Cadmium Sulfide 
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Department of Physics, Institute of Technology, Wright-Patterson Air Force Base, Ohio 
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The blue and green fluorescence emitted by CdS single crystals subjected to ultraviolet radiation at low 
temperatures has been examined in the temperature interval from 4.2°K to 77°K. The spectral position 
and relative intensity of certain lines found in this fluorescence have been measured as a function of temper- 
ature between 4.2°K and 77°K. The degree of polarization of the fluorescence has been investigated at 
4.2°K. From this data an energy model is proposed which accounts for the transitions leading to the blue 
and green fluorescence at 4.2°K, the change in these transitions as the temperature increases from 4.2°K 
to 77°K, and the transitions leading to the blue and green fluorescence at 77°K. 


I. INTRODUCTION 


N 1940 Kroger' first reported on the fluorescence 

observed in CdS crystals subjected to ultraviolet 
radiation at 93°K. Following this initial observation, 
other investigators*-® examined the fluorescence at 
77°K and 4.2°K, and, as a result of their findings, a 
rather detailed picture of the edge emission spectrum 
of CdS now exists. The fluorescence is found to spread 
over a wavelength interval of 600A beginning near the 
fundamental absorption edge of the crystal (~4850A) 
and extending at least as far as 5600A. At 4.2°K the 
fluorescence has been found to contain as many as 
twenty-three lines or bands with varying intensities, 
some of which are sharp and some of which are diffuse. 
The fluorescence observed in the wavelength interval 
4850A-5020A contains lines which appear to be sharper 
and more intense than the series of bands observed in 
the wavelength interval from 5020A to 5600A. 

Several energy models have been proposed to account 
for the luminescence in CdS. A model based essentially 
on the recombination between free electrons and trapped 
holes at impurity centers for CdS :Ag was suggested by 
Schén? and Klasens.* More recently a model for 
luminescence in CdS :Ag proposed by Lambe and Klick,’ 
reversed the mode of interaction between electrons and 
holes and suggested that the luminescence results from 
the recombination between trapped electrons and free 


* Portions of this paper are to be submitted by LSP in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy in the Department of Physics at the University of 
Cincinnati. 

1F, A. Kroger, Physica 7, 1 (1940). 

2C. C. Klick, J. Opt. Soc. Am. 41, 816 (1951). 

3L. R. Furlong, Phys. Rev. 95, 1086 (1954). 

4M. Bancie-Grillot, E. F. Gross, E. Grillot, and B. S. Razbirin, 
Optika i Spektroskopiya 5, 461 (1959). 

5 L. R. Furlong and C. F. Ravilious, Phys. Rev. 98, 954 (1955). 

*L. S. Pedrotti and D. C. Reynolds, Phys. Rev. 119, 1897 
(1960). 

7M. Schon, Z. Physik 119, 463 (1942). 

5H. A. Klasens, Nature 158, 306 (1946). 

8 J. J. Lambe and C. C. Klick, Phys. Rev. 98, 909 (1955). 


holes. In a later paper, Lambe, Klick, and Dexter 
extended a similar interpretation to account for the 
green fluorescence observed in undoped CdS. 

In order to account for the complex structure of the 
fluorescence observed at 4.2°K and the change in 
structure as the crystal is heated, a more extensive 
model based on the presence of additional centers is 
required. The purpose of this paper is to present 
experimental evidence which relates different paris of 
the fluorescence observed at 4.2°K to different centers, 
and to suggest an energy model using these centers to 
account for the transitions observed at 4.2°K and 77°K. 


II. PREVIOUS RESULTS 


Furlong and Ravilious® observed and measured 
twenty-one lines (or bands) in the fluorescence spectrum 
of CdS irradiated with ultraviolet light at 4.2°K. This 
fluorescence was divided into two parts. One part was 
made up of the bands found between 4853A and 5020A, 
eleven in all, which were labelled ‘‘blue bands”; the 
remaining ten bands located between 5020A and 5630A 
were labelled “green bands.”’ This division into two 
nonoverlapping sets of bands was made on the basis 0 
difference in sharpness, spacing, and intensity of the 
bands in the two wavelength regions, on the observed 
existence of an absorption line at 4867A, and on the 
dependence of various bands on the condition of the 
crystal surface. 

More recently a different classification of this same 
fluorescence at 4.2°K has been suggested.® This classil- 
cation has been based on the discovery that some CdS 
crystals show only fluorescence between 4853A and 
5100A while other crystals show fluorescence between 
4853A and 5600A. The crystals showing fluorescenct 
over the wavelength region 4853A-5600A invariably 
contain those same lines contained in the fluorescence 
of crystals showing lines only between 4853A and 
5100A. The difference in the fluorescence spectrum 


w J. J. Lambe, C. C. Klick, and D. L. Dexter, Phys. Rev. 163 


1715 (1956). 
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ENERGY MODEL 


Tape I. Classification by wavelength of blue and green 
fluorescence in cadmium sulfide at 4.2°K. 


— 








—_——————— 
“Blue fluorescence” (A) “Green fluorescence”’ (A) 
ior 4853—By! 4885—G, 
4863—B? 4959—G, 
4871—B,° 5037—G; 
5129—G, 
4913—B,' 5179—G; 
4925 — B,? 5211—Gz 
4938— Bs" 5254—G; 
5298 —Gs 
4986—B;! 5341—G, 
5002 — Bs’ 5382—Gio 
5016—B;° 5436—Gi; 
5065—B, 
5082—B? 
5092—B? 


resulting from the two types of CdS crystals at 4.2°K 
and 77°K are shown in the four photographs of 
fig. 1. Comparison of B and C has made possible the 
division of the twenty-three lines observed in the 
fluorescence spectrum into two classifications as detailed 
in Table I. The first classification is simply called 
“blue fluorescence” and includes lines B,'— B,’, a series 
of lines appearing to form four distinct triplets. The 
second classification, which includes line G;—Gy, is 
called “green fluorescence” even though it contains 
some lines whose wavelengths are definitely in the 
blue region. It should be noted that this classification 
differs from the “blue band’’-“‘green band”’ classification 
suggested by Furlong and Ravilious since considerable 
overlapping exists between the blue fluorescence and 
green fluorescence. 

Although the fluorescence spectrum at 4.2°K contains 
twenty-three components, the observed equal spacing 
between some of these indicates possible phonon interac- 
tion, For example, the triplets B:, B;, and By are 
separated by ~ 0.04 ev; in addition lines G;, G2, Gs, lines 
Gs, Gs, Gs, Gio, as well as lines Gs, Gz, Go, and Gy are 
separated by approximately 0.04 ev. In each group the 
spacing between lines is very nearly equal to the 
longitudinal optical phonon energy of 0.038 ev."-” 





om :. “Blue” and “green”’ fluorescence observed in pure 
h platelets at 77°K and 4.2°K. A shows “blue green” at 77°K, 
shows “blue green” at 4.2°K, C shows “blue only” at 4.2°K 
and D shows “blue only” at 77°K. : 
ee 
me a Hopfield, J. Phys. Chem. Solids 10, 110 (1959). 
R. J. Collins, J. Appl. Phys. 30, 1135 (1959). 
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Fic. 2. Change in relative intensity of fluorescence lines Gy, G; as 
temperature increases above 4.2°K. 


Photographs A and B or C and D in Fig. 1 illustrate 
the temperature shift of the edge emission between 
4.2°K and 77°K as previously observed by others.?:5" 
It has been shown® that it is possible to attribute the 
greater part of this apparent shift to a change in 
intensity of certain lines with temperature change. One 
observes in Fig. 2 that G4, weak at 4.2°K, grows into 
the prominent emission band at 77°K with peak at 
5130A, while Gs, prominent at 4.2°K, disappears at 
77°K. Some actual shifting of position does occur and 
this has been attributed to the shift of the bands with 
temperature. 


II]. EXPERIMENTAL RESULTS 


The evidence presented in the previous section 
indicates that (1) the fluorescence usually observed 
between 4850A-—5600A in CdS crystals irradiated with 
ultraviolet light at low temperatures consists of two 
distinct parts, (2) the existence of certain lines in the 
spectrum can be attributed to phonon interaction, and 
(3) the apparent temperature shift of portions of the 
green fluorescence between 4.2°K and 77°K is due in 
large part to a change in intensity of lines with tempera- 
ture and in small part to a shift of the forbidden energy 
gap with temperature. 

It was felt that additional evidence, defining more 
completely the difference between the green and blue 
fluorescence, was needed before an energy model ac- 
counting for all the transitions could be postulated. 
To obtain this information two sets of experiments 
were performed. One set of experiments was designed to 
investigate in detail the change in intensity and position 
of transitions B,, B., B;, G;, and G, with temperature 
between 4.2°K and 77°K;; the other set of measurements 
was designed to examine the polarization of similar 


lines at 4.2°K. 


8D. C. Reynolds, Phys. Rev. 118, 478 (1960). 
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Fic. 3. Change in relative intensity of fluorescence lines B, Bo, Bs, 
G,, Gz as temperature increases above 4.2°K. 


A. Change in Intensity and Position of Blue and 
Green Fluorescence with Temperature 


The crystals used for these measurements consisted 
of CdS platelets grown from the vapor phase."* The 
crystals vary in thickness from <1y to approximately 
1004 and contain the “C” axis in the plane of the plate. 
The emission was measured on the as grown surface 
in all cases. 

A Cd§S platelet (0.2 cmX1 cmX40y), showing the 
complete “blue-green” fluorescence spectrum, ,was 
cemented with silver paint to an aluminum rod which 
was immersed in liquid helium, all of which was 
contained in the inner Dewar of a double Dewar 
arrangement. The crystal was irradiated with ultra- 
violet light from a 100 WSP4 lamp equipped with an 
ultraviolet filter. The experimental procedure consisted 
of using a Bausch and Lomb grating monochromater 
equipped with an IP28 photomultiplier tube to plot 
directly the intensity and position of a given spectral 
region as the temperature increased. The temperature 
was measured with a copper-constantan thermocouple 
imbedded in the aluminum rod adjacent to the crystal. 
The temperature rise between 4.2°K and 77°K occurred 
naturally as the liquid helium evaporated from the 

4D. C. Reynolds and L. C. Greene, International Conference on 
Solid State Physics, Brussels, June, 1958 (Academic Press Inc., 
New York, 1960). 
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inner Dewar; no attempt was made to achieve tempera. 
ture equilibrium. As a result a small temperature lag 
between the thermocouple reading and the crystal 
temperature may have existed. In addition, reading 
between 4.2°K and 12°K were not obtained due to the 
questionable reliability of *the copper-constantan ther. 
mocouple in this temperature range. 

Figure 3 shows the change in relative intensity and 
position of triplets B; (unresolved), Bs, Bs, and “green” 
lines Gy, G2. One observes that B, decreases in intensity 
more repidly than G,, that G; and G», vanish completely 
as the temperature increases, and that each triplet 
loses its indentification with temperature increase 
such that at 19°K each triplet has changed into a band 
whose peak is centered about the middle line of the 
triplet. 
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Fic. 4. Change in relative intensity of fluorescence lines B,, 6 
as temperature increases above 4.2°K. (b) is a continuation 0 
(a) after increasing the sensitivity of the photomultiplier tube 
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ENERGY MODEL 

Figure 4(a) shows similar results in greater detail 
for triplet Bi (unresolved), and line G;. Both B; and G,; 
decrease in intensity, 8; more rapidly than G;. Figure 
4(b), plotted after increasing the photomultiplier tube 
voltage to obtain increased sensitivity, shows the 
details of the change in the structure of B, and G, 
between 31°K and 56°K. It is seen that at 31°K the 
intensity of B,* has decreased sufficiently to allow 
resolution of the lines B,’ and B,’. At 45°K line B,' 
has disappeared completely with B,’ remaining. Line 
Be was not intense enough to be detected with the 
photomultiplier. 


B. Polarization of Blue Fluorescence at 4.2°K 


For this set of measurements a CdS platelet, about 
{Qu thick showing only the blue fluorescence at 4.2°K 
was examined using a polarizer in conjunction with a 
Jarrel-Ash spectrograph having a linear dispersion of 
7A/mm. The crystals were irradiated with ultraviolet 
light as before. For each exposure taken, all experi- 
mental conditions with the exception of the position of 
the polarizer were held constant. 

Figure 5 shows the relative intensity of triplets By 
and B; at 4.2°K. The upper curves were obtained from 
the photographs taken with £\C; the lower curves were 
obtained from the photographs with ELC, giving 
evidence of, at best, a slight polarization; however, no 
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Fic. 5. Relative intensity of triplets By, B; at 4.2°K. The upper 
curve shows the fluorescence polarized with the electric vector 
Pare to the “C” axis of the CdS crystal; the lower curve with 

electric vector perpendicular to the “C”’ axis. 


FOR EDGE 


EMISSION IN CdS 














1667 
a 
1.0 ~ 
ef 
ie 
Eic 
Le 
E1ic 
> 
- 
2 0.6 
: | 











RELATIVE 
°o 
- 
i 





0.2 <— 


A 


4 
4047 4853 48659 4865 487! 4877 4883 
WAVE LENGTH (A ) 
































l'ic. 6. Relative intensity of triplet B,; at 4.2°K. One curve shows 
the fluorescence with | |C, the other with ELC. 


one component shows evidence of being strongly 
polarized. 

On the other hand, as seen in Fig. 6, triplet By 
(resolved in this densitometric trace) exhibits marked 
polarization effects. With ELC, By, By’, By are as 
shown. When the polarizer is rotated 90° placing 
ELC, B,' vanishes completely, B? is reduced sub- 
stantially, while By’ remains practically unaffected. 


IV. PROPOSED ENERGY MODEL 


If a proposed energy model is to explain successfully 
the experimental observations, it must (1) distinguish 
clearly between the origins of the “blue” fluorescence 
and the “green” fluorescence (2) account for transitions 
By, Bz, Gi, G4, and Gs at 4.2°K, the remaining lines being 
attributed to phonon interaction (3) account for the 
transitions at 77°K and the changes in the transitions 
between 4.2°K and 77°K and (4) be consistent with the 
results obtained from the polarization measurements. 


A. Energy Model for Green Fluorescence 


It has already been shown by Kulp and Kelley" that 
the center for green “edge” emission (G4, Gg, Gs. Gio) 
at 77°K is due to the sulfur interstitial atom. This 
center is located about 0.14 ev from the band edge. In 
order to account for the remaining green fluorescence 


16 B. A. Kulp and R. H. Kelley, J. Appl. Phys. 31, 1057 (1960). 
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Fic. 7. Energy model for ‘‘green fluorescence” in CdS. 


G1, G2, Gs, and Gs, G7, Gs, Gis, it has been necessary to 
introduce a second center, 0.023 ev'* below the conduction 
band. Figure 7 shows the proposed energy model. This 
model is consistent with the observed results, namely 
that G,; and Gs vanish as the crystal is heated from 
4.2°K to 77°K and that G4, while weak at 4.2°K, 
becomes the dominant transition at 77°K. At low 
temperatures the 0.023-ev center is sufficiently pop- 
ulated so that recombinations between the trapped 
electrons in this center with the trapped holes in the 
deeper center and free holes in the valence band can 
occur. As the temperature is increased, the 0.023-ev 
center becomes depopulated and recombinations occur 
between the conduction band and the lower center, 
which is sufficiently far removed from the valence band 
to remain populated. It should be noted that whereas 
the energy model chosen to explain the green fluores- 
cence shows the shallow center near the conduction 
band and the deep center near the valence band, a 
mirror reflection of these centers about the middle of 
the forbidden energy gap would account for the 
transitions G,, G4, and Gs equally well. The experimental 
evidence does not distinguish between these two choices. 

Likewise the experiment of Lambe ef al. does not 
allow one to resolve uniquely the location of these two 
centers. In their experiment three possible recombina- 
tion processes were assumed: (a) recombination of 
free electrons and holes, (b) recombination of free holes 
with trapped electrons, and (c) recombination of free 
electrons with trapped holes. The experiment consisted 
of first irradiating the crystal with ultraviolet light 
which was then removed. The emission then decayed 
rapidly while the photocurrent decayed much more 
slowly. The photocurrent from the crystal as well as 
the emission intensity was monitored while the crystal 
was irradiated with infrared light of quenching energy. 
As a result of the infrared light the photocurrent was 
quenched and green emission was stimulated by the 
release of holes. In all cases the photocurrent decayed 
more rapidly as a function of infrared radiation time 
than did the green emission. It was assumed that the 
photocurrent was directly proportional to the number 


16D. G. Thomas and J. J. Hopfield, Phys. Rev. 116, 573 (1959). 
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of free electrons and that the number of free hole 
either remained constant or decreased as a function of 
time. The luminescent intensity is proportional in cay 
(a) to the product of the number of free holes anj 
electrons, in case (b) to the product of the number oj 
free holes and trapped electrons and in case (c) to the 
product of the number of free electrons and trapped 
holes. Therefore in case (a) and case (c) the luminescen; 
intensity should decay at least as fast as or faster thay 
the photocurrent. Since this did not occur, case (t 
was the only recombination process consistent with the 
experimental results. 

According to our experimental results the recombina. 
tion process at 4.2°K is actually one of a trapped 
electron with a trapped hole as shown in the mode. 
Fig. 7. The luminescent intensity in this case is propor. 
tional to the product of the number of trapped electrons 
and trapped holes. Consequently, the luminescen: 
intensity could well decay more slowly than the photo- 
current, in conformity with the experimental results of 
Lambe ef al.° Since the model from which their thre 
recombination processes were derived did not includea 
second center, as our model must, their experimenta 
results are not sufficient to decide explicitly on the 
position of the two centers relative to the bands, Its 
possible that one could uniquely resolve the positions 
of the centers if one were to repeat their measurements 
at a temperature above which the shallow center is 
rendered inactive. 


B. Energy Model for Blue Fluorescence 


In order to account for the triplet structure observed 
in the blue fluorescence at 4.2°K, an energy model 
based on the band structure calculations made by 
Balkanski and des Cloizeaux'’ has been adopted. The 
band structure calculations for the CdS point group 
originally made by Hopfield'® and Birman” were 
extended to the 0K,, 0K,, and OK, axes in the Brilloun 
zone by Balkanski and des Cloizeaux. In this calculation 
the conduction band minima do not occur at K=! 
along the OK, and OK, axes; likewise the two lower 
valence bands have maxima away from K =0 along the 
above two axes. The top valence band is degenerate al 
K=0 with the maxima occuring at K=0. The general 
feature of the calculation neglecting the two lower 
valence bands is shown for the OK, axis in Fig. 8. The 
I’; symmetry of the conduction band at the center 0 
the Brillouin zone goes into a 23+2,4 symmetry along 
the OK, axis and the I'y symmetry of the top valence 
band also goes into a 23+ 2,4 symmetry along the samé 
axis. The selection rules” permit 23 = 2,4 transitiols 
only when the “Z” vector is polarized 1 to the c 
axis. The 3;- » D4 transitions are allowed 

17M. Balkanski and J. des Cloizeaux, J. Phys. Chem. Solids 
(to be published). ee 

18 J. J. Hopfield, Bull. Am. Phys. Soc. 3, 409 (1958). 

19 J, L. Birman, Phys. Rev. Letters 2, 157, (1959). 

2” R. G. Wheeler (private communication). 
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ENERGY MODEL FOR 


for both the L and || modes of polarization. The same 
general features are true for the OK, axis. Along the 
0K, axis, the maxima in the valence bands and the 
minima in the conduction band occur at K=0. 

To account for the “blue” fluorescence and depend- 
ence of this fluorescence on temperature two centers 
are required, as was the case in the model for “green” 
fuorescence. The proposed transitions responsible for 
the B; triplet are shown in Fig. 8(a). B;' is a band-to- 
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Fic. 8. Energy model for “blue fluorescence” in CdS. (a) accounts 
for triplet B,; (b) accounts for triplet Bo. 
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band transition occurring at the minima of the conduc- 
tion band for AK=0. The B/ transition occurs with 
phonon cooperation from the minima in the conduction 
band to the maxima in the valence band. The B,’ 
transition occurs from the top of the valence band to 
a center 0.005-ev below the conduction band. B,* is 
much more intense than B; or B,'. As the temperature 
is increased above 4.2°K, B,’ decreases in intensity very 
rapidly and has disappeared completely at 45°K as 
shown in Fig. 4. This would be expected from the model 
since this center would become depopulated rapidly as 
the temperature is increased. From the model one 
would expect B;' to be strongly polarized since it is a 
>; = Y, transition; that this is the case is seen in Fig. 6. 
B is less strongly polarized. Though it arises from pure 
states in the conduction band, the valence band will be 
made up of a mixture of states of 2; and 24 symmetry 
resulting in decreased polarization. The B, transition 
occurs from a center made up of mixed states of 
>; and 4 symmetries to the valence band again made up 
of mixed states of 2; and 24 symmetries resulting in 
very little polarization as is observed. The By triplet 
results from center to center and band to center transi- 
tions. In addition to the center 0.005 ev below the 
conduction band, another center 0.022-ev above the 
valence band is present. The transitions occur from the 
minima of the conduction band. It is reasonable to 
assume that the centers will reflect the symmetries of 
the bands and that the center near the valence band 
will reflect the splitting of the valence band.” The 
transitions for B, are shown in Fig. 8(b). B,' and B,' are 
center-to-center transitions. B,* is a band-to-center 
transition. As the temperature is increased the center 
nearest the conduction band will become depopulated, 
which causes lines B,' and B,' to disappear as is observed 
in Fig. 3. The fluorescence builds up about line B,’, 
analogous to line Gq in the green fluorescence. This 
behavior also occurs for the B; triplet providing further 
evidence that B; and B, result from phonon interaction. 
Since the centers are made up of mixtures of states of 
>; and 2,4 symmetries one would not expect the lines to 
be very strongly polarized. That this is the case is seen 
in Fig. 5. 


21 R. J. Collins and J: J. Hopfield, Phys. Rev. 120, 840 (1960). 
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Ferrielectricity* 
CHARLES F. PULVARI 
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A new group of materials has been found exhibiting ferroelectric behavior. It was found that this behavior 
appears in a mixture of antiferroelectric compounds (sodium vanadate and sodium niobate; also sodium 
niobate and silver niobate) neither of which exhibits this phenomenon at low field strength in their pure 
states. Coercivity as well as polarization is composition dependent. The onset of the ferroelectric state is 








a function of applied field, which in some compositions is considerably higher 


than the coercive field, 


Switching transients of a form not previously reported are exhibited by these materials 


URING the course of a high-temperature ferro- 
electric research program a new group of materials 
has been found exhibiting ferroelectric behavior. 

The materials here reported are essentially composed 
of two antiferroelectric materials and have been dis- 
covered in the heretofore not reported mixed crystal 
of sodium vanadate-niobate Na(V.Nb,_z)O3. Although 
neither sodium niobate! nor sodium vanadate? exhibit 
ferroelectric properties at low field strength in their 
pure form, this new material shows an antiferroelectric 
Curie point at 375°C and a ferroelectric behavior 
below 225°C. These transition points vary slightly 
with composition. Using the above constituents mixed 
crystals up to a 50-50% composition were produced. 
However the chemical analysis of these crystals has 
not yet been done, because no suitable solvent was 
found so far. They were unsoluble even in hot hydro- 
fluoric acid. The compositions however so prepared 
yielded good crystals. The crystals were cubic-like, 
light-transparent with clear cut shiny faces and had 
easy cleavage planes. Figure 1 shows a typical thin 
plate which has been cleaved from larger cubes and 
has been prepared for investigation. The photograph 
also shows the large homogeneous domain area which 
could be observed in cross-polarized light under a 
microscope. The large dark areas are homogeneous c 
domains and the white spikes are a domains. The a 
domains have been chosen purposely so as to bring out 
more pronounced the difference between the ¢ and the a 
domains. From the mixed crystal compositions so far 
produced, large uniform domain structure was obtain- 
able, and it is believed that this is due to the fact that 
vanadium fits very well into the niobate structure with 
its slightly smaller Goldschmidt radii. It is noted that 
this good domain structure was quite abundant and 
even in a small batch a large number of good samples 
could be produced. 

Figure 2 shows dielectric anomaly of a 20% sodium 
vanadate and 80% sodium niobate mixed crystal. 

It is noted that while the pure sodium niobate has an 


* This research was supported by the U. S. Air Force, Wright 
Air Development Division, Electronic Technology Laboratory, 
Wright-Patterson Air Force Base, Dayton, Ohio. 

1G. Shirane et al., Phys. Rev. 96, 581 (1954). 

2S. Sawada and S. Nomura, J. Phys. Soc. Japan 6, 192 (1951). 


antiferroelectric Curie point of 375° and the pur 
vanadate has an antiferroelectric Curie point aboy 
400°, the mixed crystal of the two antiferroelectric 
shows a ferroelectric Curie point at about 225°C wit 
@ pronounced transition as shown in Fig, 2. Thi 
material exhibits well-saturated hysteresis loops fron 
room temperature up to the ferroelectric Curie point 
These hysteresis loops appear beyond a threshold field 
below which minor loops are not observed. 

Figure 3 shows the opening of hysteresis loops as the 
applied field increases. It is striking that in a lange 
number of samples so far investigated the hysteresis 
loops opened only when a field much larger than the 
coercive field indicated by 
applied. 

In Fig. 3 the first line represents an applied field 


the hysteresis loop was 


7.5 kv/cm. The second line represents an applied field 
of 12 kv/cm. The third picture shows a still larger 
applied field of 15 kv/cm at which field the hysteresis 
loop opens indicating a coercive field of 5 kv/cm which 
is three times smaller than the field required for opening 
the loop. 

A less pronounced example of this type of loo 
is given in Fig. 4. In this case the straight line shows 
the necessary applied field of 8 kv/cm before the 
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Fic. 2. Temperature dependence of the dielectric constant of 
sodium vanadate-niobate Na(Vo.2Nbo.s)Os. 
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E.=6 kv/cm loops open. It is noted that the coercive 
voltage measured from the loops are smaller than the 
opening field and decreases as the applied voltage 


increases. 

Our preliminary work indicates that with the reported 
50-50% composition limits the coercive field in these 
crystals varied between 6 to 18 kv/cm, and saturation 
polarization varied between 0.67-18.9 microcoulomb. 
It was found that as the vanadate substitution in- 


| 
Fic. 3. The opening of 
hysteresis loops in so- 
dium vanadate-niobate 
with increasing field. 
6000 cps, E.=8 kv/cm, 


P,=1.5 » coulomb. 


*M. H. Francombe and B. Lewis, Acta Cryst 11, 175 (1958). 
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creases, coercivity decreases, and saturation polarization 
increased. 

The transients obtained from this new material differ 
from those found in ordinary ferroelectrics. In some 
compositions simple transients were observed, in 
others transients with a number of peaks or even two 
time-separated transients appeared, indicating a here- 
tofore not reported peculiar switching mechanism. 

Figure 5 shows a typical transient of this kind. Tran- 
sient measurements of the composition Na(Vo.2Nbo.s)O3 
are summarized in Fig. 6 in which the maximum value 
of the switching transient current (7max) versus applied 
pulse field is displayed. It is noted that the transient 
current drops to such a low level below a certain applied 
field that it is very difficult to determine whether this 
plot can be described by the exponential expression 
used for ordinary ferroelectrics. 

The first member of this new group of materials was 
produced by composing two antiferroelectric materials 
into a mixed crystal. A logical continuation of this work 
was to compose other antiferroelectric materials into 
a mixed crystal, and see whether the result would be 
similar to the first discovered material of this kind. 

Since in the niobate group, silver niobate* is also 
known to be antiferroelectric, the composition 


(Na;_z Ag.) NbO; 


was investigated and showed also the previously 
discussed behavior with excellent hysteresis loops and 
transients. Sodium silver mixed crystals 
containing up to 15°% silver niobate were so far prepared 


and exhibited excellent hysteresis loops and transients. 


niobate 
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1G. 4. Hysteresis loops at room temperature of sodium vanadate 
niobate. 10 000 cps, E.=6 kv/cm, P,;=12.9 ycoul. 


As silver niobate substitution increases, coercivity tends 
to decrease more rapidly than with vanadate substitu- 
tion. With the composition so far prepared the ferro- 
electric Curie point appears to be somewhat higher 
than in sodium niobate vanadate and it is in the region 
of 240°C, while the antiferroelectric Curie point 
remains at 375°C. 

Figure 7 shows transients of a 10% silver and 90% 
niobate composition at room temperature. The tran- 
sient shown was produced by a switching field of 
18 kv/cm, while half of this field does not show switch- 
ing. This composition had a coercive field of 6 kv/cm 
obtained by loop measurements. 

Figure 8 shows the relation between switching time 
t, and applied field 1/E at room temperature and at 
215° centigrade. It is noted that the measured points 
at the low-field end that fit an exponential low of the 
type r= 70*/®, which is indicated by the straight lines, 
cover a rather short range for each temperature plot. 
It is also noted that below 8200 v/cm at room tempera- 
ture and 6000 v/cm at 215°C, the transient currents 
decrease to an immeasurable low value. It is therefore 
difficult to determine exactly this relationship at this 
time. 

Using the three antiferroelectrics of the niobate 
group, a few batches of the multicomponent system 
described by the following general formula 


( Nay yAgy)1 -(Nbi aV ohf )s 
were also prepared. These compositions gave also good 
crystals as well as ferroelectric properties similar to 
those previously discussed. 
On a macroscopic scale below the ferroelectric Curie 


aS ear oe 





Fic. 5. Switching current transient of sodium vanadate-niobate 
Na(Vo.2Nbo.s)O3; at room temperature, with an applied potential 
of 125 volts and 250 volts; switching time r,=6 usec and maximum 
switching current imax =0.4 ma. 
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point, the electrical behavior of these new materia 
appears to be similar to that which we associate yi 
ferroelectrics. Between the ferroelectric and antifer, 
electric Curie points the silver or vanadate sublattice 
seems to relax and the material appears to be antiferr, 
electric, because the antiferroelectric Curie point show, 
in Fig. 2 at 375°C remains in all compositions, so fay 
investigated, unchanged and a degenerated doubl 
hysteresis loop also appears when high fields are 
applied. It was observed that domains have to } 
aligned at a temperature higher than the antiferr. 
electric Curie point. However, when the switching 


characteristics of ordinary ferroelectrics and these ney 
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materials are « ompart d the following distinct differences 
become apparent: 

(1) In general the tested samples indicate that t! 
opening of a hysteresis loop requires a higher field thar 
the coercive field measured on the hysteresis loop. 

(2) The switching transients do not appear contit: 
uously with increasing field as is the case with ordinary 
ferroelectrics but appear rather abruptly beyond & 
certain threshold field. This apparent threshold fel 
lies usually considerably higher than the coerci 
field determined from loop measurements. 

(3) The transients appear in various forms depending 
on the sample preparation and composition. 
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FERRIELECTRICITY 





Fic, 7. Switching current transient of sodium-silver niobate 
Nao. sAgo..) NbOs with an applied potential of 125 volts and 
50 yolts; switching time r,=15 usec and maximum switching 
current imax =4.8 ma. 


It is known that in ordinary ferroelectrics a threshold 
switching field cannot be expected because dipole-dipole 
interaction perpendicular to the direction of polarization 
is weak which is indicated by the very thin domain 
walls* separating oppositely polarized domains, while 
in antiferroelectrics the transverse coupling of the 
antidipole structure is so strong that a very high field 
is required to cause some of the dipoles to reverse and 
induce a ferroelectric state, which is observed by the 
well known double hysteresis loops. 

As a result of this study it is assumed that the 
reported materials composed of two antiferroelectrics, 
the dipoles of which however are unequal, exhibit strong 
transverse dipole-dipole interaction and the resulting 
onset of the ferroelectric state at a maximum applied 
field. 

This suggests that this new group of materials with 
ferroelectric properties be named _ ‘‘ferrielectrics”’ 
because of its analogy with ferrimagnetic materials. 
The term “‘ferrielectricity” was used earlier by Cross® 
as well as by Kanzig® and Goldsmith.’ 

Kanzig defines ferrielectrics as “crystals that exhibit 
at a given temperature antiferroelectric properties 
along one axis and ferroelectric properties along another 


‘W. J. Merz, Phys. Rev. 95, 690 (1954). 

*L. E. Cross, Phil. Mag. 1, 76 (1956). 

*W. Kanzig, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 4. 

'G. J. Goldsmith and J. G. White, J. Chem. Phys. 31, 1175 
1959), 
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lic. 8. Switching time 7, vs applied field of sodium-silver 
niobate. (Nao.gAgo.1)NbO; at room temperature and 215° centi- 
grade. Crystal thickness 5=i6X10-3 cm and electrode area 
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axis,” while Cross uses this term for a particular 
phase of ferroelectric and antiferroelectric mixed 
crystals. Goldsmith found an uncompensated antidipole 
structure in thiourea in a particular temperature 
range and suggested to specify this state by the term 
““ferrielectricity.” 

It is assumed that other materials composed of 
sublattices with interlaced unbalanced antidipole 
structure representing an incompletely compensated 
antiferroelectric material may also exhibit “ferrielec- 
tric’ behavior. As a result of this finding a large number 
of possible ferrielectric materials are under investiga- 
tion. The result of this work will be presented in a 
forthcoming paper. 








PHYSICAL REVIEW VOLUME 


120, 


NUMBER 5 DECEMBER 4 14 


T 


The Interaction of Differently Excited Like Atoms at Large Distances* 


ROBERT S. MULLIKEN 
Laboratory of Molecular Structure and Spectra, Physics Department, University of Chicago, Chicago, Iilinois 
(Received August 1, 1960) 


The theory of long-range first-order interaction energies is 
discussed for two like odd-electron atoms in different doublet 
states, for the case that spin-orbit coupling is smaller than the 
other splittings. The treatment involves some revision and some 
extension of previous work. At interatomic distances sufficiently 
large that overlap of the wave functions of the two atoms is 
negligible, only the first-order dispersion (dipole-dipole and higher 
multipole) forces remain, but it is shown that even at rather 
large distances there often is sufficient overlap that valence 
forces predominate over first-order dispersion forces. 

For the case of two H atoms one in a 2S and the other in a ?P 
state it is shown that the first-order dispersion energy corresponds 
explicitly to a particular e?/rj2 integral which represents precisely 


I. INTRODUCTION 


HE London dispersion forces (second-order disper- 
sion forces, with approximately 1/R® potentials) 
which account for much of the ground-state van der 
Waals attraction between atoms or molecules are well 
known. The existence of stronger longer-range forces 
(first-order dispersion forces, or excitation-exchange 
forces, with approximately 1/R* potential) between an 
atom in its ground state and another atom of the same 
kind in an excited state to which spectroscopic transitions 
from the ground state are allowed, was first discussed for 
the case of two hydrogen atoms with one in its 2pr 
excited state by Eisenschitz and London.' King and 
Van Vleck? developed the discussion further for atoms 
with one and two valence electrons, and showed that 
experimental data on the low 'II, states of Nas, Cde, 
and Hg» (including the existence of a small maximum 
in the potential curve at large R values) are in agreement 
with the theory. Unfortunately their results, while 
correct for singlet states (‘2+ and 'II states), appear to 
be in error for triplet states. (Eisenschitz and London’s 
results for both ‘II and *II states of Hz appear to be 
correct.) The present paper contains a new and in 
part rather different and more general discussion. From 
this it is seen that errors of sign are very likely to arise 
unless great care is taken. 

The initial discussion, in Sec. II, deals with the 
general case of two like atoms in any two different 
doublet states. In Secs. III-V the simpler case of two 
H atoms is examined in more detail, and it is shown 
that the discussion of first-order dispersion forces for 
the 2 states (though not the II states) of H(1s)+H(2p) 





* This work was assisted in part by the Air Force Ballistics 
Division under a contract with the General Electric Space Science 
Laboratory, Philadelphia, Pennsylvania, and in part by the Office 
of Naval Research under a contract with the University of 
Chicago. Presented at the March, 1959 Cambridge meeting of the 
American Physical Society (Bull. Am. Phys. Soc. 4, 173 (1959) ] 

'R. Eiscenschitz and F. London, Z. Physik 60, 491 (1930). 

2G. W. King and J. H. Van Vleck, Phys. Rev. 55, 1165 (1939). 


the mutual electrostatic energy, falling off approximately as {/p 
of two dipolar charge distributions one on each atom, (Aj th 
other, valence-force e*/rj2 integrals fall off exponentially with) 
Tables are given for the first-order dispersion splitting patten 
(out to terms in 1/R%) for the interaction of a *P with ay 
with a 7D atom 

Finally, the first-order splittings for pairs of like even-electm, 
atoms is discussed. The results are simpler than for odd-clectry 
atoms, and are applicable also to any pair of such atoms either’ 
singlet states or in amy states in which spin-orbit coupling 
strong. For atoms both in, for example, triplet, states with gy 


spin-orbit coupling, different formulas will be needed. 


is somewhat academic, because valence-type inter 
tiens (including those with Ht+H—) predominate 
is shown in Secs. IV an 
VI that there are other cases (e.g., one normal Na ator 
and one Na atom in its first excited state), where valence 


to large R values. However, it 


forces do not yet dominate at large R. 


Il. THE FIRST-ORDER INTERACTION OF LIKE 
ATOMS IN DIFFERENT DOUBLET STATES 


It has seemed desirable to treat first, in Sec. II, th 
general case of two like atoms in doublet electroni 
states. However, the reader may find it illuminating a 
various points in the argument to specialize the discus 
sion (as is easily done) to the relatively simple case ¢ 
two H atoms. 

For the interaction of two like atoms in any ti 
different electronic the normalized 
first order wave functions may be expressed in the 
general form 


doublet states, 


W= (y+ 9¥11)/ (24+ 2nS1 1)', 


where 7=+1 and 5S; 1; is the nonorthogonality integra 
SVi*Vidr. (In the applications below, St 1 is usualy 
small or negligible. 


In (1), if the atoms are in doublet states, 


Wi= Q(t; 7) P13; Vn Q(t; 7)Pn, 5 


where for Ms=0 for the total system, 


@;=2 TD ma 1)®,,’ ( j)+o®,, | (4) Pra 7) |, 


Py; = Re} My 


ir P P ype “7 
2-1 Dnp (Pra (J) +oP ms (t)PnalJ) ds 


while for Ms=+1 or —1, respectively, 


, _— 
P; P na(1) Pry 1), or a ®, '(i)Pnp (j); 
(ia 
Pry Re {May 
In Eqs. (3), (3a), Ref” refers to the operation ® 


reflection of any electronic wave function (€g., $;) 
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INTERACTION OF 
the median plane perpendicular to the line joining the 
two atoms a and b. Here and throughout the following 
discussion, the nu lei of atoms a and } are considered as 
centers of force which always remain in fixed locations 
in space. Pma(?) represents the exact electronic eigen- 
junction of any one Zeeman or Stark component of 
any doublet state (m) of atom a with Ms= +3, written 
as a function of V electrons 1---V (collectively desig- 
nated as i); while ®,,’ represents the exact electronic 
eivenfunction of any different doublet state (7) of another 
atom 6 of the same kind with Ms=—3, written as a 
function of V electrons V+1, 2N (collectively 
designated as j). For example, ®,,q may correspond to a 
set of closed shells plus one electron in an atomic spin- 
orbital (ASO) m.a and ®,,’ to a like set of closed shells 
plus one electron in an ASO 7,8; but Eqs. (3), (3a) are 
not restricted to this special case. Eqs. (3) and (3a) are 
directly applicable only insofar as spin-orbit coupling 
can be neglected (see below). 

In Eqs. (2), the “supplementary antisymmetrizer” 
@(i; j) is an operator which converts a product such 


a8 Png(i)Pns’(j), in which ®,,, and ®,, are normalized 


and $y. is antisymmetric in electrons 1---N, ®,,’ in 
electrons V+1---2.V, into a function which is normal- 
ized and is antisymmetric in all the electrons 1---2.V. 


It follows that 


Q(i; J)=L(N!)2/(2N)!}} Se (— 1) P(t; 7), (A) 
where the P,(7; 7) effect such permutations [2.V!/(V!)? 
in number | between electrons of the groups i and j as 
are necessary to make W antisymmetric in all the 
electrons.’ 

For the case of two H atoms, Pyra(?) and ®,,’(7) 
reduce to mia, and 2,230, where m and » now refer 
to any two atomic orbitals (AO’s), a and # are the 
usual one-electron spin functions, and 1 and 2 index 
the two electrons. @(7; 7) now becomes the ordinary 
antisymmetrizer. 

In the present paper, the positive directions of the 
, and 2 axes will both be taken foward the center of the 
molecule; but «, will be taken parallel to x, and yp to Va. 
If the axis-system is right-handed on a, it is then 
left-handed on 0.) If polar coordinates are used, 6, 
will be measured from z, and @, from z,: with the axes 
chosen as stated, .=¢s. It is then seen that for any AO, 
say m, Ref“m,=m,, hence for any doublet-state 
atomic wave function, Ref" ® na(i)=Pmo(i); and so on. 

In some cases, Eqs. (3) and (3a) must be replaced by 
more general expressions. ®,a(i) and ,,/(j) are 


* Note that each of Png (i) and @,,'(j) already consists of a linear 
combination of NV! functions obtained by permutations of the 
“ectrons within the group i or the group j. This is true whether 
NOt Png and ®,. correspond to a single ASO configuration, and 
“a holds if nq and ®,»' are exact wave functions of particular 
“omic states, since these may in principle always be expanded 
as ininite sums of single-determinant forms (configuration- 
interaction description ). 
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characterized not only by S=} and Ms=+4 or —3}, 
but also by Z and My values (in the case of two H 
atoms, by / and m; values). Equations (3) and (3a) are 
valid except in the case of the 2+ and =~ states which 
arise when both M,(a) and M (6) are nonzero and M ;(a) 


-— M (6). Equations (3) are then replaced usually* by 
the following expressions, in which p can be +1 or —1: 


Dy = 3 [Pmta(i)Pn-»' (J) +oP mea’ (i)Pn-o(j) 
+ pP m-a(i)Pnte’ (J) + poP ma (i)Pn+0(7) J; 


P};= Ref". (3b) 
Equations (3a) for Ms=+1 are replaced by 
Py 2 Td, a(2)®,, b( 7) + pPm a(t P,, (7) | 
or 2a ta’ ()Pn-0' (7) + pP m-a’ ()Prniv’(7) J; (3c) 


Py Ref". 

In the H+H case (=1 only, j=2 only), ®,,+ may, 
for example, correspond to a 2pm+ AO and ®,~ to a 
3dx~ AO, in which case the interaction of the two atoms 
gives rise to singlet and triplet, g and u, 2+ and Y 
states; it can readily be verified that the +1 value of 
the index p corresponds in all cases (i.e., for singlet or 
triplet, g or «) to =*, the value —1 to = 
pletely analogous examples occur for doublet atoms in 
general (e.g., if m* is M,=+1 of any *P state and 
n* is M,= 1 of any °D state, 2+ and J 
again result). 

The wave functions given by Eqs. (1), (2), and (3b) 
contain three indices n, o, and p, of which o=+1 
correspond always to triplet and singlet states, respec- 
tively. The parity p (+1 for g, —1 for «) of any diatomic 
electronic wave function corresponds to the behavior 
of the latter for the operation of inversion at the center 
of the system. This operation is equivalent to the 
product of the two operations of reflection in the 
mid-plane Ref(“) and rotation by 180° around the 
symmetry axis (Ro*). Ref” yields +1 or —1 according 
as n is +1 or —1. It is readily seen that the effect of 
Ro is given by (—1)‘, hence that p=n(—1)4, the same 
whether Eqs. (3) and (3a) or (3b) and (3c) hold, and 
independent of the values of o and p. For > states a 
further symmetry property exists, namely their behavior 
(1 for =+, —1 for =~ states) toward the operation Ref4 
of reflection in any plane through the symmetry axis. 
~ states described by Eqs. (1), (2), and (3) or (3a) are 
always =*+ states, while those described by Eqs. (1), 
according as p is 


states. Com- 


states 


(2), and (3b) or (3c) are =*+ or = 
+1 or —1. 

For convenient reference, Table I lists the values of 
the various indices just mentioned, also of the composite 
index —nop or —no (which will be seen below to be 
important), for the various types of states which can 


% But not if the states differ only in My, (see paragraph follow- 
ing Table I). 
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TABLE I. Summary of indices for various diatomic state-types. 








—nop 
State o A n p or —no* 
1y,+, 5, + +1 0 1 1 +1 
ZL, Fl 0 1 —1 +1 
1y.*, Zt #1 0 —i 1 ¥1 
1Z.~, Z, #1 0 1 —1 F1 
N,, "I, +1 1 1 +1 
1IT,, *I1, #1 1 _ Fil 
1A,, 2A, ¥1 2 1 +1 
1A,, *Ay ¥1 2 —1 ¥1 
uy *P,, ¥1 3 1 +1 


® The index p exists only for =* and =~ states derived from the interaction 
of atoms in states of equal A>0O. In other cases (Z* states derived from 
atoms with A =0, and II, A, ®, ---states), the index —no takes the place of 
—nop. Or, formally, one may set p = +1 in these cases. 


arise from the interaction of two like atoms in different 
doublet states. 

The foregoing discussion, and Table I, do not apply 
in the case of two like atoms in identical states (e.g., 
*5,7S or 7PZ,?PZ, or *PI,?PI1). Even for pairs such as 
2PII*, ?PII- which differ in the sign of M, but which 
are otherwise identical (e.g., 2pr+, 2pr- for two H 
atoms), they do not apply. Th all the se cases, Eq. (1) 
must be replaced by VW=W,; that is, 9, Vr;, and #,; 
in Eqs. (1)—(3c) must be dropped. For cases such as 
*PII*, *PII-, the ®; equations of Eqs. (3b), (3c) are 
valid. To determine the parity of any molecular state, 
the result of the operation Ref” can now be determined 
only by applying it to the complete antisymmetrized WV. 
The resulting Pauli-allowed states in some typical cases 


are as follows: for *S,2S or ?PY,?PZ (e.g., 1s, 1s or 
2s, 2s or 2p0, 2p0 for two H atoms) they are 'Y,*+ and 


35> .* ; for 2PII+ 
are Ist, "Ze ay ut, anc 

The first-order energy E of any state given by Eq. (1), 
taking into account that Hy m= 1 for a homopolar 
molecule and that Hi 1=5(1 m*, is easily seen to be 


*PTI+, 'A, and *A,; for ?PII+, 


= 
1, 


*PTI* they 


b= fv *HWdr = (Hr +n Ren 1)/(1+9Su1), (5) 


where Re3Cy 1 denotes the real part of 3Cyr 1. 

To compute K;1 and Syy1, it will be sufficient to 
use Eqs. (2), (3) or (2), (3b), since for triplet states 
with Ms=+1 [Eqs. (3a), (3c) ], E is the same as for 
those with Ms=0 [Eqs. (3), (3b) ], if we neglect spin- 
orbit coupling terms and suppose that no external fields 
are present. 

Using Eqs. 


2), Hr 1 and 3Cy 1 have the forms 


Hy ree P¥*RA(i; 7)Pid7, 


3Cir 1 fed peu *HA(i; | j)P\dr. 
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Taking into account the properties of @(j; _ 
Eq. (4),—3¢; 1 and Hy 1 can be simplified to: 


Hri=L (—1)rr f P,(i; wil 


p, (i; 7)®n* pti. 





The procedure and results are similar to those obtaing 
by a familiar theorem due to Slater. 

For the computation of long-range interactig, 
between differently-excited like atoms, it is conveniey 
to express the total Hamiltonian 5 as a sum of free-aton 


Hamiltonians Xi.° and 3," plus an_ interactig 
Hamiltonian 3C'"*: 
H=HOFH™, =H ,N+5;2", 
with 
ac > (—e*/rip) +>; (—¢*/9 5a) 
oe. oe & 


pr (e? rij)t+e/R. 6 
Equations (6) are applicable directly only if, in the 
wave function operated on by 3, all electrons of group; 
remain on atom a and those of group j on atom b. This 
condition is fulfilled when we use Eqs. (5a) in computing 
Ky 1 and Hy ;. KH then has to operate only on products 
such aS Pma(i)Pnv’ (7) of Eq. (3), in which there ar 
no exchanges between the 7 and 7 groups of electrons. 

If R is large, it becomes a rather good approximation 
to expand 3" in powers of R~' and to retain only th 
first term, with the familiar result,! used extensively 
by London in discussing van der Waals forces, 


we 9 a ™ r 7 
"= (e R*\T>- 2 (XiaX jo Via jb +-22 25) | 


+-(terms in higher powers of R”), {i 
or if ct and c~, where ct =2-4(*%+iy) and c~=2-4(a-Wy, 
are used as coordinates instead of x and y, 


sint= (¢ */R®) [> d iZwj (Cia’ Cio TC a Cjp+ + 221020) | 
+: oe, ia 
The coordinate origin for electrons of group # 1s # 
nucleus a, that for group 7 at nucleus b. In Eqs. (/), 
(7a), the usual’? minus sign before 2zia2; has beet 
changed to a plus sign because in the present discussion 
the positive z direction for each atom is taken towarl 
the other atom. Equations (7) and (7a) can be written 
in a manner which will shortly prove convenient, #& 
follows 
scint— (92/R3)(S >y vS Fe oe (7b 


' Gia] jb 
aan gd Ng LiL) fia 


with y,=1 for x, y or ct, c~, and y,=2 for 4. 
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Using Eqs. (5a) and (6) one now has 


Ki “BI 1+" (- ter f CPAs Dbr* |KO Pdr | 


+E (-1)"" f [Pu(i; j)r*]ieibydr, 
(5b) 


Ku =P Sartz,’ (— ter [LPC J) Pir* 5D dr | 
: 


+z, (- yer f Padi ; )Pu* ]5C'"*hd7, 
k 


where >,’ omits the identity permutation, and 
M=Rno+E,°. At this point, it is desirable to distin- 
guish two possible situations: (1) R is so large that 
overlap between the wave functions of atoms a and 6 
is negligible; (2) R is large, but overlap of the two 
wave functions is not negligible. 
In situation (1), 
E= F°+ni11 1, 


Rr1= PE, and 


. (Sc) 
Rn1=L (—1) f CPs DPu* \R'™*didz, 
k 


and, as we shall see, only dispersion-type interactions 
remain. In situation (2), valence-type interactions are 
also present. A special case of situation (2) will be 
thoroughly considered in Secs. V and VI for the case of 
two H or two Na atoms, but the general discussion will 
now be continued for situation (1) only. 

To proceed further, the expressions for ®y and ®y, 
from Eqs. (3) or (3b), and for 3¢i™* from Eq. (7b), must 
first be substituted into the 3Cy1 1 expression of Eq. (5c). 
Using Eqs. (3b), one obtains 


Hu 1= (/4R*) Do (-1)" f (PAG: Dba" O% a *(j) 
k 


FPP m-0* (1) Pata * (7) +0P mry'* (i) Pn-a* (J) 
+po®,, »* (iP, a* (DIC Ya po p i qian | 
qa i 


5] 
X[® mali) Pas’ (7) +P m-a(i)Pn+e’(j) 
FOP ma’ (i)Pn-v(j) + poP ma’ (i)Pnsn(j) dr +. >. 


This expression contains 2.V !/(.V !)? permutations on six- 
len integrals of the type JX15(7)Xoq* (7)IC™*X 3g (7)X4n( 7) 
Xdr times a factor, in which each x also includes V! 
permutations on the .V electrons of group i or group j. 
However, a survey shows that only four of the sixteen 
yield 4 nonzero result, these four being those which 
include a po factor. Let us consider one of these, with 
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its permutations, for example, 


(po) (e?/4R*) > (—t)rr [ [Pai PP meo* (i) Pn-a’* (7) J 
k 
KIC" Dn -a' (1)Pp+y(/)dr. 
A canvass shows that there is one, and only one, of 
the P,’s in this expression which gives a nonzero result, 
namely that permutation,‘ an odd one since N is odd, 
which exchanges all the V electrons of the i group with 
those of the 7 group. The expression thus reduces to 


(—po) (e?/4R*) Do ¥¢ f .-v*() LE aie m-w (i) Mar, 


7 


° [lea DUZole o(j) Jdrj++ >>. 


Now, for example, e f®,-"*(7) og @m~'(i)d7i is Um-n-, 
the dipole moment of the m~<+n~ spectroscopic 
transition in atom a or b.5 Noting also that out of 
Dee, only one particular g is involved in any one 
spectroscopic transition between two ®’s of an atom, 
the above expressions becomes (—poyq)m-n-mtnt/ 
4R°. This contribution to Hy1 is one of four which 
are readily seen to be equal, so that 


Hit 1= (— pore) m= n-Hmt nt /RP+ >>. 
Hence [see Eq. (5c), and noting that always pm-n- 
= ee* L 
E— E°= (— poy) mt n?/Ro+ + + + = — 2npopmn?/R® 
+ (terms in higher powers of R“), (8b) 


since here states m+ and n* (or m~ and n-) are alike 
in M,, q is z, and y,=2. E—E is the first-order disper- 
sion energy corresponding to + and =~ interactions for 
which Eq. (3b) holds. 

A discussion closely similar to the preceding, but 
using Eq. (3) instead of Eq. (3b), yields 
E— = (—n07q)bmr2/R® 

+ (terms in higher powers of R™), (8) 


where now q is one of ct, c~ (or x or y), or s depending 
on the particular m and m considered, and y,=1 for 
g=ct, c-, x, or y, 2 for g=z. If umn and R in Eqs. (8) 
and (8b) are measured in atomic units, E—F is also in 
atomic units (1 a.u.=e?/ap=27.1 ev). This can be 
seen by rewriting, for example, Eqs. (8) in the form 


E—Di= (—novyq) (e*/ao) (mn? e*ao"), (R/ao)?+ ay 


4 Every expression of the type 2,4 (—1)*?Px(i; 7 }Pmte(i)Pn-a’ (J) 
is antisymmetric in all the 2N electrons of groups i and 7, and 
(see reference 3) can in general be written as a linear combination 
of determinants each with 2N rows and 2N columns. An odd 
number (N) of exchanges of rows converts for example each 
Pm+p(t)Pn-a'(j) determinant into the corresponding ®y-a’ (7)Pm+n(7) 
determinant. 

5 It will be recalled that each @ or &’ corresponds to one partic- 
ular Zeeman component, i.e., Mz, and Mss value, of the doublet 
state which it represents, neglecting spin-orbit coupling as we 
are here doing. Further, in the dipole moment integral, the value 
of Ms (+4 for ¢, —4} for ’) does not matter, except that Ms 
must match for the * and %, or &’* and ’, which appear in the 
integral. 








1678 


Equation (8) or (8b) can conveniently be rewritten 
in terms of the oscillator strengths of spectroscopic 
transitions. In general, the oscillator strength /,,, for 
the single nonvanishing polarized component of a 
spec troscopic transition m— n of frequency Pas lS 
TY) mn” 


= (py 
a mn ( Vmn 


if mn iS in a.u.; ry is the rydberg constant; v,, and 
ry may conveniently be expressed in cm~'. Combining 
this equation with Eq. (8) or (8b), 


E— 2 = —noye(ty/vmn) fmn/R?+---, (9) 
or 
E— E°= —2nop(ry/vmn) fmt nt/R8+° (9b) 
It is important to note that fm, in these equations 
corresponds to a single Stark or Zeeman component of 
a spectroscopic transition, and is mof in general equal 
to the mean oscillator strength f,,,, commonly used. 
The mean oscillator strength f, averaged over all 
polarizations and over all AO’s of a degenerate initial 
state (e.g., in the (1+1)-electron H + H case over the 
AO’s 2pr11, 2po, and 2pr-, in a transition to 3d) and 
summed over all AO’s of a degenerate final state (e.g., 
3db42, 3dms1, 3do, 3dm_1, 3d5_2) is given (see Bethe and 


: Salpeter’ and second paragraph of Sec. IV below) by 


max ( (lish ) 


fig=3(vis/ty) (Ri), 
2I, +1 


where i and f refer to the initial and final states, 
respectively. In the important special case that 7 and / 
are, respectively, ms and mp, fme.np=}(Vms.np/TY) 
X (Rins””)?= fme.np, Where np refers to any one of 
npx, npo, or npy, for all of which um, in Eq. (9) is the 
same.’ For the interaction of an ms with an wp atom, 
fmn in Eq. (9) is fmenp and is equal to fine, np- 

A point of considerable interest is the fact that 
first-order dispersion interactions between atoms in 
states m and m can be large even where /,,, is very 
small or even zero. This is because the first-order 
dispersion splittings are approximately proportional to 
mn’, but fmn tO Ymnfmn?. Thus, for example, large 
effects are predicted for the interaction of a 2s anda 
2p H atom because yu», 2,” is large, even though /2, »,=0. 


® See H. A. Bethe and E. E. Salpeter, Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, Part 
I, Eqs. (60.7) and (60.11) for general expressions for the matrix 
elements $n*qmdV =pmn® of gq for the transition from any 
initial AO m to any final AO n. See also especially (59.14), (60.8), 
(61.2), (61.3). The correctness of the transformation from the 
first to the second form of D .+ if Eqs. (12a) can be seen from 
Eqs. (60.11). The fact that only one, ii any, of Brn, bmn 
Lim» is nonv anishing when comple x AO’ s are used is also den mon 
strated in connection with the derivation of Eqs. (60.7) and 
(60.11); in view of this fact, it is seen that either the c* or the c 
term in the second form of D .+ in Eqs. (12a) always vanishes. 

7If i and f are mp and ns, respectively, fmp, ne=(4)ina.o 
= (4)fns,mp- In other cases than (ms,np) and (mp,ns), umn of 
Eq. (9) or (9b) is no longer the same for all m, n belonging to a 
given pair of degenerate states, and so fiz is not equal to any 
individual finn. 
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The discussion leading to Eqs (8) and (9) js similar 


to that of reference 2 (#,, and ®,, here « orrespond to § 
and P there but more detailed, resulting in th 
uncovering of the factor o in SCir 4, omitted or 


) 


reference 2. The present discussion is also more genera 


and shows the need of Eq. (8b) in certain situations 

In view of the assumptions made in their derivatigy 
Eqs. (8), (8b), (9), ( 
only at R 


atoms a and 6 with resulting valence-type interaction 


9b) should be good approximations 
values sufficiently large that overl: 1D of 
is negligible. For still larger R values, 
tion enters. Na 


& New complica- 
mely, when the magnitudes of the 
dispersion-force splittings become small enough to be 
comparable with spin orbit splittings, as for example 
in the 353, i Na with its 2P, 


states, consider 


’ state « and *P4; sub. 


effects of the 
dispersion and spin-orbit forces in splitting each of 
*P, and Ps into several However, the 
*P,—*P, separation for the Na atom is only 0.0021 e 
(17.20 cm), Sec. VI) is smaller than the 
dispersion-force splittings until R exceeds 40 a.u. For 
the alkali metals, 
becomes important. 
0.069 ev, about eq 
constant at 12a.u 
iinintontoas e splittings of the individual components 
of a 2P or other doublet carried out ina 
straightforward way, but will not be attempted here, 


one must the joint 


components. 


which (see 


heavier the spin-orbit coupling 
For *Pi—*P, is 
ial to the dispersion-for e splitting 


. Calculation of the rather complic: 


more cesium, 






State can be 


In such a treatment, it would be necessary to classif) 


the atomic states and the states of any interacting 
atom-pair not by the usual strong-field quantum 
numbers A or M;, and Ms, but by the weak-field 


(“‘far-nuclei case c’’) quantum numbers 2 (0,*,0,7, 


0,-, 1,, etc., atom pair states, from Ot, 0, 1, : 
atomic states 
Some examples of atom-pair states to which Eq 


(8) or (8b), (9) or (9b) are directly applicable are 

Li 1s?2s(2S), 1s°mp(?P°); B 1s72s*2p P°), 15725735 

or 1s2s2p°(?P or *D or 7S IN 1S*Zs*Z :D° or *P"), 
s2p'(2P or 2D or 2S). Some examples where the 

treatment based on strong spin-orbit coupling would 

ll s*p(2P, or 2P;), s°s(5 

; Br s*p°(2P; or *P;), sp®, *S 


have to be used are: 


sp? | 2Ps,°P, D.2S 


III. FIRST-ORDER DISPERSION AND VALENCE 
INTERACTIONS BETWEEN H ATOMS 
IN DIFFERENT STATES 
All of Eqs. (1)—(7b) of Sec. II a 
computat ion of complete first-order interaction energies, 


re applic able to the 


including both dispersion-type and valence-type interac 
tions. All these equations are directly applicab le to the 
case of two H atoms, with - following simplifications 
i, 7 become merely 1 and 2, @(i; 7) becomes @ Lequa 
to 2-4(1— P12) ] and © ;°; can be omitted in Eqs. (/ 


8 See R. S. Mulliken, Revs. Modern Phys. 3, 113 115 (1990); 
4, 28-9 (1932 a 

8 But further interactions of both types may occur I a 
generacies remain (see Sec. \ 
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(7b). If m and n are two suitable H atom AO’s, Eqs. (3) 
become 
$,=2-*L ma (1)a(1)2,(2)8(2) 

+om,(1 )B(1 )nty(2)a(2 ) |, 
2)8(2) 

+omy(1)8(1)a(2)a(2) }. 
Equations for @; and #;; for H+H corresponding to 
Eqs. (3b) can ec asily be written when needed. 

Let us now, however, consider only cases where Eqs. 
3) are applicable and proceed with the detailed 
development of Eqs. (5b), without assuming negligible 
merlap of the wave functions of atoms a and 6. Equa- 
tions (5b) now become 


Kr -B(1- f r.atsends) 
+f @t- 


Roi=E (su 1~ f Putri) 


+ f (out Push 11*)5Ci™"Pydr. 


by = 2m (Da (1) ata ( 


Py oy*)5Ci"'*hyd7, 


(5b’) 


If, for example, m is 1s and m is 2s or 2p0 or 2pr+, 
Ey= Ey + Eo, p= — 0.625 a.u.= 17.0 ev 

It is instructive to evaluate E first using the exact 
form of 3¢™* [see Eq. (6) ], then the approximate ferm 
(Eqs. (7-7b) ]. The results from the former evaluation 
will give the exact first order energy for all values of R, 
those from the latter should give a good approximation 
at sufficiently large R. 

Using the exact form of i 
obtained.° 


int the following results are 


E( 1+7S mmS wal oad Eo(1 +S mmS nn — oS m a”) 
+(e?/R)[M—oP+n0—noD], (10) 
where 
M=1+ (mq? | 5?) — (ma?| po) — (11a?| ps) 
P=$nn?— (mat* | ma*ns) —S mn(Ma*Ns| pa) 
— S$ mn(MaNs* | ps) ; 
(11) 


() 


V=SmmS ant (mamy* | ta* ny) —S mm(Na* Me | pa) 


—Snn(mamr* | pa); 
D= (nq*g| m,*n,). 

In Eqs. (10) and (11), 
means f'm,*n,d V ( 


Ma" | pv), (mamy* 


mm Means fm,*mdV, Sinn 
Sf My ar ). Symbols such 
\Ma*n») have the following meanings: 


as 


m," ns f maima(R ry)dV;  (mamy*| na*ny) 


af fncomenee ‘'r12)Ma*(2)m(2)dV dV 2. 


The ia M and P terms in E 2q. (10) come from 3; 1, 


the Q and D 
terms from Rut. - d 
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The former of these last two integrals is a one-electron, 
the latter a two-electron integral. In Eqs. (11), note 
that, for example (of course only in a homopolar case, 
as here), (mamp,™| pa)=(mams*| pp»), but (ma*ns| pa) 
~ (many*|p,). All the integrals in Eqs. (11) are real, 
even when complex orbitals are involved. 

To a high order of approximation, if R is fairly 
large, the terms 9S mmSnn in Eq. (10) can be dropped, 
since (1+7SmmSnn) on the left and right 
Eq. (10) very nearly balance each other out. 

Now using the expansion Eq. (7) or (7a) for K'"*, 
one obtains again’ Eq. (10), but Eqs. (11) are replaced 
by the following Eqs. (12) if m and m are real, or by 
Eqs. (12a) if m and/or are complex. 


M 


sides of 


af 


p= v0 f mana Rav fmm qo/R)dV+---, 
0=2 f mams(s RAV f nams(e R)dV-+----, 
D va f mam Ga RAV f mrv(o/R) RydV+ 


In Eqs. (12), g is an appropriate one of x, y, 2, and 7 
is +1 for g=x or y, +2 for g=s. In, for example, 
S man (ga/R)dV or S moeny(qo/R)dV, if m is 1s, g is x 
if wis 2prx, y if n is 2pry, z if nis 2s or 20. When n is 
2s, D vanishes, but P and Q do not. If m and/or n 
are complex,® 


M=0+---, 


Pe=2f nota Ma(Za/R)dV (im, ns( ny,( 
e/ 
R'P,2 pron | ma*nycy-dV 
+ f mtmec AV f mtmestdV+- +, 
Q= 2 fms Ma(Za/R)dV fnetns(s R)dV+:-:, 
(12a) 
D, 2 f neta 2, RAV f mstns(s R)dV+-:-, 
R°D += fretmacrav f mite dV 
a a [ratte AV f motmsestdV+ 
= frctmcctaV f nstmestaV 


f [ retmec av [notes adV+::. 


(12) 


/R)dV+: 
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It is easily seen by inspection of the forms of P? and 0 
in Eqs. (11) or (12) that these quantities, times e?/R 
from Eq. (10), vanish as S*/R*, hence somewhat faster 
than exponentially with R, since each S (when not 
identically zero) vanishes exponentially with R; here 
S? refers to either Sinn? or SmmSnn.!? It should, however, 
be noted that the magnitudes of these integrals vary 
considerably with the particular orbitals involved. 
Further, in spite of their vanishing as S*/R, Pe?/R 
and Qe?/R for H(1s)+H(2p) do not become negligible 
compared with the long-range term De?/R until R 
attains quite large values (see Sec. V). However, if R 
is sufficiently large so that overlaps are negligible, 
Pe®/Rand Qe*/R vanish leaving only the term in De*/R. 


IV. FIRST-ORDER DISPERSION INTERACTIONS 
BETWEEN DIFFERENTLY EXCITED H ATOMS 


Of major interest at R values large enough so that all 
overlaps between a and 6 AO’s are negligible is the 
first-order dispersion term (—no)(De?/R). This term 
is then all that remains of the interaction energy E— Lo 
of Eq. (10). From Eqs. (12) or (12a), based on the 


TaBLeE II. First-order dipole-dipole dispersion energy coeffi- 
cients* of molecular states of two H atoms one in an ms, the 
other in an ms or np AO. 


ns npo npr 
ms 0 2X1 1x1=1 
(+) *Z,*, 2." +) "II. *I1, 
(—)1Z,,*, 2, (—) I, #11, 


* The top line in each box give yq Xumn? with umn? in units of (Rms"?)?/3, 
as obtained using references 6 and 11. For s polarization, yg =2; for x or y 
or c* polarization, y¢ =1. The following lines marked (+) and (—) give 
the corresponding states of ms-np for which —na in Eq. (8’) is, respectively, 
positive or negative. The npx AO’s here may be taken equally well as real 
or complex. 


expanded interaction Hamiltonian of Eqs. (7)-(7b), 
it is then easily seen‘ (noting that $ma*magadV 
= fny*mygedV) that the same result is obtained for 
E—E* as is given [see Eq. (8) ] in Sec. II in the gen- 
eral case of any two like odd-electron atoms: 


E— Eo=noDe*? ‘R+ = — NOV ak mn" / ‘Ri+- 


Results of the application of Eq. (8’), omitting the 
terms in higher powers of R™ than 1/R*, thus keeping 


(8’) 


%” Each of the two individual integrals in P, or Q of Eqs. (12) 
computes the mean value of z./R or 25/R for a charge distribution 
whose magnitude is given by the corresponding overlap integral 
Smn OF Smm OF San. In each case the charge distribution in question 
(overlap distribution) is very weak and very diffuse, and is 
centered about the mid-point of the molecule, or (where {*mansdV 
is involved) at least far from both nuclei. A little reflection shows 
that the mean value of 2,/R or of z»/R for the overlap distribution 
is about 4 for Q and somewhat less (perhaps about 4) for P.. 
Hence each of the integrals P, and Q is of the order of magnitude 
of S*, more or less independent of R. The integrals P, and P, 
can also be seen to vanish exponentially in a similar way; although 
in this case Sm» is identically zero, the same is not true of P; or Py. 
Fe me vanishing of P and Q can also be seen from 

eqs. (11). 
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TABLE III. First-order dipol dipole clispel lol Coefficients 
molecular states of tw 1 atoms one in mp 
‘ lar states o » I ( an » the other in g 


nd AO 





ndo ndr nds* 
2X4=8 1x3=3 () 
m po +) *Z,*, Zu" (++) *H,, “HH, 
iE, sy ML, “I, Lag, nay 
1X1=1 2X3=6 1X6=6 
m pr +) M1, 11, +) "Ay, 2Ax (+) lp, % 
TT ,, WH ) *A,, 2A, -) Mp x 
m pra* 2X3=6 0 
iv ly 
_ 
; E 1,3 1,3 
oti t1,,“n, 
+ > 
® The top line in each box giv Yq Xwmn*, with the latter in units 
(Rmp™4)2/15, as eee . using references 6 aan 11. For s polarization 
vq =2, for c* polarization, ye =1. The following lines mien (+) or (- 





give the correspondi ng st ates of mp-nd for a h —no in Eq. (8) or, j 
the = states of mpr*ndr*, nop in Ex 8b), is respectively positive « 
negative. It will be noted that it is 1* st to use - complex AO's here. In th 


table, combinations such as mpr*ndx* mean mpxtndxt or mpr nde” ony. | 
not mpxrtndx~ or mpx-ndr* » latter e listed separately as mpr*nde | 
only the “dipole-dipole” terms, are given below in | 


Tables II and III for two specific examples. 
For a given pair of suitably chosen AO’s, pina? is 
nonvanishing for at most one particular q. For example, 


Beenw=0 for all q3 in Q.U., [me npes®(X)=pme,apel(s 
= Hie nora ») (3)(Rime"?)*, where in general R,/ 
= Sf Rav (r)Rmi(r)r'dr," Rmi(r) being the radial factor 


in the ml fs ), in a.u. 

Tables II and III give the Yq and pmn’ for 
the respective cases that m is an ms and n an np AQ 
and that m is an mp and n an nd AO. In the case of ¥ 
and =~ states resulting from mpzx*, ndx* or other # 
m* or 6*, 6* combinations, Eqs. (3b), (8b), as special: 
ized to the H+ have been used in 
obtaining the results listed. Making use of Table], 
the states corresponding to any combination of orbital 
belonging to ms-np or to mp-nd and associated witha 
positive or negative sign of —no in Eq. (8) ord 
—nop in Eq. (8b) are readily determined, and are listed 
in the tables. It will be noted that sm»? takes the fom | 
a(Rm””)?/3 for ms:np and a(Rm,"*)?/15 for mp-nd, | 
where a is 1 for all ms-np states but takes vamious 
integral values 0, 1, 3, 4, 6 for various mp-nd states 


values of 


-H cases mentioned, 





TaBLe IV. Overlap integrals for H atom orbitals." 

R pS 5 San 
om.) Sue S 0 ee Sie 2s Sts2pe Ointe 

5 0.0966 0.720 0.005 0.578 0.286 0.413 0.00 

6 0.0471 0.637 0.159 0.468 0.222 0.336 0.00 

8 0.0102 0.456 0.319 0.287 0.121 0.194 0.0% 
10 0.0020 0.302 0.319 0.164 0.061 0.100 0.000 
12 0.0004 0.188 0.250 0.089 0,029 0.048 0.00 
16 00000 0062 0.107 0.023 0,006 0,010 0.0 


®R.S. Mulliken, C. A. Rieke, D. Orloff, and H. Orloff, J. Chem. Phys 


17, 1248 (1949) 





1 Values of (R»”)? are tabulated in atomic units on Pp. 3900 
reference 6. Equations for fm», and fm» are also given. 
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=} fmanrd V =4Sma (see reference 10). Q for the 
very rough guesstimates were made. 
17.0 ev. 


a= 


ue, and R,,” in a.u.). Table III illustrates the fact 
that the splitting caused by first-order dispersion forces 
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TaBLeE V. Approximate values of terms in Eq. (10) for R=10 a.u. (all in ev), for the 
ts! interaction of normal and 2-quantum excited H atoms.* 
Tina a ———— : ——— ee ——— - 
Total 
State o n —oS mn2Eo» —aPeé/R +nQe/R —noDe/R (E— Eo) 
a en tie Ee 5: od Waste sts “ == 
{52s '3,* —1 +1 —0.0622 +0.0050 +0.0082 0.000 —0.049 
1y,+ —-i -1 —0.0622 +0.0050 —0.0082 0.000 —0.067 
a,* +1 +1 +0.0622 —0.0050 +0.0082 0.000 +0.067 
A, sy,+ +1 —1 +0.0622 —0.0050 —0.0082 0.000 +0.049 
={ 1s2po EZ, —1 +1 —0.170 +0.0136 +-0.0087 +0.0302 —0.118 
4 15+ —1 —1 —0.170 +0.0136 —0.0087 —0.0302 —0.195 
| sy,* +1 +1 +0.170 — 0.0136 -+-0.0087 —0,0302 +0.135 
sy,+ +1 -1 +0.170 —0.0136 —0,.0087 +0.0302 +0.178 
| s2pe My —1 +1 0.000 -+- (0.0001 ) +-0.0045 +0.0151 +0.0197 
MI, 1 -1 0.000 + (0.0001 ) —0,.0045 —0.0151 —0.0195 
I, TI, +1 +1 0.000 — (0.0001) +0.0045 —0.0151 —0.0107 
TI, +1 1 0.000 — (0.0001) —0.0045 +0.0151 +0.0105 
ser the J states, where goa and go are % and w in Eqs. (12) for P ail Q, each integral has been approximated as illustrated by Sima ‘R)dV 


II states, where also q is 2, has similarly been approximated as 4SmmSnan. For P for the II states, only 


The minus signs occur because the terms —#,*(1) 
XB(1)m,*(2)a(2) and —on,*(1)m,*(2)8(2) are those 


low it | can in general be rather complex, although for the which have arisen from electron exchange (Pi2 in Eq. 
msmp case discussed by King and Van Vleck it is  (5b’) for 5C1 1), and the factor o occurs for reasons that 
“S| relatively simple. can be seen in the combination of Eq. (3’) with Eq. 
amp, | With regard to the magnitudes of the splittings, the (5b’) for 3Cyy 1. 
ow | needed values of (Rins””)? or (Rm p"*)? and from these of In Eqs. (10)-(11), based on the exact form [see Eq. 
Ri imap’ ANd fmp,na?, Can be obtained"! from reference 6. (6) ] of the interaction Hamiltonian, De?/R appears as 
factor | For the case of 1s-2p, the values of E—£» in Eq. (8), an e®/ri integral of unusual long-range character. In- 
_, | times 27.21 to convert from a.u. to ev, are obtained by — spection shows in a particularly illuminating way that 
me Ot) setting pys,2p°= 15.10. Thus, for example, for the '=,+ if m is 1s and n is one of the real forms of 29, this 
aes and "II, states of 1s-2p (see Table II), E— Eo= 30.20/R® integral represents the mutual electrostatic energy of 
be ~ | wand 15.10/R* ev if R is in a.u. Larger umn? values two dipolar charge distributions ema, and empny 
her | and splittings are predicted in various cases where located on atoms a and 8, respectively. The integral 
pecs | both atoms are excited. For example for the 'S,+ can be evaluated after expanding (1/r;2) in powers of 
used it | states of the pairs 2s-2po, 2po-3de, 3s-3po0, 3po-3do0, 1/R, with exactly the same result as in Eq. (8’)." 
able ‘ tpo-4do, and 4s-4po, the predicted values of E—Eo However, if m and » are 1s and 2s, one no longer has 
— times R* (R in a.u.) are, respectively, 490, 327, 2940, dipolar charge distributions, and, in agreement with 
witht 1470, 6275, and 9800 in ev. In connection with the Eq. (8), the integral vanishes unless one goes to 
ad foregoing, it should be noted that terms involving higher terms (1/R®° and higher) in the expansion of 





higher powers of R than 1/R* are important for a more 


¢ for | accurate treatment, as has been shown especially in a 


1/ria gp in Eqs. (10)-(11) and/or of 5¢'™* in Eqs. (7), 
(10), (12). 


mp: Ni, § +F ana 12 ss ‘ 
pir saty by Fontana. “= : It seems worth emphasizing here that the first-order 
ots The interaction energies in Table II agree with those dispersion energy can in all cases be computed exactly 


of King and Van Vleck? in the case of the singlet 
states, but are reversed in sign for the triplet states. The 
disctepancy may be attributed to the failure of King 


if De®/R can be accurately computed as an e?/ry. 
integral, instead of as a series in 1/R which is broken 
off at the term in 1/R*. This can now be done readily 


ps in Vleck to consider effects which give rise to with the aid of existing tables of ““Coulomb”’ integrals 
the factor —o@ whic ltinlies 1/2 i, FF . ae 
Sue | pe — —? whic h multiplies De’, R in Eq. (10). or corresponding digital computer programs." 
= is factor, which they omitted, is +1 for aa 
0.0" | st ‘ EE kt Eee sala 
9,000 states 80 that their results are correct for these, but 13 Expansion of (1/ria 2) yields precisely 3Ci*t of Eqs. (7), plus 
gm | S~1 for triplet states. Referring to Eqs. (3’), (5b’), the following: &/R+e*(#1a-+22)/R? +e (e10?-+220? — 491? — 492? 
9 . . . ° dos on ~,2)/ > oj — 5 ; i 
} 0000 | and (10)-(11), the dipole-dipole interaction terms are $x1°— }x2*)/R? plus terms in R~, R-*, etc. On integration after 
| 000 | seen to arise f ‘ ‘ substitution in (mqM%a| mony), the extra terms in 1/R, 1/R?, and 
| 0,00 —— rom those parts of the terms f-—ma*(1) — 1/R* alll yield precisely zero contributions to the integral. 
in XB(1)m, (2)a(2)5C'"*om, (1) B(1) 0 (2)a(2)dr+ f —on* 18 In this connection see H. C. Longuet-Higgins, Proc. Roy. 
at X(La(1)ony*(2)3(2)ac'™tmn, 1)a(1)m,(2)8(2)dr in yy 1 Soc. 235A, 537 (1956). Further, on “the representation of long- 
f Eas (5b) which c ce YT oa ae range forces by series expansions,” see A. Dalgarno and J. T. 
res . which come from the term e?/ry_ 2, in dCi", Lewis, Proc. Roy. Soc. (London) A69, 57 (1956). For tables 
p. 3500! up oa (1s, 2s, 2p AO’s only) see for example C. C. J. Roothaan, Special 
-R. Fontana (to be published). ONR Technical Report 1955, available from this Laboratory. 
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V. VALENCE FORCES BETWEEN NORMAL AND 
2-QUANTUM EXCITED H ATOMS AT 
LARGE DISTANCES 


A consideration of the magnitudes of the terms in 
Smn’, P, and Q in Eqs. (10) shows that they often 
predominate in importance over the term in D unless 
R is so large that the latter is scarcely worth talking 
about. Thus for the interaction of 1s with 2s or 
2p atoms, the terms in S,,,”, P, and Q are important 
out to quite large R values, as will be seen from Tables 
IV and V. Table IV shows the magnitudes of the 
various overlap integrals involved in Eqs. (10)~(11) 
for several R values. Table V shows the contributions of 
the terms —o/)S*?, —aPe?/R, +nQVe?/R, and —noDe?/R 
to E—Ey when R=10 a.u. (5.28 A), using the R-§ 
terms of Eqs. (12), (8’) to estimate P, Q, and D, and 
neglecting 7S mmSnn in Eq. (10)."* 

It is seen from Table V that even at R=10 a.u. the 
term —oS,,,.?£o predominates in the case of the 2 
states, and that the terms in P and Q are by no means 
negligible compared with that in D (for 1s 2s, the 
latter out to terms in R“ is of course zero). For the 
II states, on the other hand, the term in D definitely 
predominates, but the term in ( is still almost a third 
as large. One is forced to conclude that, on the whole, 
first-order dispersion forces do not represent at all 
well the interaction between normal H atoms and 
2-quantum or higher excited H atoms until R values so 
large are reached that all interactions have become 
rather unimportant. However, things are not quite 
so bad for the 1s 2pm II states: the dispersion forces 
are definitely dominant at R= 10 a.u. (though they lose 
their dominance somewhat below 9 a.u.). 

In the case of the = states, the situation is really 
considerably worse than that portrayed by Table V. 
Namely, because of the degeneracy between 2s and 2, 
there are valence-type interactions between pairs of 
+ functions of like symmetry arising from 1s 2s and 
1s 2p0; for example, between 1s 2s, *2,* and 1s 2p, 
%X4*, or 1s 2s, 2+ and 1s 2p0, ',*+, causing each such 
pair of wave functions to mix and their energy curves 
to repel each other. These interactions are probably 
of the same order of magnitude as those listed in Table 
V. For the '=,* and ',,* pairs of functions things are 
even worse, since each of these pairs must mix with a 
further wave function, namely the 'Z,* or 'Z,*, respec- 
tively, coming from H*++H-. These interactions are 
very strong for R values near 10 a.u., but become 
weak beyond 12 a.u."® 

None of the complications which exist for the = states 
occur for the 1s-2p II states. However, when one goes 
to 1s-3pmr, there are pairwise degeneracies with the 


4 The neglect of 7SmmSnn on both sides of Eq. (10) is obviously 
justified. The use of the R~* terms of Eqs. (12), (8’) for M, P, 
Q, and D should be a good approximation at R= 10 a.u. for the 
cases 1s-2s, 1s-2po, or 1s-2pr. 

45 J. T. Lewis, Proc. Phys. Soc. (London) 68, 632 (1955). 


ROBERT S. 


MULLIKEN 


1s-3dm II wave functions; also, overlaps are larger and 
D values smaller at any given R. i 

On the other hand, when one considers cerigiy pair 
where both atoms are excited, much larger D values ap 
again encountered (see Sec. IV), and first-order dispersig 
forces should be large and important at R values where 
valence forces have become small. Additional fy. 
order dispersion effects due to configurational & 
generacies (e.g., 2s-2s with 2pa-2pc) also occur for the 
case of two H atoms.” 

An interesting feature of the discussion in See, jj 
was the demonstration that the first-order dispersion 
forces for H+H* are attributable to one particu 
e*/ry2 integral [D in Eqs. (114) ] which vanishes oh 
about as 1/R*, whereas all the other e "19 integra 
vanish about as S*/R*. In a complete first-order calcuk. 
tion valid at all R values, both types of & Pio integral 
would of course be included. 

For a still more adequate treatment, second-orde 
terms must be included. Most of these become apprec- 
ably large only as R becomes smaller, though fe 
increasingly excited states they become important a 
larger and larger R values. But in addition, paralleling 
the situation for the first-order terms, there are some 
long-range second-order terms, namely the familiar 
1/R® and further second-order dispersion terms.” 


VI. LONG-RANGE INTERACTIONS BETWEEN 
ALKALI-METAL ATOMS 


Although it has been shown that the resonance 
interactions between normal and excited H atoms ar 
complicated and confused by valence-force effects out 
to R values so large that they are becoming rather 
unimportant, the same is not true for atom-pairs such 
as Li+Li* and Na+Na*. To a rather good approxim- 
tion, these may be treated as 1-electron atoms, like 
H+H*. Tables (not included here) similar to Tables 
IV and V for H+H%*, for the cases 3s 3po0 (four? 
states) and 3s 3pm (four II states) of Na+Na*, cor 
structed using rough estimates of relevant overlap 
integrals, then indicate that the overlaps and come 
sponding valence-force terms are roughly similar i 
magnitude at 10 a.u. to those for 1s 2po and 1s 2prd 
H+H*. (The term —¢Smn»7ao for 3s 3po, however, is 
perhaps somewhat larger than the corresponding H 
atom 1s 2po term.) However, De?/R is now very mut 
larger (172y,/R* in ev instead of 15.1 y,/R%, for Rt 
a.u.) and for II states it appears that the first-order 
dispersion forces should be important and complete 
dominant at 10 a.u. (except perhaps for second-ondet 
effects—see below). Further, the present 3s-3p cas’® 
simpler than that of H+H* in that there is of count 
no degeneracy like that between 1s-2po and 1s-2s. 
For the = states of Nas, the term —oS mn"Lo may be 
of the same order of magnitude as De?/R at 10 a4, 
but at perhaps 12 a.u. De?/R should definitely be 
dominant, and still large (40.2 ev). In the case ol the 
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y+ states an added complication occurs, analogous so 
that for H+H*, namely that their potential curves are 
crossed near 10 a.u. by the '2,*+ and '2,* curves of 
Nat+Na-, with which strong interaction may be 
expected. However, beyond 12 a.u. this interaction is 
probably negligible, so that the potential curves of 
all the 3s 3p 2 states should then probably be well 
described by the De?/R term alone. 

Returning to the II states, consideration should be 
given to the likelihood (which, in accordance with 
molecular orbital theory, because a certainty at stable 
molecular distances, near 6 a.u.) that second-order 
interactions, with II states of Nat-+Na~*, become 
important near 10 a.u. in addition to the first-order 
valence interactions already considered. (By Na~~* is 
meant an excited virtual state of Na~ which becomes 
stabilized on approaching an Nat.) Inspection of the 
experimental potential curve? of the observed lowest 
il, state of Nae, a stable state with a pronounced 
minimum at 6.45 a.u. but with evidence of a dispersion- 
force maximum near 12 a.u., suggests that this is the 
case.!* In any event, however, there would seem tobe 
very little doubt that the dispersion forces are dominant 
and important beyond 12 a.u. for both the II and the 
d states. 


VI. RESONANCE FORCES BETWEEN LIKE ATOMS 
WITH EVEN NUMBERS OF ELECTRONS 


For the interaction of two like atoms in different 
states of excitation, relations are simpler when the 
number of electrons (.V) in each atom is even than when 
itis odd. The following cases will be considered here: 
(1) both atoms are in singlet states; (2) one atom is 
ina singlet, the other in a triplet state in which the 
spin-orbit coupling is strong compared with the first- 
order dispersion interaction energies; (3) both atoms are 
in states in which the spin-orbit coupling is strong 
compared with the first-order dispersion energies (this 
case includes the possibility of states of higher than 
triplet multiplicity, also that of j, 7 or similar coupling 
in one or both states). 

The treatment is completely identical in these three 
cases; no distinction between them is needed. In all, 
Eqs. (1) and (2) of Sec. II hold, but instead of Eqs. (3), 
(3a) and (3b), (3c) we have’: 


$1=Onq(i)P,.(/) > Py; = Ref", 


B= 2G nta(7)Pu-o( 7) + pP m-a(i)Pnto( J) J} 
Py = Ref"%; . (13b) 


In Eqs. (13b), p can be +1 (2+ states in case 1, Ot 
Slates in case 2 or 3) or —1 (Z> states in case 1, 0- 
states in case 2 or 3), the designations 0* and O- being 
those usual for “far-nuclei case ¢” for diatomic mol- 
cules.* Pt and ®,-., etc., refer to wave functions of 


(13) 


es nts i . 
es 7 mentioned earlier, the present results for the theoretical 
- -order dispersion energies agree entirely with those of reference 
“lor singlet states. 
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TasBLe VI. Electronic state types for the interaction of like atoms 
in singlet or triplet atoms with strong spin-orbit coupling.* 








States 1] p np 

IZ yt, Mu, Ay, +--+; Oo, Lu, 2p, 1 1 1 
Zo ’ 0,~ 1 Kix 1 nea 1 

He, Hla, An. ***3 Oe s lop eee?" —1 1 —1 
1p,-;0,- Bt “i 1 


® The symbols 'Z,*, etc., are applicable in case 1 (both states singlets), 
0,*, etc. in cases 2 and 3 (one or both states nonsinglets with strong spin- 
orbit coupling, defined by their J values); the symbols 0, 1, 2, etc., refer to 
the @ (i.e., over-all |M|) value of case c coupling.* In those cases where 
Eqs. (14) apply, p (though really not defined) may be taken as +1. 


atom a with M (the component of J along the line 
joining the atoms) values ~0 of equal magnitude but 
opposite sign. 

Equations (4)—(7b) are the same as in Sec. II. For 
R values large enough so that atoms @ and b do not 
overlap we now find, by reasoning parallel to that in 
Sec. II though now simpler, that 


E- Ey= NY cbkm an /R® —_ NYq(TY, i a) Saal R’, (14) 


E— Eo=2nppimtnt?/R®=2np(ry/vinn)fmn/R® (14b) 


corresponding to Eqs. (8), (9) and (8b), (9b). Table VI 
shows the relation of state-species to » and p values, 
replacing Table I of Sec. IT. 

In the case that both atoms are in singlet states, 
Eq. (14) and Table VI are in agreement with reference 
2, while Eq. (14b) corresponds to less common situations 
not considered there. A simple example of case (2a) 
where Eq. (14) is applicable is that of the interaction 
of a normal Hg atom with a Hg atom in the lowest 
sp, *P, state (upper state of the \2537 resonance line). 
Here, due to admixture of 'P into *P;, fm, is of appre- 
ciable magnitude. Other similar examples occur in 
the interaction of p*, 1S ground state with p's, °P, 
resonance-excited rare gas atoms. Another case, (2b), 
may be defined in which one atom is in a singlet state 
and the other is in a triplet state in which spin-orbit 
coupling is weak; in such cases singlet-triplet mixing, 
hence fmn, is small, and the first-order dispersion energy 
is negligible. In both of cases (2a) and (2b), the atom- 
pair states are triplet or nearly triplet states. As 
examples of case (3), one may cite the interaction of a 
ground-state configuration (p*) S atom in one of the 
states *Po, *Pi, *P2 with an excited S atom in one of the 
p*p’ states *Po, *P, *P2. Various state-pairs, each of 
them with various modes of interaction, will involve 
various fm» Values, with E— E° values given by Eq. (14) 
or, when M,=— M,, by Eq. (14b). 

In the case of two atoms in different triplet states 
having spin-orbit coupling which is comparable to or 
weaker than the first-order dispersion effects, a more 
complicated treatment is required. With relatively 
weak spin-orbit coupling in both atoms (for example, 
one s*p? and one s*pp’ C atom), the atom-pair states 
are characterized (as they are not in case 3) by definite 
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values (0, 1, and 2) of the total spin S. A preliminary 
examination indicates that the first-order dispersion 
energies then depend on a parameter related to S, 
somewhat as they depended on o for doublet atoms in 
Section II. However, this matter will not be pursued 
further here. 

A point of some interest (especially if approximate 
theoretically computed values of umn are to be used in 
the absence of experimental values) is the relation of 
mn to the value of umn for a one-electron transition. 
The cases of the bivalent alkaline-earth and Hg-type 
atoms and of the rare gas atoms when one atom is in 
its ground state and the other in its sp or p*s resonance 
state are especially simple. In both cases, a 2-electron 
approximation should be fairly accurate (see the 
l-electron approximation for alkali metal atoms in 
Sec. VI). In this approximation it is easily shown for 
the bivalent metal atoms that yu». is 2! times as large, 
hence vm»? and fm, are twice as large, as for a similar 
transition p< s of a single electron. In the case of the 
rare gas atoms, tm,” and f,,, are again just twice as 
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large as for a similar s — p transition of a single elect, 
(not, as one might perhaps casually surmise, six ting 
as large because of the six electrons in the p* shy 
If one uses real AO’s and ®’s, as is convenient here, 
in Eq. (14) corresponds in the bivalent metal Case f 
any one of the transitions sp,, 'P, <— s*, \S, Where gm 
be x, y, or z. All of these give the same value of (y,.,0i 
each time twice that for the corresponding transitip 
Pa *Pa— 5, *S, because either of the two electrons jn; 
can jump. In the rare gas case, one has again three eny 
Mmn’'S, of which, for example, (umn)? corresponds; 
pz*p,*p.8,'P.— p.*p,*p,’, 1S, with a value twice thatiy 
p:*p,?s, *S— p.*p,*p., *P,. It will be noted that 
any one g, only two electrons of p* can be active, 

In all the foregoing cases, of course, account musi} 
taken of the fact that a fraction of umn? is lost frm 
'P to *P;, depending on the energy difference betwee: 
3P and 'P and on how strong the spin-orbit Coupling i 
’P is. This loss can readily be computed by standay | 
methods if one knows the positions of the *Po, *P,, ¥?, 
and 'P energy levels. 
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The covariant equation for the three-body deuterium system is discussed, and reduced to a three-dimen- 
sional equation for the case of instantaneous two-body interactions. A noncovariant perturbation scheme, 
based on this three-dimensional equation, was employed to calculate the hyperfine structure (hfs) to order 
am/M (hfs) for ,H?, ,H*, sHe*+. The results are compared with the experimental values, and shown to be 
compatible. Final determination of the theoretical values and the adequacy of the theory is shown to depend 
critically on the determination of a number of experimental quantities, in particular on a more precise 
measurement of a, of the nucleon electric and magnetic form factors and associated nucleon polarization, of 
the presence and magnitude of a two-nucleon spin-orbit potential, and of the singlet m-p effective range. 





I. INTRODUCTION 


HE hyperfine splitting of hydrogen has been 
calculated to order a?(hfs) in the relativistic and 
radiative corrections,! am/M in the mass corrections,’ 
and (r-nucleus)/ao in the structure corrections.’ These 
orders are of comparable magnitude, and the following 
formula for the H' hfs is good to a few ppm: 


* This work was supported in part by the U. S. Atomic Energy 
Commission and the National Science Foundation. 

¢ Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy, in the Faculty of Pure Science, 
Columbia University. 

1G. Breit, Phys. Rev. 46, 1447 (1930); C. M. Sommerfield, 
Phys. Rev. 107, 328 (1957); N. Kroll and F. Pollock, Phys. Rev. 
86, 876 (1952). 

2W. A. Newcomb and E. E. Salpeter, Phys. Rev. 97, 1146 
(1955); R. A. Arnowitt, Phys. Rev. 92, 1002 (1953). 

3A. C. Zemach, Phys. Rev. 104, 1771 (1956); C. K. Iddings 
and P. M. Platzman, Phys. Rev. 113, 192 (1959). 





Avy= (16/3)a*cR,,(up/ue){1+m/M}* 
X {1+0/24+0.38607/2?}?{1+3a7/2} ' 
X {1—a2(5/2—1n2)} {1—35(+3.5) XK 10“} 
x{1—4}, 


where R,, is the rydberg constant for a nucleus oi | 
finite mass; up is the magnetic moment of the prot | 
ue the magnetic moment of the electron; the fis: | 
bracket is the reduced mass correction‘; the secs 
bracket is the ratio of the magnetic moment of 
electron to the Bohr magneton; the third bracket ist 
relativistic’ Breit correction; the fourth bracket is ® 
radiative correction of Kroll and Pollock'; the fit 
bracket is the mass correction and the nucleon structut 
correction; the sixth bracket includes all other possibk 


‘G. Breit and R. E. Meyerott, Phys. Rev. 72, 1023 (19): 
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corrections, to be discussed in this section. The reduced 
mass correction depends in a trivial way on the nuclear 
mass, whereas the succeeding three brackets concern 
the electron in the external Coulomb field and do not 
depend on the nuclear mass or structure. The entire 
expression through the fourth bracket is denoted by 
FP, and the hyperfine anomaly for heavier elements is 
defined with respect to the variation of the fifth and 
sixth bracket with nuclear species: 


(Ap, ‘Avui)exp= (EF /Ey")(1—8), (2) 


with =hyperfine anomaly. 

The mass and structure corrections arise from the 
exchange of one or two transverse photons of high mo- 
mentum (k>m) in the Bethe-Salpeter perturbation 
theory, with the zero-order two-body interaction taken 
to be the instantaneous Coulomb interaction. There 
are three types of corrections: one proportional to 
In(M/m)~7; a second, nonlogarithmic, of order unity, 
arising from the lower limit of the covariant perturba- 
tion integrals; and a third large term to which all 
momenta (but primarily those for which m<k<M) 
contribute, arising from the finite size of the proton. 
The corrections of order unity are expected to be 10- 
15% as large as those of order In(M/m). This is the case 
even in H', despite the almost complete fortuitous can- 
cellation of the In(M/m) terms. The logarithmic terms 
come entirely from retardation and recoil corrections 
to the zero-order hyperfine operator. Furthermore, the 
contribution irom negative energy proton intermediate 
states does not depend on the detailed wave function 
of these states. These considerations enabled Newcomb 
and Salpeter® to develop a noncovariant method which 
gives the logarithmic terms, and hence about 90% of 
the mass correction. The proton structure corrections® 
can also be derived from either a three-dimensional 
approach or a covariant one, with results which agree 
within 20%.* These calculations have been based on an 
exponential form factor’ as determined by the Stanford 
experiments. 

When Eq. (1) is evaluated, using the latest values of 
the physical constants as given by Dumond and Cohen,* 


‘Ww. A. Newcomb, Ph.D. thesis, Cornell University, 1952 
unpublished); W. A. Newcomb and E. E. Salpeter, Phys. Rev. 
97, 1146 (1955). ; 

° The covariant calculation also removes the logarithmic di- 
vergence in the double-Pauli term. This is to be expected since 
the form factor spreads out the moment into a finite region. 

: R. Hofstadter, Revs. Modern Phys, 28, 214 (1956); D. R. 
ba M. M. Levy, and D. G. Ravenhall, Revs. Modern Phys. 
in 144 (1957). M. R. Yearian and R. Hofstadter, Phys. Rev. 

, 952 (1958) ; 111, 934 (1958). R. Hofstadter, M. R. Yearian, 
and F. Bumiller, Revs. Modern Phys. 30, 482 (1958); A. M. 
Sessler and R. L. Mills, Phys. Rev. 110, 1453 (1958). 
. J. W. M. Du Mond and E. R. Cohen, Handbuch der Physik, 
—_ by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, 
oa 1, P: 1; J. W. M. Du Mond and E. R. Cohen, Phys. Rev. 

tters 1, 291 (1958); see also S. M. Koenig, A. G. Prodell, and 

- Kusch, Phys. Rev. 88, 191 (1952). 
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He#t 
one obtains: 


(Avi) theor= (1420.40094-+ 14 ppm) (1— A’), 


pee e (2) 
A’ = (3543.5) X10-8-+4A. 


A’ is the sum of the structure correction and A. This is 
to be compared with? 


(Avus)exp= 1420.40573. (3) 
If we equate Eq. (2) and Eq. (3), we obtain: 
(38.5-+23.5)X10-=—A. (4) 


There is thus a discrepancy between theory and experi- 
ment, which can range from 15 to 60 ppm.” The in- 
terpretation that is given to this discrepancy will 
significantly affect the meaning of the results for the 
heavier nuclei that are considered in this paper. There 
are three possible sources for this discrepancy: (1) The 
value of a may actually lie outside the maximum error 
allowed by Dayhoff, Triebwasser, and Lamb." A re- 
determination of a would be of great help in this con- 
nection. (2) The form factor may differ considerably 
from an exponential. It cannot yet be ruled out that a 
highly singular form factor exists, which would give 
rise to a value for (rem) which differs considerably from 
(rem?)*. (3) Nucleon polarization terms may yield an 
additional correction A of the proper sign and magni- 
tude. The form factor calculations consider the proton 
merely as an extended charge distribution, and do not 
take into account possible excitation of this distribution 
during the exchange of two or more (virtual) photons. 
Drell and Ruderman” have estimated the size of this 
contribution, and have found that it gives a correction 
of the order of 4% of the main Coulomb and magnetic 
scattering. Such a correction to the over-all scattering 
may represent a non-negligible correction to the hfs, 
which is itself already only a small part of the total 
electron-proton interaction. Iddings and Platzman,” 
using dispersion relations, have calculated the con- 
tribution of intermediate states containing one meson. 
They find a correction of <1 ppm. Thus it seems un- 
likely that the hfs discrepancy can be accounted for by 
polarization of the r-meson cloud. One cannot, of course, 
rule out such a possibility, or exclude more complicated 
mesonic effects. 

The unsatisfactory state of affairs in H' will bear 
directly on the situation in the heavier nuclei. 


®P. Kusch, Phys. Rev. 100, 1188 (1955). 

10 Tt is interesting to note that before the introduction of the 
structure correction, there seemed to be no discrepancy. There 
were, however, uncomfortable logarithmic divergences in the final 
result. 

1 E. S. Dayhoff, S. Triebwasser, and W. E. Lamb, Jr., Phys. 
Rev. 89, 106 (1953). 

2S. D. Drell and M. A. Ruderman, Phys. Rev. 106, 561 (1957). 

%C. K. Iddings and P. M. Platzman, Phys. Rev. 115, 919 
(1959). 
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Il. hfs OF DEUTERIUM 
A. Covariant Equation 


The three-body Bethe-Salpeter equation is" 


tp (xy'x2'x3') 


= f dedeadedeudsale K,.°(1'4)K,°(2’5) 

x K.°¢ (3'6)G (456 > 123)W(x1%2%3), (7) 
where the kernel G is the sum of all irreducible inter- 
action diagrams. We assume the absence of three-body 
forces, and take the three-body interactions to be com- 
pounded of two-body interactions. We further assume 
that we can choose a Lorentz frame in which the main 
part of the two-body interaction can be represented by 
an instantaneous interaction G;; which will be taken to 
be the zero-order interaction. G;; depends only on the 
relative coordinates of 7 and 7, and can be written, e.g., 
for i, 7=1, 2, as: 

o(24X5X6 3 XiXX3) = Gyo(ay— 45) (X4—- 4X 
Gyo (x 4X5% 65 X1X2%3) = Gyo(x4— ¥5)b(X4— 21) 
x6 (2s x) )d(axg— X3 )6(x3— x3" )b(t4— ts). (8) 


The total kernel is the sum of the three basic inter- 
actions, and all other interactions: 


G= G24 Ges+GitGa. (9) 


G, will be treated as a perturbation. Multiplication of 
Eq. (7) by (¥,/—m,), where ¥=~y-0/0x, leads to the 
integro-differential equation 


i(i9 1’ —m)) (iV 2’ — mz) (79 3’ — m3) b (x1 x2'x3') 


=(i¥;’— m:) f ade: Gy2(41— 43) (x102%3’) 
+--+. (10) 


The Fourier transform of Eq. (10) gives the basic 
equation in momentum space. To make the energy de- 
pendence clearer, we multiply by y;'y.’y4° and denote 
viveveG by a letter without a bar. The equation is 


— iby (PrpaPs) =[ex— Ha) ] f dk Gix(— ki) 


Xx(pPithie, po—hiz, ps)+---, (11) 
where 
L=[e—Ai(pi) |[eo— A 2(pe) |[es— As(ps) |, 
pi= (pi,€:), (12) 


A ;(p;)=a': p;+6 my. 


k;; is the momentum exchanged in the instantaneous 
interaction between i and 7. The motion of the center 
of mass has been separated out in Eq. (11), being repre- 
sented by a monochromatic exponential with mo- 





4 The nonrelativistic limit has been treated in the following 
paper: G. Wentzel, Phys. Rev. 89, 684 (1953). 
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mentum four-vector (0,0,0,4) where 


E=e,teote (13 
is the total energy of the system. In particular, we seek 
the ground state of the bound system, for which 


ie my 


T MoT M3. 14 


For this state, we can consider only those Components 
of the wave function in which pairs of particles prop. 
agate together in negative energy states. This is dy 
to the instantaneous character of the interaction, whic) 
guarantees that if we want the state at all times; 
contain three particles (i.e., has V,—N_=3) then we 
can only have at any time states in which both inter. 
acting particles propagate together along their time 
ordered world lines. If we introduce the free Casimir 
projection operators, we then have the result that any 
solution can be written as the sum of four components, 
th t- >, ~~ Tt, and t+. Now let ¢ bea 
function defined by 

¢(Pipop Lx (Pip2ps), 15 


and let S;; 


on the three space components of the momentum vec 
tors, such that 


Gof (pipeps)= fat Gi(—k, 


Xf( pr tk, by po— ky, €1, €2, P3,€3)» (16) 


be an integral operator which operates only 


The first integral on the right-hand side of Eq. (11) is 
then 


Suef as ¢(Pi, €1:+A12, P2, €2—A12, Ps, €3) 
XLatAn—Ai] VW e2—Av— Ap}. (17 


The four integrals arising from Eq. (17) when ¢3 
expressed as the sum of its four components, are each 
functions of ¢; alone. Thus the integral as a whole isa 
function of ¢;, and the remaining integrals on right- 
hand side of Eq. (11) are functions of « and €, Ie 
spectively. We can therefore write 


e= filer) tfo(ee)+fs(es), (18 


where the f’s are known functions. We further define 
the auxiliary functions 


gi(ey=filey)—fi(Fi), i=1, 2,3 49 
¢ (E;) OQ 
g=>d fi(E), (20 
i=l 

where : 
E;=+(p2+m;?)}, (21 

so that Eq. (18) becomes 
3 ” 
Y y +> ¢ i(€i) (2) 
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In all of the above expressions only the energy depend- 
ence has been shown explicitly, the dependence on the 
p; being understood. ¢go is a function of the spatial 
components alone. Inserting Eq. (22) into the right- 
hand side of Eq. (11), we can perform the integration 
over the fourth variable ; if we indicate nonvanishing 
components by the use of projection operators, we 
obtain’®: 
g= 2r(As+s +A +) Gi2(Ay ++ —A__,) 
X[E- 6«—Hi—H2} legot ¢3) 
4Iw(Av44 +A +) Gis(A44+4—A +) (23) 
X[E- €2— H,- H; | 1(got+ ¢2) 
+29(A, ++ +A — Gos(A ++ +—A + intel 
X[E- e—H2.— H;] 1( got ¢1). 
We relinquish the constraint Eq. (13), and set «= £; 
in Eq. (23). Then, after solving for these values, we 
obtain solutions for arbitrary ¢;. For e;= £; [using Eq. 
19)] Eq. (23) reduces to an equation for ¢go. Defining 
a new function y by 
y= —[E—H,—H.—4H;] lo, (24) 
and introducing the abbreviated notation 
Miz= 2r(Ay ++ +A ‘ _+)Gio(Ay +++ —A_ teh (25) 
we obtain, for ¢;= Z;, the relation 
(E—H,—H.—H;3)y= (Mist IMis+IMe3)y. (26) 
As in the two-body case, this differs from the “‘single- 
particle theory” three-body relativistic equation by the 
presence of the projection operators. This _three- 
dimensional equation alone suffices to determine the 
energy eigenvalue of our system, a result independent 
of the ¢; dependence of the complete wave function. 
The g; are determined from Eq. (23): 
{1-m,[E- Ek —H;- H;} iy Pk 
=(e—E,)M,[E—-—e.—H:—H;}y, (26a) 
o.=(ex—Ex) > [91,;(E-—e,—H;—H;)“" ]"¥,_~— (26b) 
n>1 
where i# jk and each index can assume the values 
£23, 
We can now develop a perturbation expansion for the 
excluded graphs. Eq. (11) can be written 
(L.— G)xn=0, (27) 
where G stands for the integral operator with kernel 
GutGist+G2;, written explicitly as the right-hand side 
of Eq. (11). The subscript refers to a given eigenstate 
ot energy E,. The solution is 
Xn= £5 [— (En— Hi — H2— Hat Dios”). (28) 
An adjoint function Xn can be defined by 


t= [—Yn* (En— Hi —H2— Hs) + Li o*# L074, (29) 





15 . ° . 

; ‘The (y:+ 2) parts of the first term on the right-hand side 
ay as can be seen from the explicit expression for the ¢; given 
i Eq. (26a). Similarly for the other terms. 


where y,* is the transposed complex conjugate spinor 
to wn, and the operators in Eq. (29) operate back on 
the spinors. For another energy Ea¥£,, let La be the 
expression represented by Eq. (12) having total energy 
Ex, and let 
Xn4= La "[— (Es—Ai— H2— Bont Di gi J, (30) 
where the ¢;‘"? are the same as in Eq. (28). Note that 
Xn°— xn as Ex > E,. Then 
Lax = sai (Ea— EnWnt Sx ne (31) 
Direct evaluation shows that 
Gxn= Gxa*— (Ea— En)En, 

where = is a function involving ¢; and y,. Then Eq. 
(31) is 


(La— G)xn = — (Ea— En) (Wn—2). (32) 
Consider the complete three-body equation 
LOn= (G+ Ga)Qn, (33) 


where Ga is the integral operator whose kernel is G4. 
2, is that eigenvector belonging to eigenvalue EF, 
=E,+AE which goes over into x, as Gs and AE 
approach zero. We can therefore write 


Qn=xn*+xa, 
where xa is first-order small relative to x,4. Equation 
(33) is then 
(La— §)xn2+ (La— G)xa= Gaxn*+Gaxa. (34) 
We multiply by x,“ on the left and integrate with re- 
spect to the p,;. The fact that the center-of-mass motion 
has been separated out is indicated by a factor 
5(pit pot ps)6(E— > xe;). The integrand is: 
AE (Wn*® +2") x n° +AE(Un* +2") x5 
baa alieeic Xa Sax no— Xn“ Gaxa. (35) 
We seek the first-order energy shift AE“. The second 
terms on each side of the equation are at least second 
order small; the integrals involving = give vanishing 
contributions; in the remaining terms, x,“ can be re- 
placed by x, to first order; and integration over the 
fourth coordinate of ~»*x, simply replaces x, by 
(27)*Pnyi4. If we normalize our wave function accord- 
ing to the requirement 


(27)? f Ynit+ Wni++dpidprdpsd(2pi)=1, (36) 
we obtain from Eq. (35) a first-order energy shift 


AEY = — f codpstes 5( pi) (E— Dies) Xn Gaxn 


= J cocp.ae. 5(> :p,)6(E— D> :€:)dky2dki3dhos 


X Xn(Pipops) Ga (Ri2,k13,R23) 


Xxn(pithisthis, p2—Riothes, ps—kis— hes). 
(37) 
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We are now in a position to see why the covariant 
formalism which “we have just outlined is unsuitable 
for the problem of deuterium, and what formalism can 
take its place. In deuterium, the basic interactions are 
the electron-proton Coulomb interaction and the 
neutron-proton interaction. There is, however, no 
known nuclear interaction which can be used in the 
two-body BS equation for the neutron-proton system.'® 
One might expect that the recent proposed phenomeno- 
logical potentials!’ could be incorporated into the for- 
malism. These are, however, three dimensional, and 
only suitable for the noncovariant method which we 
shall adopt in the next section. Association of the 
phenomenological potential with the basic interaction 
kernel would lead, because of the strength of the inter- 
action, to sizeable contributions from second- and high- 
order irreducible graphs, which would then destroy 
the agreement of the original zero-order equation with 
experiment. On the other hand, if one associated the 
phenomenological potential with the sum of all orders 
of irreducible diagrams, the basic interactions would 
remain undetermined. There seems to be no way of 
resolving this problem until the correct basic covariant 
interaction is discovered. 

Equation (26), the end product of the reduction of 
the three-body equation, enables one to go over to a 
three-dimensional formalism, which is reducible and 
soluble. This is because the correct ground-state energy 
and wave function are well represented by a three- 
dimensional theory starting from Eq. (26). In a three- 
dimensional formalism we can incorporate the phe- 
nomenological potential, and expand the perturbation 
theory only in powers of a. This procedure will yield 
all the logarithmic terms arising from retardation and 
recoil effects, and hence account for the exact covariant 
correction to within about ten percent. 


B. Three-Dimensional Method 


We label the proton, neutron and electron by No. 1, 
No. 2, No. 3, respectively. The Hamiltonian in labora- 
tory coordinates is the sum of a “large” part Ho con- 
sisting of the kinetic energies, nuclear interaction and 
the main Coulomb energy, and a “small” perturba- 
tion” H; consisting of the remaining electromagnetic 
interactions : 


Ho= (@'- pit 6'M)+ (e?- pot °M) 
+ (e+ p3+6%m)+V p(r2,11)+V.’, 


16H. A. Bethe and E. E. Salpeter, Phys. Rev. 84, 1232 (1951); 
H. S. Green and S. N. Biswas, Progr. Theoret. Phys. (Kyoto) 
18, 121 (1957); S. N. Biswas, Progr. Theoret. Phys. (Kyoto) 19, 
725 (1958); J. S. Goldstein, Phys. Rev. 91, 1516 (1953); G. C 
Wick, Phys. Rev. 96, 1124 (1954) ; R. E. Cutkosky, Phys. a 
96, 1135 (1954). 

17 P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957) ; 
109, 1229 (1958), P. S. Signell, R. Zinn, and R. E. Marshak, 
Phys. Rev. Letters 1, 416 (1958); J. L. Gammel, R. S. Christian, 
and R. M. Thaler, Phys. Rev. 105, 311 (1957), J. L. Gammel and 
R. M. Thaler, Phys. Rev. 107, 291 (1957); 107, 1337 (1957). 
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FOLEY 


H,;= V —ea' -A+ea*- A— 


2M) 
Xx >. {8' (o'X k) — ikB'a'} - A’ (k) 
— (iepn/2M) > .{ 8? (0? X k) — ikB?a*} - A’ (k) 


° / 
(1€u p 


+ (teu p’ 


+ ( 1€74N 


2M )6'e'-¥1() m—F3))- 
2M )8?a?-V2(\ re—r3| 7 

— (te*4un/2M ) Ba": V o( 
=V+Hpt+H.+Hp'+Hy'+H p® +H y8+Hyp, (3 


Bhi yr? 


Vp is the phenomenological n-p potential, with moé. 
fications discussed below. 
part exchange: 


This is part ordinary ap 


V p (82,81) = Vo(te— 11) 
; = = To sc 
+ Vex (f2— 11) expli(t2—1)-(pi-pe)], (4 system ¢ 
= 3 
oh hed ee ? approx! 
where V,,’ is a pure spacial function. V,’ and V are th 
low-momentum and high-momentum parts of th 
Coulomb interaction, defined by 
. 
V = — (e/2x*) } expLiq: (ts— 11) lg-*dg, 
Jo<eo 
, 
V = — (e?/2z”) [ expliq: (r3— 11) |g-*dg. 
“dq 
In thi 


V.’ is responsible for most of the ordinary Coulom! 
binding’ if we choose the cutoff go appropriately in the 
range am<qo<m. up'=up—1 is the anomalous pari 
of the proton moment, and 


A’(k) 


(29/k)*{aiyex, explik- rr] 





— d&y* ex, expl—ik-r]}. 4) 


All interactions of pp’ and en are derived from the co 
variant Pauli interaction term. | 
The program is first to solve the zero-order equation 


Hw=Lkw 43 
to obtain wave functions y whose accuracy is sufficient 
for the calculation of hfs perturbation energy to order 
(am/M) (hfs). The hyperfine splitting is then found by 
standard perturbation theory, with H, as the per 
turbation. The hfs terms are those containing an inter- 
action between the spin of the electron and the spin ot 
orbital motion of the nucleus. All hfs expressions must 
of course, contain H, at least once. Second- through 
fourth-order perturbations must be evaluated. If we 
denote the perturbation energy by the operators ap 
pearing in the matrix elements to be evaluated and 
denote terms by letters, following the convention 
Newcomb and Salpeter® when possible, we see that we | 
must consider the following perturbations: 


Now 
pro 


liv 
we | 


Wl 


(1) Second order: 
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(Hp,H.)=D, (Hp’,H.)=P, (Hy’,H)=P’. 


' (2) Third order: . 
(1 p,H.,.V)=CD, (H p’,H.,.V)=CP, (Hy’,H..V)=C:P, 
(H p,H.,H pe?) =QD, (H p’,H.,H pe?) =OP, (Hy’,H.,H p?)=0Q: P, 
(H p,H.,Hy®)=Q:D, (H p',H.,Hy?)=0:P’, (Hy’,H.,Hy®)=OQP". 
VP. 9 


(3) Fourth order: 

1 Mg (H p,H p,H,H)=DD, 
: (Hp',H p',H.H.)=PP, 

(Hp',Hy',H.H)=P:P, 


To solve the zero-order equation, we transfer to a 
i system of coordinates centered on the proton (adiabatic 


approximat ion): 
ure the 
yf the r=fe—- fr), r= R, 
e= h-hh, r=r+R, 
R= ri, r;=o+ R. 
(44) 
> 
(41 P= Pe, pi=—p—=z—P, 
r= Ps; = Pp, 


P= pit pot Ps, ps= =. 


In this system, Eq. (43) becomes 
part | | (—@!-p—a'-n+8'M)+(a?- p+6°M) 


+(a?-2+8%m) + Vo(r) +V.x’(r) exp[—2ir- (p+ 2)] 





4) , . z 
—-(¢ ant) exp[iq:o lg*dq jv(n0) 
e<ee 

=Ky(r,o). (45) 

, Now a phenomenological potential for the two-body 
problem is of the form 
V p(t2,%1) = Vo(r)+ Vix’ (r) exp[—2ir- p]. 

li we expand exp(—ir-x) in Eq. (45) to second order, 
we obtain 
¢ 
} (—a':p—a'-2+8'M) +(e? p+82M)+ (a*: 2+ ,%m) 
r 





+V p(t) —ix-tV.x.— (1/2) (2-1)*Vex 
~(e 2m) expLiq-o ly *dq fy (r,0) 
q<% 


=Hy(r,0), (46) 


where Vex=Vp—V». Introduction of the Casimir pro- 


(H p,H p',H.,H.)=DP, 
(H p,H y',H.,H.)=D:P, 
(Hy’,Hy',H.H)=PP’. 


jection operators for the three particles enables us to 
resolve any solution into components'® ; 


pa=ypHhtyt tyr... 


1 1 1 
oo am 
(pi) T2 (ps) T's(ps) 
1 1 —T';(ps) 
Hata Moaa) ent 
I; (px) T'2(pe) 1 


where 
(pis) =o pi/LE(pi)+m:], o'—Pauli spinors. 


Vii4,Wi4-, °** are eight component spinors, which we 
shall see can be taken to be products of constant spinors 
and scalar functions of the coordinates. 

We turn first to positive energy solutions in the energy 
range £22M of which the ground state is the lowest. 
For these, y‘*** is the main component, the others 
giving the effect of pair states on y. ¥4,~ is at least a’ 
smaller than ~4,+," hence can be neglected; y,_, and 
yi, are (P/M)*~10~ smaller than ¥,,,; while the 
other components are negligible. It appears that y_,, 
and ¥,_, are not negligible. However, we can account 
for these as follows: the equations for these components 
express them in terms of ¥4,,; if the expressions so 
obtained are then substituted back into the equation 
for ¥444, we get an equation for ¥,,, which involves 
only ¥4,4 and includes the effect of y_,, and y,_,. 
This equation for ¥,,; involves the nucleon potential 
plus correction terms. Furthermore, the nucleon part 
of the +++ equation can be reduced to the Schrédinger 
equation for the nucleon system, plus relativistic cor- 
rections. Now the given phenomenological potential 
describes two-nucleon phenomena (in the momentum 
range of interest to us) when inserted into the Schréd- 
inger equation. When using the phenomenological po- 
tential in the Schrédinger equation, the above correc- 
tions can therefore be ignored. 

For negative-energy states, as in the two-body case, 





18H. A. Bethe and E. E. Salpeter, Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, Part 1, p. 88. 
19 FE. E. Salpeter, Phys. Rev. 87, 328 (1952); see also footnote 6. 
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we need only use hole theory to obtain the results that 
there exists a set of states having a pair present in 
addition to the particle, and that these differ from the 
corresponding positive-energy states by 2m, in energy. 

To obtain positive-energy solutions in detail, we first 
transform Eq. (46) to momentum space: 


{(—a!- p—a!-2+6'M)+ (a? p+62M)+ (a?-2+%m)} 


xv(p,x)+ f V>(—k)y(pt+k, 2)dk 


¢ 


— (e/2r’) f qv (p, x+q)dq 
¢g<@0 


‘ f S(—Wy(ptk, =)dk=Ey(p,z). (48) 


The equation for the (+++) component is obtained 
using spinor identities.'* The only wave function we 
need with great accuracy is the ground-state wave 
function, which we require correct to am/M. To obtain 
this, we use a perturbation procedure on the (+++) 
part of Eq. (48). The zero-order equation is 


Ey, ++(p,% 
={(2M+m+ p?/2M+p?/2M+22/2m+72/4M} 


Xae(pa)+ f Vo(—ba+ (otk, x)dk 


— (€/2n*) qT *¥ii+(p, x+q)dq, (49) 


a<@0 


and the remainder of the Hamiltonian Eq. (48) is 
treated as a perturbation. The solutions of this separ- 
able equation are of the form 


; 1\ s1\ /1 
Joss(os2)=( )( )( eoteu(a), 
0 0 0 


where w and u« obey 


(50) 


Wiw(p) = (p*/M)w(p) + f Vo(—kKw(ptk)dk, (51) 


u(x) = (4?/2m+72°/4M)u(z) 


— (€/2n”’) q?u(z+q)dq, (52) 


a<@0 


E=W+e+2M-+m. 


Equation (51) is just the Schrédinger equation for 
the deuteron. Its solutions are the phenomenological 
wave functions. Equation (52) is the Schrédinger equa- 
tion for the electron with its reduced mass in deuterium, 
moving in a Coulomb field which is cut off at go. Here- 
after, m is taken to represent this reduced mass, unless 
otherwise stated. This gives the well-known reduced- 
mass correction to the hfs, which was the only term 
found by Breit and Meyerott.'* The solutions of Eq. 
(52) are essentially hydrogenic wave functions, except 
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that they are cut off more rapidly at high momen, 
We will return to this in Sec. C. is 

The perturbations to the solutions of Eq. (49) can by 
calculated in a straightforward manner to am/¥. Th 
result is that the zero-order solutions Uo(o) be 


_ ‘ Come 
centered on the center of mass, i.e., 


Uo(o) — uo(o—r1/2). 33 
This result is expected, since the electron moving ins 

2 nm 2 5 4G 
cut-off Coulomb potential “sees” only the avenp 
proton position, which is centered at the center of mg 
of the deuteron, o— r/2. 

I inally, we must examine the positive-energy inte. 
mediate-state wave functions. There are two Possible 
types of intermediate state: (1) excited state of dey. 
terium (deuteron or electron or both); (2) excited (y 
ground) state of deuterium with a free photon of my. 
mentum k in the field. In case (1), the wave functions 
are the same as those already found, with (mn) pr 
placing (00). In case (2 
we have P=—k. This means that we must examin 
+++ states of the system in which we remove the 
restriction P=0. In this case, the intermediate State 
wave function is 

Ymn =exp[7P-(R-4 
and the intermediate state will have, 


deuterium excitation 
(P—-=x)? ‘4M. 


), by conservation of momentum 


»\ L/ oy 
r/2) Wmn; s 


in addition to the 


energy, the kinetic energy 


C. Hyperfine Energy 
The principal hfs energy is given by second-order 
terms. The Dirac proton spin interaction is: 
AEP=—2>°,'(0|—ea'-Aln 
X (n| ea’? A!0)(E,—Ey). (55 
Only positive energy states appear as intermediate 
states. All wave functions must appear to the maximum 
accuracy of Sec. B, since this term is o(hfs). Thus, the 
shifted wave function of Eq. must appear, of 
equivalently, the unshifted wave function and the slp 
correction. Thus, 
AEP = 2e Bonen (En— Eo) 
X Wo} (29/k)ka.,' exp (ik: 1) |p, 
XK Wn $d, ~ik-r3) | Wo) 
= Aare” Donen’ (1/k) (En— Eo) 
X { (LT jwotto| axa! exp(zk- 11) | Wn 
X nt | ann? exp(—ik- rs) | [1 ]wotto 
+2 qr (LT jwomo| axa! exp(7k- 1) |Yn 
Kn 


? 


(53) 


(29/k)4a,x' exp( 


axn*® exp(—ik- rs) |[T wou, 
X (watty| eV | Wotto) (Eo— E gr) 

+P or (Eo— Eqr)(woto| 2+ V| wet 

< (LT Jw attr | ora! exp (tk- ry) |Yn') 
X nt | ax? exp(—ik- rs) | [1 kwowo) 


=A,+A+As. (36 
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\ simple calculation shows that the slip corrections to 


"the intermediate states cancel. Detailed consideration 


of the matrix elements and the use of spin identities 
yields , <3 
7 Ay= (29/3) (e2/Mm)o' -@*) | (0) |?. (57) 
Thus, 4; is just the Fermi hyperfine energy associated 
with the Dirac part of the proton moment, with the 
reduced mass correction. Actually is not the hydro- 
genic wave function, but rather the solution with the 
truncated potential. However, the third-order per- 
turbation returns the high-momentum part of the wave 
function via V, so that Eq. (57) with this correction 
infact does involve the hydrogenic wave function at the 
origin. A2+As gives rise to the usual D-state orbital 
hfs terms. This term is missing without the slip cor- 
rection, due to our particular choice of proton-centered 
coordinates for our zero-order problem. The slip term 
brings back the orbital contribution by recentering the 
electron wave function on the center of mass. If we take 


wr= (1/2) (e/2M)L= (e/4M)L (58) 


the factor of } appears because only one particle in 
the deuteron is charged) we find 


Ao+A3= (82/3) uo | o(O) |*(o*- wr). (59) 


AE’, which involves the anomalous moment of the 
proton, adds the contribution of up’ to Eq. (57): 


AE? = (29/3) (up’e?/mM )\(e'-o° | uo(Q) | ?. (60) 


The slip terms vanish, there being no anomaly associ- 
ated with the orbital motion. 

The final second-order term is AE’’, the neutron- 
electron interaction. This again splits into two parts 
Ait As: 


Ai= (21/3) (eu, Mm)(o*-a) f dedg|() 2 


X[uo(o)— (1/2)r- ¥ ,2t0(@) 16*(r— 0) 
X[uo(o)— (1/2)r- ¥ ,tto(o) | 


= (29/3) (eur Mm)(e?-°)| f drdo| s(x) 2 (61) 





X | too) |76°(4r— o) ~ f arde wo(r)|* 


Xr ¥ ,tto(o) ]ut0(0)5°(r—o) | : 

If we choose the Coulomb cutoff to be about 20am, 
we find that for r~d<ro~ao/5 [where d is “deuteron 
radius,” d=(MW»))-*] the electronic wave function to 
a lew percent is y= (4ar)~!u9(0) sinkr/kr, where uo(0) is 
the hydrogenic wave function at the origin, and k~am. 
The second integrand of Eq. (61) becomes o(d/ay)? and 
hence negligible. The first integrand has the hydrogenic 


wave-function tail returned to it by the third-order 
perturbation, and so contributes fdr|wo(r)|*| uo(0)|? 
X (1—2r/ao), which is the neutron Fermi energy and 
the Bohr-Low S-state d/a correction.” A», which van- 
ishes for the S-state components of wo, is the L=2 Low 
correction, so that 


AE?’ = (22/3) (Cun/Mm)(o?-o*)| 49 (0) |? 


x | 1—(2/a ) f ries) 2ar+v2 (4a9) (62) 


x f ros nwo (nde +5, (4a) frlso(e)|*dr. 


This completes the second-order terms. 

The third-order terms, as well as the fourth-order 
terms are of order (am/M)\n(M/m) and hence re- 
quire the use only of product wave functions, without 
the d/ap slip correction. Furthermore, the region of 
integration of k is now k>m, so that the energy de- 
nominators involve nuclear and electronic excitations, 
and the matrix elements require careful consideration 
in the absence of closure.”! 

Consider, for example, AE®?, with the following 
order of operators: 


AE? => nw (Ol! H.|n)(n| Hp|n'’)n’| V0) 
X(En— Eo) "(En — Eo). (63) 
Hp involves only emission, H,, absorption. Written in 
detail, this is 
AE, ©? 
Donn’ (En— Ey)" (En — Ep) 


x (0 ea? >° x (Qe k) a, NEKA exp(ik- r;) | n) 


X(n| — eal: (20/k)aun*exn exp(—ik-r;) | 0’ 


«(1 — (e?/2x?) expLiq: (ts—11) ]gdq 0 
“a> | 


=F an'n(En— Eo)— (En — Ep)—(20)*(€4/x) (64) 


x f ak dq(1/k)q-(O| axa? exp (ik: rs) | 


q<a0 
X (| ann! exp(—ik- 11) | 2”) (n’| exp[iq: (r3— 14) ]|0). 


For positive energy intermediate states, |m’) has an 
electron of momentum q (if we neglect the spread of 
ground-state momenta relative to q, in what follows) 
and a proton of momentum — p—q; |) has an electron 

*0 A. Bohr, Phys. Rev. 73, 1109 (1948); F. E. Low, Phys. Rev. 
77, 361 (1950) ; F. E. Low and E. E. Salpeter, Phys. Rev. 83, 478 
(1951). 

*! The calculation of the third- and fourth-order S-state log 
terms closely parallels that of C. Greifinger, Ph.D. thesis, Cornell 
University, 1954 (unpublished). 
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of momentum gq, center-of-mass of momentum —k 
{hence c.m. energy [(q+k)*/4M]}, and proton of 
momentum —p—q—k; and the left-hand matrix ele- 
ment yields k= — q. 

When Eq. (64) is evaluated in detail for the S state, 
one obtains 


AE,©? = (hfs) (a/m)(m/M)(1/4x)S,°", (65) 
where 

(hfs) = (27/3) (e2/Mm)(e'-o*) | u9(0) |2, 
and 


S,°2=M f dk kL E3(k) ]"d.(k+ E(k) —m)“ 


Xd o(wo| exp(zik : r) | wa (w4| exp —}ik- r) | Wo) 
X[k/4M+E3(k) +W,—Wo—m]. (66) 


The results for other orderings of the operators in Eq. 
(63) for positive energy intermediate states are best 
expressed in terms of auxiliary quantities: 


a=k+E;(k)—™m, 


b,=E3(k)—m+k/4M+W,—Wo, (67) 

Cg=k+h?/4M4+W,—We. 
Then 
S444, OP = am f dkdQ kLE;(k) | 

gE>ko 
XL of (ab,) ‘+ (acq) '+ (boCq) y 
X (wo| exp(— 4ik-r)| w,) 
X(w,|exp(Fik-r)|wo). (68) 


For negative energy intermediate states, we associate 
with each positive energy process a negative energy 
(pair) process having the same temporal order of emis- 
sion and absorption. Consider first electron pair states. 
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lor these, the net matrix element is identical to tha 
of the corresponding positive energy state. This ‘ 
: 3 eet (1) inter. 
change of the order of annihilation and creating oper 


suits from the cancellation of two effects: 


tors yields a net minus sign; (2) the momentum Of the 
positron has direction opposite to that of the hole 
yielding another minus sign. Using the identity A_(k), 
=qa,A,(k) the matrix elements are seen to be identical 
in the two cases. The energy denominators differ }y 
2m, the rest energy of the extra pair. For negative energy 
proton states (positive energy electron), the added 24 
in the energy denominator enables us to use closure t 
the desired accuracy, so that 


1 
So? fexa0 RLE3(k) J (R+E3(k)—m)>, (69 
? 
The negative energy proton and electron intermediate 
states yield a result which differs from Eq. (69) by the 
presence of an additional +2m in the denominator. 
To evaluate the first term of Eq. (68), designated / 
we separate off the logarithmic contribution by writing 


[E;(k)—m+k/4M+W,—W 
[E3(k)—m])"—(k 
X(LE3(k)-—m+W ,—-W 


LE3(k)—m}". (70 
This separates J into two terms /,+/s. J, is not o 
logarithmic order; in evaluating it, closure can be used, 
and the net result is to return to the zero-order hydro- 
genic wave function the high-momentum tail. Evalua- 
tion of J, is aided by 


(w,|exp(3ik-r)|wo)(W,—W 
(Hp, exp(Sik-r)}\w 


where Hp=—-V? 
commutator, we 


M+Vot+I 


obtain 


ex. Upon evaluating the 


I,= —2M f dkio kLE;(R) } RHE ;(k)—m } "(E;(k)—m | “I 


X {2 o(wo| exp(—fik-r) | w,)(w,| exp(fik- r)k?/2M | wo) LE3(k) —m+W,—W 
+(1/M) > (wo| exp(—4ik-r)| w,)(w,| exp(4ik-r)k- p| wo) E3(k) —m+W,—W 


+) q(wo| exp(— ik-r)|w,){w,| —2i sin($k-r)V..| wo) E3(k) —m+W,—Wo}"}. 


This is evaluated term by term. It is convenient to 
write the denominator in the form 


[E3(k)—m+W,—Wo} '=[Es(k) —m]}? 
+[Es(k)—m}°LEx(k)—m+W,—Wo}. 


Each term of 7. then becomes the sum of two terms, one 
allowing closure, the other not. For the latter, we sepa- 
rate the region of integration into two regions, k< B 
and k>B, where B~20 Mev. In the region k< B we 
can expand the exponents in the matrix elements, and 
in the region k>B we use the fact that (W,—Wo) 
~k’/M for those matrix elements giving sizable con- 


(71 


tributions. We can also neglect m with respect tok 
for the logarithmic terms. The term by term evaluation 
gives 


[=§,C?+++ = — 2 In(M/m)— (22/3)iM > (wo! 8) 
wW| ¥| wo) In[(W ~—Wo)/m] 
' om | ob) 
+ (49M /6)(wo| (1—Inymr)r?V ex| Wo), (4 
where v= (1/2) (Hpr—rH p) = p/M —irV ex. The remait- 


ing terms of Eq. (68) can be calculated in the same 
fashion, with extra care taken for the third term. Sim 
larly, the negative energy state contributions are ob- 
tained from the cb=§,,,% 


above discussion: Sy, 











(since 1 
tors) 2 
from E 


oP /4 


The 
the sa 
ing f 
which 
With 
type | 
terms 
The | 
integ 
for th 


S8/4) 


is th 
of a 
state 


D-st 
elem 


LAF 


Th 
sm: 
tai 


O that 
ris re. 
inter. 
Opera. 
Of the 
hole 
(k 0, 
Ntical 
er by 
nergy 
d 24 
ATe to 


(69 


diate 
y the 


ed J, 


iting 


uly 


rt of 
ised, 
‘dri - 
ilua- 














HYPERFINE 


(since m is neglected w ith respect to & in the denomina- 
tors) and S44,°2 and S_,©” are obtained directly 
from Eq. (69). Thus the net CD contribution is 


962 /4= —4 In(M/m)—2iM 20, In[(W,—Wo)/m 
X (Wo| FT| We) (Wa| V| Wo) 
+2M (wo| (2/3 -—C—Inmr)r’V .x|wo) +1. (73) 
The remaining third-order terms are calculated in 
the same way. The calculation is simplified by introduc- 
ing f factors, as done by Newcomb and Salpeter,® 
which relate the Pauli integrands to the CD integrands. 
With this aid, all integrals are reduced to the general 
type of J above. The Q?, O’P, O:D, Q:P’, and QP’ 
terms all give vanishing contributions to our order. 
The final result can be expressed in terms of one S 
integral, if we use the relation (e')=(e?)=3(0”) valid 
for the deuteron ground state. Then 


$8/4e=—2(up+1) In(M/m) 
—2i(up—pun)M &, Pog: Vgo NL (Wy—Wo)/m] 
+(up—pn)[1+2M (wo| (2/3—C—I|nmr) 


XrVex|wo)] (74) 


is the net third order energy, arising from the exchange 
of a single transverse photon, and considering the S- 
state component of the deuteron ground state. 

The third-order energy also contains a non-negligible 
D-state term, arising from the nuclear CD matrix 
element. For AE,©”, this is: 


LA R,CP = (ne?/Mm) | uo(0) |? 
X (e2/42*)(m/M) >, M f aka 


XRLE3(k) JO LR+ E(k) —m]} 
X[E3(k)—m+W ,—Wotk/4M }7 

X (wo| 2io*- pX k exp(4ik-r)|w, 

(75) 
The small amount of D state makes the entire term 
small enough, so that only the lead term need be re- 
tained. The integrals vary as 1/k* for large k. We can 


- ad . * 
thus restrict ourselves to the”region k<B and expand 
the exponentials. This yields 


X (w,|exp(—4ik-r)| wo). 


LAECD = — (84/3) (e?/4Mm) | wo(0) |2(2e2m/n) 
Xe >, TogX Po(W,— Wo)" Inf (W,— Wo)/m). (76) 


The constant logarithmic term vanishes, since 
d FoeX Pao (W.-W) 0, 


a relation easily derived by expressing p as a commuta- 
tor of rand Hp and using closure. Then 
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LAEC? = — (82/3) (e/4Mm) | uo(0) |?2(2e2/2) 
x (m, W 0 o>, rug X Pwo Inf (W,— Wo)/ | Wo} ] 


X[(W~—-W)/|Wol (77) 


is the D-state correction. 

The fourth-order energy is calculated in the same 
manner, the only complication arising from the multi- 
plicity of terms to be considered. The Pauli terms are 
again gotten from the corresponding DD terms by use 
of appropriate f factors. Since two transverse photons 
are exchanged, the intermediate state can be a “‘spin- 
flipped” singlet n-p state, and such states must be 
included. The final result is 


[ (3/4)un?+ (1/4) (up +1) (3u~p—1)] In(M/m) 
— (un—wp)*{ (3/8) D2 4| (wo| we") |? 
XInl(W.— Wo)/mj+3}, 


S4/4ar 


(78) 
where |w,*) signifies eigenstates of the singlet n-p 
system. 

As in hydrogen, there is a nucleon structure correc- 
tion to the hyperfine energy. This has been calculated 
by Sessler and Mills’ using the three-dimensional 
method, which is expected to represent the correct 
covariant value (which cannot be calculated directly 
in deuterium) as well here as in H'. Their numerical 
results will be employed in Sec. D. 

There is another possible correction, which would 
arise in the event that a spin-orbit potential is present 
in the nuclear two-body interaction. Feshbach” has 
pointed out the electromagnetic interaction introduced 
by gauge invariance due to the presence of a potential 
of the form Vis=V(r)L-S and Sessler and Foley* 
have calculated the effect of this added interaction 
term on the hfs. They find an additional hyperfine 
energy of magnitude 


AE1s/E¥ = —0.004(Ay) zs, (79) 


where 


(Au) rs= — (e/16)(0| V(r) [(S-r)?—r(S- J) ]!0) 
(e/12)[(S|rV|S)—(1/v2)(S| PV | D) 
+3(D\rV|D)). 


We return to this effect in Sec. D. 


D. Numerical Results and Discussion 


If we take the ground-state wave function of the 
deuteron to be of the form 


wo= (4)! cosw{[¢s(r)/r}x1+sinw{[¢p(r) |/r} 
x { (2, ‘20) xy Yoot+ (6/20) yo V a1 


+ (12/20)*x_1¥22}, (80) 


we can collect all of our corrections into the formula 


 H. Feshbach, Phys. Rev. 107, 1626 (1957). 

A. M. Sessler, Ph.D. thesis, Columbia University, 1953 
(unpublished). A. M. Sessler and H. M. Foley, Phys. Rev. 98, 6 
(1955); 110, 995 (1958). 
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x|2 costa f (res!/d)dr— (5/4) sintw f (rgp*/d)dr— (v2/4) cosw sine f (renes iar] 


+(am/xunM){ (1—3 sin’w)[—2(up+1) In(M/m)+3(up—py) In(| Wo! /m)+up—uy | 


+cos*w(up—py)[(2/3—C—In(| Wo] /m))(MrV x) s— (In(mr) Mr V ex) s |+(1 
<[(3/4)un?+ (1/4) (up+1)(3up—1)] In(M/m)— (1-3 sin’w) (uy —np)[ (3/8) In(| 1, 
—2i(up—pw) cosw dg Mrog: Vago Inf (W,—Wo)/| Wo} J— 


. sin’w) 


m) 


15 
| > 


Lawl 


_ onl es.2\12 


ce » (Wy - 
IS“ a! \W0!| Wg, 


(3 3) (up— uN )2 


XIn[(W .*—Wo)/| Wo| ]} + (84/3) (1/E*) moun | w0(0) |? 


X {— (2am/mup! Wo} )o*- > prog X Poo Inf (W,—] 


The first correction in Eq. (81), the Low term, is calcu- 
ated in two ways. First we use the most recent phe- 
nomenological wave function of Signell and Marshak,!” 
which includes about 7% D state, the implications of 
which we shall discuss below. We use the analytic 
expressions for the wave function found by Moravesik,”4 
which represent the numerically tabulated phenomeno- 
logical wave function to within 2% everywhere and to 
within better than 1% for r>1 fermi. We obtain: 


€Low> Mf = (22445) X10-*. (82) 


Second, we use Low’s original result,”° which is given as 


a function of % D state. We find 


Low 
€Low 


= (220+10)10~-*, 7% D state 
(242+10)10~*, 4% D state. 


(83) 


Thus, for the same 7% D state, the exact phenomeno- 
logical wave function gives a value which differs little 
from that found by Low using effective range theory. 
The actual value of érow varies significantly with the 
Q, D state. 

The other expressions needed for Eq. (81) are given by 


iM Y 4 Fog" ¥qo In[(W,—Wo)/| Wo! ] 


—~3.2140.3, (84) 
> «| (wo| wa*)|? nf (W—Wo)/| Wol J 
=0,55-40.35, (85 
(Mr?V x)= —0.14, (86) 
(Mr’V .x In(mr))=1.52. (87) 


Equation (84) is found with the aid of the approximate 
formula found by Low,” good to within 10%. A more 
accurate determination of Eq. (84) using numerical 
methods would not affect the error of the final result 
significantly. Equation (85) has been calculated by 
Greifinger” using effective-range theory. The entire 
expression contributes but 4 ppm, so that the error is 
of no interest. Equation (86) and Eq. (87) are calcu- 
lated using a Serber exchange potential; the result is 


#4 M. J. Moravesik, Nuclear Phys. 7, 113 (1958). 


V0)/|Wo 


VE(W.—Ws)/| Wo! J} 


+nucleon structure term+spin-orbit term. (8} 
relatively insensitive to the exact amount of exchange 
force. The nucleon structure correction’ is given as th 
sum of two terms, one arising from the proton form 


factor and one from the neutron: 


AE scion! -128+13 ppm, 
(XA 
BE ncotton! 17+ 2 ppm. 
Inserting this into Eq. (81), we obtain 
AE/E? = 1+ erowt (5549) X 10- 
— (178+46) X 10-6 sin’w— (128+ 13) « 10-6 
+ (17+2)X 10-§—0,004(Ap) 57. (89 
This gives for the two percent D-state values: 
AE/EF = 1+ (267422) 10-*— (111415) x10- 
- 0.004 (Au) sz,-7% D state 
. : (9 
1+ (290+27) xX 10-®— (111415) x 10-* 
—().004(Apu) s1, 4% D state. 
In both expressions, we have allowed a 2% error for 


possible relativistic corrections,> and a 10% error in 
the mass term for possible end effects. 


The hfs anomaly 6 for deuterium is defined by 


(Av) x Ey F 
(1+). (91 
(Ay) Eq 
The experimental value for 6 is”*: 
Sexy = (17041) 10 (92 
to be compared with the theoretical values 
Stheor = (267422) X 10 (111+15)«10- 
—0.004(Ap) 51+ (39+4) & 10-6= (195+41) 
X 10-*—0.004(Ay) s1, 7% D state 03 
(YS 


(290+ 27) x 10-®— (111415) 10-® 
— 0.004 (Aw) 51+ (39+4) x 10-° 
16) X 10-*—0,004 (Ap) sr, 
1°, D state. 


(2184 


25 M. Sugawara, Arkiv Fysik 10, 113 (1955). 
26 P. Kusch, Phys. Rev. 100, 1188 (1955). 
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Note that the extremely low (1 -2%) D state suggested 
by Newton?’ seems to be excluded. 

The spin- -orbit term remains to be discussed. When 
frst introduced the L-S potential was taken to be inde- 
pendent of isotopic spin and attractive. This was ob- 
ated to by Feshbach” and Sessler and Foley,” on 
srounds discussed above. In reply, Signell, Marshak, 
and de Swart’ pointed out that Feshbach’s value for 
(\u)sz was too large, and that a phenomonological 
wave function gave 


(Au) sir= —0.024 nm. (94) 


Since this value was still too large, in that it still pre- 
cluded the presence of D state in the ground-state 
wave function, these authors suggested that the L-S 
potential may be isotopic-spin dependent, having the 
given value in the 7=1 state, and either vanishing or 
“wiggly tail” in the 7=0 state (the latter 
being insensitive to the presence of the L-S force in 
the scattering). They would then set (Auw)s,=0, and 
with this, the hyperfine correction would vanish as 
well. The status of this entire question must await a 
fnal determination of the presence of a spin-orbit 
potential (and its isotopic spin dependence if present) 
in the n-p system. 

Although the SM wave function gives better agree- 
ment with 6.x» (omitting the L-S term) there is one 
important feature in which this wave function is de- 
ficient. The high percentage of D state gives a magnetic 
moment which is 0.024 nm smaller than the observed 
moment. This discrepancy is of the same magnitude as, 
and opposite in sign to, the discrepancy which led to the 
first suggestion of 4% D state. If the SM percent D 
state is accepted, we must then look for another source 
of magnetic interaction which would contribute a term 
to the hyperfine anomaly, which would have to be 
taken into account in Eq. (93) when comparing 8¢heor 
and dexp. 

Finally, we must recall the discrepancy in the H! hfs 
discussed in Sec. I. If an error in the value of a is its 
cause, this would have no effect on the deuterium 
anomaly, But if there existed nucleon polarization terms, 
ora singular charge distribution, which would cancel 
the existent structure correction, we would expect the 
same cancellation to occur in deuterium, since the deu- 
teron is loosely bound, and the effect of the binding on 
such intrinsic nucleon characteristics is expected to be 
negligible. In this event, the second and fourth terms in 
Eq. (93) would vanish, leading to a result 


bheor = (267+22) x 10-*—0,004 (Ap) sp, 
7% D state (95) 
= (290-27) x 10-*—0,004[ Aw) sz, 
aN 4% D state. 


2 Yr; G. Newton and T. Fulton, Phys. Rev. 107, 1103 (1957); 
i. Newton and J. H. Scofield, Phys. Rev. 110, 785 (1958). 
*J. J. de Swart, R. E. Marshak, and P. S. Signell, Nuovo 


rimento 6, 1189 (1957); Progr. Theoret. Phys. (Kyoto) 20, 171 
181 (1958), P . : : 


having a 
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Both cases diverge considerably from the experimental 
value. 29, 30 

It is thus of prime importance to redetermine a 
accurately, and to obtain more information both on 
the nucleon structure and the possible spin-orbit 
potentials. Until such questions are settled, the theo- 
retical value for the H® hyperfine anomaly remains in 
doubt. On the other hand, the theoretical expressions 
for this anomaly can help provide a check on suggested 
values for these quantities. 


Ill. hfs OF TRITIUM 


The ground state of the triton has spin 3, and mag- 
netic moment nearly equal to that of the proton. The 
wave function can be taken to consist almost entirely 
of an S-state spatial function symmetric in all nucleon 
coordinates, and a spin function with the two neutrons 
in a relative singlet state and with the proton’s spin 
pointing in the direction of the triton’s spin. The entire 
hyperfine energy is then due to the proton. In the 
absence of Bohr-Low terms we start from a nonadiabatic 
approximation which centers the electron on the c.m. 
The third-order perturbation containing V will then 
restore the high-momentum part of the electron wave 
function to its adiabatic motion around the proton. We 
label the proton, neutron, and electron by Nos. 1-4, 
respectively, and use the coordinate system of Morita 
el al.*' These authors have obtained the best triton 
(and He*) wave functions to date. Hard-core inter- 
action potentials were employed and excellent agree- 
ment with the experimental data were obtained. We 
also introduce an electron-c.m. relative coordinate, 04. 

The second-order hfs terms give the Fermi energy. 

* The two problems outlined may be related, as it is possible 
that the same magnetic term which accounts for the discrepancy 
in the deuteron moment, also gives rise to a hfs contribution which 
restores agreement between Eq. (95) and Eq. (92). This has led 
us to the following conjecture: If we take as a spin-orbit potential 

VL-S=}(1+!-*?) V (Signell-Marshak), 

the /=0 potential would be repulsive, of opposite sign and equal 
magnitude to the triplet value. The insensitivity of the 7=0 
scattering to the presence of an L- S term of suggested magnitude, 
makes the verification of this hypothesis via n-p scattering data 
unlikely at present. A careful study of its effect on other electro- 
magnetic phenomena, such as photodisintegration of the deu- 
teron or electron-deuteron scattering, may yield more decisive 
results. See footnote 30 for references. 

Such a fepulsive potential would contribute +0.024 nm to the 
deuteron magnetic moment, by Eq. (94), and this would just 
account for the remaining magnetic interaction needed to bring 
“wp into agreement with usm. By Eq. (95), a contribution —0.004 
X0.024= —96X 10-6, would be made to the hfs anomaly,yielding 
a value dtheor’ = (171+22)X10~*, which agrees excellently with 
Eq. (92). 

If the hydrogen discrepancy is due to an error in a, the entire 
agreement would of course break down, and the virtual absence 
of L-S forces in the J=0 state would be indicated. 

8 E. Butkov, Nuovo cimento 13, 809 (1959) ; J. J. de Swart and 
R. E. Marshak, Phys. Rev. 111, 272 (1958). 

31M. Marita, T. Ohmura, and M. Yamada, Progr. Theoret. 
Phys. (Kyoto) 15, 223 (1956); Progr. Theoret. Phys. (Kyoto) 17, 
326 (1956) ; Phys. Rev. 101, 508 (1956). J. M. Blatt and G. Der. 
rick, Nuclear Phys. 8, 310 (1958). 
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Consider the first third-order term AE,°?: we again write 
cD ; ; Sine 
AE, Ce+W,—Wotk/6M]} ios 
=D an’ (En— Eo)“ (En — Eo) k'— (R/6M+Wi.—Wo)(R+Wi—W, 7h orde 
‘| eat: Qa /k)} oxp(ik-r.)|n)& ++ func 
X (O| eat S° (2 /k)iauxeua exp (ik: r4)|2)X and set [=1,+/2, where J, contains no log correct 
= Doan (E,— Eo) (En — Eo) (24) and J» is: 
/ / / 2 to be 
X (e r) [ck dq(1/k)(1/¢") I=—M f akao (1/k2) 
@>q@ 
X (Olaxa* eSp(ik- 14) | 2)(n lax! exp(—ik- 11) | n’) " 
, ; ms ; oa , ’ ; Xd wr exp[ (1 3)ik- (o;—o yiiw Tl 
X(n'| exp[iq:(ts—11) ]|0). (96) ieee andi | 
X (we| exp[— (1/3)ik- (os— 02) ]| w Be. 
The nuclear matrix elements are iti = Sve | obsel 


X (k?/6M+W —Wo)(R+W,—Wo)7. (193 of we 


(O| wm )<2'm | axa! exp —ik- (1/3) (e3— 01) | Wy) prey 
X (w,| exp[ik- (1/3)(@s—o2)]|wo). (97) Setting, as before, (k+W,—V k—(W,-W,) | singl 
The spin part is seen to be the same as in the deuteron. XLA(R+W,—Wo)}" we find that each term in J, | 1€8S, 


involves one part in which closure can be used, and | acco 


Evaluating the remaining expressions in Eq. (96), we ; 
another in which only the region k<B contribute, | inde 





have ae Hie 
where the exponentials can be expanded. The result js | nucle 
AE,°? = (22/3) (e2/Mm)(o' -o*) | u9(0) |? in ~ 
re ae . I= — (40/2) In(M/m)+ (44M /6) (8/9) oe 
X (e/42*)(m/M)S, (98) ny i — 
X (we! (1— In (2ymps)/3 |) ps? V 12°* (ps) | w | discr 
| 
a aia ‘ — (9/3)\s (Ae /3) nny \- slay | betwi 
S\cP++=M YO, | dkd® RLEd(k) }(R+Eq(k)—m) 2/3)i(4m/3) Ligio} Os) Wa) (W| Ms] wo sa 
XIn[(W —Wo)/m]. (109 | SM 
; chan 
(Be 7. (b) — , _w,)-1 La ee re ie A ; 
X (h?/6M + Ex(k)—m+W q— Wo) Proceeding in the same fashion with all third-order | neghl 
X (wo! exp[ — (1/3)ik- (o3— 02) || we) terms, we obtain ; | In 
ae : , expel 
X (w,|exp[(1/3)ik-(os— 2) ]| wo). (99) S§S/4e —2(up+1) In(M/m)+ (16/9)Mup 
Comparing with deuterium, we see that if we replace X (wo| (5/6—In[ (2ymps)/3 })ps?V 12™(ps) | | 
the deuterium nuclear elements by Eq. (97) and the + (4/3) ue— (8/3) uri do (wo! o3| Wg 
denominators Eq. (67) by -(we|Mvs| wo) Inf (W.—Wo)/m]. (106 
> (Bb) Ses 
a=k+E,(k)—m, In evaluating the fourth-order terms, we need nt} and 
b,=Eq(k)—m+FP/6M+Wi-Wo, (100) distinguish between the various intermediate sp} corre 


. ‘ ‘ states, there being no difference in the interaction be } recto 
Cg=kt+W,—Wotk?/6M, 


tween the proton and the two singlet neutrons in the} contr 


we get the same result as Eq. (68) for S,,,°”. This spin-up or spin-down state. The net fourth-order terms | invoh 


similarity to deuterium terms holds for all third-order Ms ' IM i phote 
e ° ° i ( 4) /( 1 ) ( { fe ; 

terms, when they are considered in detail. Sé/ 4a = (1/4) (wet 1) (Sue— 1) Ina /m). @A 
In the fourth-order terms as well, the expressions for e- ' ‘oe | Wm] 
The hyperfine anomaly is defined as in Eq, ()) | 20 


S are similar to those of deuterium, except that one 


i : If we write out the correction terms of hydrogen & | the ma 
replaces the deuterium nuclear matrix elements through- : oe 


plicitly,® we have far too 
out by . rection 
: —- vl »/ 1) In( | tively, 
(wo exp[ (1, 3)ik- (o3— 02) Jo! W) 0= (a/mur)(m/ J ){ —Z(uptri) in’ m) signific 
. | 7 i L } ( he BV E Pine 5 ces ( , topic ¢ 
X (w,|exp[— (1/3)ik-(os— 2) Jov'|wo). (101) + (1/4) (up+1) Gur—1) In(M/m) vanis| 
‘ — (8/3)upi > (wo! 03! w,) 4R. 

To evaluate J, given by w, | Mv3|wo) In[(Wo—Wo)/m] 


+ (16M/9)up(wo| (5/6—In[ (2ymps)/3.]) 
X pV 12% (ps) | wo + (4 3)up} 


k>ko 

’ — (a/mup)(m/M){ —2(up+1) In(M/m) 

(wo| expl (1/3)ik- (03— 02) || w,) . 
XX e{wo| exp[ (1/3)ik- (o3— 2) ]| we +.(1/4)(up+-1)(3up—1) In(M/m)+(1 8)(up-1 


X (wel expL— (1/3)ik- (es— e2) ]| wo) + (up/pr)d(proton structure) —6(proton structure 
x[k+W,-Wotk/6M}, (102) +a(other). (tt 
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since ur=1.0004up, terms which are the same except 
for factors of 1/ur and 1/up, cancel to the required 
order. Evaluation of Eq. (107) with the Morita wave 
function gives 


Stheor = + (172) X 10-°+6 (other) (108) 
to be compared with” 
dexp= (—5.7+0.2)10-°. (109) 


The origin of Sather is perhaps the following: There are 
many possible states which could combine to give the 
observed J=} triton ground state. The near equality 
of up and wr, together with energy considerations, leads 
one to choose the completely symmetric § state with 
singlet neutrons as the predominant state. Neverthe- 
less, the residual magnetism in the triton must be 
accounted for, as well as that of He’, and, by charge 
independence, the sum of the moments of the mirror 
nuclei H® and He* must obey a further relation. Mixing 
in ~4% D state into the ground-state wave function 
matches the sum of the mirror moments, but leaves a 
discrepancy of +0.27 nm in H* and He’, respectively, 
between calculated and observed moments. This re- 
sidual magnetism is then ascribed to (unknown) ex- 
change currents. The 4% D state in tritium leads to a 
negligible orbital hfs correction. 

In order to bring Eq. (108) into agreement with the 
experimental value Eq. (109),** we must have 


6(other)~ —23X 10-8, (110) 


IV. hfs OF He** 


Sessler and Foley, Sessler and Mills,’ and Novick 
and Commins™ have calculated all of the known hfs 
correction terms, with the exception of the mass cor- 
rection, which we now discuss. Here the protons do not 
contribute to the hfs, and the only terms which are 
involved are the single photon C: P term and the double 
photon PP’ term. These are calculated as in deu- 
5h. G. Prodell and P. Kusch, Phys. Rev. 106, 87 (1957); 
Wm. Duffy, private communication from P. Kusch. 

Our conjectured L-S contribution contributes +0.021 nm to 
the magnetic moment of H® and He? (both the same sign) ; this is 
lar too small to account for the residual magnetism. A hfs cor- 
rection term Snts' 4S = F6X 10-6 is added to H* and He’, respec- 
tively, The net effect is small, and does not alter the picture 
significantly in any direction. The same may be said for an iso- 
opie spin independent L-§ potential, or one of the SM form 
vanishing in the J=0 state). 

R. Novick and E. D. Commins, Phys. Rev. 111, 822 (1958). 
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terium and tritium, and yield 
SS/4= lun (4/3)iM ¥ (wo| 03| we) 
-(We| ¥3| wo) In[(W_~—Wo)/m]} 
— (8/9) (we | (5/6—In[(2ymp;)/3 }) 
X ps V 12°* (ps) Wo)—2 3} (111) 
S4/4ar = wy?(3/4) In(M/m). (112) 
The net correction is then 
A= (a/mpne’)(m/M)2pw{(4/3)iM > ,(wo| 03| w,) 
ot W, | V3| Wo ) In ( We- Wo), m | 
=~ (8 9) wo | (5 ‘6—In[ (2ymp;) 3 }) ps" 
X V 12*(p3) | wo) —2/3+(3/8)un In(M/m)}. (113) 
Evaluation of this gives 
A= (—29+3) x 10-*. (114) 


The anomaly is defined as in Eq. (2). Its experimental 
value is® 


Sexp= (—186-+9) x 10-*, (115) 


The theoretical value, excluding mass and exchange 
corrections, is™ 


- , 


tier = — 173 M10 os=2./f 
“ ees MEETS (116) 
~159X10-*, ryg=2.4f. 
Inclusion of the latter effects yields 
Otheor - (202+3) 10 . t-Oexch, Tos ’ 2.7 f - 
gs pais 4 (ARE) 
— (188+3) K10-*+éxch, ros=2.4f, 


so that, by comparing Eq. (115) and Eq. (117), we find 


Sexch = (+16+12)10 : 
(+ 2412)x10-%, 


ros=2.7f 


118) 
Tos= 2.4 a ( 


The value for r9s;= 2.7 f compares well with Eq. (110), 
whereas the other does not. It should be noted that a 
redetermination of a, which could have a sizeable 
effect here, as well as a more accurate determination of 
ros (and a consequent recalculation of the other theo- 
retical terms of He** in reference 33) are necessary be- 
fore any final conclusions can be drawn. 

In general, the corrections given by Eq. (108) and 
Eq. (114) are of a magnitude which seems compatible 
with the experimental results. It seems, then, that the 
difficulties associated with the deuterium hfs are due to 
uncertainties in the value of @ and the properties of 
the n-p system, rather than to some large intrinsic error 
in the method of calculation of the correction terms. 
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tion of spacings has a character which is intermediate 
between the Wigner distribution and the exponential 
distribution. For example, the broken line in Fig. 1 
(curve c) gives the calculated result for the random 
superposition of two independent systems of levels 
which have the same mean spacing.” If a large number 
of unrelated systems of levels are superposed, the 
exponential will be approached, under certain condi- 
tions. (The problem of superposing any number of 
sequences is considered in the Appendix.) 

We have previously reported in a preliminary way” 
that a similar repulsion phenomenon occurs in the 
spectra of many complex atoms. In this paper, we 
present the empirical evidence in detail for the different 
regions of the periodic table and we also attempt to 
interpret the results in terms of the theoretical ideas 
given in reference 6. In this connection it will be neces- 
sary to modify the random matrix hypothesis to take 
account of the enormous range in strength of the spin- 
dependent forces in atomic spectra. 

It seems worthwhile to summarize at this point some 
of the differences, which are relevant in this work, 
between the typical atomic spectrum in the range of 
excitation energy of a few ev and the spectrum of a 
heavy nucleus excited to about 7 Mev. (1) Even the 
most complex atomic spectrum is so simple compared 
with the nuclear spectrum, that it is by no means a 
foregone conclusion that the atomic spectra are sufti- 
ciently complex for the statistical properties to show 
up. In fact, we seem to have the interesting situation 
that the statistical properties begin to appear only in 
the more complex spectra. (2) Related to the first point 
is the fact that the density of energy levels in a highly 
excited nucleus is virtually constant over an energy 
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Aig. 1. Illustration of the “repulsion of energy levels.” The 
Wigner distribution of nearest-neighbor spacings, curve a, for 
which the frequency of a small spacing is relatively low, represerts 
a high degree of repulsion. This should be compared with the 
exponential distribution, curve b, which is obtained if the energy 
evels occur completely at random. Curve c, which results from 
. random superposition of two sequences, each governed by 
rs Wigner distribution of the same density, is characterized by a 
egree of repulsion which is intermediate between the extremes 
ot a and b, 

LL 


oe ins Lane, Oak Ridge National Laboratory Report ORNL- 

inden »/ (unpublished), p. 121. The problem of superposing two 
“pendent sequences was first considered in reference 7. 

1959) psa and C. E. Porter, Bull. Am. Phys. Soc. 4, 353 

den - Aelerence 6 contains a preliminary report for some of the 
ments of the third long period. 
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interval which contains hundreds of levels. In the 
atomic case the density of levels typically changes by 
a factor of 2 or 3 in the interval which contains two or 
three hundred levels. It therefore is necessary to con- 
sider the problem of defining a “local” mean spacing. 
(3) It is well known that in many cases the spin- 
dependent forces are relatively small compared to the 
central forces (Russel-Saunders case). This results in 
the spin and orbital angular momenta being constants 
of the motion to a good approximation. One is therefore 
led to consider the role which these additional (approxi- 
mate) quantum numbers play in the phenomenon of 
repulsion of energy levels. 

This paper is divided into four major sections as 
follows. Sections II, III, and IV are devoted mainly to 
an examination of the voluminous experimental mate- 
rial. In Sec. II we shall treat one example, viz., the 
spectrum Hf 1, in greater detail than will be practical 
for the other elements. By means of the example we 
shall define the method of analysis to be used through- 
out the paper. In Sec. III we take up a comparative 
survey of the odd-parity levels in three regions of the 
periodic table. In Sec. IV a similar study is made of the 
even-parity levels. In Sec. V we discuss the results of 
the preceding sections in terms of a statistical model for 
the Hamiltonian matrix. 


II. STATISTICAL PROPERTIES OF THE 
ENERGY LEVELS OF HfI 


1. General Remarks about Atomic Energy Levels 


It is natural to ask to what extent the statistical rules 
observed for the quasi-stationary states of compound 
nuclei are applicable to the discrete states of other 
quantum systems. In this connection it will be remem- 
bered that the experimental data on atomic energy 
levels, having been assiduously deduced from the 
analysis of optical spectra by many workers over a 
period of decades, are very extensive and of very high 
quality. For virtually all of the known atomic energy 
levels, parity and total angular momentum are given 
with almost complete reliability. In many of the cases 
in which it is meaningful to do so, assignments of the 
spin and orbital angular momentum (S and L, respec- 
tively) have also been made. It is therefore a relatively 
straightforward matter to make an empirical study of 
the distribution of the spacing between neighboring 
energy levels of the same symmetry type. 

In deciding what spectra to examine first, we were 
guided by two considerations. On the one hand, one 
expects that the repulsion phenomenon, if it occurs at 
all in the atomic domain, will be characteristic of the 
“complex” spectra arising from the interaction of many, 

14 Charlotte E. Moore, Alomic Energy Levels, National Bureau 
of Standards Circular No. 467 (U.S. Government Printing Office, 
Washington, D. C.), Vol. I, June 15, 1949; Vol. II, August 15, 
1952; Vol. III, May 1, 1958. This admirable compilation of ex- 
perimental data, without which our task would have been very 
much more difficult, will hereafter be referred to as AEL. 
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TABLE I. Positions of energy levels of Hf1 (expressed in cm ') 


which are not listed in AEL, grouped according to parity and J 
value. The even-parity levels are entered in the top section, the 
odd-parity levels in the bottom section of the table. 


0 1 2 3 4 5 6 
25444 46101 45666 47112 31575 27019 26944 
47309 47345 47897 45388 47769 
51091 47955 48746 46678 49181 

48459 49347 48221 51930 
48552 49 660 
48906 50 680 
48991 51847 
49 404 
49 999 
51 508 
27232 47092 10509 42396 41175 44537 25462 
48985 48259 42076 44049 42454 
44504 44464 43795 
45848 45522 46290 
47345 46218 48 236 
50084 48648 52581 
50355 53 064 
50 584 


or at least a few, electrons. On the other hand, the only 
spectra useful for studying the distribution of spacing 
between nearest neighbors are those for which a reason- 
ably complete and sufficiently large set of levels is 
available. It seems that both requirements are fulfilled 
to an adequate extent in the regions of the periodic 
table in which the outermost s and d orbits compete 
energetically in the formation of the ground state and 
the low-lying excited states.'® This results in the par- 
ticularly rich, and yet in many cases thoroughly ana- 
lyzed, structure of odd-parity levels arising mainly from 
the overlapping configurations d"p and d"~'sp. Spectra 
of this type occur in three periods,'* namely between 
2iSc and ogNi, between 39Y and 4sRh, and between 7,Hf 
and ;;Ir. We shall focus our attention in this paper 
entirely on the spectra of these three groups of elements. 
We shall begin our survey by describing the distribu- 
tions of interest and the methods of obtaining them, 
using the spectrum of Hf 1 as an example. 


2. The Energy Levels of Neutral Hf 


In addition to the 217 levels of Hf 1 which are listed 
in AEL, 57 additional levels are known from a prelimin- 
ary unpublished analysis by Meggers.'’ For the purpose 
of fully documenting the basis of our computation we 
have listed these additional levels of Hf1 in Table I. 
Thus, there are altogether 274 known levels of Hf 1 
ranging in energy from 0 to about 52 000 cm™ above 
the ground state. The ionization potential of Hf1 is 
estimated to be approximately 56 500 cm~. The distri- 


16 The spectra of the elements in the rare earth region are even 
more complex, but they are not known to an extent which would 
make them useful in our study. 

16 Presumably some of the recently discovered, or still to be 
discovered, elements of atomic number greater than 100 have 
spectra that are similar to those considered in this work. 

17 This was kindly drawn to our attention by Dr. R. E. Trees. 
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bution of these 274 levels with respect to parity andj 
value is shown in Table II. 
Before attempting to find out what are the rules ( 
any) which govern the fluctuation of individual spacing 
about their mean value—which is the principal objectiy, 
of the empirical part of this work—it is necessary ; 
show that it is possible to define the mean spacing as; 
function of excitation energy. For this PUrpose we 
define the monotonically increasing step function 7(f 
as being equal to the number of observed energy leye 
having energy <F. Figure 2 is a plot of T(E) for th 
levels of Hf 1. It is seen that the variation of T(E) with 
energy is sufficiently regular that it is possible to defin 
an increasing continuous function T*(E£) which wil 
represent 7'(/) fairly accurately. Therefore, it make 
sense to speak of the density of levels at energy £ jt 
being given by d7*(/:)/dE evaluated at energy E£. Th 
“local” mean spacing D(£) is given by the reciprocal 
of the density, i.e., 


1 d 
=—T*(E). (2 


D(E) dE 


In the formation of the empirical distribution of 
spacings relative to the mean, it is evidently necessary 
to determine the value of D which is appropriate for 
each individual spacing. We shall circumvent the 
complicated step of obtaining an analytical form for 
D(£) according to the scheme described above, by 
inferring an appropriate value of D directly from the 
experimentally observed spacings as follows. The energy 
levels will be divided into adjacent groups of levels 
We compute the average value of the k—1 spacings and 
use it as the mean spacing for each of the k—1 spacings 
in the group. In terms of Eq. (2), this amounts to the 
approximation 


k—1 
_ Ey 


1 T(E)—T(E)) 


D E,.—E, 
where /, and /, are the least and greatest values of the 
energy levels in a group of & levels. 

Insofar as possible one wants to choose & large enougi 
to determine the mean spacing with adequate accuracy, 
but not so large that the energy dependence of this 
quantity destroys the validity of the procedure. This 
point will be pursued somewhat further in the Appendit 

TABLE II. Distribution of the known energy levels 


of Hf1 with respect to parity and J value. 


J Odd Even 
0 5 3 
1 25 22 
2 35 45 
3 37 37 
4 22 22 
5 7 9 
6 1 I 
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Fic. 2. A plot of T(E) vs E for Hf 1. T(E) is the number of levels 
ground state expressed in units of 1000 cm™. 7(£) is seen to increase 
“local” density of levels. 


where the dependence of the most important empirical 
results of this work are studied as a function of &. It 
turns out that the main qualitative features of these 
results are largely independent of & for a certain range 
of values of &. The lower end of this range contains k=7 
which we adopt, somewhat arbitrarily, as the value 
which is used in all the computations, unless otherwise 
stated.'* 


3. Repulsion of Odd-Parity Levels Having 
the Same J Value 


In the region of the periodic table which contains the 
element Hf the spin-dependent forces seem to be of the 
same order of magnitude as the residual electrostatic 
interaction. The situation is therefore very similar to 
the nuclear case since the total angular momentum 
J and parity x are the only general constants of the 
motion that arise from such well-known symmetry 
properties of the Hamiltonian as invariance under 
rotation and reflection. We are therefore interested in 
obtaining the distribution of the spacing between 
adjacent levels having odd parity and the same J value. 

In order to obtain the desired empirical distribution, 
the odd-parity levels were separated into sequences 
consisting of the levels of a definite J value (seven 
sequences altogether corresponding to the seven values 
of J which occur). A set of spacings was obtained 
sparately for each sequence, the reduction to unit 





"Unless the total number of spacings happens to be an integral 
multiple of 6, there will be a few spacings left over. Unless stated 
rtherwise, these “remainders” are included in our distributions, 
the mean being computed on the basis of less than six spacings in 
these cases. We shall draw attention to the few cases where this 


— of the remainders makes a significant difference in the 
s. 


of energy less than or equal to £, the excitation energy above the 
smoothly with £, tending to show that it makes sense to speak of 


mean also being accomplished separately for each J 
sequence. As each of the sets was relatively small, the 
spacings were combined to yield a single distribution, in 
order to reduce statistical fluctuations. The resulting 
histogram is shown in Fig. 3. The repulsion of the levels 
is quite evident, the histogram reflecting a distribution 
rather similar to the Wigner distribution (solid curve 
in Fig. 3). 


4. Superposition of J Sequences 


Having shown that the odd-parity levels of Hf 1 obey 
the first part of the rule stated in the Introduction, we 
shall now produce some evidence that the same levels 
are also in accord with the second part of the rule, which 
states that levels of different J value are not correlated 
in position. This lack of correlation may be exhibited, 
for example, by considering the distribution of the 
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Fic. 3. Plot of the empirical distribution of nearest-neighbor 
spacings for the odd-parity levels of neutral Hf. The mean spacing 
D used in the construction of the histogram is defined by Eq. (3). 
To obtain this figure, separate histograms for J=0, 1, 2, 3, 4, 5, 
and 6 were constructed and then combined. The Wigner distri- 
bution, represented by the continuous curve, is in excellent 
qualitative agreement with the empirical distribution. 
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spacings in the sequence consisting of al] the odd-parity 
levels, no attention being paid to angular momentum 
classification. Qualitatively, it is easily seen that a 
random superposition of two or more unrelated 
sequences leads to an increase in the number of very 
small spacings (as before, every spacing must be divided 
by the now much smaller mean spacing of the combined 
system of levels!). In the combined system of levels 
there will be a nonvanishing probability that a level of 
one sequence will be followed by a level of a different 
sequence. Since these two levels are assumed to be not 
correlated in any way, there will be a nonvanishing 
probability (per unit interval) that the spacing between 
them is zero. Thus, we have the general result that the 
probability per unit interval for the occurrence of a zero 
spacing in the combined system of sequences will be 
nonvanishing. 

If a large number of uncorrelated sequences is super- 
posed, each of which contributes a vanishingly small 
fraction to the over-all density of levels, then neigh- 
boring levels evidently tend to become uncorrelated in 
position. Therefore, in this limit the distribution of the 
spacing (expressed in terms of the mean spacing, as 
always) will be a pure exponential. 

The exact expression for the distribution of spacings 
P(«) resulting from the superposition of any number, 
say m, of unrelated sequences, each contributing a cer- 
tain fraction g;(i=1,---m) to the total density of 
levels in the combined system, is derived in the Appen- 
dix. This is done on the assumption that each of the 
sequences separately obeys a spacing distribution p(x) 
having, like Wigner’s distribution, the property p(0)=0. 
Although the expression for P(x), given by Eq. (36), 
is somewhat complicated, the most important single 
feature of it has an exceedingly simple form, viz., 


P(0)=1-—Diig2, Liqi=1(i=1,-- 


We digress briefly to discuss some implications of 
Eq. (4) which are of interest also when, as is often the 
case for neutron resonance levels, one does not know the 


“N). (4) 
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Fic. 4. Plot of the empirical distribution of nearest-neighbor 
spacings for the odd-parity levels of Hf 1 when the levels are not 
separated according to J value. The repulsion is sharply reduced 
compared with the distribution of Fig. 3. The solid curve repre- 
sents the result of randomly superposing a number of appropriately 
weighted Wigner distributions. The limiting exponential distri- 
bution is also shown (dashed curve). 
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values of angular momentum 
experimental levels. 

(a) P(O)<1—1/n. Th 
gi=1/n. For 


(or parity) for a set 9 
1e equality holds if and only j 
if an examination of a set of 
energy levels indicates that P(0)>4, then one mus 
conclude that the set is a superposition of at least 
independent sequences. 

(b) Consider 2= 2. Then P (0) 92", Qitg=l 
Therefore, if one sein that an experimentally ob. 
served set of energy levels consists of exactly two ind. 
pendent sequences, the case in th 
resonance scattering of slow neutrons on target nuck 
with nonzero spin, then a determination of P(0) yield 


example, 


t hres 


1 -g— 


as is 


generally 


the ratio of the level densities of the two spin systems! 

(c) P(O) > 1if + 
this Therefore, ; 
certain residual amount of repulsion of levels remains 


However, since Ligi=! 
can only occur if g,—-0, n— ~. 
when a finite number of sequences is superposed 
We now return to the particular case of the odd-parity 
levels of Hf 1. We sha 
increasing level 
incomplete 


the « omplications of the 
density with excitation energy and th 
overlap of the J sequences, by 
ascribing a single over-all fractional density to each of 
the J sequences. Using the data of Table IT one obtains 
P(0)=0.783. The comple te distribution, given bv Ea 
(36) of the Appendix, is represented by the solid curve 
of Fig. 4. The empirical distribution was obtained by 
our standard method and is represented by the histo 
gram of Fig. 4. The histogram and the theoretical cur 
are seen to be in excellent qualitative agreement, th 
exponential distribution (the broken curve in Fig. 4)is 
approached, but is not attained. 


ll neglect 


several 


5. The Distribution of Spacings between the 
Even-Parity Levels of HfI 


Generally speaking, the low-lying even-parity level 
of the elements to be considered in this paper arise from 
and d” This results in 
a relatively simpler and smaller set of levels than the 
odd-parity set which is obtained by promoting one d 
the s or d electrons to a p orbit. Furthermore, the grow 
of (known) even levels is generally concentrated neat 
the ground state. For all these reasons our attention 
was drawn primarily to the odd-parity levels as reptt 
senting a richer spectrum in which definite statistial 
rules are more apt to appear. However, as was pointed 
out by Meggers” some years ago, the even- parity levels 
of Hf1 form a notable exception to the state of affairs 
described above. In this particular case, the number 0 
even levels is roughly equal to the number of odd levels, 
as may be seen from Table II, and both sets are spread 
entire energy range. It is therefor 
natural (1) to see wna the even levels repel each 
other when separated into J sequences and (2) to aval 
oneself of the rare opportunity of checking whether the 


the configurations d", d"“'s, 


out over almost the 


19 This was already noted in reference ‘y 


20 Cited in AEL (our reference 14), Vol. III, 
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levels of the same J value but of opposite parity are 
yncorrelated in position. 

The degree to which the even-parity levels repel each 
other may be judged from the histogram shown in Fig. 
5, which is the exact counterpart of the histogram based 
on the odd-parity levels which was shown in Fig. 3. It 
appears that there is some repulsion as compared to the 
exponential distribution. However, the repulsion is 
definitely not as fully developed as for the odd-parity 
levels, as may be seen by a comparison with the Wigner 
distribution (solid curve). This behavior of the even 
levels of Hf ris fairly typical of the even levels for many 
of the elements to be considered in this paper. A discus- 
sion of this feature will be attempted in Secs. IV and V. 

We shall now demonstrate that the repulsion of both 
the even-parity levels (shown in Fig. 5) and the odd- 
parity levels (shown in Fig. 3) is reduced when the odd 
and even levels having the same J value are combined. 
This constitutes a superposition of two sequences. While 
the result of Appendix 2 does not directly apply,”! it is 
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Fic. 5. Plot of the empirical distribution of nearest-neighbor 
spacings for the even-parity levels of Hf1 when the levels are 
sorted according to J value (as in the histogram of Fig. 3). The 
repulsion of the levels is not as fully developed as for the odd- 
parity levels, as may be seen by comparison with the Wigner 
distribution (dashed curve). 


qualitatively clear that, if the two systems of levels of 
the same density are uncorrelated in position, then the 
distribution based on the combined sequences must be 
closer to an exponential than are the distributions based 
on the separate sequences. This turns out to be so, as 
may be seen from the appropriate histogram shown in 
Fig. 6. (It should be kept in mind that, as before, the 
results for the various J sequences were lumped together 
in order to reduce statistical fluctuations.) Thus, we 
have obtained a qualitative verification that Wigner’s 
tule (part 2) is fulfilled with regard to parity. It should 
be noted that the data necessary for checking the same 
point for nuclear levels does not seem to be available 
yet.” 





be The result (36) does not apply because it is based on the 
assumption that every sequence is governed by the same distri- 
—. This restriction could be removed rather easily. 
oan Rosenzweig and C. E. Porter, Bull. Am. Phys. Soc. 5, 17 
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Fic. 6. Plot of the empirical distribution of spacings for levels of 
Hf1, when the levels are sorted according to J value but not 
according to parity. (The results for the seven J sequences are 
combined, as usual, in order to reduce statistical fluctuations.) 
The superposition of the levels of opposite parity reduces the 
degree of repuision observed for either the even- or the odd-parity 
levels (see Figs. 5 and 3, respectively). 


III. DISTRIBUTIONS FOR THE ODD-PARITY LEVELS 
IN THE THREE LONG PERIODS 


1. The Experimental Material 


We now turn to the examination of the empirical 
distribution of the spacing for the. odd-parity levels in 
the three long periods. The experimental “data to be 
considered are the energy levels of the neutral atoms 
which are homologous with elements of the iron group. 


TABLE III. Distribution of odd-parity energy levels with respect 
to J value for the elements in three regions of the periodic table. 
The integral and half-integral values of J are appropriate, respec- 
tively, for the elements of even and odd atomic number. The data, 
taken from AEL (except for Hf1), gives an indication of the 
number of spacings contributed by each spectrum to the distri- 


butions of Fig. 7. 





J Se 1 Fiz Vr Cer Mus Fer Cor. Mix 
0, 3 9 12 40 15 22 12 23 4 
i, 14 18 37 72 45 43 37 45 15 
2, 24 18 49 90 65 58 58 52 25 
3, 34 12 47 89 72 60 63 49 23 
4, 43 6 36 58 69 48 54 25 12 
5, Se 2 19 33 51 31 38 9 4 
6, 64 8 9 30 14 17 1 1 
7, 74 1 1 11 2 3 
8, 84 2 

ie Zrt Nbr Mor Ter Rui Rhir Pdt1 
0, 4 10 10 26 6 10 8 1 
1, 13 17 36 54 45 35 17 12 
ve 18 47 70 58 42 24 24 
3, 3h 13 45 70 63 48 18 20 
4. 43 6 32 50 57 42 8 7 
5, 54 2 18 24 44 20 2 
6, 6: 7 7 20 7 
7, 74 1 1 8 1 

Lui Hf1 Tar We Rer Ost Irt Pt 1 
0, 5 19 9 18 2 15 
37 25 47 36 42 29 34 
a2 35 49 61 44 45 36 
$3 37 54 61 49 49 40 
4,4 22 28 59 30 33 26 
5, 54 7 14 45 19 14 11 
6, 64 1 2 24 8 10 1 
7, 74 4 


*Spectrum notYsufficiently known or 


included in the computations 


not sufficiently complex to be 
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With the exception of Hf1 (already noted in Sec. ID), 
we have used all the levels and only the levels which are 
listed in AEL. A summary of the elements included in 
this study, as well as the number of energy levels known 
for each of the elements, is contained in Table III, 
which also gives the distribution of these levels with 
respect to J value. The arrangement in Table III 
evidently corresponds to that of the periodic table in the 
sense that homologous elements are listed in the same 
column. 

The spectra of the first long period”® are characterized 
by relatively pure SL coupling. The SL coupling approx- 
imation provides a relatively poor description for the 
elements of the second period, and is largely inappro- 
priate for the elements of the third period. These condi- 
tions are reflected in the fact that definite SZ assign- 
ments have been made for 92% of the levels (listed in 
AEL) belonging to the elements of the first period, for 
78% of the levels of the second period, and for only 
18% of the levels of the third period. 


2. Distribution of Spacings between Levels 
Having the Same J Value 


As has been noted previously, parity and J value are 
known with practically complete reliability for every 
energy level listed in AEL. It is, therefore, an easy 
matter to construct the distribution of the spacing 
between neighboring odd-parity levels having the same 
J value for each of the elements in Table III. The 
method of computation is exactly the same as described 
in Sec. IT, 3 for the odd levels of Hf 1. Instead of plotting 
a separate histogram for each of the spectra, we have 
combined the data (after the computation of the 
spacings relative to the appropriate mean value for each 
J sequence), in order to obtain a single histogram for 
each group of elements belonging to the same period. In 
view of what has been said previously, this procedure 
evidently corresponds to a rough grouping according 
to the strength of the spin-dependent forces. For ease 
of comparison, the resulting three histograms are shown 
together in Fig. 7. 

Histogram (c) of Fig. 7 is based on the 1156 spacings 
of the heavy atoms from Hf to Ir. The spectra of these 
elements, as in the case of Hf already discussed in 
Sec. II, are very similar to the neutron resonance levels 
in heavy nuclei, in that parity and total angular 
momentum are the only general constants of the motion 
that arise from the symmetry of the Hamiltonian, and 
one finds, as in the nuclear case, that the odd levels 
having the same J value repel each other approximately 
in accordance with Wigner’s distribution. 

On the other hand, the corresponding distribution 
based on the 1813 spacings of the light elements Sc to 
Ni (first long period) as shown in histogram (a) of Fig. 
7, is much closer to the exponential distribution than to 
the Wigner distribution. The distribution based on 1162 


%3 We have in mind only the elements listed in Table ITI. 
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spacings for the elements of the second period, namely 
Y to Pd, as represented by histogram (b) of Fig. 7, j 
intermediate between the extremes of the exponentiy 
and Wigner distributions. . 

In order to arrive at an understanding of these resy)js 
in terms of the work up to this point, consider the ¢. 
treme case in which the spin-dependent forces Vanis) 
completely.** Then not only parity 7, but the total spin 
angular momentum S and the total orbital angular 
momentum / are separately constants of the motion, 
Furthermore, a state of a given S and L can be chap. 
acterized by a value of the total angular momentum J 
but the energy is independent of J. The set of degenerate 
states labeled by definite values of S, L, and z is called 
a term. Obviously, the zero spacings between the 
degenerate levels of a term do not fluctuate and must be 
excluded from our considerations. (A similar elimination 
of the magnetic sublevels in the absence of external 
fields was tacitly assumed in the Introduction.) This 
leads us to the following modified statement of Wigner's 
rules. 

1. Adjacent terms having the same values for S, [, 






—— = 


Se, Ti, V, Cr, Mn, Fe, Co, Ni (odd) 


| 








1.07— = SS 
Y, Zr, Nb, Mo,Ru, Rh, Pd (odd) 
Pp ol 4 
| / ion (bo) 
al = ! a 
a T oO 
Hf, Ta, W,Re,Os,Ir (odd) 
0.5 4 
(c) | 
ie) \ 2 3 4 


X= S/D 


1c. 7. Empirical distributions of nearest-neighbor spacings t 
the odd-parity levels of elements in the first, second, and third 
long periods (histograms a, b, and c, respec tively). To obtain these 
figures, separate distributions were constructed for the J sequencts 
of each element and then the results were combined. Comparis 
with the exponential and Wigner distributions (also shown 
indicates that the degree of repulsion increases steadily a5 
goes from the first to the second and, finally, to the third penod 
This variation can be understood in terms of the correspondilg 
increase in strength of the spin-dependent forces. 

* In connection with some of the remarks which follow see, 
example, E. U. Condon and G. H. Shortley, The Theory of Alomt 
Spectra (Cambridge University Press, Cambridge, 1935). 
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and x repel each other approximately according to the 
Wigner distribution. 2. Terms which differ in any of 
the quantum numbers S, L, or m are not correlated in 
position. ea : 

The above statement, while it contains the essence of 
the matter, is not directly applicable to actual atomic 
systems because there are practically no spectra in 
which the spin-dependent forces vanish completely. In 
the case of Russel and Saunders in which these forces 
may be represented as a small perturbation in the form 
of a spin-orbit coupling, the positions of the nearly 
degenerate levels are given by the expression 


E(S,L,J)=A(S,L) 


+B(S,L)[J(J+1)—L(L+1)—S(S+1)]. (5) 


In the above, & denotes the value of the energy char- 
acterized by S, L, and J and A(S,L) represents the 
value that the degenerate S,L term would have in the 
absence of spin-dependent forces. It is easily verified 
that 

A(S,L)=>¥7(2I + E(S,L,J) 


> 7(2J+1). (6) 


A(S,L) is often called the ‘‘center of gravity” of the 
term in question. 

If Eq. (5) holds rigorously, then the spacings of the 
nearly degenerate levels do not fluctuate statistically 
(they follow the Landé interval rule) and must be 
excluded from our considerations. This is easily done by 
formulating a statistical rule similar to the above except 
that the phrase “‘center of gravity of the term” replaces 
the word “term.” The centers of gravity can be com- 
puted from the observed energy levels by means of 
Eq. (6). 

The form of the modified rule which we shall actually 
verify (in the cases in which it may be expected to 
apply) is closely related to the above in that it takes 
into account the fact that a week spin-dependent 
perturbation will remove the degeneracy of the S,L 
terms, but it does not require a quantitative applica- 
bility of Eq. (5). Provided the spin-dependent pertur- 
bation is sufficiently small compared with the spacing 
between unperturbed S,L terms of the same kind, we 
may formulate the modified rule as follows. 

1. Adjacent energy levels having the same values of 
5, L, J, and x repel each other approximately according 
to Wigner’s distribution. 

2. Levels having the same J value but differing in any 
of the quantum numbers S, L, or w are not correlated 
in position. 

We now return to a discussion of the empirical distri- 
butions of Fig. 7. The elements of the first period are 
dynamical systems in which the condition for the 
modified rule (weak spin-dependent forces) are approxi- 
mated rather well. It will be readily appreciated that 
histogram (a) is in accord with the second part of the 
rule. This is so because a sequence of odd levels all of 
which have the same value of J are derived from S,L 
terms of many different kinds (typically 8 to 12 different 
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Fic. 8. Plot of the empirical distribution of spacings for the odd- 
parity levels of the first period, corresponding to a separation of 
the levels into sequences each of which is labeled by definite values 
of S, L, and J. Comparison with the Wigner distribution (solid 
curve) shows that a strong repulsion of levels is observed if the 
(approximate) symmetries resulting from (almost) complete 
absence of spin-dependent forces are taken into consideration. 


types), so that each of the J sequences should be re- 
garded as a random superposition of many unrelated 
sequences of levels in the sense of the Appendix. As in 
earlier sections, we find a sharp reduction in repulsion 
compared to the Wigner distribution. The exponential 
distribution is approached but is not attained. It should 
be noted, however, that the residual repulsion, which 
is seen in histogram (a) has its origin in two factors. 
One of these, which we have already encountered, is 
the fact that the number of different kinds of S,Z terms, 
while large, is finite. This factor by itself cannot account 
for the appreciable deviation from the exponential in 
the first interval (0, 0.2). The second aspect is that the 
spin-dependent forces, while small, have an influence 
which apparently goes beyond the removal of the 
degeneracy in that there is already a slight tendency for 
levels of the same J value to repel each other. [The 
second factor is even more important for the elements 
of the second period (histogram b) and becomes 
decisive for the elements of the third period. ] 

The (approximate) applicability of the modified rule 
to the elements of the first period can be tested further 
by constructing the empirical distribution of the spacing 
for the odd-parity levels having the same values for S, 
L, and J. (In doing this we simply ignore the 8% of the 
levels in AEL for which no S,Z assignment is given.) 
The distribution, constructed in the usual way on the 
basis of 1332 spacings, is represented by the histogram 
of Fig. 8. The histogram is in excellent qualitative 
agreement with the Wigner distribution, and thereby the 


first part of the modified rule is also verified. 


A practical matter connected with the reliability of 
the histogram of Fig. 8 must also be mentioned. When 
the levels of even the most complex spectrum are separ- 
ated into sequences each one labeled by a fixed value of 
the triplet of numbers S, L, and J, then each one of the 
many sequences contains relatively few levels (typically 
5 to 10 levels). On account of both the small number of 
levels and the dependence of the mean spacing on 
energy, this aggravates the problem of determining the 
mean spacing. In order to reduce the uncertainties 
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Fic. 9. Plots of the empirical distribution of spacings for the odd 
parity levels of the elements of the third long period. The con 
struction differs from the one leading to Fig. 7(c) in that the 
energy levels were not separated into J sequences. The solid curve 
represents the theoretical distribution obtained by superposing a 
number of appropriately weighted Wigner distributions. The 
limiting exponential distribution is also shown (dashed curve). 


arising from these conditions we constructed the distri- 
bution in question also on the following basis. Only 
sequences containing at least seven levels were retained, 
and the “remainder of spacings” discussed in reference 
18 was discarded. This procedure resulted in a total 
number of 630 spacings. The corresponding histogram 
(not shown) turns out to be very similar to the one in 
Fig. 8. 

We have thus arrived at a good descriptive under- 
standing of the histograms (c) and (a) of Fig. 7, the 
former being covered by the rule stated in the Introduc- 
tion and the latter by its natural modification when 
spin-dependent forces are sufficiently weak. Histogram 
(b) evidently represents the intermediate case (in every 
sense of the word) which is not covered by either rule. 
In Sec. V we shall discuss a modified form of the 
random-matrix hypothesis which leads not only to the 
observed results in the two extremes but also yields 
qualitatively correct results for the intermediate case. 


3. Superposition of J Sequences for the Elements 
of the Third Long Period 


In the preceding section it was seen that the com- 
posite distribution [shown in Fig. 7(c) ], based on the 
elements of the third long period, follows the first part 
of the Rule of Sec. I, viz., the levels of the same parity 
and J value repel each other approximately according 
to Wigner’s distribution. We shall now verify the second 
part of that rule, that the repulsion is reduced in accor- 
dance with theoretical expectation when the odd-parity 
levels of a given element are nol separated into sequences 
of a definite J value. An appropriate histogram (Fig. 9), 
again a composite for all the elements of the third row 
of Table III, clearly reflects a sharp reduction in 
repulsion. 

As in the case of Hf1, considered in Sec. II, 4, a 
quantitative account of the observed distribution is 
obtained on the basis of the theory of the Appendix. As 
before, we neglect the complication of the increasing 
density with excitation energy by ascribing a single 


ane ¢. £. 


PORTER 


over-all fractional density to each of the J sequence 
making up the spectrum of a particular element, Ty 
composite distribution for the group of elements 
given by 

P(x)=>0:u 


— 


P(x) 


in which P;(«) is the distribution obtained for elemen 
by superposing the appropriate number of Wig 
distributions, in accordance with Eq. (36) of th 
Appendix, and w; represents the fractional number ¢ 
spacings contributed by element 7 to the histogram ¢ 
Fig. 9. The numerical computations leading to Pj 
were carried out on the Argonne IBM-704 computer 
and the result is represented by the solid line in Fig, § 
The agreement between the histogram, based on th 
experimental data, and the theoretical curve is excelley 
While the degree of repulsion is greatly reduced by th 
superposition of the levels having all the different 
values which occur, the residual effect is easily seen } 
comparison with the exponential distribution which . 
also shown in Fig. 9 (dashed curve). 


IV. DISTRIBUTIONS FOR THE EVEN-PARITY 
LEVELS IN THE THREE LONG PERIODS 


We now turn to the examination of the empirica 


distribution of the spac ing for the even parity levels in 


the three long periods, the work being complete 


analogous to that of Sec. ITI which dealt with the odd- 


parity levels. 





with the spectrum of Hf tr in Sec. 


even-parity levels constitute spectra of less complexit 
| 


than the set of odd levels. It would therefore not 


IIT that t! 


same statistical properties will necessarily show up 


correct to infer from the results of Sec. 
the even spectra. Actually, the statistical properties d 
appear, although the situation is not as clear-cut asi 


the case of the odd-parity levels. 


1. The Experimental Material 


The ¢ Xpe rimental data to be considered are the evet 
levels of the same atoms considered in Sec. III. Wi 
the exception of Hf 1 (already noted in Sec. ID), all th 
levels and only the levels listed in AEL are includedit 
this study. The distribution of these levels with respe 
to element and J value is given in Table IV. Th 
arrangement of Table IV evidently is such that hom 
ogous elements are listed in the same column. 

The even spectra of the first long period (first row 
Table IV) are characterized by relatively pure 4! 
coupling. The SL coupling approximation provides 0 
a fair description for the elements of the second pene 
(second row of Table IV) but is not appropriate for ta 
elements of the third long period (third row of Tabi 
IV). These conditions are reflected to some extent in the 
classification of the (even) levels in AEL, according! 
which definite S,/ assignments have been made for % 
of the levels belonging to the first period, for 90% ot te 


\s has already been noted in connection 
II, the lowest lying 
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ls of the second period, and for only 48% of the 


leve , ‘ 
belonging to the third period. 


levels 


2. Distribution of Spacings between Adjacent 
Levels Having the Same J Value 


The distribution of the spacing between neighboring 
even-parity levels of the same J value was constructed 
for each of the elements of Table IV. As before, we used 
the method of Sec. II for estimating the value of the 
mean spacing. As in Sec. III, the data have been com- 
bined in order to obtain a single histogram for each 
group of elements belonging to the same period. This 
procedure evidently corresponds to a rough grouping 
according to increasing strength of the spin-dependent 
forces. For ease of comparison, the resulting three 
histograms are shown together in Fig. 10. 

Histogram (a) of Fig. 10, based on 1089 even-parity 
levels of the elements Sc to Ni, and histogram (b), based 
on the 530 even-parity levels of the elements Y to Pd, 
follow the exponential distribution rather closely. The 
discussion of Sec. III immediately suggests that the 
observed distributions are in accord with the second 
part of the modified rule, which is applicable to systems 
in which the spin-dependent forces are relatively weak. 
The detailed explanation is the same as before, namely, 
each of the sets of levels of a fixed J value (for a given 


Taste IV. Distribution of even-parity levels with respect to J 
value for elements in three regions of the periodic table. The 
integral and half-integral values of J are, respectively, appropriate 
for the elements of even and odd atomic number. The data, taken 
from AEL (except for Hf 1), gives an indication of the number of 
spacings contributed by each spectrum to the histograms of 
Fig. 10 





J Sex Ti Vi Cr1 Mnr Fer Cor Nit 
0, 7 7 14 8 13 9 9 5 
1,1 19 19 24 21 22 26 24 13 
2,2 20 33 28 32 30 41 33 23 
33 14 36 28 36 30 39 28 24 
4,4 9 36 23 30 22 36 22 19 
5,5 1 23 13 19 13 23 11 11 
6, 6 10 7 11 2 10 5 5 
7,7 3 2 3 2 1 2 

Yr Zrt Nbr Mor Tcr® Rur Rhi Pd1 
04 13 4 8 7 4 4 3 

1,1 21 7 11 12 13 17 10 
2,2 23 16 13 19 23 19 14 
3,3 14 13 12 20 22 15 14 
4,4 8 15 11 21 23 10 7 
9 1 9 6 13 12 3 2 
6, 6 4 1 8 3 
7,7 | 1 
: Lur Hfr Tar Wr Rer Ost Irt Pt 1° 
0, 3 7 5 6 = 3 4 : 
11 22 14 8 11 7 13 
22 . = + 2 S&S a 
9,9 37 10 10 15 24 15 
44 22. «15 . “H 16 ©12 
3,9 9 6 8 6 6 4 
6, 64 1 1 ! 2 1 


§ Sno . . _ 
“pectrum not sufficiently known or not sufficiently 


} complex to be 
acluded in our study. | 
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Fic. 10. Plots of the empirical distributions of nearest-neighbor 
spacings for the even-parity levels of elements belonging to the 
first, second, and third long periods (histograms a, 6, and c¢, 
respectively). These figures are the exact counterpart of the 
histograms for the odd-parity levels shown in Fig. 7. No repulsion 
is evident for the elements of the first and second long periods. 
The repulsion is developed to some degree for the elements ot the 
third long period. 


element) arises from many different kinds of S,L terms. 
Thus, every such set is a superposition of many un- 
related sequences which, according to the result ob- 
tained in the Appendix, yields a distribution of spacings 
which is very close to the exponential function in the 
cases under consideration. 

Histogram (c) of Fig. 10, based on the 475 even- 
parity levels of the heavy elements Hf to Ir, reflects a 
distribution which is intermediate between the exponen- 
tial and Wigner distributions. Neither the rule of Sec. I, 
nor the rule of Sec. III is applicable in this case in which 
the spin-dependent forces are of intermediate strength. 
The observed distribution can, however, be understood 
on the basis of a modified random matrix hypothesis 
which is suitable for the entire range of strength of 
spin-dependent forces. That will be taken up in Sec. V. 

As in Sec. III, one is interested in testing further the 
applicability of the modified rule to the even-parity 
levels of the first and second periods by constructing the 
empirical distribution of the spacing for even levels 
having fixed values for S, ZL, and J. In such an attempt 
the difficulties resulting from the very small number 
of levels in a sequence of fixed S, L, and J is even 
more acute than for the odd-parity levels studied in 
Sec. III. For example, if only those sequences which 
contain at least seven levels are retained, then the total 
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number of spacings contributing to the histogram for 
the elements of the first period is reduced from 678 to 
54 spacings. If all the sequences are kept, thereby giving 
a rather questionable determination of the mean spacing 
in many cases, one obtains a distribution which is closer 
to the exponential than to the Wigner distribution. 
This, contrary to expectation, indicates a violation of 
the first part of the modified rule. 

Although the results of the preceding paragraph 
(only) seem inconclusive, let us suppose that the 
empirical distribution does in fact violate the first part 
of the modified rule, in that it reflects too little repulsion 
of the levels. Then it is interesting to note that all the 
results can still be understood on the assumption that 
a large number of the even-parity levels have been 
missed al random by the atomic spectroscopists. Suppose 
that a sequence of levels is governed by a distribution 
that, like Wigner’s, has the property P(0)=0. Denote 
the distribution resulting from a random omission of a 
fraction f of the levels by P;(x), where «x is the spacing 
divided by the apparent mean spacing which is larger 
than the true mean by the factor 1/(1—/). It seems 
obvious that the P, will retain the property P;(0)=0. 
On the other hand, it also seems clear that P;— e~7 
as f— 1 because the surviving neighboring levels tend 
to become completely uncorrelated. Evidently, the 
limiting exponential distribution is reached via a set of 
functions in which the peak is monotonically shifted to 
smaller values of x as f goes from 0 to 1. A quantitative 
derivation of P;(*) has recently been given by 
Moldauer.”® An application of his results to the problem 
at hand leads to the rough estimate f~}4. It is unlikely 
that the afomic spectroscopists have failed to observe 
such a substantial fraction of the even-parity levels in 
the energy range under consideration. 

There is still another explanation for a violation of 
the first part of the modified rule by the even parity 
levels, which we mention primarily because of its in- 
triguing character. One can attempt to attribute the 
absence of repulsion to the existence of an additional 
(unknown) constant of the motion X which assumes a 
variety of values for the energy levels in question. To 
substantiate such a hypothesis by statistical methods 
one would have to sort the levels according to X and 
exhibit a high degree of repulsion for the resulting 
sequences. 


V. THEORETICAL ASPECTS 


As has already been mentioned, Wigner’s rule, which 
governs the distribution of spacing in heavy nuclei as 
well as in the heavy atoms of the third long period, has 
been obtained on the basis of a statistical hypothesis 
for the Hamiltonian matrix. In this section we shall 
briefly review the previous work, and then propose a 
natural modification of Wigner’s matrix hypothesis 
which leaves previous results unchanged, but in addition 


25 P, A. Maldauer (to be published). 
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leads to the rule of Sec. III (appropriate for Systems jp 
which spin-dependent forces are very weak) as well . 
to the results which are in at least qualitative agree. 
ment with the distributions observed in the intermedia 
case as exemplified by histogram (b) of Fig. 7, 


1. Summary of Previous Work? 


In order to obtain Wigner’s rules, as given in Sec] 
we note that there exist, of course, representations jy 
which the matrix of the Hamiltonian is real, symmetr; 
and diagonal with respect to total angular momenty, 
J and parity x. We shall make a statistical hypothe 
about the Hamiltonian matrix in one of these represen: 
tations. The submatrix referring to a definite value of) 
and w will be denoted by 


A Qij\\, ad a; . g 


Although we shall consider finite-dimensional matrices 
(dimension .V), we are very much interested in wh 
happens as .V — . The statistical hypothesis may 
stated in two parts as follows. : 
1. In one (or more) of the above representations the 
matrix A has the form of a typical member of th 
ensemble of real and symmetric matrices specified by 
the joint distribution of the matrix elements 


F(A) 


fir(@u) f a\2 -s+ fila eines | ayy), $j i 
aj;) (—d,;) T 

dij javeeho,* 1 1 ] \ 1! 
di2\e=o2, 1<i<N 1) 

pS 1. 13 


In words, the hypothesis states that aside from the 
condition of symmetry the matrix elements are dis 
tributed independently and symmetrically about zen 
The second moments of the off-diagonal elements are 
all the same. The second moments of the diagonal 
elements are all the same and they are assumed tok 
no larger than the second moment for the off-diagonal 
elements. 

2. There is correlation between submatrics 
referring to different values of r or J. (Therefore, there 
is also no correlation between eigenvalues of different 
nr or J.) 

Let us now summarize what is known about the 


ho 


consequences and the validity of the first part of the 
hypothesis. 

For small values of x, P(x)~x. In order to see this, 
consider the transformation of the variables 


€110}39" * *anNN- >ALS Not "An, Q@yat2* * *Q4N N—1l)) (14 


where the \’s are the eigenvalues ordered according 10 
. * > cpt 
size and the a’s are some parameters to complete thet 
It can be shown that the Jacobian determinant wht 


26 The work which is reviewed here is presented in much greate 
detail (and with a slightly different emphasis) in reference 9. 
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occurs in the transformat ion of the volume element has 


the form 


G(ayae* * "ON N pT Liej\di- dj (15) 


Aside from some singular behavior that might be 
‘ntroduced by the function /'(A), this shows that quite 
senerally the probability density of the spacing s—1 
= for small x goes as P(«)~x. 

If one incorporates this important insight into the 
simple-minded approach and supposes that the spacing 
distribution is governed by a Poisson process in 22 
(rather than x), one obtains the Wigner surmise 


p(x) 


A somewhat fuller discussion is possible for one 
particular distribution of the matrix elements. We note 
that if A is real and symmetric then 


= }arx exp(— ja’). 


(16) 


0y;°-+ 029" + 29 -+ayy?+2a,°+ nee + 2ay 1,N° 
=lrAtA=)°;A?. (17) 
So let us take 
f;;(a;;)=exp(—2a;7), t<7 
d j I j ‘ (18) 


fii(aii;) = exp(—a;7). 


Integrating over the domain of the variables a (only a 
verbal step is required !) one sees that the joint distribu- 
tion of the eigenvalues is proportional to 


exp(— i A,*) II Ai—A; ’ (19) 


a Wishart distribution. 

Incidentally, Eq. (17) together with the invariance 
of the volume element dr=day,:--dayn(y—1) under 
orthogonal transformations shows that the distribution 
(18) is invariant. Furthermore, it has been shown (in 
reference 6) that (18) is the only distribution of the type 
defined by Eqs. (9) and (10) which is invariant. The 
existence of this invariant distribution strengthened our 
belief that if the statistical model is valid (or approxi- 
mately valid) in one representation it will remain so in 
many representations. 

It was surmised by Wigner that provided the dimen- 
sionality V is sufficiently large, the distribution of 
spacings does not depend sensitively on the form of f,; 
and that the “universal” distribution might be given to 
a good approximation”’ by Eq. (16). The evidence for 
the correctness of these conjectures comes mainly from 
numerically diagonalizing a set of randomly generated 
matrices by use of a fast digital computer. Several 
diferent forms for fiz, with the restrictions on the 
second moments retained, were used. The parameter py” 
Was varied in the range from 1 to ©, and the depen- 
dence of the results on dimensionality was studied up 
a ee (10) is an excellent approximation, it is certainly 
This fella = ee rege for - > ishart ees 

Ss gner's calculation of the secon 


moment of the distribution (private communication) and also 


irom the computation of another statistic by M. L. Mehta (to be 
published), ; 


ENERGY 


LEVELS” 1709 
to V= 20. Within the limited scope of our calculations 
ve found Wigner’s conjectures to be entirely correct. 
(A further discussion of the dependence on .V and on yp? 
in the range from 0 to 1 is given below.) 

Since the conjectures seem to be correct it makes 
good sense to attempt to integrate the Wishart distribu- 
tion in order to obtain an analytical form for the spacing 
distribution in the limit as V — «. That has turned out 
to be a difficult mathematical problem which has not 
been solved to date. 

An attempt has also been made to see whether the 
statistical model is already indicated in the shell-model 
calculations of the more complex nuclear spectra.** It is 
precisely in the shell-model representation that one 
would expect the statistical hypothesis to hold—if the 
system is sufficiently complex and the excitation energy 
is sufficiently high. The matrices which were readily 
available to us were those of Kurath* for the treatment 
of p-shell nuclei. Only the simplest statistics, such as the 
over-all distribution of off-diagonal matrix elements, 
have been checked so far. In turns out that for these 
matrices that distribution is nearly Gaussian. 

Although this work deals almost exclusively with the 
statistical properties of eigenvalues, it should be noted 
that the random-matrix hypothesis of this section also 
implies definite statistical properties for the corre- 
sponding eigenvectors. This, of course, has important 
physical consequences. For example, the Porter- 
Thomas” distribution for the neutron width has been 
derived on this basis. In analogy with the work men- 
tioned in the preceding paragraph we have also exam- 
ined the statistical properties of the eigenvectors which 
are obtained in the shell-model calculations of both 
atomic and nuclear spectroscopy and this study has 
resulted in additional evidence for the correctness of 
the random-matrix hypothesis.® 


0 


2. Random-Matrix Hypothesis for the Hamiltonian 
in Representations in Which S, L, 
J, and =x are Diagonal 


If the spin-dependent forces vanish completely, then 
there exist representations in which the matrix of the 
Hamiltonian is real, symmetric, and diagonal with 
respect to S, L, J, and x. The modification in the ran- 
dom matrix hypothesis which is required in the light of 
the results of Secs. III and IV, consists in making the 
hypothesis in one of these bases. A schematic represen- 
tation of a typical Hamiltonian matrix labeled by a 
definite value of w and J, which are denoted by m and 
J), is shown in Fig. 11. In the absence of spin-dependent 
forces the matrix elements connecting different S,L 
blocks are zero, and energy levels having different S,Z 
values are uncorrelated. The dimension of each sub- 
matrix is postulated to be proportional to the fractional 


28 C, E. Porter and N. Rosenzweig, Bull. Am. Phys. Soc. 4, 319 
(1959); and reference 6. 

2” 1). Kurath, Phys. Rev. 101, 216 (1956). 

30 R. G. Thomas and C. E. Porter, Phys. Rev. 104, 483 (1956). 
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Fic. 11. A schematic 
representation of a typical 
matrix of the Hamiltonian 
in an S, L, J, w represen 
tation. The matrix is 
diagonal with respect to r 
and J but not, in general, 
with respect to S and L. The 
varying fractional density 
of levels contributed by 
each S, L type is repre- 
sented by a corresponding 
size of each S, L block. The 
strength of the spin- 
dependent forces is deter- 
mined by the parameter yp. 
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density of levels contributed (in reality) by the type of 
S,L term in question. As a result, the distribution of 
spacings based on the entire z,/ matrix will be given by 
the superposition process of the Appendix, in agreement 
with experiment. If the z,/ matrix consists of many 
different blocks, each of which contributes only a small 
fraction of the total number of levels, then the exponen- 
tial distribution will be approached [as, for example, in 
Fig. 10(a) }. 

In order to obtain the Wigner distribution for the 
levels having the same values of x, J, S, and L, we 
postulate that the distribution of matrix elements 
within each S,Z block is given by Eqs. (9) to (13) with 
u=1 (for simplicity). 

If the Hamiltonian contains a spin-dependent term, 
then the matrix elements connecting different S,L 
blocks do not vanish. In that case we postulate that 
these matrix elements are distributed independently 
and normally (0,uc). (The above case, in which the spin- 
dependent forces vanish, corresponds to .=0.) If w21, 
we have practically* returned to the conditions of our 
original hypothesis, and the distribution of spacings 
will be given by the Wigner distribution to a very good 
approximation. Thus, we have formulated a statistical 
hypothesis which gives satisfactory results in the 
extreme cases. 

For the purpose of a quantitative study of the inter- 
mediate case, we shall simplify the above model some- 
what without destroying its essential features by 
assuming that all S,Z blocks are of the same size and 
that there is a large number of them. Furthermore, we 
make the simplifying assumption that all the off- 
diagonal matrix elements (i.e., also those within S,L 
blocks) are characterized by the same dispersion uo. We 
have therefore returned to the matrix hypothesis em- 
bodied by Eqs. (9) to (13), except that we are now 
interested in the values of » between 0 and 1. 

The spacing distribution will evidently depend on two 
parameters of the model, viz., u and V (not on a). We 
already know that for a fixed value of V (sufficiently 
large) the Wigner distribution is approached for u>1. 
Since there are V times as many off-diagonal as there 

*% This is not entirely the case because the dispersion of the 
off-diagonal matrix eléments within S,L blocks was assumed.to be 
@ and not yo. 
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are diagonal matrix elements, it is to be expected thy 
the Wigner distribution will be approached also fo 
fixed w<1 and JN sufficiently large. A_plausibijip 
argument based on second-order perturbation theop 
as well as Wigner’s derivation of the “‘semicircle” lay 
for the over-all distribution of a single eigenvalue 
that the combination of parameters whj 
largely determines the spacing distribution is Vy’, 


suggest 


In order to obtain some quantitative information, w 
have extended our earlier numerical random-matry 
computations to the range of u from 0 to 1. Histograms 
of spacing distributions were obtained for V=10 ay 
20, and the results are shown in Fig. 12. The six histo 
grams (a) through (f) are labeled by the value of th 
parameter Vy’. In two cases, viz., (d) and (e), results 
were obtained for both A 10 and 20 for the Same value 
of Nu’, and they provide some evidence that it 
largely the value of Ny? which determines the distriby. 
tion. The range in Ny? over which there is a rapid 
change in the nature of the spacing distribution occurs, 
roughly speaking, between the values 0.001 and 1. For 
values of Vy? outside this interval the spacing distribu. 
tion is already fairly close to the limiting exponential 
and Wigner distributions. 
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as histograms, wert 


Fic. 12. Plots of the theoretical 
spacings, based on the random-matr 
as a function of Ny?. The 
obtained by diagonalizing a large 
matrices by means of a fast digital cor 
N=10 (solid histograms) and N=20 (dashed histograms) a 
nearly the same for equal values of Nu?. The series of histograms 
(a) to (f) clearly shows the transition from the limiting 4 
ponential (Nu?-+0) to the Wigner distribution @ 
repulsion (Ny?>>1). Qualitatively, this transition correspond 
exactly to the trend depicted in the empirical distributions 
Fig. 7. 
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The dependence of the spacing distribution on the 
parameter .Vy° In the critical range may be further 
illustrated by focusing on a particularly sensitive, and 
from the empirical point of view very convenient, meas- 
ure of repulsion, namely, the height of the first step in 
the histograms which, to within statistical fluctuations, 
is equal to the theoretical quantity 5./(°?P(«)dx. This 
“measure of repulsion,” as obtained from the above 
random-matrix computations is plotted against log (Vu?) 
n Fig. 13. The solid curve was interpolated between the 
calculated points. The dashed straight line segments in 
Fig. 13 represent estimates of asymptotic values based 
m the exponential and Wigner distributions. (The 
simplest analytical approximation to our “measure of 
repulsion” would be the first derivative of the spacing 
distribution evaluated for zero spacing.) 

The above results are not only in agreement with the 
extreme cases of Secs. II and IV, in which the spin- 
dependent forces are either very small (Vu?— 0) or 
rather large (.Vu?>1), but they also provide at least a 
jualitative understanding of the intermediate cases as 
exemplified by the empirical distributions of Figs. 7(b) 
and 10(c). If desired, a very rough value of Vy? can be 
assigned to the empirical! distributions. 

The fact that .Vy? (or the corresponding more correct 
quantity which is unknown to us) is at times very small 
as, for example, for the elements of the first and second 
long periods considered in Sec. III) implies that only a 
limited number of states interact significantly through 
the spin-dependent part of the Hamiltonian (in the 
SLJr scheme). On the other hand, it may happen that 
the effect of a small term in the Hamiltonain is ampli- 
lied by connecting a large number of states with one 
another. General statements of this kind are, of course, 
well known. However, we wish to emphasize that the 
perturbation of the individual levels which are 
significance in our work is quite small. What counts 
here is the displacement of levels relative to the mean 


of 
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spacing between neighboring levels. It seems quite 
possible that a root-mean-square shift per level of less 
than 15% of the mean spacing will suffice to convert the 
exponential to the Wigner distribution (or vice versa). 


VI. CONCLUDING REMARKS 


We have established that the phenomenon of the 
repulsion of energy levels occurs in the odd-parity 
spectra of the elements which are homologous with the 
iron group. (Similar results, which were not described 
in this paper, were obtained for the spectra of the singly 
and doubly ionized ions of the same elements. On the 
other hand, other regions of the periodic table were not 
explored.) We have found that the additional sym- 
metries that arise when the spin-dependent forces are 
relatively weak must be taken into consideration. The 
random-matrix hypothesis of Sec. V, 2 provides a good, 
though somewhat oversimplified, picture of the phe- 
nomena. While our computations give an excellent 
indication of dependence of the degree of repulsion on 
the parameters u and N of the model, it would be 
desirable to obtain an analytical insight into the 
situation. 

At this stage we are primarily interested in the qualita- 
tive features of the phenomena, and refrain from 
stating, for example, whether or not the histogram of 
Fig. 7(c) is quantitatively consistent with the Wigner 
distribution. A statement of this kind must, we think, 
await a more precise theoretical formulation of the role 
played by the energy dependence of the mean spacing. 
In passing, we merely note that there may be a useful 
connection here between the density of eigenvalues of 
a random matrix (given asymptotically by Wigner’s 
semicircle law) and the variation in density which occurs 
in the atomic spectra. 

While the repulsion of levels evidently occurs in 
atomic spectra, the complexity of the atomic systems 
is not so great that the statistical properties are fully 
developed in every respect. The Landé interval rule and 
the tendency of configurations of opposite parity to be 
located in different regions of excitation energy are 
well-known examples of nonstatistical behavior which 
we had to take into consideration. More subtle struc- 
tural effects of a nonstatistical nature may be present 
within the set of even-parity levels. 

The results of this work, together with those pre- 
viously obtained in nuclear physics, certainly 
strengthen the idea that the following general principle 
holds for all sufficiently complex quantum systems. 
Energy levels of the same symmetry type repel each 
other (approximately according to Wigner’s distribu- 
tion), whereas levels of different symmetry are not 
correlated in position. This would mean that a study of 
the distribution of spacings is potentially capable of 
giving information about the symmetry properties of 
the physical system in question. This point of view may 
be illustrated by means of the histogram of Fig. 7(a), 
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which suggests immediately that there are other good 
quantum numbers besides w and J (viz., S and L). 
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APPENDIX 


1. Dependence of Results on the Estimate 
of the Mean Spacing D(E) 


As noted in Sec. II, the entire work is subject to the 
inherent complication that the mean spacing D(/) 
decreases fairly rapidly with increasing excitation energy 
E. We shall obtain an indication of the dependence of 
some of our empirical results on the estimate of D(/), 
by studying the “measure of repulsion” of Sec. V, 
given by 


u=sf P(x)dx, 


0 


as a function of & [the number of levels in Eq. (3) ]. As 
examples, we consider what are probably the most 
significant empirical results of our investigation, namely, 
the distributions for the odd-parity levels in the three 
long periods dealt with in Sec. III. We focus out atten- 
tion on the distributions shown in Fig. 7. These distribu- 
tions were constructed again with values of & ranging 
from 3 to 21 and with the restriction (not made in Sec. 
III) that the ‘‘remainders” consisting of less than & 
levels are discarded (see reference 18). The results are 
summarized in Table V, in which the number of spacings 
T contributing to the entire distribution (not only to 
M) is also recorded. 

It is plain that, although M varies with &, the qualita- 
tive differences for the three groups of elements are 
independent of &. The values of M which are representa- 
tive for the first, second, and third periods are 0.65, 0.45, 
and 0.30, respectively. (The limiting Wigner and 
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exponential distributions correspond to values of 04 
and 0.90, respectively.) 

Next, we focus our attention on the variation of y 
with & within each group of elements. The method of 
Sec. II for estimating D(E) would give M=0 for k=) 
in this (absurd) extreme each spacing would also serve 
as the mean spacing appropriate for it. This artificially 
large repulsion (M =O) persists to a lesser extent up t 
k=6 or 7. Beginning with k=7, M increases slowly with 
increasing values of &, and the effect is most marked for 
the elements of the first period. These trends cap by 
understood to some extent by considering the distriby. 
tion of the mean* [the mean is defined by formula (3)) 
as a function of k. If the mean were constant as a fy. 
tion of energy then the most probable value of th 
estimated mean D, would be smaller than the tr 
mean D,,; the approximate value of the ratio would 
be given by 


D;./D2_.~1—1/k 
for the exponential distribution of spacings and by 
D,/De.=1—1/2k 


for a distribution of the Wigner type. Clearly, the us 
of D, which is too small leads to an apparent repulsion 
which is too large (M too small). From the above 
expressions it also follows that for a given value of b, the 
effect is larger for the exponential distribution (which 
is applicable to the elements of the first period) than for 
a distribution of the Wigner type (which is mor 
appropriate for the elements of the second and third 
periods). If it were not for the strong energy dependence 
of D(E), we would obtain the best possible estimate of 
D by using all the levels (& as large as possible). Actu- 
ally, we adopted the value k=7, which is about th 


TABLE V. The dependence of M, the degree of repulsion, ont 
the number of levels used in the computation of the mean spacing 
M is based on the same empirical distribution shown in Fig. 7 
Sec. III. Although M varies with & somewhat, the qualitative 
differences for the three groups of elements is independent oft 
The number of spacings T, which remain after groups of less tha 
k levels are discarded, is also listed 


First long Second long Third long 

period period period 

Vf 7 Vf 1 M T 

3 0.32 1784 0.24 1130 0.21 11% 
5 0.51 1732 0.39 1088— 0.29 1104 
6 0.53 1690 0.39 1065 0.30 106) 
7 0.56 1656 0.46 1038 0.29 106 
8 0.59 1673 0.39 1015 0.31 108 
9 0.62 1640 0.43 1000 0.29 108 
1 0.61 1560 0.47 920 0.30 
13 0.64 1488 0.47 864 0.33 # 
2 0.71 1280 0.47 760 0.38 «= 
$< 


%N. Rosenzweig, L. M. Bollinger, L. L. Lee, Jr. and J-? 
Schiffer, Proceedings of the Second United Nations Internation 
Conference on the Peaceful Uses of Atomic Energy, Genew, 19m 
(United Nations, Geneva, 1958), Vol. 14, p. 58. There is a muspr 
in formula (24) of this paper. NS* should be replaced by 2NS 
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‘‘REPULSION OF 
gnallest possible value which gives meaningful results. 
In a more quantitative study in the future, the correc- 
tions implied by this discussion should certainly be 
included (see also Sec. VI). 


2. Random Superposition of a Number of 
Sequences of Energy Levels 


We shall now derive the distribution of spacing 
resulting from the random superposition of unrelated 
sequences, a result which has been referred to repeatedly 
in this work.® Let p, be the density of levels of the ith 
sequence and let p(pis)pids be the probability that a 
nearest-neighbor spacing in sequence 7 has a value 
between s and s+ds [this interval will be denoted by 
(s, s+ds) ]. The function p(x) is assumed to be the same 
for all sequences. p(x) is normalized to unity and, since 
the mean value of the spacing is the inverse of the 
density, the first moment of p(x) must also be unity, i.e., 


x 


il p(x)dx= [ xp(x)dx=1, 


(20) 


We are primarily interested in functions p(x) which, 
like Wigner’s distribution, have the property 


p(0)=0. (21) 


Now consider the system of levels resulting from the 
superposition of all sequences. The total density of 
levels is given by 

p= Lipi- 
Let P*(s)ds be the probability®* that a spacing lies in 
(s, s+ds). Our aim is to express P*(s) in terms of the 
fundamental probability p(x). First we write P* as a sum 
which exhausts all mutually exclusive possibilities, i.e., 


(22) 


pi 
P*(s)= > —2x.;(s), (23) 
J 


p 


where p;,;(s)ds is the probability that, given a level of 
sequence 7 at s=0), the nearest neighbor (in the positive 
sense) will lie in (s, s+ds) and belong to sequence j. 
Next, we write down some probabilities which are 
needed for the evaluation of p,,;(s). Given that a level 
of sequence 7 occurs at s=0, the probability that the 
next level of sequence i occurs in (s, s+ds) is given by 


pip(pis)ds. (24) 


Given that a level of sequence i occurs at s=0, the 
probability that a level of sequence 7(i#j) occurs in 


% The case n=2 is considered in references 7 and 12. Our 
treatment is a generalization of a recent unpublished derivation 
by P. A. Moldauer (also for n=2) to whom we are indebted for 
showing us his manuscript. 

eA. phe ogg in energy units, for example, electron volts or 
~~ numbers. We reserve P (without ) for the probability 
ensity in which the spacing is expressed in terms of the mean 
spacing for the combined system of levels. 


ENERGY 


LEVELS’* 1713 


(s, s+ds) is given by 


pads [ p(xt+p;s)dx. 
If we put ; 


R(y)= J ‘platy)de, (26) 


then the probability (25) becomes p;dsR(p;s). Given 
that a level of sequence 7 occurs at s=0, the probability 
that a level of sequence 7 does not occur in (0,5) is 
given by 


x 


f osp(p;2)dx=R(p;s). 


& 


(27) 


Given that a level of sequence i occurs at s=0, the 
probability that a level of sequence j(i#j) does not 
occur in (0,s) is, in view of Eq. (25), given by 


if fi plrtess)dndy= ff plrtytos)ddy 


-f xp(x+pjs). (28) 


0 


Let us put 


® 


D(y) -{ xp(x+y)dx. (29) 
0 


Then the probability (28) is given by D(p;s). Using the 
above results, one can express p;,; as 


pip(pis) » 


.«(s)=——— TI D(p:s), (30) 
saa D(pis) ~ r 
and, if i*j, 
R(pjs)R(pis) _» 
bi. ;(8) =p;———— II D(pus). (31) 


D(p;s)D(pis) =! 


An expression for P*(s) may be obtained by substituting 
Eqs. (30) and (31) into (23). Before doing that, we 
introduce the variable x which denotes the spacing 
divided by the mean spacing for the combined system 
of levels, i.e., 


ps=x, (32) 
the distributions for s and x being related through 
P*(s)\ds= P(x)dx. (33) 


It is convenient to replace the densities p; by the frac- 
tional densities q; defined by 


gi=pi/p, DLiq=1. (34) 
By use of the abbreviation 
II(x)=I] D(qx), (35) 


k=1 


the distribution P(a) which we set out to calculate may 
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Fic. 14. Plots of the distribution of spacings implied by Eq. 
(36) for the random superposition of J sequences; the fractional 
density of levels gy contributed by each sequence is given by 
Eq. (42). The various curves correspond to several values of o as 
noted in the figure 


be expressed as 


P( 4X) R(qix) f 
“Ee +E | 
D(qix) i D(qix) 
R(qix) 
—> gE | . (36) 
TLD (qix) 


We shall now derive the most important properties of 
P(x). First, note that 


R(0)= D(0)= (37) 


these relations being entirely equivalent to Eq. (20). 
Applying (21), (34), and (37) to (36) one obtains the 
most important single feature of superposing a number 
of unrelated sequences, viz., 


P(0)=1-—D:¢?, 


which depends on only one detail of the fundamental 
distribution, namely, p(0)=0. The value of the first 
derivative at the origin also has a fairly simple form, 


viz., 
=—1+3Dig?+[p'(0)-2] Lig’. 


The result (38) evidently depends on two details of the 
fundamental distribution. (For the Wigner distribution 
p’ (0) —2=—0.429, and in this case the third term of 
expression (38) is frequently small compared to the sum 
of the first two terms.) 


P’(0) (38) 


Ame Cs BE. 





PORTER 


Next, consider the superposition of sequence: 
all the fractional densities equal to 1/n 
spacing distribution by P,( 
that P,(x) - e 


S with 
Jal to - Denoting the 
v) in this case, we will shoy 


7asn—> ©, Letting y=«/n, one obtains 


1 p(y) Ry) 


1 
P,,(ny) Dv)| + ; (1+ )| (39 
D*(y) nf | 


n D(y) 
f Eqs. (21) and (37), the expression jn the 
square brackets becomes unity in the limit as nx 


In view o 


(y— 0). Next consider D(y), which we assume to be 
eupandatte in a power series about zero. Since D/(( 
= —1, we have to first order in y that 


D(y)~1—y=1-— (x/n) 


from which it follows that 


\ n 
(1 ) re: (41 
as HT 


P..(x)= lim 


The exponential function will, of course, be the limiting 
case for other sequences. Howeve - Eq. 37) shows that 


a necessary condition is });q/ Accordingly, the 
exponential distribution cannot be attained if ¢ £0 for 
any one sequence, even if an infinite number of sequences 
are superposed. This may be illustrated by means of the 
well-known formula 


levels having spin J 


for the fractional density of nuclear 


and the same parity,*” namely, 


= €Xp | Jo 20?) — exp -(J+1)?/20° |, 


J=G, 1, «-«6, 


’ 


QJ 
(4) 
Adopting the Wigner distribution, one obtains 


ak i 
exp(— 47x") 


: a 
D(x) 1-( ) exp(—sy*)dy. (43 
T ny 


R(x) 


The function P(x), representing the distribution of 
spacings that results from the superposition of all the 
sequences implied by Eq. (42), was computed numer: 
cally for some values of o in the range from 1 to # and 
the results are shown in Fig. 14. 
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Born Cross Sections for Inelastic Scattering of Electrons by Hydrogen 
Atoms. III. 5s, 5p, 5d, 5f, 5g States*7 
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Commonwealth Scientific and Industrial Research Organization, Sydney, Australia 
and St. John’s University, Jamaica, New York 


Joun J. MorrissEY AND JOSEPH H. SCANLON 
St. John’s University, Jamaica, New York 
(Received July 18, 1960) 


Born total cross sections are computed for the strong optically allowed transitions from n=5 to n’=6, at 
incident energies between 0.2 ev and 1361 ev. Thirty energy values are considered for the 5s to 6p and 5g to 


| 6h cases, and nine for the other transitions. The cross sections obtained are larger than those of comparable 
transitions for lower x. The Bethe (dipole) approximation is also used, and is found to give good agreement 


with the Born results down to relatively low energies (~3 ev). 


INTRODUCTION 


HIS paper extends the previous computations!” 

of the Born cross sections, for inelastic scattering 
of electrons by hydrogen atoms, to the 5s, 5p, 5d, 5f, 
and 5g states. The five strong optically allowed transi- 
tions from n=5 to n’=6 are considered. 


| where 


1a! 1 
1 =|- 0 (q-)eyry—— 
24 =! 


, 


Vy 


The y limits are related to the momentum #k and 
energy E of the incident electron by* 


kag= (yoty1)(n’+n)/2n'n, 


A 


y1i=(n'—n)/(n’+n), 
E = 13.6050(kay)? ev. 


rhe constants B and a, are determined by the par- 
ticular transition; a) is the Bohr radius. For n=5 to 
n'=6 transitions, =31. The cross section represents 
an average over the initial, and sum over the final, 
magnetic quantum numbers. 


RESULTS 


[he total cross sections for the 5s to 6p and the 5g to 
6h transitions were calculated at thirty incident energies 


* This work was supported in part by the Office of Naval Re- 
search and in part by the Air Force Office of Scientific Research. 
t Based in part on theses submitted by John J. Morrissey and 
Joseph H. Scanlon to the Graduate School of St. John’s University 
in partial fulfillment of the requirements for the degree of Master 
ot Science. 
| + On sabbatical leave from St. John’s University from January 
to August, 1960. . ‘ 
'G. C. McCoyd, S. N. Milford, and J. J. Wahl, Phys. Rev. 
119, i49 (1960). Hereafter referred to as Paper I. . 
| 18: L. Fisher, S. N. Milford, and F. R. Pomilla, Phys. Rev. 119, 
53 (1960). Hereafter referred to as Paper II. 


T'wo-Electron Atoms (Springer-Verlag, Berlin, Germany, 1957), p. 1. 


In(1+1 ”)| : 


; 1 ir) sr—1]\ ; at, 2 
Ii(r21=|- (—1yr( JG 1-1 teyemtiminy ] 


*H. Bethe and E. Salpeter, Quantum Mechanics of One- and 


FORMULATION 


The Born total cross section for the transition from 
the state ni to the state n’l’ was shown in Paper I to 
be of the form 


Ont,n'v (R), may? = Bri nv (Rao) *(a if o(ntn’) 
+ ail o¢n4 n’) + asl ecntn’y? + ° 9 +4 pl o(n4n'y'), 


y2 
Yl 


we 
y1 


between 0.196 ev and 1361 ev. For the 5p to 6d, 5d to 
6f, and 5f to 6g transitions, nine energies were con- 
sidered. Threshold is at 0.166 ev. Computations were 
performed at the lower energies, where the Born 
approximation is invalid, for use in the development of 
simpler approximation formulas for the cross section.‘ 

The coefficients in o(k) for the various transitions 
are listed in Table I. 

Strong cancellation occurs both in the 7,” and in the 
summation in o(k), particularly for the lower / values, 
and appears to increase with m. In a few instances, 
though the calculations were begun with eleven figures, 
no digits are reportable for the total cross section in 
Table II. Much of the repetitive portions of the calcula- 
tions was performed on a Burroughs E101 digital com- 
puter. Each value in the tables is believed to be ac- 
curate to an error of no more than one in the last digit. 

The cross sections are plotted in Fig. 1. 

DISCUSSION 


Previous work*:' on the n=2 to n’=3 and n=3 to 
n’=4 transitions indicated that the largest cross sec- 


4S. N. Milford, Astrophys. J. 131, 407 (1960). 

5H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, New York, 1952), 
pp. 170-171. 
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transitions of lower n, in agreement with the trend 
noted in Papers I and II. 

For allowed transitions the Bethe (dipole) approxi- 
mation was given in Paper I as 


The radial integrals | J 


for k-do are given in Table II 
mated energies £(1%) and E( 
and Born cross sections diffe 


Ont,nv (R)/wae? = gnt,n' (Rao) In[ bar, nv (Rao)? |, 


TABLE II. Born total cross sections (units of wap’). 

















[ — Suppl. 3, 37 (1957) 


ao|" 
el al.© The cutoff momentum x, for each transition wa 
obtained by equating the Bethe expression to the Bor 
cross section at the highest e 


< pete x wy. ae a 13000 
Energy (ev) 5s-6p 5p-6d 5d-6/ 5 f-6g 5g-6h 
—__————_ ~ 12000 
0.196 469(1) 
0.351 1174(1) 
0.443 1(3) 2(3) 5§27(1) 1260(1) 
0.537 2(3) 3(3) 568(1) 1274(1) mene 
0.800 14(2) 19(2)  31(2)  587(1) 1193(1) 
1.06 15(2) 20(2)  31(2) 561(1) 1084(1) 
1.22 15(2) 19(2)  31(2)  542(1) 1026(1) 
1.67 15(2) 8833 
2.16 14(2) 7690 g000 
3.67 11(2) 14(2)  20(2) 327(1) 5585 rp 
4.92 10(2) 4607 0 
8.73 73(1) 3081 iS 
13.3 56(1) 63 (1) 91(1) 140(1) 2257 Pe \ 
19.7 43(1) 1671 6 6000 
26.9 35(1) 1311 
34.8 29(1) 1067 
43.5 24(1) 892.5 
53.0 21(1) 23(1) 33(1) 489 761.0 4000} S, 
65.5 18(1) 640.1 | \ 
78.7 16(1) 549.9 _— \ 
92.2 14(1) 482.2 in 
107.8 12(1) 423.2 7 
121.0 11(1) 384.1 2000} i—— 
139.9 99 340.0 ts 
165.6 86 294.8 y - 
217.4 69 233.9 / 
276.7 57 190.3 — : ey 
$003 7 ae ELECTRON VOLT 
1360.6 15 16 22 31.6 47.44 *L. C. Green, P. P. Rush, and C 





MILFORD, MORRISSEY, AND SCANLON 
TABLE I. Born cross-section coefficients." 
5s-6p 5p-6d 5d-6f 5 f-6g 52-6h 
B 3.9780866254 (2) 4.0887388712(2) 5.5264350352 (2) 7.7589636832 (2) 1.0972271875/3, | 
a_; 1.0000000000 (0) 1.0000000000 (0) 1.0000000000 (0) 1.0000000000 (0) 10000000000 
a) — 1.0240000000 (2) — 8.0400000000 (1) — 5.8400000000 (1) 3.6400000000 (1) 1.4400000000/; 
as 3.6595303110(3) 2.6570943694 (3) 1.4121643611 (3) 5.7767948051 (2) 98400000000 
a5 — 5.7230077718(4) — 4.1278829771 (4) — 1.6761170916(4) 4.5813956709 (3) 2.8000000000,) 
a7 4.8548074630 (5) 3.5165666529 (5) 1.1355221015(5) 2.00007 20587 (4 5.2498181818/) 
ay — 2.4914736053 (6) — 1.7826961481 (6) ~— 4.7288896046 (5) 4.9916157208 (4) 4 6618181818)) 
ay 8.2001519318 (6) 5.6593387991 (6) 1.2568581020(6) 8.04007 16473 (4 6.7556363636(2) | 
a3 — 1.7892761494(7) — 1.1603535305 (7) 2.1565447393 (6) 9.7605384756(4 2.0058181818/) 
a5 2.6385623835 (7) * 1.5607917101(7) 2.3801066094 (6) 9.1218577226(4) 1.3135818181(3) | 
Q37 — 2.6531569956(7) — 1.3809389874(7) — 1.6604754139(6) 5.2221335064(4) 
ai9 1.8187343637 (7) 7.9550297232 (6) 7.032657 2042 (5) 1.2905228571(4 
a2 — 8.4211925696 (6) — 2.9044990593 (6) — 1.6425962687 (5) 
Q23 2.5822640676(6) 6.3726228874(5) 1.6348482156(4) | 
ds — 5,0606951675(5) —7.5600096916(4) 
Q27 5.9510361106(4) 3.7381132623 (3) 
day 3.7274453051 (3) 
an 9.4171954745 (1) 
* The numbers in parenthesis are scale factors. E.g., —1.024(2) = —1.024 102. 
tions would be for optically allowed transitions in where 
which m and / change in the same sense; these are the 
. : 4 .p 7 p= ) J4t1))] : 
ones investigated for the n=5 to n’=6 case. The cross Sntnrv = (4/3) 0+1)/ (204-1) | I ntwv/a 
sections are considerably larger than for comparable Dat.nry =4(Keo)?(nn’)*/ (n?—n2)?, 
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Tarte III. Momentum er values and athusies a Current work at St. John’s University is aimed at 
at = ee oe extending these cross section results to large values of 
- nal n by more approximate methods, and also to testing 

ns E(1%) (ev) E(0%) (ev) the range of validity of Born’s approximation for the 
calculations to date. 
55-6) 0.024 19 3 
5p-6d 0.027 13 2.3 ACKNOWLEDGMENTS 
34-6f 0.030 9 1.8 es ; : . ; 
5f-6¢ 0.0360 5 1.2 Thanks are due to Gerard C. McCoyd and Carl C. 
5g-6h 0.04611 2.5 0.7 Krolik for checking calculations. We are indebted to 


the Fairchild Astrionics Division, Wyandanch, New 
York, for generously permitting our use of the digital 
computer facility. We are grateful to Miss Maureen 
Loughran, Mr. Sam Singer, and Mrs. Agnes Kadar for 
assistance with the figures and manuscript of the papers 
in this series. 


spectively. It will be noted that the Bethe formula re- 
produces the Born results to relatively low energies. It 
should be emphasized that £(1%) and £(10%) in this 
paper and in Papers T and ITI are rough estimates only, 
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High-Frequency Region of the Bremsstrahlung Spectrum* 


R. H. Pratr 
Institute of Theoretical Physics, Department of Physics, Stanford University, Stanford, California 
(Received July 25, 1960) 


The McVoy-Fano theory of the connection between the atomic photoelectric effect and the high-frequency 
region of the bremsstrahlung spectrum has been extended to next order in aZ. The contribution from p states 
is determined and is important in heavy elements. Predictions for the high-frequency limit are in reasonable 
agreement with experiment. Information is also obtained concerning angular distributions and polarization 





correlations. 


I. INTRODUCTION 


N the high-frequency region of the bremsstrahlung 

spectrum almost all the energy of the incident 
electron is radiated. Since the outgoing electron is of 
low energy, the process cannot be treated with the 
Bethe-Maximon' methods. In contrast to the Born- 
approximation prediction of the Bethe-Heitler formula,? 
the bremsstrahlung cross section remains finite in the 
high-frequency limit, when the photon energy achieves 
its maximum value and the electron velocity B=0. 
Fano, Koch, and Motz? have noted that in this limit 
bremsstrahlung is an approximate inverse of the atomic 
photoelectric effect, and that a prediction for its cross 
section follows from the theoretical work on the photo- 
effect. Using Nagasaka’s results‘ for the photoeffect, 
"Supported in part by the U. 
Force Office of Scientific Research. 
‘H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954); 
ion L. C. Maximon, and H. Wergeland, Phys. Rev. 106, 27 
\ ‘). 

7W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed.; further terms in the Born 
expansion have been calculated by C. Kacser, Proc. Roy. Soc. 
(London) A253, 103 (1959). 
nous fano, H. W. Koch, and J. W. Motz, Phys. Rev. 112, 1679 
1958), hereafter referred to as FKM, which see for references to 
Previous work. 
| ‘F. G. Nagasaka, Ph.D. thesis, University of Notre Dame, 1955 
unpublished). See also G. W. Grodstein, National Bureau of 


S. Air Force through the Air 


they obtain fairly good agreement with experiments on 
the bremsstrahlung “tip.” A more rigorous, but limited, 
derivation of the relationship has been given by McVoy 
and Fano®: To lowest order in a=Zeé* the matrix 
elements for inverse photoeffect from the K shell and 
for the high-frequency limit of bremsstrahlung are 
identical, apart from normalization factors.® 

It is now known that Nagasaka’s expression for the 
high-energy limit of the photoeffect, which corrected 
the Hall formula’ in order a, is itself incorrect in order 
a*,- For all a the total cross section for the K shell in 
the high-energy limit is fairly well represented by® 
o = (4rre?a®/k) (1 —42ra/15) 

Xexp{2[—1+(1—a*)!] lna—2a cosa}, (1) 


Standards Circular No. 583 (U. S. Government Printing Office, 
Washington, D. C., 1957); and R. T. McGinnies, NBS Supple- 
ment to Circular 583 (1959). 

5K. W. McVoy and U. Fano, Phys. Rev. 116, 1168 (1959), 
hereafter referred to as MF, also U. Fano, Phys. Rev. 116, 1156 
(1959). 

6 We use unrationalized units and set A=>c=m,=1; O(x) shall 
mean “‘of order x” and y=O(x) shall mean “‘y is of order x.” 

7H. Hall, Revs. Modern Phys. 8, 358 (1936). 

8R. H. Pratt, Phys. Rev. 117, 1017 (1960), hereafter referred 
to as I. 

9 E. Guth (private communication). 

0 The results obtained in I have now been verified by H. Hall 
(private communication). For lead a similar result was obtained 
earlier by R. H. Boyer, Phys. Rev. 117, 475 (1960). 
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where & is the energy of the incident photon, and hence 
the cross section is not well represented by the lowest 
order in a. If the connection between the bremsstrahlung 
tip and the photoeffect is to be of practical use, as the 
work of FKM suggests, the relationships between the 
processes must exist to a higher order in a and be valid 
for a finite portion of the high-frequency spectrum. 
Further, FKM and MF assume that in both processes 
only the s states for the low-energy bound or continuum 
electron need be considered. However, recent work on 
the L-shell photoeffect has shown that in heavy 
elements the p states are not negligible even in the 
high-energy limit (as contrasted with the nonrelativistic 
prediction). 

The present paper hence has three objectives: (1) to 
extend the connection of the photoeffect and the high- 
frequency region of bremsstrahlung beyond lowest order 
in a and to finite 8, (2) to determine the importance of 
the contribution of higher angular momentum states to 
the bremsstrahlung process, and (3) to use the more 
recent results on the photoeffect as a basis for brems- 
strahlung predictions. We will begin by establishing the 
important regions in r space for the integrals over 
electron wave functions which determine the matrix 
elements. The relationship of the two processes results 
from an equivalence of bound and continuum electron 
wave functions in these regions. After considering 
screening and energy extrapolations, we can make 
predictions for bremsstrahlung based on the photoeffect 
work of I and II and compare with experiment. 

The main ideas of the analysis to follow can be 
displayed in the nonrelativistic problem for s states at 
the high-frequency limit. In this case, when initial and 
final wave functions are expanded a, the matrix 
element for bremsstrahlung and the complex conjugate 
of the matrix element for the photoeffect both have 
the form 


fori r)+afi(r) +a? f2(r) J 
X OL go(r) +agi(r) +a°g2(r) J, 


through order a* in the wave functions. The g’s represent 
the high-energy electron wave function and are the 
same in the two processes. One goes from brems- 
strahlung to photoeffect by changing the f’s. What MF 
noted was that the lowest order in a of the matrix 
element is contributed to both by fo and by fi, and that, 
apart from normalization, these f’s are the same for 
bremsstrahlung and photoeffect. What we now note 
is that fs, which is different for the two processes, does 
not contribute to the matrix element in relative O(a), 
but in relative O(a’). A similar argument can be made 
for any angular momentum state and for the entire 
high- frequency region of bremsstrahlung. In_ the 


1 R. H. Pratt, Phys. Rev. 119, 1619 (1960), hereafter referred 
to as II. The notation of this paper will in general be followed in 
the present work. 
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relativistic problem the large and small components g 
the electron spinors must be expanded separat tely 


alte 
which a similar analysis can be made. 





Il. BREMSSTRAHLUNG AND PHOTOEFFEcT 


The comparison of bremsstrahlung and _photoeffy 
is a comparison of matrix elements. It is assumed th 
the outgoing low-energy electron in the bremsstrahlung 
process is not observed, for when correlations with this 
electron are detected the 
photoeffect does not apply. 


correspondence with. the 
The bremsstrahlung Cross 
section can hence be represented as a single sum ove 
cross sections for the various angular momentum state 
of the outgoing without interference terms 
The differential cross section for an electron Pp (of tota 
energy £) to radiate a photon k and then be in a state 
definite angular momentum ( j,/,m) is 


electron, 


do = (2m)-*p7E| H |*d*k6(E—k—), ; 


where 
Arem = —e(2r/k faery, n*(€,7,l,m)a-e*e—* YY. (3 


and e>1 is the electron, Th 
final electron has the usual normalization to an energy} 


lotal energy of the outgoing 


function and the initial electron is normalized to a unit 
volume. This is be compared with the differentia 


cross section 


do=(2r 


H “d* pb (1 k—e), + 


for a photon k to eject an electron p from the (n,j,m 
bound To make 
clearer we give the complex conjugate of 


state of an atom. the comparison 


the matrix 


element: 


—e(2r/k 


x fry a” (2, 


where the initial state has its conventional normalizatiot 


Aynoto* 


Erin, 5 


j,/,m)a-e*e 


and the final state is normalized to a unit volume; 
is the total energy of the bound electron. 

The main difference between the matrix elements (3 
and the continuum wave 
function by a wave function with th 
same (j,/,m). Now for small r it is possible to show that 
these wave functions are whereas for large! 


(5) is replacement of a 


bound-state 


similar, 


their behaviors are of course very different. Thus the 
first question is to determine which regions give 4 
significant contribution to the integrals. For the 


photoeffect this problem was investigated in II. The 
beens state wave function at the origin is proportional 
to r’!, where 7 is determined by the angular momentum 
of the state. The remaining r dependence (including 
the characteristic bound-state exponential) can simply 
be written as a power series in (ar) and the matrix 
element obtained as a power series in @ by integrating 
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term by term. Bremsstrahlung has similar properties 
whenever the final-state momentum q<1: The low-en- 
ergy continuum wave function is proportional to r7—! at 
the origin and otherwise consists of a power series in 
(ar) and (gr); on integrating term by term the matrix 
element is obtained as a power series in a and g. A 
detailed proof of these statements (and particularly a 
justification of the term-by-term integration) has been 
given by MF. In both processes the argument will fail 
if p«1; sgh series will not converge, indicating the 
importance of larger regions in r. Hence it is not 
permissible to apie photoeffect near threshold with 
bremsstrahlung from nonrelativistic electrons. 

We will soon show that the first few terms of the 
series in r for bound and continuum wave functions 
differ only in normalization. In order to compare cross 
sections, we must know what order in a is contributed 
to the matrix element by each term of the series. For 
the photoeffect this was determined in II, and similar 
conclusions obtained for bremsstrahlung. We 
summarize the results, using @ to represent either @ or 
g, and removing all normalization factors from the 
matrix element. There are two cases. (1) j=/+ 4. The 
leading order in the matrix element is O(a). Terms in 
the matrix element of this order are contributed by the 
first two terms of the power series for the “large 
component” g and the first term of the “small com- 
ponent” f. (2) j=/—}. The leading order in the matrix 
element O(a ). Terms of this order are contributed by 
the first three terms of g and the first two terms of /. 
In both cases the next two terms of the power series for 
g and f contribute O(a’) relative to the leading order, 
and further terms to even higher orders. Terms of 
relative O(a) are contributed by the factor r~!, which 
however is the same for the two processes. Hence if we 
show that the terms in the wave function power series 
which contribute in lowest order are the same (apart 
irom normalization) for the two processes, we have 
automatically obtained a relationship which holds 
neglecting only relative O(a?) in the matrix elements. 
This is a generalization of the MF result, which was 
stated to hold for s states neglecting relative O(a). 

It is simple to show that the terms of bound and 
continuum series which contribute to lowest order 
matrix elements are the same. In II it was demonstrated 
that for the photoeffect such terms were, except for 
normalization, independent of principal quantum 
number, i.e., independent of |e—1| =O(a*). The proof 
could be made ‘directly iene the coupled differential 
equations for the radial wave functions, and did not 
require use of the knowledge that one was dealing 
with a bound state. Hence it continues to apply for 
‘-1=0(¢)>0, and says that neglecting O(q’) and 
O(a") these terms of the continuum and bound wave 
functions are the same, except for normalization. This 
implies a further generalization of MF, as we do not 
require g=0, 


are 
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Thus the difference between continuum and bound 
wave functions in the matrix elements (3) and (5) 
is small, once the normalizations are taken into account. 
There are two other differences between these matrix 
elements: The photon polarization vector e is replaced 
by e*, and an incoming continuum electron wave 
function yj, is replaced by an outgoing function Pout. 
These latter differences would not occur if comparison 
were made with the inverse photoeffect. Since the 
reciprocity theorem connects photoeffect and its inverse 
(matrix elements can be identified if all spins are 
reversed), photoeffect and bremsstrahlung can be 
connected subject to the same reversal of spins. 

The differential cross sections (2) and (4) may hence 
be connected with the relation 


| prem?/ | H| photo? = (N cont 


where Voone and Nyouna are the normalizations of 
continuum and bound electron wave functions of the 
same (/j,/,m). The restrictions on the validity of Eq. (6) 
have previously been outlined. Vy.ouna is easily obtained 
from IT. terms of relative O(a’) should 
be neglected, and then for 7=/+4 the large components 


\ bound)"= R. (6) 


For consistency, 


of the bound-state wave function near the origin 
behave as 
C(n,l)(2ar)7, (7a) 
C(n,l) (Zar) 7a? (2]7+-1)/ (21), (7b) 
respectively, where 
1 (n+l)! 7 
C(n,l) = ~ (2a)§n- G+ , 
(21+-1)!L2n(n—l1—1)! 
(8) 
v= (x*—a*)}, 


A similar expansion of the continuum wave functions, 
neglecting relative O(a’) and O(q’), yields (apart from 
a phase factor) 


D(1)(2qr)*", (9a) 
D(1)(2Qqr)? 'ag(2l+- 1)/(21), (9b) 
where 
Ir (+1+iv)| 
D(l)= —e}™"(2q/m)}, 
(2/+-1) 
(10) 
v=da/q. 
From the preceeding we see that for both j=/+4 and 
for I= I—} 
R=[D(l)/C(n,) |v (11) 


Specializing to the s and p states, for which photoeffect 
information is available, 


R(s)=a"n' (1—e 


R(p)=a'n' (nw? —1) (1 


o% 1 
=av) 2 


(12) 


+y")(1-e 


2nv)—} 
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With (11) or (12) it is possible to discuss the entire 


high-frequency region of bremsstrahlung. For the 
high-frequency limit g=0 one may use the relation 
lim | 1 (y+iae/q) | e'***/4g7—? = (29) '@ (13) 
q0 
noted by MF to derive 
(n+/)! 
R(q=0)=a—"'n**! (14) 
(n—/—1)! 
In agreement with (12) 
R(s,g=0)=a"'n?, R(p, g=0)=a"n? (nw? —-1)- (15) 


Making use of these R’s, we may write the cross section 
for bremsstrahlung, which is a sum over partial cross 
sections of different (j,/,m), as a weighted sum over 
photoeffect cross sections: 


do brem =p Ife 7 R*doy, to, 


j,d,m 


(16) 


subject to energy conservation. In view of our normali- 
zation to an energy 6 function, the total cross section 
is simply related to the cross sections for the photoeffect 
by 

(17) 


R= (da/dR) pron [ (&-1) (E+1)] 3 


} 
ji lom 


R photo) 


in agreement with FKM. 

To this point the discussion has assumed hydrogen- 
like wave functions for the electrons and has neglected 
the screening effect of the electron cloud. It has been 
argued in II that for the regions in r space near the 
origin which are important in the photoeffect the shape 
of the wave functions will be largely unaffected, but 
the change in normalization must be taken into account. 
The same arguments apply to the high-frequency 
region of bremsstrahlung; for their validity we must 
still require that we are not dealing with bremsstrahlung 
from nonrelativistic electrons or with photoeffect near 
threshold. For relativistic electrons the change in 
normalization is small. Hence the concern is for the 
normalization of the wave functions Woont aNd Wpouna Of 
given (j,/,m) previously discussed. Equation (6) may 
still be considered valid, and from an experimental point 
of view a measurement of the cross sections for brems- 
strahlung in the high-frequency region and for the 
photoeffect may be viewed as providing information 
concerning the normalization of electron wave functions 
at the origin. A theoretical estimate of the change in 
normalization is obtained by comparing the hydrogen- 
like wave functions near the origin with wave functions 
computed numerically from more accurate potentials. 
For the K and Z shells this has been done by Brysk and 
Rose,” who give the correction factors in graphical 


2H. Brysk and M. E. Rose, Revs. Modern Phys. 30, 1169 
(1958). 
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form. The K-shell corrections to the wave functio, 
normalization are generally less than 5% byt the 
L-shell corrections are large except in the heaviey 
elements. Corrections to continuum wave functions may 
be obtained from the work of Reitz.™ Except with 
perhaps 10 kev of the tip they are small, and my 
generally be neglected in view of the other approx 
mations which have been made. Hence we may 
the unscreened R’s (11)—(15 : 
and (17) for bremsstrahlung if we also use unscreen 
predictions for the photoeffe: t cross sections. 


Use 


in the expressions 16 


III. APPLICATIONS 


Cross sections for the high-frequen y region 
bremsstrahlung have been related to cross sections fy 
the photoeffect. This is of practical use only if photo- 
effect results, either experimental or theoretical, ap 
available. Our purpose in the present section will bet 
use the photoeffect data which now exists as a basis for 
specific predictions regarding bremsstrahlung, and { 
compare these experiment. The 
greatest amount of information concerns total cros 


predictions with 
sections, but some results for angular distributions and 
polarization correlations may also be obtained. Whe 
further results for the photoeifect become available! 
the conclusions of this section may be extended in a 
evident manner. In the process of obtaining prediction 
for bremsstrahlung we see the relative 
importance of s, p, etc., states, and otherwise investigate 
the validity of the approximations made. Addition 
related processes will be noted. 

The K-shell photoeffect total sections 4 
relativistic energies are fairly well known. The high- 
energy limit was established in I; when combined wit 


shall also 


cToss 


Gavrila’s'® work on the energy dependence of the crs 
section, it gives an extrapolation formula useful dow 
to the energy (1.1 Mev) at which Hulme’s’*® numenc 
values are available. For lower energies theory an 
experiment are in reasonable accord with the value 
tabulated by Grodstein.* Information on L-shell cros 
sections is not yet as satisfactory. The high-energy 
limits were obtained in II; the energy dependence 
the 2s cross section is the same as for 1s, whereas ia 
the 2p cases the dependence is not completely know 
It was assumed in II that all these cross sections had 
the relativistic regio! 
13 J. R. Reitz, Phys. Rev. 77, 10 (1950), and J. R. Rei 
Department of Physics, University of Chicago, 1949 a 
published). In the first of these references the screening correct 
to the sum of the squares of large components for sj and oo 
components for /; is tabulated. For a more complete analyss 
one must examine the wave functions as tabulated in the - 
reference. The potentials used have been tabulated by 
Metropolis and J. R. Reitz, J. Chem. Phys. 19, 555 (1951). ; 
4M. Gavrila (to be published), S. Hultberg (private commi® 
cation), H. Hall and R. H. Pratt (work in progress). ? 
16M. Gavrila, Phys. Rev. 113, 514 (1959). Note added in pw 
The work of B. Nagel, Arkiv. Fysik 18, 1 (1960), is now® 
available 
16H. R. Hulme, 


Fowler, Proc. Roy. Soc 


the same energy dependence in 


J. McDougall, R. A. Buckingham, and R.# 
4149, 131 (1935). 


Londot 
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HIGH-FREQUENCY REGION OF 
reasonable agreement with experiment was obtained 
after screening effects were taken into account. The 
important result was that in heavy elements 2p cross 
sections were comparable to 2s cross sections, contrary 
to the nonrelativistic result. For bremsstrahlung this 
means that p state contributions are large, and that 
it may be necessary to consider d states and higher. 

It is convenient to write the photoeffect cross 


sections as 
op/= ayP 4 ( I) 


ov=4nea'/k, 


ovL PY (E)/P4 (2) |P4(@), 
(18) 


where op is the high-energy small-Z limit of the A-shell 
cross section, and P/() gives the Z dependence of the 
high-energy limit, J indexing the quantum numbers of 
the bound state. In a similar manner we write the 
bremsstrahlung cross section at the tip as 

op’ =0,B" (E)=0,B’ (E)/ BY (2) |B (2) 

=o \[.P4(E)/P/(2) |BY(«), 
a= (4rea®/k)[(E—1)/(E+1) J, 

oz=), op? ~o\[ P(E) 'P(@ ) Bi 20), 

B(w)=>° BY(x), 


(19) 


where a; is the high-energy small-Z limit and we have 
used (1) the fact that the constant of proportionality 
which approximately connects photoeffect and brems- 
strahlung is independent of energy, and (2) the assump- 
tion that all shells have the same energy dependence. 
Then, using only s and p states, we may use the results 
of the previous section to write 

B(w ) = P'*( 00 )-+ (32/3) [ P??4( )-+ P??;(«) | (20) 

=8P™(c)+ (32/3)[P2P4( 2 )+ P274(00)], 

It should be realized that (20) does not represent a 
consistent expansion in a= Ze: It is correct to use P!* 
or P* only neglecting O(a?), whereas the P’” terms are 
O(a’). For the photoeffect it was established in I and II 
that the neglected terms of O(a?) are small once the 
cross section is written in the form (1), and we are 
assuming the same will be true for bremsstrahlung. It 
is of course possible to use the methods of I to calculate 
the O(a?) terms in bremsstrahlung, and see whether 
they tend to cancel the P?” terms. However this does 
not appear too useful, since, as in the photoeffect, one 
does not know how good a representation various forms 
of power series give until an exact numerical calculation 
Is available, 

The predictions for B(< ) which follow from Eq. (20) 
are given in Table I. The proper choice of P’s is some- 
what ambiguous, and results are given for two cases. 
(1) Exact numerical photoeffect results are used. (2) 
Cross sections are taken from the analytic expressions, 
such as Eq. (1) for s states. The difference between these 
‘Wo cases are terms of O(a’), which it perhaps may be 
argued are particular to the photoeffect and not to be 
included for bremsstrahlung. In any event, a comparison 


BREMSSTRAHLUNG SPECTRUM 1721 
of the two gives some idea as to the order of magnitude 
to be expected from such terms; in the remaining 
discussion the predictions of case (2) will be used. 
Table I also gives the separate contributions of s and p 
states. The p states are a 5% effect in Fe, and in Pb 
they are more than a third of the total. Hence in heavy 
elements the contribution from d states and higher is not 
necessarily negligible. If we estimate their magnitude by 
assuming the contributions from (s;,p4,d;,---) and from 
(54,P3,d4,: ++) form geometrical series (as is true for the 
Z dependence for small Z), then for a<0.4 the higher 
states are unimportant, while for Pb they may con- 
tribute 20°%, of the total. Such effects are of the same 
order of magnitude as the O(a*) effects which we are 
also neglecting. It is clear that we have no reason to 
expect an accuracy of better than 20-30% in brems- 
strahlung predictions for heavy elements. 

Experiments on the high-frequency limit of brems- 
strahlung were performed by FKM, and analyzed with 
the theory they developed. The results of the present 
paper modify that theory in two ways, both only for 
heavy elements. (1) Nagasaka’s cross section, which 
they used for photoeffect above 1 Mev, is replaced by 
the extrapolation of I, somewhat reducing the result at 
4.5 Mev and appreciably decreasing it at 15.1 Mev. 
(2) The inclusion of p-state bremsstrahlung increases 
the prediction at all energies—again using the assump- 
tion that the s and p energy-dependences are similar. 
Hence FKM’s comparison of theory and experiment 
for Al, which gave good agreement, is not affected. In 
heavy elements we must ask to how low an energy we 
are willing to apply our formalism. Of course our proofs 
are not valid for energies of the order of the binding 
energies.'? At somewhat higher energies it is necessary 
to specify that we are comparing bremsstrahlung and 
photoeffect at the same pholon energy and assume the 
difference in electron energies is small. This is important, 
since for low energies the photoeffect varies rapidly in 


TasLe I. High-frequency limit of bremsstrahlung. Contri- 
butions to B(«) from the s and p states are given and summed. 
When there are two lines for a given value of a, the first uses 
numerical photoeffect results and the second analytic forms 
neglecting O(a’). 


a B Bn Bri Bstp 
0.1 0.699 0,002 0.006 0.707 
0.2 0.514 0.008 0.017 0.539 
0.3 0.394 0.018 0.027 0.439 
0,391 0.017 0.029 0.437 
0.4 0.314 0.033 0.036 0.383 
0.306 0.030 0.039 0.375 
0.5 0.260 0.056 0.042 0.358 
0.246 0.047 0.045 0.338 
0.6 (),222 0.090 0.044 0.356 
0,200 0.073 0.048 0.321 
0.7 0.196 0.143 0.046 0.385 
0.166 0.110 0.050 0.326 


17 However, if we simply correct the FKM value for Au at 
0.05 Mev by including the » wave contribution it is brought into 
good agreement with experiment. 








me B 


TABLE II. High-frequency limit of bremsstrahlung. Comparison 
with theory and experiment of FKM for Au. k2Z~*ez is plotted in 
mb. 


Electron 


kinetic Theory 
energy Theory present Experiment 
(Mev) FKM work FKN 
0.50 3.4 5.0 5.2 +2.0 
1.0 1.8 3.0 1.7 +0.7 
4.5 2.0 1.9 1.8 +0.3 
15.1 1.77 1.6 1.47+0.44 


the photon energy range appropriate to the tip region 
of bremsstrahlung (<200 kev). Results for Au are 
compared with experiment in Table II. At 4.5 Mev and 
15.1 Mev our two modifications of the FKM theory 
mainly cancel; the agreement with experiment is 
slightly improved, but both sets of predictions are well 
within experimental errors. At 1.0 Mev our value is 
higher, since we include p states and the FKM value 
did not depend on Nagasaka’s work. The agreement 
with experiment is worsened, but is still within the 
combined experimental and theoretical uncertainties. 
For 0.5 Mev the inclusion of p states gives better 
agreement with experiment, although the quoted 
experimental errors are very large. 

The theory as developed in this paper also gives 
predictions for the shape of the spectrum in the high- 
frequency region, perhaps for some 200 kev below the 
tip. If kZ~*(do/dk) is plotted in this region (as done by 
FKM) we expect two effects to modify the value which 
is predicted for the limit. (1) The photoeffect cross 
section is to be taken for a smaller k and hence is 
larger. (2) From Eq. (12) the whole result will be 
increased by (1—e~°*’)-', and the p wave part of it 
further by (1—v~*). Both effects cause a plot of kez 
to increase as one goes away from the tip. At high 
energies the energy-dependence of the photoeffect is 
k, while for low energies more powers of k& are 
appropriate. Hence kophoto is insensitive to small change 
in k for large k, but increases rapidly with decreasing 
k for small &. Since the second effect which has been 
listed is independent of photon energy we expect that 
the slope of the plots will decrease as incident electron 
energy increases, and this is indeed the case in the 
plots of FKM. However more quantitative predictions 
are not very successful, the agreement with experiment 
being only fair in Au and poor in Al. 

Angular distributions for the photoeffect are not yet 
well known—the experimental work of Hultberg'* 
should be noted. In I the high-energy limit was com- 
bined with Gavrila’s results to provide an extrapolation 
formula for the total cross section; Gavrila’s angular 
distribution may be treated in the same fashion and an 
extrapolation formula obtained for the differential cross 


18S. Hultberg, Arkiv Fysik 15, 307 (1959) 


PRATT 

section. At the same time this gives the COFTELatie, 
with linearly polarized photons (and unpolarized gy. 
trons). In a qualitative way we may apply this resi 
directly to the bremsstrahlung case. The formula y 
predict that the average angle between photon ne 
electron approaches 0° as the energy increases, by j 
also predicts that the emission at 0° is Z€TO,"* apparent) 
contrary to the photoeffec t experiments. It is also eas 
to see that as the energy increases the correlations mH 
photon linear polarization disappear. At much lop: 
the linear polarization 

bremsstrahlung and photoeffect has been used SUCCES 


energies comparison of 
fully by Motz and Placious.” Finally, the correlatigs 
between longitudinally polarized electrons and circulg 
polarized photons recent ly disc ussed by several author 
for photoeffect and one photon pair annihilation yj 
also apply to the high-frequency limit of bremsstahluy 
subject to the reversal of both spins.” 

In summary: By extending the McVoy-Fano theo 
of the connection between the photoeffect and the 
high-frequency region of bremsstrahiung, comparisor 
of the two processes has been placed on firmer ground 
This is not sufficient for a completely quantitatiy 
discussion of bremsstrahlung near the tip, but dos 
provide several predictions which can be checked 
against experiment. For a better discussion, numericd 
evaluation of the proper matrix elements is probab) 
required; the magnitudes we have found for s- av 





p-state contributions provide information for such a | 


endeavor. Finally, just as the photoeffect is one 
several matrix elements a 
high energies (I and II), bremsstrahlung is related' 
other processes, for example, pair creation with a low 


processes W ith identical 


energy electron, and a similar analysis may be mat 
for them. 

Vote added in proof. In recent work at Illinois, Hal 
Hanson and Jamnick” find for Th kZ~*o p= 1.71405 
in satisfactory agreement with our theory, which pre 
dicts about 1.75. Also, Johnson and Mullin® have ww 
a modified SM function (compare with Nagel, referent 
14) and by explicit calculation find that in the high 
energy the 
—197a/15. This is the same as the similar photoefie 


limit second term of the series in ¢@5 


result from Eq. (1), as our discussion has led ust 


predict. 


19 M. Gavrila, Nuovo cimento 15, 691 (1960). Note added i" 
proof. It has now been shown by Nagel (reference 14) and t 
Kolbenstvedt and Olsen (to be published) that there are not 
vanishing terms in the forward direction of relative O(e). : 

2” J. W. Motz and R. C. Placious, Phys. Rev. 112, 1039 (1998 

21H. Banerjee, Nuovo cimento 11, 220 (1959); U. Fano, K.W 
McVoy, and J. R. Albers, Phys. Rev. 116, 1147 (1959); H. Ose 
Kgl. Norske Videnskab Selskabs Forh. 31, 11 and ila (1958). 


2 U. Fano, K. W. McVoy, and J. R. Albers, Phys. Rev. Ih | 


1159 (1959). 

2H. E. Hall, A. O. 
munications) 

4 W.R. Johnson and C 


Hanson, and D 


J. Mullin, Phys. Rev. 119, 1270 (190 
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(d,t) Reactions on Nuclei with A ~60* 


B. ZemMaN, J. L. YNTEMA, AND B. J. Razt 
Argonne National Laboratory, Lemont, Illinois 


(Received May 9, 1960) 


Energy spectra of tritons from the (d,t) reactions on a number of nuclei with masses between A =51 and 
A=68 have been obtained at a deuteron energy of 21.5 Mev. The experiment was performed in the 60-in. 
scattering chamber, a double Nal crystal system being used for particle identification. The absolute dif 
ferential cross sections were obtained at 27° (lab) and angular distributions of various triton groups were 
taken over a range of angles from 7° to 70°. The angular distributions exhibit an oscillatory behavior and 
have been fitted with the Butler theory for neutron pickup. The angular distributions observed in the (d,t) 
reactions on V®! and Cr® correspond to /=3 transitions, while in the case of the other nuclei studied (Mn°°, 
Fe’, Feo, Co, Cu®, Cu, Zn™, Zn®, Zn*7, and Zn*) both /=1 and /=3 transitions have been observed. 
Evidence for the mixing of shell-model configurations is presented. The Butler formalism and empirically 


determined constants have been used to extract reduced widths. 


INTRODUCTION 


HE use of the (d,f) reaction in detailed studies of 
nuclear reactions has previously been confined to 
targets with atomic weights less than 30.’ Some survey 
work in other regions of the period table has also been 
reported.? The analysis of the (d,t) experiments on light 
targets has involved the use of the Butler theory of 
direct interactions.’ It has been seen that the application 


of the Butler theory in this region is justified since the ' 


agreement with the data is satisfactory and the conclu- 
sions drawn from the analysis are consistent with infor- 
mation obtained by other experimental techniques.‘ 

The (d,!) pickup reaction provides a convenient and 
direct way of studying the neutron configurations of the 
target nuclei and, in some cases, the configuration of the 
states of the residual nuclei. The neutron configurations 
of nuclei whose mass numbers range from 50 to 70 are 
of interest because these configurations arise predomi- 
nantly from filling of the 1f and 2p neutron shells. The 
study of gross structure in (d,p) reactions by Schiffer, 
Lee, and Zeidman® indicated that the 1f and 2 shells 
do not fill sequentially and there is competition between 
the various configurations involving 1f and 2p neutrons. 
rhe present work contains the information obtained 
irom the experimental study of the (d,t) reactions, while 

*Work performed under the auspices of the U. 
Energy Commission. 

t Permanent Address: State University, College on Long Island, 
Oyster Bay, New York. 
* M. H. Macfarlane and J. B. French, Revs. Modern Phys. 32, 
%, 967 (1960). This article contains references to all (d,t) studies 
9 to 1960. N. A. Vlasov, S. P. Kalinin, A. A. Ogloblin, and 
V. 1. ¢ huey, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1187 (1959) 
translation : Soviet Phys.—JETP 10, 844 (1960) ]. 
. B. L. Cohen and R. E. Price, Phys. Rev. (to be published); 
1 Ey Vlasov, S. P. Kalinin, A. A. Ogloblin, and V. I. Chuev, 
) Exptl. Theoret. Phys. (U.S.S.R.) 38, 280 (1960) [translation: 
oviet Phys.—JETP 11, 203 (1960)}. 

S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 


ic, Now Toa ay Sriobine Reactions (John Wiley & Sons, 


‘A I. Hamburger, Phys. Rev. 118, 1271 (1960). 
Wer Schiffer, L. L. Lee, and B. Zeidman, Phys. Rev. 115, 427 


S. Atomic 


the following paper® will discuss the detailed interpreta- 
tion of the experimental results. 

The identification of the / value of picked up neutrons 
is made with the use of the Butler theory of direct inter- 
actions. The shape of the angular distribution of a triton 
group resulting from a single value of orbital angular 
momentum transfer / is given by the function G?, which 
is defined by ; 

, a 
G?= Li(QR)—yOjui(QR)]} , 
O?+R? | 


(1) 


where Q=K,—[4/(A+1) ]Ka, & is a constant deter- 
mined by the binding energy of the picked up neutron, 
R is the interaction radius, and j;(QR) is the spherical 
Bessel function of order /+3. K, and Ky are the wave 
numbers in the center-of-mass system of the triton and 
deuteron, respectively. Angular distributions that are 
fitted by /=1 Butler curves correspond to pickup of ~ 
neutrons, while angular distributions which are fitted 
by/=3 Butler curves correspond to pickup of f neutrons. 
In the course of this study, all angular distributions 
could be fitted by either /=1, or /=3, or a combination 
of /=1 and /=3. For the range of Q values involved, at 
an energy of 21.6 Mev, determinations of / values in 
(d,t) reactions are unique. 


EXPERIMENTAL TECHNIQUES 


The experiment was performed in the 60-in. scattering 
chamber’ by use of the 21.6-Mev external beam of the 
Argonne 60-in. cyclotron.’ The detection system was 
similar to that described previously,’ the detector con- 
sisting of a double Nal(TI) crystal. The particles inci- 
dent upon the detector pass through a thin (0.012 in.) 
di’, dx crystal and were stopped in the thick (0.160 in.) 
E crystal. Optical contact between the dE/dx crystal 
and its photomultiplier tube was made via an air light- 


6B. J. Raz, B. Zeidman, and J. L. Yntema, following article 
[Phys. Rev. 120, 1730 (1960)]. 

7J. L. Yntema, Argonne National Laboratory Report ANL- 
5890 (unpublished); J. L. Yntema, Phys. Rev. 113, 261 (1959). 

SW. Ramler and G. Parker, Argonne National Laboratory 
Report ANL-5907 (unpublished). 
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pipe. The signals from the / and dk/dx detectors are 
multiplied so that the multiplier output is proportional 
to MZ’. A multiplier output spectrum is shown in Fig. 1. 
The peaks correspond to protons, deuterons, and 
tritons and are labeled p, d, and /, respectively. The 
output of the multiplier was sent into a single-channel 
analyzer which gated a multichannel analyzer to accept 
the E pulses corresponding to the tritons. 


Targets 


The targets used were thin metallic foils which were 
punched from metal rolled to a thickness of approxi- 
mately 0.0003 in. and weighed on a microbalance. The 
foils were mounted in holders and attached to the target 
changer which can accommodate 8 targets. Since one 
isotope predominates in natural V, Cr, and Fe and Mn 
and Co are monoisotopic, the targets of V™, Cr®, Mn®, 
Fe®®, and Co were prepared from high-purity metal of 
natural isotopic abundance. The remainder of the 
targets were prepared from metal which had been en- 
riched in the desired isotope by the Stable Isotope Divi- 
sion of ORNL.’ 


Energy Calibration 


In order to identify states of the residual nuclei, 
was necessary to determine the response of the Z crystal 
as a function of the energy of the incident tritons. The 
effective thickness of the material between the target 
and the £ crystal was measured by inserting absorber 
between the target and the detector” until the elastically 
scattered deuterons failed to strike the £ crystal. The 
effective absorber between the target and the & crystal 
was determined from the range-energy curves of Al and 
a curve of pulse height vs incident triton energy was 

® The foils were rolled by Mr. I 
Argonne National Laboratory. 


1% W. J. O'Neill, H. W. Ostrander, and E. 
Instr. 4, 50 (1959). 
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calculated. Several of the reactions studied result 





well isolated levels of known Q values, which serve | . 
check the accuracy of the calibration. The calibratiy les 
is good to within approximately 60 kev, which com. 5 
sponds to one-half channel. : 
d, 

RESULTS all 

Energy spectra were obtained for all targets at } . 
intervals between 12° and 30° and at 4° or 5° interyas . 
from 30° to 70°. Fe®® was investigated over the anguly p 
range between 7° and 70°. Angular distributions hay _ 
been obtained for the group structure in the varigg % 
spectra, except when the spacing of levels permits ’ 
reliable separation of the contributions from individy - 
states. 

Absolute differential cross sections for the (d) p. F 
action on all targets have been measured at an angle of : 
27° in the laboratory system. The major difficulty) 
measuring absolute (d,/) cross sections arises from in- ; 
complete separation of deuterons and tritons, as can k j 
seen in Fig. 1. The majority of deuteron pulses, however ‘ 
correspond to elastically scattered deuterons whic 
have pulse heights larger than those of the mos 
energetic tritons. The deuteron contamination of the 
triton spectra is, therefore, almost negligible. In orde , 
tw determine the cross sections accurately, the following 
procedure was used. The discriminator on the partice 
selection system was set to accept all tritons and a con- , 
siderable number of deuterons. A number of num, | 


characterized by successively lower ratios of deuterons 
to tritons, were made until no deuterons were accepted 
From these runs, spectra were obtained which contained 
all of the tritons and had been corrected for deuterm 
contamination resulting from the imperfect separation 
of the particles. The other primary source of possible 
error in absolute cross section results from uncertainty 
in target thickness. Since the beam spot is small com 
pared to the diameter of the foil, nonuniformities it 
target thickness over the face of the foil may resatB 
variations of effective thickness. Uncertainties in th 
absolute cross section resulting from current i 
and solid angle determination are negligible."* The 
combination of these factors results in an uncertain) 
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Fic. 2. Triton spectra from (a) V*'(d,t)V® and (b) Crit(dz)ce 
at 27° (lab). The abscissae are the excitation energies of the 
residual nuclei. The ground-state Q values for the reaction | 
V51(d,t)V™ and Cr®(d,t)Cr®! are —4.78 Mev and —5.79 Mev 
respectively. 
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(d,t) REACTIONS 
‘n absolute cross section at 27° which is estimated to be 
less than 10%. Differential cross sections at other angles 
were obtained relative to those at 27°. 

Spectra from the various targets are shown in Figs. 2, 
3. 4, and 5. It is seen that a definite pattern appears in 
all spectra. For targets with even neutron numbers, the 
reaction proceeds primarily to final states near the 
ground state of the residual nucleus, while the odd- 
neutron targets, Fe*’ and Zn*’, show relatively small 
cross sections to states near the ground state of the final 
nucleus. For the targets with odd neutron number, the 
reaction proceeds primarily via reactions whose ( values 
are similar to those of the nearby target nuclides with 
even neutron number. 

The angular distributions of tritons leading to the 
ground states of the residual nuclei in the reactions 
Cr®(d,t)Cr® and Fe**(d,t) Fe® are shown in Fig. 6. These 
angular distributions illustrate the two characteristic 
shapes of angular distributions observed in the present 
experiment. The Cr angular distribution exhibits an 
oscillatory behavior with its primary maximum at ap- 
proximately 21° in the center-of-mass system and two 
secondary maxima. The data have been fitted with a 
Butler curve corresponding to neutron pickup with /=3 
and a radius of 7.1 f. It would be possible to get some- 
what better agreement with the primary maximum by 
using a radius of 6.8 f. However, there is no possibility 
of getting equally satisfactory agreement with the data 
for any other / value regardless of choice of radius. 

The ground-state angular distribution for Fe®*(d,t) 
Fe® exhibits an oscillatory behavior, with the primary 
maximum at approximately 9° and three secondary 
maxima. The data is well fitted by the Butler curve for 
neutron pickup with /=1 and a radius of 7.4 f. Only 
minor variations in the radius are possible without 
destroying the agreement with the data. The choice of 
lis unique. It is to be noted that the primary maximum 
occurs at an angle slightly smaller than the lower limit 
of the angular range investigated for targets other than 
Fe™*. 

Over the range of elements covered, it is found that 
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Fic. 3. Triton spectra from (a) Mn*5(d,t)Mn™, (b) Fe®*(d,t)Fe®, 
and (c) Fe" (d,t)Fe® at 27° (lab). The abscissae correspond to the 
excitation energies of the final nuclei. The ground-state Q values 
are (a) —3.95 Mev, (b) —4.49 Mev, and (c) —1.37 Mev. 


the angular distributions for /=1 are consistently fitted 
by the Butler curves for a radius of 7.4 f, and that /=3 
angular distributions are consistently fitted with Butler 
curves for a radius of 7.1 f. Improvements in agreement 
may be attained for radii which differ slightly from the 
values given, but in all cases the agreement is quite 
satisfactory. In a number of cases, there is a mixture of 
l=1 and /=3 present in the angular distributions. For 
targets whose spins are zero, this arises from the failure 
to separate the levels in the group structure, so that the 
data include contributions from levels of different spins. 
For targets with nonzero spin, conservation of angular 
momentum may allow more than one value of / to be 
involved in the formation of a single state so that an 
admixture is present. For equal contributions of /=1 
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Fic. 5. Triton spectra from (a) Zn®(d,t)Zn®, (b) Zn®*(d,t)Zn®, 
(c) Zn® (d,t)Zn®, and (d) Zn**(d,t)Zn® at 27° (lab). The abscissae 
are the excitation energies of the final nuclei. The ground-state 0 
values are (a) —5.59 Mev, (b) —4.77 Mev, (c) —0.80 Mev, and 
(d) —3.93 Mev. 


and /=3, the angular distribution will resemble an /= 1 
distribution and the resemblance to /=1 will become 
stronger as the ratio of /=1 to /=3 increases. Only if 
the /=3 is stronger than the /=1 will the angular dis- 
tribution show an unmistakable /=3 shape and even 
then weak /= 1 admixtures will be seen in the form of an 
increase in intensity at the most forward angles. 


V"'(d,t)V™ and Cr*(d,t)Cr® 


The spectrum of the V"(d,t)V™ reaction, shown in 
Fig. 2, displays prominent peaks at excitation energies 
of 0, 0.3, 0.95, and 3.3 Mev. Other, weaker peaks are 
seen near 1.5, 1.9, 2.2, 2.6, and 3.1 Mev. In particular, 
the peak near 3.1-Mev excitation becomes quite strong 
at 18° and is then comparable in intensity to those at 
0.3 and 0.95 Mev. 

In addition to the ground-state peak, a number of 
much weaker groups are also observed in the spectrum 
of the Cr*(d,t)Cr® reaction. There are known states in 
Cr®' at excitation energies of 0.750, 1.17, 1.42, and 1.53 
Mev." Of these, the 0.750-Mev state is seen, but weakly, 
and there is evidence for the 1.17-Mev state. There are 
definite peaks at 1.85, 2.20, and 2.60 Mev. In the region 
around 1.5-Mev excitation, there are a number of 
counts, but no structure is observed. Compared to the 
results on other even- nuclei, the intensity of the 2.6- 
Mev group is exceptionally strong. A check of Q values 

" Nuclear Level Schemes, A =40 = 92, compiled by K. Way, 
R. W. King, C. L. McGinnis, and R. van Lieshout, Atomic Energy 


Commission Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955) 
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for the other Cr isotopes” does not yield a Q value fy: 
a ground-state transition or a low-lying state whic 
would correspond to a triton of this energy, 

For targets of V*' and Cr®*, each nuclide containing 
28 neutrons, only /=3 transitions have been obseryg) 
Angular distributions have been obtained for groups 
leading to states near the ground state, 1.0 Mev, ay 
3.2 Mev in V™ and to the ground state and 0.75 Mey; 
Cr, Since no /=1 transitions are observed, ther 
appears to be little or no configuration mixing with th 
p; shell which lies above the f7,2 shell in the Single. 
particle shell model. 


Mn**(d,t)Mn* 


? 


Figure 3 for 
Mn®. Peaks corresponding to excitation energies of 
0.40, 0.70, 1.00, 1.40, 1.80, and 2.2 Mev in Mn* wer 
observed. There is evidence for other groups at approx: 
mately 2.7-, 3.0-, 3.3-, 3.7-, 3.9-, and 4.5-Mev excitation, 
The peaks corresponding to the ground state and 1-Mey 
level predominate. Previous data from the Fe*(pq 
Mn* reaction" indicated states at 0, 0.160, and 0.410 


shows the spectrum obtained at 27° 


“ 





Mev. There was no possibility of resolving the 0.10. | 


Mev level, if present, in our case. 

Angular distributions of groups leading to states near 
0, 1.0, 2.7, and 4.0 Mev in Mn** have been obtained. 
The ground state, 2.7 Mev, and 4.0-Mev groups ar 
characterized by /=1 angular distributions. The 1.0- 
Mev state is primarily an /= 3 angular distribution with 
about a 10% admixture of /=1. 


Fe*'(d,t)Fe* 


The states of Fe®> have been carefully investigated 
previously and 138 levels have been observed up toa 


excitation of 7.5 Mev." In the Fe®®(d,t)Fe®* reaction, 


cr2(4,1) cr?! Fe (4,1) Fe™ 





GROUND STATE | GROUND STATE 

3.0— 10} 
> 4 3 
2 + | —BUTLER THEORY 8} — BUTLER THEORY 
$ 20+ Q=3 R=7.If i f=| ReT74t 
E 6+ 
: y | 
2 | 
$ 1.0; a 4 ‘ 

| ' ° 2 
_ s. A [ - 
) 20 40 #60 8 Oo 20 40 wo ®& 


8 cm. 


Fic. 6. Angular distributions of the ground-state reactions 0 
(a) Cr(d,t)Cr™ and (b) Fe5*(d,t)Fe®®. The solid curves are com 
puted from the Butler theory for (a) 1=3, R=7.1 f and (b) =I, 
R=7.4f 
2V, J. Ashby and H. C. Catron, University of California 
Radiation Laboratory Report, UCRL-5419 (unpublished). 

13 A, Sperduto, Massachusetts Institute of Technology Labo 
ratory for Nuclear Science Progress Report AECU-3908 May, 
1958 (unpublished). , 

“4K. Way et al. Nuclear Data Sheets (National Academy ® 
Sciences-National Research Council). This continuing compilation 
of data contains all pertinent references. 
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(d,t) REACTIONS ON 
the levels at 0, 0.413, and 0.933 Mev have been resolved. 
There is a strong peak at 1.4 Mev which could include 
the 1.322-, 1.413-, and 1.504-Mev ievels. From the 

sition and shape of the peak, it is concluded that the 
{.413-Mev level is dominant. Other groups are seen at 
2,05-, 2.3-, 2.9-, 3.1-, 3.4-, 3.7-, and 4.0-Mev excitation. 
The states at 0 and 0.415 Mev and the groups at 1.4, 
1.9, and 2.5 Mev have been analyzed. The ground state, 
0.415-Mev level, and 1.9-Mev group have /=1 angular 
distributions, while the 2.5-Mev group has an /=3 
angular distribution. The group at 1.4 Mev is primarily 
an [=3 with about a 15% admixture of /=1. The beta 
decay of Co®®, which is presumed to have a spin and 
parity of }~, proceeds primarily to the 1.413- and 0.933- 
Mev states of Fe®® with log ft values of 5.7 and 6.4, 
respectively’ These log ft values are within the range 
of allowed transitions so that the assumption of $~ spin 
and parity for Co** would set limits of 3~ to 9/2- for the 
spins and parities of the 1.413- and 0.933-Mev levels of 
Fe’, The present results indicate that the 1.413-Mev 
state is dominant in the 1.4-Mev group. The angular 
distribution of the group then sets a limit of }- or }- 
for this state. The lack of transitions to the ground 
state and the 0.415-Mev state in Co*> beta decay is also 
consistent with the spins and parities of either $~ or 3- 
obtained from the present work. 


Fe" (d,t)Fe® 


The Fe®’(d,t)Fe®* spectrum shown in Fig. 3 exhibits 
a number of prominent peaks which can be compared 
to the known levels in Fe**. The levels at 0 and 0.845 
Mev have been resolved, as is the Fe®*(d,t)Fe®® ground- 
state transition which corresponds to an excitation of 
3.57 Mev in Fe*®. There is some evidence for the 
presence of the 2.085-Mev state of Fe**, but the intensity 
of this peak is too weak to permit definite identification. 
The very strong peak at 2.95-Mev excitation may be 
due to the excitation of the 2.940- and 2.958-Mev levels. 
Other groups are observed at 4.0-, 4.3-, 5.0-, 5.4-, 5.6-, 
5.85-, and 6.4-Mev excitation. Since the Fe®” target 
contained 23% Fe®®, levels between 3.3- and 3.8-Mev 
excitation are obscured by the Fe®*(d,t)Fe®® ground- 
state transition. The contribution of the Fe5* has been 
subtracted in making level assignments. 

Angular distributions of tritons leading to the ground 
state and 0.845-Mev state of Fe** from the reaction 
Fe"(d)Fe®* are shown in Fig. 7. The ground-state 
transition is a pure /= 1, in excellent agreement with the 
Butler curve. The spin and parity of Fe*’ is known to be 
2. Since Fe®* has a spin and parity of 0+, the ground- 
state transition must involve pickup of a ; neutron. 
The presence of this term in the wave function of Fe5” 
Is definite evidence for the mixing of shell-model con- 
igurations. Since the spin and parity of the 0.845-Mev 
state of Fe®* is 2+, both /=1 and /=3 transitions to this 
State from the Fe5? ground state are allowed. The fact 
that the data show that both /=3 and /=1 transitions 
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Fic. 7. Angular distributions from Fe*"(d,t)Fe®*. (a) Angular 
distribution of the ground-state triton peak. The solid curve cor- 
responds to the Butler theory for /=1, R=7.0 f. (b) Angular dis- 
tribution of tritons leading to the 0.845-Mev state in Fe®*, The 
curves correspond to the Butler theory. The long dashes are for 
l=1, R=7.0 f, the short dashes for /=3, R=7.0 f, and the solid 
curve results from the addition of the dashed curve. 


do contribute, is further evidence that configuration 
mixing is involved. The angular distribution for the 
0.845-Mev state illustrates the difficulty in separating 
l=3 admixtures from /=1 curves. In this case, the /= 1 
and /=3 intensities are roughly equal, yet the angular 
distribution appears primarily as an /=1. The angular 
distribution of the 2.95-Mev group appears to be a pure 
l=1 transition. This is consistent with the assignment 
of the spin and parity of 2+ for the 2.958-Mev state, 
which has been made on the basis of the beta decay of 
Mn*‘ and the angular correlation of the cascade gamma 
rays." The angular distribution of the 4-Mev group 
corresponds to an /=3 transition. The two known states 
in the region which contribute to this group are the 
3.84-Mev (3+ or 5+) and 4.10-Mev (4+) levels. If the 
3.84-Mev level contributes strongly, then its spin and 
parity must be 3+, since conservation of angular mo- 
mentum sets an upper limit of 4 for the spin of the final 
State. 


Co®*(d,t)Co®*, Cu®(d,t)Cu®, and Cu®*(d,t)Cu™ 


The spectra for targets of Co®, Cu®, and Cu® are 
shown in Fig. 4. All three show a similar spectral shape 
of a wide, asymmetric peak whose mean is several 
hundred kilovolts above the ground state and then a 
much lower yield to higher excited states. In particular, 
the Co**(d,t)Co®® spectrum indicates a ground-state Q 
value which is approximately 100 kev less negative than 
that which has been obtained from mass values.” In 
view of the accuracy of the energy calibration as evi- 
denced by comparison with other known Q values, it is 
felt that this discrepancy is significant. The peak of the 
broad group corresponds to 0.49-Mev excitation, rela- 
tive to the calculated ground state. Other groups appear 
at 1.0, 1.8, 2.1, 2.7, and 3.1 Mev. 

In the beta decay of Zn®, states in Cu® have been 
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observed at 0, 0.042, 0.30, 0.55, 0.63, and 0.70 Mev. 
These states essentially cover the region of the broad 
group. Other weaker groups are seen at 1.1, 1.4, 1.6, 
2.15, 2.7, 2.9, and 3.9 Mev. 

A number of levels in Cu™ have been observed in the 
Cu®(d,p)Cu™ reaction. With the exception of the 0- 
and 0.16-Mev levels, there appears to be a band struc- 
ture in the level diagram for low excitations. The levels 
appear to cluster about 0.3, 0.65, 0.90, 1.31, and 1.50 
Mev. The broad peak has a fine structure which indi- 
cates peaks at about 0.30 Mev and 0.65 Mev. There are 
indications for other groups in the spectrum at 1.3-, 
1.5-, 2.0-, 2.2-, and 3.2-Mev excitation. 

Angular distributions have been obtained for the 
broad groups in Co**, Cu®, and Cu and for the group 
at approximately 1.5-Mev excitation in Cu®. All of 
these angular distributions appear to correspond to 
/=1. If, however, there are some /=3 contributions, as 
would be expected on the basis of the shell model, then 
such /=3 contributions could easily be masked if the 
intensity of the /=3 were less than the intensity of the 
/=1. Since the /=3 angular distributions peak at the 
position of the first minimum of the /=1 angular dis- 
tribution, an upper limit for the 7=3 contributions can 
be obtained. 


Zn (d,t)Zn™ 


From the position of the ground-state peak in the 
Zn®™(d,t)Zn®™ spectrum, shown in Fig. 5, it is concluded 
that the peak results primarily from transitions to the 

‘ ground state. The asymmetry of the peak indicates that 
the 0.19-Mev level is also present. There is a prominent 
peak corresponding to the 0.64-Mev level of Zn® and 
definite indications of the presence of the 1.04-Mev level. 
Other groups appear at 1.74- and 2.55-Mev excitation. 

The angular distribution of the ground-state group 
in the Zn™(d,t)Zn®™ angular distribution corresponds to 
/=1, but there is, once again, the possibility of an /=3 
admixture. From the peak shapes, however, it appears 
that the ground-state angular distribution corresponds 
to /=1, and any /=3 admixture in the angular distri- 
bution would result from transitions to the 0.19-Mev 
state of Zn®. From conservation of angular momentum, 
the ground-state spin and parity of Zn®™ is }~ or }- 
From the beta decay of Zn®, it is inferred that the spin 
and parity of Zn®™ is 3~ or $-. It is therefore concluded 
that the spin and parity of Zn® is 3-, since this isthe only 
value permitted by both measurements. The angular 
distributions of the groups at 0.64 Mev and 1.04 Mev 
in Zn® are also fitted with /=1. If more detailed investi- 
gation of the level structure of Zn™ shows that these 
levels are indeed single levels, then the spins and parities 
of these levels are 4~ or 3~, and no admixture of /=3 is 
present. If, however, the observed 0.64- and 1.04-Mev 
levels are really several closely spaced levels, then an 
= 3 admixture is possible. 
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Zn**(d,t)Zn°* 


The Zn (d,t)Zn® spectrum is characterized by a very 
strong peak near the ground state, a weaker peak 4: 
0.90-Mev excitation and only the barest indications of 
groups at approximately 1.4-, 1.9-, and 2.3-Mey exci 
tion. The maximum of the ground-state peak occurs al 
approximately 0.10-Mev excitation, which corresponds 
to the position of the presumed }~ state at 0.115-Mey 
excitation.’® Other known levels covered by this Deak 
are the ground state and levels at 0.054- and 0,209-Mey 
excitation. The shape of the peak indicates that th 
0.115-Mev level is responsible for most of the intensity 
observed. The peak at 0.90 Mev is consistent with the 
known level at 0.86 Mev. 

The angular distribution of the ground-state group 
in the Zn**(d,t)Zn® agrees with that for /=1 with the 
possibility of an /=3 admixture. From the beta decays 
of Zn® and Ni® to Cu®, the spin and parity of Zn'js 
presumed to be $~, so the ground-state transition in the 
Zn**(d,t)Zn® reaction should be characterized by an/=3 
angular distribution. Since the most intense level in the 
ground-state group is the 0.115-Mev level, the angula 
distribution of the group is then consistent with a spin 
and parity of }~ for the 0.115-Mev level. The angular 
distribution of the 0.90-Mev group is fitted by /=1, 
which then sets limits of }~ or }~ for the spin and parity 
of this state. If the ground-state spin and parity is 
indeed }~ and that of the 0.115-Mev state $-, then one 
would expect to see gamma emission to both the ground 
state and the 0.115-Mev state in the decay of the 0.8- 
Mev level, if its spin and parity were 3~. Since the 
0.86-Mev level is seen to decay only to the 0.115-Mev 
level, it is then most probable that the spin and panty 
of the 0.86-Mev level is }~. This would then indicate 
that a p; admixture is present in the Zn® ground-state 
configuration. 


Zn*' (d,t)Zn*° 


The spectrum of the Zn®(d,t)Zn® reaction shows 
peaks corresponding to the known levels at 0, 105, 
2.75, and 3.78 Mev."! There is definite evidence for the 
presence of the known levels at 3.24 and 4.10 Mev and 
some indications of the 4.3-Mev state. The transition 
to the 2.40-Mev state is weak, if it exists at all. The 
Zn* target was enriched to 81% Zn, the remainder 
being roughly equal parts of Zn*, Zn®*, and Zn®. In 
the region corresponding to excitations between 4.5 and 
5.0 Mev in Zn", (d,/) reactions on these last isotopes 0 
zinc contribute, but cannot account for all of the ob- 
served intensity. After correction for the  isotopi 
mixture, the spectra indicate substantial cross sections 
to levels between 4.5 and 5.0 Mev, but no group strut 
ture is seen. 

Angular distributions from the Zn® (d,t)Zn® reactions 
have been obtained for transitions leading to the ground, 
1.05-Mev, and 2.75-Mev states and to the group # 
about 3.75 Mev in Zn®*. The ground-state transition 8 
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(2,4) REACTIONS ON 
fitted with an /=3 curve, which is consistent with the 
spins §~ and O* for the ground states of Zn® and Zn®*, 
respectively. The other angular distributions are mix- 
tures of weak /= 1 and strong /=3. Since both /= 1 and 
|=3 transitions are observed to the 1.05- and 2.75-Mev 
levels, the spins and parities of these states must lie 
between 2+ and 4+. This is consistent with the spin of 
the 1.05-Mev level, which is known to be 2*. 


Zn'*(d,t)Zn°? 


The Zn*(d,t)Zn®™ reaction yields spectra, of which 
one is shown in Fig. 5, characterized by a strong peak 
near the ground state and much weaker peaks at ap- 
proximately 1.0-, 1.7-, and 2.25-Mev excitation. The 
peak at 1.7 Mev corresponds to a known level at this 
excitation. The known levels at 0.87 and 0.98 Mev may 
be contributing to the 1.0-Mev peak. Near the ground 
state, levels at 0, 0.93, 0.184, 0.388, and 0.59 Mev have 
been observed in the beta decays of Cu and Ga®’. The 
ground-state peak is quite broad and covers all of these 
levels. The peak has a maximum corresponding to ap- 
proximately 0.40-Mev excitation, which is in good 
agreement with the 0.388-Mev level. Since the other 
levels are relatively well separated from this one, it is 
concluded that the 0.388-Mev level is strongly excited. 
There is a slight plateau at 0.10-Mev excitation which 
is in agreement with the 0.093-Mev level. At angles of 
18° or 21° the shape of the peak is somewhat altered and 
there is definite evidence that the 0.184-Mev level and 
the ground state are excited. There is no indication of 
the presence of the 0.59-Mev state, but it may be hidden 
by the low-energy tail of the 0.388-Mev peak. 

The angular distribution of the ground-state group 
is well fitted by an /=1 curve. The most intense part of 
this group results from excitation of the 0.388-Mev 
level, a result which is consistent with a presumed spin 
and parity of 3~ obtained from the beta decays of Ga® 
and Cu”. From the change in peak shape with angle, 
there are definite indications that both the ground and 
0.184-Mev states have angular distributions which are 
in agreement with the Butler curve for an /=3 transi- 
tion. The 0.093-Mev level appears to have an angular 
distribution of the same shape as the 0.388-Mev level, 
which is /=1, The / values for the individual levels are 
then consistent with the spins and parities obtained 
irom the beta-decay work. 


Calculations of Reduced Widths 


Reduced widths have been extracted for the levels 
and groups for which angular distributions have been 
obtained. To determine absolute reduced widths, it is 
essential to have information concerning absolute cross 
sections and the angular dependence of the groups. 
These are then compared with the Butler theory in 
order to obtain the reduced widths. 

The Butler form for the differential cross section for 
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TaBLE I. Reduced widths for strong groups. The groups are 
listed according to excitation in the final nucleus. The absolute 
differential cross section for each group at approximately 28° 
(c.m.) is given in mb/sr. The symbols @(1) and @(3) designate 
reduced widths for /=1 and /=3, respectively. The “less than” 
symbol indicates an upper limit for an unobserved /=3 





Final da /dw (28°) 
nucleus Level mb/sr 100 6(1) 100 &(3) 
23V™ 0.3 1.6 1.8 

oe 8 1.6 

3.1 0.7 1.3 
oyCr®! 0 1.5 2.9 

0.75 0.2 0.4 
23Mn™ 0 YR 2.9 

1.1 0.87 0.5 1.0 

y 0.41 0.5 

4.0 0.16 0.2 
ole®5 0 2.0 1.6 

0.42 0.65 0.4 

1.4 1.0 0.2 1.4 

2.0 0.15 0.1 

y 0.10 0.1 
el e56 0 0.40 0.38 

0.85 1.4 0.76 0.70 

2.9 2.0 1.82 

4.0 0.70 0.93 
a7Co> 0.3 5.3 5.3 <2.2 
2Cu™ 0.4 4.7 3.8 <2.0 

1.4 0.68 0.7 <0.4 
oCu 0.4 7.8 6.4 <4.0 
302n 8 0 3.3 3.3 <1.5 

0.64 0.78 0.9 <0.3 

1.1 0.37 0.4 <0.2 
302n 0 6.0 3.85 <2.35 

0.86 1.1 0.75 <0.5 
30Zn*6 0 0.25 0.29 

1.0 0.33 0.35 0.20 

2.7 1.85 0.64 0.91 

am 3.85 1.5 1.0 
3o2n®? 0.3 7.5 4.5 3.7 


neutron pickup via a (d,t) reaction may be expressed as 


do 
st ae 


44 


A(A+1) K, R 
—-— G/F, 


a (2) 
(A+3)? Kya yr 


dw 


where A is a constant containing the overlap of the 
deuteron and triton wave functions, A is the mass of the 
residual nucleus, @ is the reduced width for the transi- 
tion, G? [given by Eq. (1) ] is the term containing the 
angular dependence of differential cross section, and y; 
is defined as 


hy(ikR) 


n= (3) 
ikh:,,(ikR) 
where /; is the spherical Hankel function of order /+3. 
To determine the reduced width, it is desirable to 
determine the differential cross section at ihe primary 
peak of the angular distribution. The range covered by 
the angular distributions encompasses the primary peak 
for groups corresponding to /=3 transitions, but not 
for /=1 transitions. However, this range was extended 
in the study of the Fe®*(d,t)Fe®> reaction. Since the 
energies of the various /=1 groups in other targets do 
not vary greatly from those in Fe**, it is reasonable to 
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assume that the ratio of the second maximum to the 
primary maximum is approximately the same as in 
Fe*®(d,t)Fe®®. The shapes of the angular distributions 
for all /=1 groups, including those from the Fe* target, 
are very similar. Estimating the intensity of the primary 
maximum on the basis of that of the secondary maxi- 
mum is believed to introduce a possible error of no more 
than 10% into the resulting reduced width. 

Another possible source of error in the reduced widths 
results from the choice of the value of A. The value of A 
is obtained from comparison of (d,p), (p,d), and (d,/) 
reactions which proceed between the same two levels. 
On the basis of data which extend up to A=25, 
Macfarlane’ finds A=195+35. This is the value used 
in the present calculations. There may be a large devia- 
tion from this value of A in the region of A investigated 
in the present work, but in the absence of any additional 
information no better estimate can be made. The re- 
duced widths given in Table I may be simply corrected 
for any improved value of A by keeping the product 
A® constant. 
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Apart from the errors involved in determining 4, 4 
possible sources of experimental error introduce les 
than 20% error into the reduced widths obtained here 
The reduced widths for the various levels and groups 
are given in Table I, where (1) refers to angular dis 
tributions corresponding to /=1 transitions and g 
refers to angular distributions corresponding to Is} 
angular distributions. The groups are listed according 
to residual nuclides and excitation energy in the nucleys 
The “less than” symbol indicates the absence of » 
observed /=3 transition when one is possible, the liste 
value for the reduced width then being an upper limi 
on the /=3 contribution as set by the cross section y 
the minimum of the observed /= 1 angular distributig, 
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The following work illustrates the use of experimentally determined reduced widths from (d,/) reactions 
in analyzing the structure of the ground state of the target nuclei. The (d,/) reaction is an especially sensitive 
and almost unique experimental technique for measuring small components of nuclear wave functions. In 
this role it becomes a valuable tool in investigating the presence of strong pairing forces in nuclei. This 
analysis demonstrates the strong mixture of the 23/2 and 1/s;2 neutron states in the region around A =60 
In contrast to this, nuclei with 28 neutrons show no observable mixing of states. Special attention is given 
to Fe*’ and a shell-model wave function is derived that gives the observed magnetic moment as well as the 
observed. (d,t) reduced widths. In this connection a simple general formula is presented for the magnetic 


moment of any shell-model wave function. 


I. INTRODUCTION 


HE Butler theory of nuclear reactions! has been 

a most productive theory in the fields of (a) the 
mechanism of nuclear reactions, and (0) nuclear 
structure and spectroscopy. In this paper the primary 
interest is in area 6. The Butler theory is used as an 
empirical tool in analyzing (d,/) pickup experiments in 
order to extract information about nuclear 
functions. 


wave 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). See 
also S. T. Butler, Nuclear Stripping Reactions (John Wiley & Sons, 
Inc., New York, 1957) for a complete list of references to the early 
work in this field. 


This application of Butler theory was first used by 
Bethe and Butler? to estimate the 7 value admixtures 
vave functions. Since that tme 


in certain nuclear 


several authors? have extended this technique and 


demonstrated its usefulness in determining nuclear 
structure. The most recent work in this field is that d 
Macfarlane and French,‘ who have made a complete 


2H. A. Bethe and S. T. Butler, Phys. Rev. 85, 1045 (1952). 
3 See, for example, J. B. French and B. J. Raz, Phys. Rev. IM, 
1411 (1956); T. Auerbach and J. B. French, Phys. Rev. 98, i2i0 
(1955); A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953); 
and S. Okai and M. Sano, Progr. Theoret. Phys. (Kyoto) 14, 34 
1955), and 15, 203 (1956 
4M.H. Macfarlane and J. B. French, Revs Modern Phys. 22 
567 (1960) 
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STRUCTURE OF NUCLEI 
survey of all relevant stripping and pickup experiments 
and have analyzed this data in terms of nuclear wave 
functions. The techniques used in much of the present 
paper follows the formalism developed by Macfarlane 
and French and the real justification for the procedure 
rests on the consistent picture that emerges from their 
analysis of the experimental information, ; 
The Butler formula for the differential cross section 
jor neutron pickup via a (d,/) reaction may be expressed 
% do A(A+1) Ki R 
—=A———_ — —G/ (J), 
do  (A+3)? Kave 


where: (1) A is an empirically determined constant 
that gives the normalization of (d,/) experiments 
relative to (d,p) experiments.'’*:> Theoretically this 
constant is a measure of the overlap of the deuteron 
and triton wave functions. (2) A is the mass of the 
residual nucleus. (3) K, is the wave number of the 
triton in the center-of-mass system of the residual 
nucleus after emission of the triton. (4) Ay is the wave 
number of the deuteron in the center-of-mass system 
of the target nucleus before it was struck by the 
deuteron. (5) R is the appropriate stripping radius for 
this process. (6) y, is equal to A,(ikR)/Likhi,1(ikR) ], 
in which (a) A, is the spherical Hankel function of 
order J, and (b) & is related to the binding energy of 
the picked-up neutron and is defined by 
2M A 
= ———(Q value of reaction+6.258 Mev). 
h? A+1 


(1) 


(7) G? is a function defined by 
‘9 1 ° \ 
G?=———{_jr(QR)—v:Qju1(QR) P, 
(Q°+k*)? 


in which (a) Q is the momentum transferred by the 
reaction and is given by 


A 
Q=K,— 7 
A+1 





Ky, 


(b) jris the spherical Bessel function of order /, (c) G2 
is related to the tabulated values of Lubitz® by the 
expression 


G?= (Ry1)*[1+0.008 (x2+-y?) Po, (0) i, 
where x=QR and y= kR. Hence, G? may also be written 
1 2 
G?= 
ikhy,,(ikR) 
(LJ:(Qr) Ohi (ikr), dr—hy(ikr)d7.(QOr)/dr|,-r \° 
| O+k |" 


AL Hamburger, Phys. Rev. 118, 1271 (1960). 


— University of Michigan Report, 1957 
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(8) @(l) is the dimensionless reduced width to be 
extracted from the experimental data. 

By use of the above relationships and formula (1), 
the reduced width may be determined from the absolute 
cross section of any (d,/) experiment. 

The reduced width @(/), is the basic piece of in- 
formation that is obtained from the analysis of the 
(d,f) reaction work. This constant, 6?(/) is related to 
the structure of the nuclear levels involved, by the 
relationship #(/)=S(J)6?(J). Here 6°?(/) is the pure 
single-particle reduced width that is determined from 
experiments involving single-particle states in a variety 
of nuclei. Examples of these levels would be the ground 
states and some of the excited states in O'7 and Ca". 
If the single-particle states are considered as states in 
some static potential, then @?(/) is just equal to 
4RP(ro)re® where Rj(ro) is the value of the radial part 
of the wave function, evaluated at the nuclear surface 
r=. 

In practice formula (1) is used to extract values of 
@(l) and thus S(/) for the various levels seen in the 
(d,t) reaction. This procedure, at first glance, seems to 
imply that the Butler theory gives the correct relation- 
ship of cross section to the variables of the problem: 
incident energy, excitation energy of the final nucleus 
and charge of the particles involved. However, it is 
clearly unwise to assume that such a simple theory as 
the Butler theory gives the exact dependence of cross 
section. Detailed calculations’ including distorted 
waves, Coulomb corrections, and other refinements 
indicate the limitations of the Butler theory, but these 
limitations do not destroy the usefulness of the pro- 
cedure. These variations of cross section may be in- 
corporated into a dependence of the single-particle 
reduced width @o(/) and the normalizing constant A on 
the Q value of the reaction, on the value of Z, and on 
the incident energy. This dependence has been investi- 
gated*® in the region of the atomic weight less than 
30, and is under investigation* experimentally in the 
region around A=50-60. The results‘ indicate that 
both these parameters, A and 6,?(/), vary only slowly 
with the parameters of the problem, so that this 
procedure is practical and the absolute value of the 
cross section given by Butler theory is easily nor- 
ments in the region of interest. 

For definiteness, the following values were taken 
from reference 4: A=200, 0°(2p)=2.210~, and 
6° (1f)=1.1X10-*. These values have uncertainties in 
them but relevant experiments are under way* to 
reduce this ambiguity in the region of the periodic 
table about A4=50. Future more accurate values of 
these parameters may easily be incorporated into the 
present results. The over-all consistency of the results 


7W. Tobocman, Phys. Rev. 115, 98 (1959). 
8M. Macfarlane (private communication). 
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Fic. 1. The representation of a nuclear wave function 


in terms of a vector diagram. 


presented here® suggests that the values of the parame- 
ters taken are valid choices. 


II. DETERMINATION OF SPECTROSCOPIC 
FACTORS 


The spectroscopic factor S(/) measures the degree of 
overlap between the wave functions of the target 
nucleus and the final state.’ In particular, if the wave 
functions are described in terms of a jj coupling shell 
model, the § factor is proportional to the square of the 
overlap integral between the target state and a wave 
function described by the total angular momentum 
vector of the picked-up neutron coupled to that vector 
of the final state to yield a total spin equal to that of 
the target state. 

To be more precise, the nuclear wave functions may 
be described in the representation in Fig. 1, where the 
symbol represents a shell-model state formed by three 
groups of m»; nucleons having j value j; and total 
angular momentum a;, where i= 1, 2, or 3. In addition, 
a,+a2.=8 and 8+a;=J, where J is the spin of the 
entire state. The arc between the ends of J is to sym- 
bolize that the entire wave function is to be anti- 
symmetric under interchange of either two protons or 
two neutrons. Isotopic spin is ignored in this particular 
use although the generalization is trivial and is given 
in complete detail in Macfarlane and French.‘ 

For pure nuclear states of the above type, S(/) 
becomes $(j) for each j value since different 7 values 
do not interfere. Then $( 3) is displayed in Fig. 2, where 
the last symbol in the overlap integral represents the 
vector coupling of the picked-up nucleon to the final 
state. 


$(j3)= n3{js"*a3) 93" las’ PL 2(B'as'J js; J set3) 


X65 (aya28 ; ary'a2’8’), (3) 


where U is a normalized Racah" coefficient, and 


® All the experimental (d,#) reaction data used in this paper is 
from B. Zeidman, J. L. Yntema, and B. J. Raz, preceding paper 
[Phys. Rev. 120, 1723 (1960) ]. 

10 This factor $ is the same as the factor S in Eqs. (1) and (2) in 
French and Raz, reference 3. Equation (2) in that work should 
read: 
z|z 
in of 

" See, for example, G. Racah and U. Fano, /rreducible Tensorial 
Sets (Academic Press, New York, New York, 1959); A. R. 
Edmonds, Angular Momentum in Quantum Mechanics (Princeton 
University Press, Princeton, New Jersey, 1957). 


S=n K.(n)Kg(n—1)(Wa(n)|Wa(n—1)X jn)! 
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(js"4a3| 73"*'a3’) is the coeffici sent of fractional Parentage 
between the states a; and a; 

In the (d,t) reactions it is often most Convenient ty 
look at the sum of S(js3) over as and J; rather than 
$(js) for each individual level. The value of § fal] of 
rapidly with excitation since, in general, highly excited 
states of the final nucleus do not contain large pars 
of the ground-state wave function of the target. Ths 
effect is seen quite clearly in the experimental results 
which show that & decreases rapidly with the excitatig 
energy of the final nucleus. 

The sum of all $ values associated with a given j 
the nucleus simplifies both the theoretical and expe. 
mental situation. Experimentally it is not necessary 
to resolve individual levels but only to find the toty 
contribution of a given j for all levels. Theoretically 
the value of the sum of 8(j3) becomes just ms by making 





use of the orthonormality of both the coefficients gi | 


fractional parentage and the normalized 


coefficients.* 
Even if the wave functions are described by a linex 


Racah 


superposition of the states of the above representation, | 
the above sum rule is still very useful. In particular, 


if the target is represented as 
=). Ke ba (miji,n2j2,%3J3,7), { 


where >_, indicates a sum over all possible variation 
iN 21, M2, N3, 1, @2, a3, and B that is consistent with the 
properties of yy, and y stands for all other quantum 
numbers that are not explicitly stated. 

The final state is represented by 


6;>=>, K,"¢(r), 3 


where I’ stands for all identifying quantum numbes 
of the final state and r stands for all the quantum 
numbers necessary to characterize the ¢(r). 

When the general sum over r is performed, the resul! 
obtained for the § factor is 


“Xr $r(js)= La s| Ko! (mimansy) |’, 6 
or, in general, 
Dr Sr(fi) = Dee i | Ke? (nynenzy) |” 


This result is based on normalization of K,’ @ 
K"’s as well as the orthonormality of the coefficients 
of fractional parentage and the normalized Raci 
coefficients. With this general sum rule the compositiot 
of the wave functions that describe the ground stalt 
of the target nucleus may easily be investigated. 

A simple example jag illustrate the procedure. In 
the reaction Fe**(d,/)Fe®, five distinct triton group 


2 
sind We | Pg is) 
J Jy 


Fic. 2. The spectroscopic factor $ defined in terms 0! 


the representation in Fig. 1 
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Taste I. Reduced widths,* #, and spectroscopic factors 5(/) for strong groups. The groups are listed according to excitation in the 


final nucleus. 
respectively. 


The symbols (1) and (3) designate reduced widths and $(1) and 5(3) designate spectroscopic factors for /=1 and/=3, 
The “less than” symbol indicates an upper limit for an unobserved /=3 contribution. In the use of Eq. (1) for'these results 
4 was set equal to 200, 02(1) was set equal to 2.2 10~* and 6:?(3) was set equal to 1.1 10°. 





Level in 








Target Final final 
nucleus nucleus nucleus # (1) 10? $(1) & (3) 10? $(3) Comments 
Vn"! ys 0.3 1.8 1.63 > $(3) =4.27 
a 1.1 1.6 1.46 No f3/2 excitation seen 
3.1 1.3 1.18 of the (/3/2%) closed shell. 
Cas Cré! 0 2.9 2.64 > $(3) =3.00 
‘ 0.75 0.4 0.36 No p32 excitation seen. 
Mingo Mn* 0 2.9 1.32 
‘ 1.1 0.5 0.23 1.0 0.91 
2.7 0.5 0.23 
4.0 0.2 0.18 
wsFese* Fe 0 1.6 0.73 
F 0.42 0.4 0.18 
1.4 0.2 0.09 1.4 1.27 
2.0 0.1 0.04 
2.5 0.1 0.09 
Fen? Fes 0 0.38 0.17 ~ 8( fore) = 1.47 
0.85 0.76 0.35 0.70 0.63 D S( ps2) =1.18 
2.9 1.82 0.83 D S(pu2) =0.17 
4.0 0.93 0.84 
C032” Co* 0.3 5.3 2.41 <2.2 <2.0 
yCusn® Cu® 0.4 3.8 1.73 <2.0 <1.8 
1.4 0.7 0.32 <0.4 <0.4 
oyCUge”® Cu 0.4 64 2.92 <4.0 <3.6 
2034 Zn® 0 3.3 1.50 <i3 <1.4 
0.64 0.9 0.41 <0.3 <0.3 
1.1 0.4 0.18 <0.2 <0.2 
yoLNgg" Zn® 0 3.85 1.75 €2.35 <2.1 
0.86 0.75 0.34 <0.50 <0.5 
nay? Zn 0 0.29 0.26 2 $(1)=1.13 
1.0 0.35 0.16 0.20 0.18 > $(3) =2.18 
2.7 0.64 0.29 0.91 0.83 
3.7 1.5 0.68 1.0 0.91 
0Zigg®® Zn** 0.3 4.5 2.04 a 3.4 


* See reference 9 


are observed and the reduced widths and the § factors 
for each are displayed in Table I. The ground state of 
Fe* is composed of 26 protons and 30 neutrons; and 
in terms of a shell-model picture, the configuration 
may be represented by (f7)2*)o, (Ps/2")o or (fz27*)o, 
(fs2")o where the first parenthesis indicates the proton 
configuration and the second parenthesis, the neutron 
configuration. For simplicity in this example the /=3 
transitions are assumed to come only from f;,2 pick up 
rather than f7)2 pick up from the closed neutron shell. 
The wave function may be described by 


v=a(fr 2 *)o(ps ”)ot+B( fz 2 


From Eq. (7) and the observed values of $(/=1) and 
§(/=3), it follows that 


*o(fs 2”)0. 


de?=¥° $(/= 1) =0.73+-0.18+0.09+0.04 = 1.04, 
1F=F $(1=3)=1.27+0.09= 1.36. 


Since the wave functions are assumed to be nor- 
malized, a?+? should be equal to one so 2a?+26?=2; 
but use of the above data leads to a value of 2a?+2¢" 
that is 20% too high. This merely reflects the possible 
“ors in absolute normalization. The sources of these 
‘rors include (a) the measurement of the absolute 


cross section, (b) the extraction of the reduced width 
from the data, (c) the normalization factor A relating 
(d,p) and (d,t) cross sections, and (d) the precise value 
of the single-particle cross sections for 2 and 1f states. 
In view of these experimental and theoretical problems, 
the 20% difference in normalization is not disturbing. 

The above relations lead to a?/§?= 1.04/1.36=0.76, 
a value which suggests that the f5,2 state has a higher 
probability than the 3,2 state. This same type of 
analysis is applied to all the nuclei, with special atten- 
tion given to Fe*’. 


III. DISCUSSION OF OBSERVED s FACTORS FOR 
EVEN GROUPS OF NEUTRONS 

The experimental results and the corresponding § 
values are displayed in Table I. Several general com- 
ments are necessary before discussing each individual 
case. 

A. If the target has a spin of 0, then conservation of 
parity and angular momentum insure that each state 
of the final nucleus is formed by pickup of a nucleon 
having a unique 7 value. Thus any triton group that 
has both /=3 and /=1 must go to at least two un- 
resolved levels of different spin in the final state. 
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B. If the ground state of the final nucleus has zero 
spin a similar type of limitation occurs. A neutron 
having a j value equal to the spin of the target must 
be picked up in the reaction to the final ground state. 
An example of this occurs in Fe’ for which a p12 
neutron is picked up in the (d,/) reaction to the ground 
state of Fe**. 

C. Weak /=3 levels are hard to locate experimentally 
and are often masked by /=1 pickup. 

D. As the number of particles outside a closed shell 
increases, >- S$ increases but often large contributions 
to this sum occur at excitation energies higher than 
the energies investigated in these experiments. For 
example in Cr® with 8f7/2 particles, the value of 
> 8(/=3) is 8 while experimentally this turns out to 
be only 3.0 up to 0.75 Mev. The remaining /=3 con- 
tributions should be found in levels at higher excitation 
energy in Cr®!. 

Some features of Table I will now be examined, with 
the above four comments in mind. In V™ and Cr*?, the 
28 neutrons are in a closed-shell configuration of (/7,2°). 
Any trace of (f7/2*)(ps/22) would show up as an /=1 
transition which could not be missed. Judging from 
the weakest /=1 that was observed in the other nuclei, 
it is quite plain that the admixture of two-particle 
excitation configuration (/7/2~*)(fs/2?) in 28-neutron 
ground states of V* and Cr®™ has less than a 4% 
probability. 

This technique is a very sensitive one for detecting 
two-particle excitation in an even group of nucleons. 
The presence of a strong pairing force between pairs of 
particles coupled to give spin zero” could be detected 
by observing two-particle excitation in the ground 
states of nuclei having an even neutron number. If the 
(d,t) experiment were performed on a target nucleus 
containing 22, 24, or 26 neutrons, any 3/2 admixture 
could be easily detected and would indicate two- 
particle excitation of the /7,2 particles to the p3/2 level. 
The isotopes Ca”, Ca“, Sc*®, Ti**, and Cr® are targets 
that might show this effect. Preliminary results on 
Sc** did not show this effect. 

The neutron number for the rest of the targets is 
above 29 so that the /7/2 shell is closed in these cases. 
The next shells to be filled are the 3/2 and fs; shells, 
which are observed to be almost degenerate in many 
odd-neutron nuclei in this region. An unambiguous 
example of this near degeneracy is Cr**, whose 3/2 and 
fsj2 levels are separated by only 0.97 Mev. Therefore, 
these two levels are expected to mix strongly and all 
l=3 reduced widths are assumed to come from fs, 
pickup rather than a breaking of the closed f7/2 shell. 

Note added in proof. This assumption is probably not 
valid in the case of the 1.4 Mev group in Fe**(d,t)Fe®. 
Therefore the value of 8 given for Fe**® is to be regarded 


See, for example, S. T. Belyaev, Kgl. Danske Videnskab 
Selskab, Mat-fys. Medd. 31, no. 11 (1959). 
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as an upper limit. A more detailed discussion of this 
point will be given in a future paper. 

The results for the remaining targets with ey 
numbers of neutrons are quite similar and they ap 
discussed as a group. The ratio of > $(l=3) tp 
> S(/=1) measures the probability of picking Up a 
foj2 OF a ps2 particle from the target nucleus, and this 
probability in turn is a direct measure of the relatiy 
amount of each j value in the wave function of th 
target. 

In Table II the values of 3) $(/=1), © $(/=3), ang 
the ratio of 3) S(7=3) to >) S8(/=1) are tabulated fo 
the targets with an even number of neutrons in this 
region of the periodic table. The gradual filling of both 
the 3/2 and the fs/2 shell is observed in the values of 


> S(l=1) and >> S(/=3). 


IV. Fe’? WAVE FUNCTION 


The Fe*’(d,t)Fe®® reaction can be analyzed in mor 
detail since the 1/2 contribution may be identified in 
this reaction. The investigation of the ground state o 
Fe*’ is of current interest because of the present use g 
the 14-kev gamma ray in Fe*’ for precise measurements 
of frequency shifts.'® This Fe*’ ground state does not 
fit the conventional shell model." Its spin and magnetic 
moment are both anomalous and are therefore the first 
features to be discussed. Next the analysis of the (dj 


reduced widths is discussed to provide the necessary | 


information to determine the wave function. Finally, 
for completeness, the properties of the }~ 14-kev level 
are discussed. 

The general formula for the magnetic moment of any 
state described by 7j-coupling wave functions may be 
evaluated immediately either by using a semiclassical 
vector-model picture or the more general tensor algebn 


TABLE II. Sums of spectroscopic factors for nuclei with even 
number of neutrons in the ~3/2/s/2 region. The ratio > $(3)/2 si 
is equal to the ratio of the probability of picking up a 1 neutron 
to the probability of picking up a 2p neutron. 6:°(1) and 67(3 
were set equal to 2.2X10-? and 1.1X10™, respectively, and 4 
was set equal to 200. 


Number of 
neutrons 


Outside 


closed 
Total shell Elements > 8(1) 28(3) 2 $(l=3)/s(l=! 
30 2 Mn55 1.78 1.09 0.61 
30 2 Fes 1.04 1.36 1.31 
32 4 Co® 2.41 <2.0 <08 
34 6 Cu® 2.05 <22 <i. 
34 6 Zn* 2.09 <1.9 <0.9 
36 8 Cus 2.92 <3.6 <1.2 
36 8 Zn‘ 2.09 <2.6 <12. 
38 10 Zn*8 2.04 3.4 1.67 


13 J. P. Schiffer and W. Marshall, Phys. Rev. Letters 3, 53 
(1959); R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 
554 (1959). if 

“4M. G. Mayer and J. H. D. Jensen, Elementary Theory ¢ 
Nuclear Structure (John Wiley & Sons, Inc., New York, 1955). 
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of Racah."'"5 The general formula'® is found to be 
(pT, GIT |u| GIG" D) 
J(IJFNATI+1) -J'(SI'+1) 
~ (T+) 
J'(J'+1) 410+) -JI+1) 
> e+ 
X(F)a™" [wl G)e™), (8) 


(GIG) I'D) 

represents the wave function formed by vector coupling 
the wave function of N equivalent particles of spin 7 
and total spin J to the wave function of N’ equivalent 
particles of spin j’ and total spin J’ to give the final 
spin J. Since the magnetic moment operator is a sym- 
metric one-particle operator, it is unnecessary to 
explicitly antisymmetrize wave functions in this matrix 
element. 

One finds immediately (see, for example, Mayer and 
Jensen'”) that 





((j)a™ |u| (J) a) 


where 


(Aa |u| (A) = J/aa 41 9), 
where (j|u| 7) is the single-particle (Schmidt) value of 
the magnetic moment,'* given by 


1 
(jlm =i) ect ——(e.-8)} j=l+3, (9) 
21+1 


gs=2u, and g,=1 nm for protons, 


gs=2u, and g,=O for neutrons, 
where 


Mp=2.792 nm and p,a=—1.913 nm. 


By using Eqs. (8) and (9), the magnetic moment for 
any shell-model configuration may be easily calculated. 

If core excitation is neglected, the possible config- 
urations for the three last neutrons in Fe*’ are 


L (ps2?) opr, eli2, Cs, *)oPry2 diye, [C(ps2)efsy2 ]12, 
C (fos?) 2Psy2 J1/2- 


(Only particles in the same oscillator level are included 
in this discussion.) 

Unfortunately, each of these configurations has a 
large positive magnetic moment when coupled to a 
proton group having zero spin so that there is no way 
to fit the very small value of the magnetic moment" 


4G Racah, Phys. Rev. 62, 438 (1942). 

6 See also V. W. Hughes in Recent Research in Molecular Beams, 
edited by I. Estermann (Academic Press, New York, 1959), p. 69. 
See reference 14, p. 246 
j Contrary to common usage the g factors in this formula are 
given in units of the nuclear magneton. It turns out to be very 
convenient to express all values in terms of yu, and uy, the magnetic 
moment of the neutron and proton, and this is the reason for this 
unustial choice of units for g factors. 


(966) W. Ludwig and H. H. Woodbury, Phys. Rev. 117, 1286 
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TABLE III. The shell-model configurations used to describe 
the ground state of Fe’ and the corresponding contributions to 
the magnetic moment. 





Coefficient Protons Neutrons Magnetic moment 
a (frx)o (pai2*) opie —tun 
B (fix )o (fsi2*)opise — Fun 
¥ (fr) (psi2*)ofsv2 — (7/9) pn 
6 (fiz )o (fsi2*) 2ps/2 — (13/21) un 
« (fr) 2 (psi2*) 3/2 (2/7) (3+-up) — Fun 
” (frs)s (ps2®)ofsy2 — (4/21) (3+-pp) — Fun 
BM (fri) 2 (fs/2*) 5/2 — (4/21) (3+p)— Fun 
K (fre) 2 (fsi2*)opsre 


(2/7) (3+-pp) —4un 





by use of these states alone. This is no longer true if 
proton excitation is included. Table III gives a list of 
configurations for Fe*’ and the magnetic moment 
associated with each. The Greek letter associated with 
each coefficient represents the amplitude of this part 
of the wave function. Only proton excitation to spin 2 
with neutron states in the ~3/2/s;2 subshell with lowest 
seniority are included. All the listed levels should be 
quite comparable in energy and represent a reasonable 
selection of shell-model states. 

There are only two states in Table III that have a 
negative magnetic moment, so the final answer must 
contain a considerable fraction of these two states in 
order to form a wave function that will match the small 
observed magnetic moment. This may be seen by the 
formula for the magnetic moment. The magnetic 
moment operator for neutrons connects only states of 
the same / value so that there are no cross terms that 
contribute to the magnetic moment and the equation 
for this magnetic moment in terms of the amplitudes 
for the wave function from Table ITI is 


[Rete +etattulte)+ (7/9)y*+ (13/21)8](—wa) 
+[ (2/7) (@+n*)— (4/21) +n") ](up+3) 
= +0.090 nm=,n(Fe*”), 
where 
—Hn=+1.913 nm, (u,+3)=5.792 nm. 


Because of the normalization of the wave function, 
this becomes 


(8+ (4/9)y2+ (6/21)62)1.91 
+[2(2+x2)—4 (n?-+12) 0.826 = +-0.090. 


Now the results of the Fe*’(d,t)Fe®* experiment may 
be used to supply additional information about the 
composition of this wave function. The $ values for 
Fe*’ (d,t)Fe®* are given in Table I. Of special interest is 
the transition to the ground state of Fe®*®. This tran- 
sition is a pure 1/2 transition and immediately gives a 
measure of the amount of 1/2 admixture in the Fe*? 
ground state. 

The levels” in Fe®* at 0.840 Mev, 2.65 Mev, and 2.98 
Mev all have a spin of 2 and thus cannot be reached by 
pi pickup. Therefore the total $(1/2) contribution 
observed is found in the ground-state reaction. 


2” R. W. Bauer and M. Deutsch, Phys. Rev. 117, 519 (1960). 
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In this analysis, no f7/2 pickup is included. While it 
is perfectly possible that some of the >> $(/=3) observed 
is contributed by picking up an f7/2 neutron from the 
closed /7/2 shell in Fe*’, there seem to be good theoretical 
reasons for excluding this possibility from the analysis. 
These are: 

(1) The lowest group of core-excitation levels in 
Fe would be levels described by (3/2*)3/2f7/2"', 
(ps2 )ofs2fr2", (fs, 2) ops efiz, and (fs 2) soft go. 
The excitation energy of these levels would be expected 
to exceed the sum of the single-particle splitting between 
the p32 and f72 states (about 2 Mev) and the pairing 
energy necessary to break the (/7/2°)o core (more than 
1 Mev). A level from this group might be the 4.10-Mev 
4* level in Fe**, 

(2) The next group of core-excitation levels would be 
described by 


(ps ofsfre, (fs )eps2efr27, (fs) s fra 


(where J=3/2 or 9/2), and perhaps proton core- 
excitation levels such as (f/72*)2 for protons and 
(ps/2*) fz/¢' for neutrons. These levels are expected to 
be at even higher excitations than the first group and 
are most likely above 5 Mev. 

(3) The (d,t) reaction from the $+ ground state of 
Fe’ could go only to some of the levels in group 2 
since adding an /7/2 neutron to the states in group 1 
will not give a spin of $+ for Fe®’. With this in mind, it 
seems unlikely that any /f72 pickup is seen in this 
experiment. 

By using the assumption of no core excitation, the 
sum rules for the different 7 values may be applied to 
the wave function in Table III. This results in the 
following relationships: 


and 


&e&+P=> $(p1/2), 
2a?+ 277+ +32+ 27 +e=> S(p3 2), 
282+? + 28+? + 32+ 2x2= >> 8 (fs/2), 


Se 


where 


LX S(py2)=0.17, YX 8(ps2)=1.17, Xo 8(fsy2)= 1.47. 


The total >> $ should equal 3 (the number of neutrons 
outside the closed shell of 28 neutrons). In this analysis 
this sum is 2.81, in close agreement with the value 3 
predicted for this total. Therefore, only very small 
contributions to the various $§ sums have been missed 
in this experiment. To compensate for this, the values 
of >) 8 are all increased by 7% for the actual 
calculations. 

The equation for the magnetic moment and these 
three equations do not supply enough information to 
give a unique solution for this eight-component wave 
function. Two assumptions, however, do seem rea- 
sonable and these will be used in order to get a solution. 
These assumptions are: 

(a) The ratio of (ps, 2) op1/2 to (fs/2") opi 2 in the Fe*? 
ground-state wave function is the same as the ratio of 
(Psya”)o to (fs2*)o in the Fe®* ground-state wave func- 
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tion. With this assumption the contribution 


~1pe P . to the 
> 8(P1/2) from the higher state of zero SPIN would no 


be observable. 


(b) &+x?=0. This is assumed in order to Minimize 
the two-proton excitation states in the wave function, 

These two assumptions coupled with the normal. 
zation of the wave function, the expression for the 
magnetic moment, and the three relationships from the 
(dt) results are sufficient to uniquely determine thy 
magnitude of the six remaining coefficients. The values 
obtained for these coefficients are listed in Table IV. 

The first excited state of Fe*’ will now be examingl 
because the measured transition probability for the 
transition to the ground state offers a check on the way 
functions of the ground state. The magnetic momey 
of the excited state has recently been measured?! and 
this gives information about the composition of the 
wave function for this level. The three simplest neutro 
configurations for this 3/2 level are (p3/2*)a/2, (fays*)opys 
and (fs,/s*)s/2, in which the protons are in the (frie) 
state. The contribution to the observed magnetic 
moment of — (0.1530.005) nm are pn, pp, and 
— (3/7)un, respectively, for these states. If the wave 
function for this state is given by 

V3 2=A (ps 2) ot B(fs 2° )3/2 +C (fs 2 ops 2) 
then the equation for the magnetic moment is 
[ (A?+C?)— (3/7) B? Jun=u(Fe®™*) = —0.153 aim, 

thus 
7) B’: 


A?-+-C?— (3 


This equation coupled with the normalization leads 
immediately to B?=0.644 and A?+C?=0.356. 

The M1 y-ray transition may now be investigated 
The theoretical relationship for the reduced transition 
probability B(M1) is determined in terms of the 
coefficients describing the two states involved. It is 


B(M1)=[ (2un)?/4m ](aA+8C). 


0.080. 


The mean life of this 14.4-kev state has been measured 
to be 1.710~7 sec. The conversion coefficient™ has 
been measured to be about 15 so that the mean lifer 
for y emission is about 2710-7 sec. With this value 


TABLE IV. Deduced values for the coefficients of these cot 
figurations. The use of three significant figures is a matter d 
arithmetical consistency and should not be taken to impy 
reliability to this accuracy. 





a =0.078 e=(* 
gt=0.102 1? =0.364 
2=0.176 42=0.270 
&=0.009 c=0* 
ee — $< << 


| 
| 


* Assumed to be equal to zero. 

21S. S$. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R.5. 

Preston, and D. H. Vincent, Phys. Rev. Letters 4, 179 (1960) 
2 H. R. Lemmer, O. J. A. Segaert, and M. A. Grace, I roc. Phys 

Soc. (London) A68, 701 (1955). 
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STRUCTURE OF NUCLEI 
of r, the term (aA + 8C)? in the expression for B(M1) 
is about 0.006. 

By use of the relationships A?+C?=0.356, (a4 + C)? 
=0,006, and the values of a? and f from Table IV, 
values for A and C are obtained. If a and 8 are assumed 
to have the same sign, then there are two sets of solu- 
tions: A=—0.308, C=+0.511; and A=+0.547, 
*~ —(),236. This leads to two sets of solutions for the 
itkev level: Set (1), 4?=0.095, B’=0.644, and 
(2=0.261; and Set (2), A?=0.300, B’=0.644, and 
¢?=0.056. 

These results give a consistent picture of the }~ and 
+ levels in Fe*” that fits all the observed experimental 
results. Results for Fe®*(d,p) and Fe*"(d,p) would 
provide independent checks on these results. 

The quadrupole moment predicted by these co- 
efficients is essentially zero since no proton excitation 
is involved. Hence, even small collective effects would 
contribute greatly to this quadrupole moment and 
therefore could be investigated by a measurement of 
the quadrupole moment of the }~ state. 

As is demonstrated above, the (d,/) experiment 
orovided the major information in determining the 
wave functions for the 3~ and $~ levels in Fe®’. This is 
a clear illustration of the power of this experimental 
method of determining nuclear properties. 


V. ZINC-67 


In Zn*(d,t)Zn®, the ground-state transition is pure 
=3, which is consistent with the measured 3~ spin for 
Zn". The transitions to the higher levels show both 
l=1 and /=3. The values >> S(/=3)=2.18 and 
> 8(/=1)=1.13 for all the levels lead to the ratio 


¥ s(l=3)/E s(l=1)= 1.93. 


The total of all the $ values should equal the number 
of neutrons (9 in this case) in the fs/2, ps2, and p12 
shells. The actual value is only 3.31. This may be due 
to the existence of large $ values for levels with ex- 
citation energies above those in the region explored. 

Because of this uncertainty, an analysis similar to 
that of Fe*’ cannot be performed and only a few com- 
ments will be given concerning the data. 

(a) The value of $(/=3) is 9.26 for the ground state. 
A pure (fs/2°)s)2 level would have a value of } for this 
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quantity. Thus the results for the ground-state reaction 
seems to be quite reasonable. 

(b) The magnetic moment for the ground state if 
+0.874 nm. A pure (f5/25)s52 level has a magnetic 
moment of — (5/7)un=1.36 nm. Thus the qualitative 
gross features of the ground state of Zn® are under- 
standable with a neutron wave function composed 
mainly of (p3/2*)o(fs/25)5/2. Further experimental in- 
formation is needed before a more detailed analysis is 
possible. 


VI. CONCLUSIONS 


The above work demonstrates the use of experi- 
mentally determined reduced widths from (d,t) re- 
actions in analyzing the structure of the target nuclei. 
This is an especially sensitive method of detecting 
individual components of nuclear wave functions and 
indicates clearly the mixing of the p32 and fs/2 neutron 
shells in the ground states of the nuclei having more 
than 28 neutrons. This also clearly indicates the lack 
of core excitation in the ground states having a closed 
shel] of 28 neutrons. A study of the situation with 22, 
24, and 26 neutrons in the target nucleus would be 
most valuable in determining the amount of two-par- 
ticle excitation in an even group of neutrons and thereby 
indicating the strength of the pairing force between 
pairs of neutrons coupled to give zero spin. 

The analysis of the experimental information on 
Fe*’? demonstrates how reduced widths may be used 
with other experimental data to provide nuclear wave 
functions that fit the observed results. In fact, with the 
use of two quite reasonable assumptions, a unique wave 
function was determined for the ground state of Fe*’. 
It would be most interesting to determine the nuclear 
interactions that could reproduce this wave function 
but this is beyond the scope of the present work. 

This paper clearly indicates the usefulness of more 
detailed stripping and pickup experiments (both 
angular distributions and absolute cross sections) 
throughout the periodic table. 


ACKNOWLEDGMENTS 


We wish to thank Joseph Weneser, Malcolm 
Macfarlane, Dieter Kurath, and Robert Lawson for 
stimulating discussions. 








PHYSICAL REVIEW VOLUME 


Excitation Function of the Reaction Be’ (Li’,Li*’)Be* 


RoBEert J. GERBRACHT AND Byron L. Youtz 
Reed College, Portland, Oregon 


(Received June 29, 1960; revised manuscript received August 31, 1960) 


The cross section and thick-target yield as a function of energy are derived for the reaction Be®(Li’,Li*) Be® 
over the laboratory energy range 1.1 to 4.0 Mev. A model is assumed in which the Li’ picks up the final, 
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loosely-bound neutron of Be? only at radial positions considerably outside the nuclear surface, direct reactions 


being prevented by the Coulomb repulsion. 





HE simple Butler theory of surface reactions! can 
be modified quite accurately to take into account 
Coulomb effects for those reactions in which the direct 
reaction mechanism is still the chief factor determining 
the angular distribution. The modified theory is handi- 
capped, however, by the large amount of numerical 
integration involved. Moreover, in reactions in which 
Coulomb effects tend to predominate over the direct 
reaction mechanism even the modified theory is in- 
adequate in its description of the reaction. In addition, 
reactions involving projectiles more massive than H', 
He’, or He‘ have generally not been attempted with 
this theory. These general comments are borne out 
with the Be*(Li’,Li*)Be® reaction using the data of 
Norbeck ¢/ al.’ for the laboratory energy range E,= 2.0 
to 4.0 Mev. Even at the higher energy the bombarding 
energy is only 0.7 of the height of the Coulomb barrier. 
The peaks in the angular distribution occur at such 
large angles (120° for 2.0 Mev and 90° for 4.0 Mev) 
that the functions of the Butler theory are unable to 
drop sufficiently after the peaks to even approximate the 
data. 

A second model may be proposed for the reaction. 
Classically, at least, the Li’ can never penetrate to the 
nuclear surface because of the large Coulomb repulsion. 
However, the fifth and final neutron of Be’ is so loosely 
bound that one expects it to spend considerable time 
exterior to the nuclear surface. Consequently, there is 
the possibility that the Li’ may meet and capture this 
neutron even at considerable distances from the nucleus. 
The major scattering effects will be due to Coulomb 
deflection of the incident Li’ and of the receding Li®, 
with a small amount of deflection due to the momentum 
transfer of the reaction itself. This model has been in- 
dependently suggested by Allison* from a detailed in- 
vestigation of the angular distribution of the Be’, Li’ 
reaction. With this model the expression for the excita- 
tion function (production cross section versus bom- 
barding energy) will be derived and compared with 
experiment. 

From shell model considerations, the radial wave 
function of the final reutron in Be*, when it is exterior 
to the nuclear surface of radius ro, is proportional to the 


1S. T. Butler, Phys. Rev. 106, 272 (1957). 

2 E. Norbeck, J. M. Blair, L. Pinsonneault, and R. J. Gerbracht, 
Phys. Rev. 116, 1560 (1960). 

3S. K. Allison, Phys. Rev. 119, 1975 (1960). 
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spherical Hankel function of the first kind and of onde 


one: 
ae : 
Ho) = Ain (iar) =A +l, (| 
Br pr 


where 8=[2u/h? ]! and r>ro. If one takes as a mod 
for Be® a (Be*+m) configuration, then the binding 
energy of the last neutron, £,=1.67 Mev and g=26 
X10" cm“. If one assumes, instead, a (2a+mn) op. | 
figuration, then E,=0.73 Mev and 8 is somewhat jl. | 
defined due to the three-body nature of the problem 
but is approximately equal to 1.77 10" cm~, Allison's 
calculations’ on the angular distributions demonstrat: | 
agreement with Eq. (1) with an experimental value ¢ | 
B= (2.1+0.5) 10" cm for radial distances betwee 
1.5 and 3.0X10-” cm. 

As a Li’ passes through the outer neutron cloud of: | 
Be’ nucleus, following a hyperbolic path due to Coulom 
repulsion, the probability that a neutron will k 
captured is described by 


Pelrs)= f lw(r) |2o<dl, ( 





where o, is a sticking probability for a neutron ont | 
Li’, assumed constant. Here di is an _infinitesiml 
section of the hyperbolic trajectory characterized bj 
the classical perinuclear separation, rp», which depen | 
only upon the incident energy and the angle d 
scattering. 

Then the cross section for production of Li® is giva 


by 
o(Ex)= f 


where the integral extends outward from the classidl 
distance of closest approach: 


m= 2Ze/ Ej. 


o 
P.(rp) 2x8 pdt p, 0) | 


m 


Here £; is the energy available for the reaction in the 
center-of-mass system. 

Equation (2) can be evaluated numerically ; howevé, 
following the suggestion of Allison,* most of the 0 | 


tribution to the integral occurs in the vicinity of =f 
over a path length equal to the perinuclear separalie 


because of the exponential nature of the integrand. I 
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EXCITATION FUNCTION 


‘s therefore a satisfactory approximation to replace the 


integral by 
P.(tp)= lW(rp) |?oerp. 


Equation (3) then reduces to a simple integral which 
can be evaluated as 


ee.Ats 2Es 2BeZe 

E; = i+ ) exp( oe ) ’ 

a(Bi) B ( BaZe E; 

o(Ez) =constant (1+0.310£z) exp(—12.90/Ez), 











(4) 


when Allison’s experimental value of 8= 2.1 10" cm™ 
and the center-of-mass to laboratory energy conversicn 
are used. 

Curve A of Fig. 1 exhibits the behavior of Eq. (4) 
when normalized at the 2.0-Mev point to the thin 
target data of Norbeck ef al.? covering the laboratory 
energies from 1.7 to 3.8 Mev. Also included in the 
figure is the thin target data of Norbeck and Littlejohn‘ 
over the energy range 1.1 to 2.0 Mev and normalized 
to the previous data in the region of overlap. 

The yield expected from a very thick target will be 
given by 


R 
Y=NT f o(E)dx=NT 
0 


P dx 
o(E)—dE, (5) 
EL dE 
where V is the number of incident Li’ ions, T is the 
number of Be® targets per unit volume, and R is the 
range of the Li’ ion of energy E,. Now o(£) may be 
taken from Eq. (4) with the modification that the 
energy is allowed to vary from £y, to zero as the Li’ 
ion slows down in the target. Calculations of Allison® 
for the stopping power of Li’ in argon indicate an 
energy dependence, 


dE/dx= — kE?-840.05, (6) 


over the energy range 0 to 2 Mev. This dependence 
should change very little for Li’ in Be® instead of in 
argon. For lack of additional information, Eq. (6) will 
also be assumed to hold over the entire energy range 
from 0 to 4 Mev and the power will be taken as 0.50 
for ease of calculation. Then the expression for the 
yield is 


EL 
r=constant f (1+0.310E)e“? /£# EGE, (7) 
0 
This equation is readily integrated to give: 


r=y! 


| (1852214— 18.021!) 


is) 


Ke 12-00/ B+. 10.0 f 


(12.90/ E)4 


e~ "dt ; (8) 





\E Norbeck and C. S. Littlejohn, Phys. Rev. 108, 754 (1957). 
S. K. Allison (private communication). 
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Re®(Li’,Li8)Be® normalized at 2.0 Mev to the experimental data 
of reference 2. Also shown is the data of reference 4 normalized 
to the data of reference 2 in the region of overlap. Curve A: Cross 
section versus energy. Curve B: Thick-target yield versus energy. 


where NV is an unspecified constant. Equation (8) is 
plotted as curve B of Fig. 1 when normalized at the 
2.0 Mev point of the thick-target data of Norbeck.?-* 

The fit of Eq. (4) to the experimental points indicates 
a value of B= (2.10+0.15) 10" cm. If one takes the 
Be® models at all seriously, this value of 8 suggests that 
the (Be®+m) configuration exists about 37% of the 
time. 

The small discrepancy between the thin-target data 
and Eq. (4) in the high-energy region may be due to 
competition from the usual surface reactions and from 
compound nucleus formation. The somewhat larger 
discrepancy between the thick-target data and Eq. (8) 
in the high-energy region is probably due to a variation 
in the energy dependence of the stopping power from 
that assumed in Eq. (6). 
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Redetermination of (,7) Resonant Energies Used as Fixed Points 
on the High-Energy Scale 
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In order to clear up a discrepancy in the existing absolute measurements of (p,y) resonances, the proton 
energies at which strong fluorine and aluminum (,7) resonances occur were measured using a 36-in. radius 
absolute electrostatic analyzer and compared with measurements for the lowest energy fluorine resonance 
which had been measured previously using a 12-in. absolute electrostatic analyzer. An accuracy of one part 
in a thousand is claimed for both instruments and the disagreement was found to be less than 1.5 parts in 
a thousand. Weighted mean values of fluorine resonances, based on two analyzers, were found to be 340.7 


+0.3 kev, 484.30.3 kev, 873.5+0.7 kev, 1347.7+1.0 kev, 


and 1373.7+0.8 kev. These are compared with 


the values obtained by other workers in this field, and found to be in good agreement with those of Herb et al. 
and Bondelid et al. but discrepancies exist between the present measurements and those of Bumiller et al. 


1. INTRODUCTION 


HE absolute determination of the proton energies 
at which well-defined nuclear events such as 
sharp (p,y) resonances occur can be used to define the 
high-energy and high-voltage scale, and these determi- 
nations are useful calibration points for workers who 
do not wish to make absolute measurements of the 
incident particle energies involved in nuclear reactions. 
In general, the agreement of absolute determinations 
of (p,y) resonances in the energy scale below 500 kev 
is very good. For example, recent determinations of the 
energy of the lowest strong resonances in the 
F"(p,a,y)O" reaction made by Bumiller ef al.' and 
Bondelid ef al.? are in excellent agreement with earlier 
determinations made by Morrish,’ and by one of the 
present authors.‘ 

In the higher energy range, considerable discrepancy 
exists between the absolute determinations from the 
various groups. For a very strong resonance in the same 
fluorine reaction, Herb et al.' obtained a value of 873.5 
+0.9 kev, Hunt ef al. a value of 874.5+0.9 kev, and 
more recently Bumiller e¢ al. and Bondelid et al. ob- 
tained values of 871.30.4 kev and 872.4+0.4 kev, 
respectively. The total spread in the values obtained 
is of the order of 4/10* and is inconsistent with the 
accuracy of one part in a thousand or better claimed by 
each of these groups. 

The work described in this paper is an attempt to 
investigate this discrepancy, and the resonances chosen 
for this purpose were those in the F"(p,a,7)O" reaction 
previously measured by one of the authors at 340.4+0.4 
kev, 483.2+0.5 kev, 874.540.9 kev, 1348+1.4 kev, 
and 1375+1.4 kev, and an extremely narrow resonance 
in the Al’’(p,7)Si?* reaction previously measured by 


'F, Bumiller, H. H 


. Staub, and H. E. Weaver, Helv. Phys. 
Acta. 29, 83 (1956). 
?R. O. Bondelid and C. A. Kennedy, Phys. Rev. 115, 1601 


(1959). 

3 A. H. Morrish, Phys. Rev. 76, 1651 (1949). 

‘S. E. Hunt, Proc. Phys. Soc. (London) A65, 982 (1952). 

5R. G. Herb, S. C. Snowden, and O. Sala, Phys. Rev. 75, 246 
(1949). 


Bondelid at 992.4+0.5 kev, by Bumiller at 990840) 
kev, and by Herb at 993.3+1.0 kev. 

The inclusion of the lower fluorine resonances js ¢ 
special interest, since these were initially measured 
this Laboratory using 12-in. radius, absolute 
electrostatic analyzer.‘ Measurements of these rep 
nances using the larger analyzer enable a direct compar. 
son to be made between values obtained using the tm 
instruments. 


a small, 


The use of thin targets in the previous determim- 
tions from this Laboratory, while in general the othe 
groups have used thick targets, has been instanced « 
a possible source of discrepancy and this has been car 
fully checked in the present work. 


2. EXPERIMENTAL PROCEDURE 


The beam from a pressurized Van de Graaff accelen- 
tor® was deflected using an absolute electrostatic am- 
lyzer. This was followed by a magnetic deflector t 
separate out the particles of unwanted mass, and thos 
of the required mass were allowed to fall on calcium 
fluoride or aluminum targets evaporated on to coppt 
backings. The y rays were detected by a large sodium 
iodide crystal and the counts for a given target charg 
were recorded. 

When a charged particle of mass, m, and charge, 
having fallen through a potential difference, E, is passed 
through a radial electrostatic field between curved elet 
trodes, the energy Ee is given by 


a 
Ee=Ve 
2d(1—4eV/ moc’) 
for symmetric charging of the electrodes, where V is the 
potential difference across the electrodes, @ the ger 
metric mean radius, and d their mean separation. 
Measurement of the geometric parameters, 4 and ¢ 
and the deflecting voltages therefore enable preci 
determinations to be made of the particle energies 


~ 6D. R. Chick Proc. Inst. Elect. Bags 


B103, 132 (1958). 
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Fic. 1. Stabilizing circuit for +50 kv deflector supply. 


providing that such factors as fringing fields, the effect 
of stray magnetic fields, orthogonality of entrance and 
emergent beams,’*-*.7 and the symmetry of the deflect- 
ing voltages are carefully measured.?*:>7 


3. THE ELECTROSTATIC ANALYZER 


The absolute electrostatic analyzer used for these 
determinations has been described in detail elsewhere.’ 
The mean radius of curvature was 36 in. and the 
nominal separation of the electrodes § in. The electrode 
separation was initially machined to a precision of 
0.0002 in., but due to breakdown of the supporting 
insulators the deflector bars had to be removed, and 
when these were replaced with new insulators the 
variation in the separation along the length of the elec- 
trodes was 0.002 in. This was carefully measured using 
a dynamic air flow technique of sensitivity 0.00002 in. 
and a weighted mean gap taken as described by Herb.® 
Independent calculations at this Laboratory have 
shown that the additional errors due to gap nonuni- 
formity are not greater than 1/104. 

Other sources of error due to analyzer geometry have 
been discussed previously and were estimated to be less 
than 4/10*. Bondelid has shown that in the case of the 
NRL analyzer,’ deflection of the base-plate when the 
vacuum was applied to one side only could appreciably 
alter the electrode separation. This was checked on the 
present instrument by using dial gauges mounted from 
one electrode and bearing against the inner surface of 
the other. No observable deflection occurred when the 
vacuum chamber was evacuated using dial gauges of 
sensitivity 0.00005 in. This is no doubt due to the 
smaller area of the vacuum box, and the 4-in. deep 
radial webs used to stiffen the 1-in. thick base-plate 
on which the deflecting electrodes are mounted. 

One other source of error not previously considered 
was the heating of the electrodes due to proton and 
secondary particle bombardment. Whilst the ratio 
R/2d is normally independent of ambient temperature 
fluctuations, heating of the deflector bars only would 
be expected to change the separation. 

This was a checked by running the analyzer under 
normal conditions for a period of about two hours, 
tapidly removing the vacuum box, and measuring the 





"S. E. Hunt and K. Firth, Phys. Rev. 99, 786 (1955). 
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Fic. 2, The +12 kv stabilized voltage supply. 


mean separation as a function of cooling time. The first 
measurement was made three minutes after irradiation 
had stopped and the gap was found to be slightly wider 
than when measured cold. The gap width approached 
its cold value after one hour and the difference between 
this cold value and the value obtained by extrapolating 
the separation-time curve back to zero time was 0.00007 
in, corresponding to a correction in separation of 2/10. 
After prolonged use a dark deposit was formed on the 
parts of the inner surface of the electrodes adjacent to 
the beam. Although the thickness of this deposit was 
less than 0.0001 in., it was thought that if this were of 
imperfectly conducting material it could develop surface 
charges and affect the accuracy of the results. About 
half-way through the present series of measurements 
the deposit was removed using very fine emery cloth, 
the electrode separation was remeasured and further 
resonance determinations made. There was no sig- 
nificant difference between the two sets of measure- 
ments. A similar result has been reported by Herb.°® 


4. THE DEFLECTOR VOLTAGE SUPPLIES 


The first series of measurements were made using the 
deflecting voltage supply described by Hunt and Firth.’ 
This is shown schematically in Fig. 1. One possible 
source of error not previously considered was that due 
to mechanical drift of galvanometers G; and G». If this 
occurred, small currents would be required to give zero 
readings and any undetected out of balance currents 
would produce errors in the final voltage estimate. In 
order to check this, a second bank of standard cells and 
a sensitive galvanometer were connected between points 
A and B in Fig. 1 and the potentiometer adjusted for 
zero current in G;. Sufficient cells were used in this 
second bank to correspond to an output voltage near 
that corresponding to the resonant energy being meas- 
ured. Estimates of the deflector voltage with reference 
to the two sets of standard cells were found to be in 
agreement to 1/10‘ in most cases, indicating that me- 
chanical drifts in the zeros of G, and Gy» were negligible. 

In a second set of measurements the stabilized voltage 
supply originally used in conjunction with the small 
electrostatic analyzer was employed. This is shown in 
Fig. 2. The voltage limit of this supply was +12 kv so 
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TABLE I. Absolute values for (p,7) resonances obtained in the present work. 
— ——— — i — —_——— 
Al? (py) Siz 
Previous values 340.4" 483.2" 874.5 992. 4° 1348> ar 
M, a wh M, Mz M; ia 3 
Present values using +12kv 340.9 340.9 340.8 484.7 484.5 873.8 993.7 
voltage supply +0.1 +006 +006 +006 +0.05 +(0.12 +0.06 
340.8 (7)+0.05 484.6(0)+0.07 
M, M2 
Present values using +50 kv 341.14 340.9 340.9 484.74 4846 484.7 874.1 873.8° 994.3 1348.4 13744 
voltage supply +0.10 +0.10 +0.10 +0.2 +0.15 +0.15 +0.3 +06 
340.9(7)+0.1 484.6(7)+0.15 
Mean absolute values 340.9(2)+0.10 484.6(3)+0.15 873.9(5 994.0 1348.4 13%45 
(unweighted) £0.2 £0.3 +03 406 
Mean half-widths 2.6 kev 1.5 kev 4.2 kev <O4kev 42 kev 12hp 
es ws “ = — ai —— —_— -— —— ——_— 
® See reference 4. ® See reference 2. e One measurement only. 


b See reference 7. 4 Three measurements only. 


that the two higher energy fluorine resonances could 
not be measured. 


5. LINEARITY OF ENERGY SCALE 


Since one of the main objects of this work was to 
find any discrepancy between the previous low-energy 
resonance determinations using the small electrostatic 
analyzer and the higher energy resonance determina- 
tions using the large electrostatic analyzer, it was 
essential to check very carefully that the energy scale 
was linear. The variation of the high-voltage potential 
divider ratios with applied voltage was measured. No 
detectable variation was found in those employed on 
the first deflector voltage supply; those of the smaller 
deflector voltage supply varied by three parts in ten 
thousand over the voltage range of interest. The po- 
tential divider ratios increased reproducibly as the 
voltage was increased, so that the appropriate correc- 
tion could therefore be applied to the resonance 
measurements. 

As a more general check the lower resonances were 
observed using the Mass 1, Mass 2, and Mass 3 com- 
ponents of the incident beam. For a linear scale reso- 
nances were expected to occur at measured energies of 
E, E(2+1/1840), and E(3+2/1840), respectively. This 
was found to be true in the statistical accuracy of ob- 
servations which was about +3/10‘. Measurements 
made using the beams of different masses are listed 
separately in Table I. 


6. TARGET TECHNIQUES 


If a beam loses a small amount of energy AE trans- 
versing a target, the peak in the resonance curve will 
be observed at an energy® E’= Eo+AE/2, where Ep is 
the true resonant energy. Thin-target yield curves were 
taken for which AEF, calculated from the amount of 
material evaporated and the stopping power curves, 


§R. K. Tangen, Norske Videnskat. Selskab, Skrifter No. 1. 
(1946). 


was between 0.3 and 0.5 kev at 1 Mev, and the; a 
propriate correction was made at each energy, 

In order to check the correction the target was p. 
tated through 60° 
making its effective thickness 2AE. 
placement AE/2 between the two curves was in good 
agreement with the calculated thickness (Fig. 3), 

Measurements were also carried out using targets ¢ 
thickness AE appreciably greater than the natunl 
half-width of the resonances. In this case the resonant 
energy is taken as that corresponding to half the mas: 
mum yield. The values obtained were not significantly 
different from those obtained using thin targets. Typical 
curves for the aluminum resonance observed from thick 
and thin targets are shown in Fig. 4. 

Throughout the irradiations all targets were heated 
to a minimum temperature of 200°C and were mounted 
near to a liquid air trap in order to prevent the build- 
of carbon films on the target surface. The abserice d 
systematic drifts in resonance values, and the agreement 
of the displacement of the values when target was @ 





with respect to the incident beam | 
The resultant dis | 





tated confirmed that no appreciable carbon build» 


occurred. This was certainly less than 0.2 kev during 
the eight or nine hours for which a target was irradiatel. 


7. RESULTS 


The results are shown in’ 
is the mean of about 10 determinations and the ertus 
quoted are the standard deviations of the mean valué 

In each set of results half the values were obtain 
with the analyzer rotated through an angle of IW 
about a vertical axis to correct for possible nonorthogt 
nality of the incident beam to the entrance plane of the 
analyzer. 

It will be seen that the values for the higher fluom 
resonances are in good agreement with those obtained 
by Hunt’ using the same electrostatic analyzer. The 
correction found previously due to the heating Up cl 
the deflector electrodes and a slight underestimate d 


Table I. Each value quotel | 
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Fic. 3. Displacement of a thin resonance on rotating 
target through 60°. 


the effect of electrostatic fringing fields would be ex- 
pected to reduce Hunt’s earlier values by 3/10*. 

The values obtained for the lower fluorine resonances 
are appreciably higher than those obtained using the 
small electrostatic analyzer previously described.‘ In 
particular, the 340.4-kev resonance then reported is 
remeasured in the present work at 340.9 kev, a dis- 
crepancy of almost 1.5 parts in a thousand. The sta- 
bilized voltage source used for about half of the present 
determinations was the same as that used in the earlier 
determinations so that any systematic error in this 
source should be common to both sets of readings. Even 
taking this into account the difference between the two 
determinations is not statistically significant. Neverthe- 
less very extensive checks were made on the geometrical 
measurements of the large electrostatic analyzer and the 
accuracy of the deflector voltage measurements. These 
failed to reveal any errors in excess of the quoted 
uncertainties. 

The half-widths of the resonances are shown in 
Table I. Those estimated from thick targets as the 
energy interval between one-quarter and three-quarters 
of the maximum yield, and those estimated from the 
thin-target curves where Io, the true half-width, is 
equal to® (I',,2—AE?)* (I, being the measured half- 
width and AE the target thickness), were in good agree- 
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Fic. 4. Thick- and thin-target yield curves for aluminum. 


ment. The value given for the Al*’(p,7)Si®* resonance 
is an upper limit since the observed half-width could 
have been due entirely to the energy spread of the 
incident beam. 


8. DISCUSSION OF RESULTS 


The linearity of the voltage scale for the present 
determinations has been established to about one part 
in three thousand. It is therefore possible to use the 
present measurements as relative ones to extend the 
voltage scale established using the small electrostatic 
analyzer (based on the determination of the lowest 
fluorine resonance at 340.4+0.4 kev) without adding 
appreciably to the uncertainties. These values are given 
in Table IT: the errors quoted are the one part in a 
thousand error of the initial 340.4 determination (which 
had been rounded off to 0.4) plus the standard deviation 
of the mean results at each resonance in the present 
measurements. 

The absolute measurements are also given in Table I, 
with the estimated total error which was obtained by 
adding the estimated systematic error to the standard 
deviation of the mean results in Table I. 

In view of the discrepancy between the two sets of 
results, the best values which can be quoted from this 
Laboratory are their mean values weighted inversely as 


TABLE II. A comparison of weighted mean values with those of other workers. 





Present absolute values 340.9+0.3 484.6+0.5 
Values based on previously 340.4+0.4 483.8-+0.6 
measured value of 
340.4+0.4 kev 
Weighted mean values 340.7+0.3 484.3+0.4 
Bondelid and Kennedy 340.5+0.3 


| 483.6+0.3 
Bumiller, Staub, and Weaver we 


340.5+0.3 
Herb, Snowden, and Sala silos 


OOO 


873.9(5)+0.8 994.0+1.0 1348.4+1.2 1374.4+1.5 
872.6+1.1 992.5+1.2 1346.4+1.6 1372.4+1.9 
873.5+0.7 993.5+0.8 1347.7+1.0 1373.7+1.2 
872.5+0.4 992.4+0.5 es tee 
871.3+0.4 990.8+0.2 1345.51.08 1373.4+0.7" 
873.5+0.9 993.3+1.0 tee ee 





*Private communication. 
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the square of the quoted errors. These are shown in 
Table II, together with the values obtained by other 
workers for comparison. 

Bondelid’s values are very closely similar to the 
values which we obtained relative to the 340.4-kev 
resonance determination and are consequently approxi- 
mately one part in a thousand lower than our best mean 
values. The constancy of the discrepancy is consistent 
with both scales being linear to a few parts in ten 
thousand. 

Comparison with Bumiller and Staub’s results shows 
that their values are 0.6/10*° lower than ours for the 
lowest energy and about 0.8/10* lower at the higher 
energies, but 2.6/10* lower for intermediate energies. 
This is not consistent with both scales being accurately 
linear. 


FRECK, 


AND EVANS 

The agreement between our mean values and Het} 
values in the medium energy range is good to two par 
in ten thousand. 
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Heavy-ion beams of fixed initial energy (E°/m~10 Mev/amu) 
are passed through aluminum absorbers of known thickness, and 
the emergent ions are analyzed by means of a magnetic spectro- 
graph to determine their charge and energy distributions. Accurate 
measurements of the mean emergent ion energy as a function of 
absorber thickness are reported for beams of He‘, B”, BY, C®, N44, 
O'%, F®, and Ne’ ions with emergent energies in the range 10 
>E/m>1 Mev/amu. The results can be interpreted as measure- 
ments of the range-energy relation for heavy ions. While the 
absolute accuracy of the range measurements is approximately 
+1 mg/cm, the range difference R(/°)—R(E£) is measured (as 
a function of Z) with a typical accuracy of +0.1 mg/cm’. In the 
analysis the shape of the heavy-ion range-energy curve is com- 
pared with the accurately known shape of the proton range-energy 
curve (using the conversion factor AR=mZ,?(m,Z*)“AR,) and 


I. INTRODUCTION 
A. Background 


LTHOUGH the penetration of energetic charged 

particles through a material medium has been 
the subject of widespread theoretical and experimental 
investigation for more than forty years,! the phe- 
nomenon is of such complexity that it generally has not 
been possible to predict the behavior of a particular 
type of particle in a given absorbing medium with 
precision on the basis of theory alone, or even from the 


* This work was supported by the U. S. Atomic Energy Com- 
mission. A preliminary report was given in Bull. Am. Phys. Soc. 
4, 44 (1959). 

1 Extensive bibliographies and discussions of the available 
information from various viewpoints are given in references 3, 4, 
and 23, and by S. K. Allison and S. D. Warshaw, Revs. Modern 
Phys. 25, 779 (1953). 


the differences in shape are attributed to deviations of the effectiv 
charge of the ion from its nuclear charge. No detectable differen: 
is found between the shape of the range-energy curve for Hetios 
and for protons. For heavier ions, deviations in the curve shy 
do occur. A simple empirical formula is found for the effectiv 
charge of an ion as a function of its velocity which is consister 
with the deviations of the observed range-energy curves a 
presumably can be used to predict the range-energy curves fr 
ions not investigated experimentally. By an independent analyss 
of the spectrograph data the equilibrium distribution of chug 
states in the O'* beam is determined as a function of emergett 
beam energy. The effective charge implied by the charge state 
distribution is found to be consistent with the effective charges 
given by the empirical formula 


behavior of other ions in other media. Experimentl 
measurements have been necessary, not only for cath 
combination of incident ion species and absorbing 
material, but for different regions of incident ion 
energy as well. The case of aluminum is of particult 
importance as well as being illustrative, since it oftt 
is regarded as the standard absorbing material. Tk 
range-energy relation for @ particles in aluminum Ws 
investigated with high precision in the energy region 
to 10 Mev, the highest energy available with natunle 
sources.? Yet there is a difference of 5% between t 


° . P . : ' 
predictions for the range of a 40-Mev a particle gvé 


in two different collections of range-energy relations” 


2S. Rosenblum, Ann. Physik 10, 408 (1928). ; 

3W. Whaling, Encyclopedia of Physics (Springer-Verlag, Berit. 
Germany, 1958), Vol. 34, p. 210. . 

4W. A. Aron, B. G. Hoffman, and F. C. Williams, Atom 
Energy Commission Report AECU-663, May, 1951 (unpu 
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EFFECTIVE CHARGE 
currently in wide use. A similar uncertainty in the 
range-energy relation for high-energy protons in 
aluminum was reduced only recently by the precise 
experiments of Bischsel, Mozley, and Aron? and of 
Richsel.® The situation with regard to heavier ions is 
even more uncertain because the theoretical predictions 
are complicated by the partial neutralization of the ions 
as they lose energy,’ ~"* and the amount of published 
experimental information for ions with energies in 
excess of 1 Mev per nucleon has been very limited.'*~* 
The recent development of heavy-ion accelerators 
and the current interest in reactions involving energetic 
heavy ions have increased the need for accurate 
knowledge of the heavy-ion range-energy relations. 
This information is needed not only for the many 
different heavy-ion beams which can be produced by 
accelerators but also for the large variety of energetic 
ions (most of which are short-lived) which can be 
formed as reaction products. When the number of 
absorbing materials of interest is considered, it can be 
sen that the total number of ion-absorber combina- 
tions is very large. Therefore, it is desirable not only 
that range-energy measurements be made with the 
greatest possible efficiency but also that methods be 
found for predicting the results with ion-absorber 
combinations which have not been studied. In addition, 
the range-energy results should have high absolute 
accuracy if they are to be useful in the determination of 
the energy of an ion by measurement of its range. 

The work reported here was undertaken in order to 
help fill this need.” The equipment is designed so as to 
make possible the rapid accumulation of complete 
and accurate data on the energy loss process for a 
variety of beams and absorbing materials. Energy loss 
results in aluminum absorbing material are presented”! 


5H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957). 

*H. Bichsel, Phys. Rev. 112, 1089 (1958). 

™N. Bohr, Phys. Rev. 58, 654 (1940) ; 59, 270 (1941). 

*J. Knipp and E. Teller, Phys. Rev. 59, 659 (1941); J. H. M. 
Brunings, J. K. Knipp, and E. Teller, Phys. Rev. 60, 657 (1941). 

*N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948); N. Bohr and J. Lindhard, Kgl. Danske Viden- 
skab. Selskab, Mat-fys. Medd. 28, No. 7 (1954). 

"G.I. Bell, Phys. Rev. 90, 548 (1953). 

"R.L. Gluckstern, Phys. Rev. 98, 1817 (1955). 

"I. S. Dmitriev, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 570 
(1957) [translation : Soviet Phys.-JETP 5, 473 (1957) ]. 

* A. Papineau, Compt. rend. 242, 2933 (1956). 

*D.L. Livesey, Can. J. Phys. 34, 203 (1956). 

“ W.H. Barkas, Phys. Rev. 89, 1019 (1953). 

*H. L. Reynolds, D. W. Scott, and A. Zucker, Phys. Rev. 95, 
Gil (1954); H. L. Reynolds and A. Zucker, Phys. Rev. 96, 393 
(1954); W. H. Webb, H. L. Reynolds, and A. Zucker, Phys. Rev. 
102, 749 (1956). 

"W. E. Burcham, Proc. Phys. Soc. (London) 70, 309 (1957). 

*Yu. Ts. Oganesyan, J. Exptl. Theoret. Phys. (U.S.S.R.) 

, 936 (1959) [ translation: Soviet Phys.-JETP 9, 661 (1959). 

"H. H. Heckman, B. L. Perkins, W. G: Simon, F. M. Smith, 
and W. H. Barkas, Phys. Rev. 117, 544 (1960). 

* Independent investigations of heavy ion ranges recently 

ve been completed by P. G. Roll and F. E. Steigert, Nuclear 
Phys. 17, 54 (1960), and by E. L. Hubbard and J. Walton (private 
communication). 

"In addition to the results reported here, energy loss measure- 
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for ions of He’, B®, B", C?, N“4, O'% F and Ne” with 
incident energies of approximately 10 Mev per nucleon; 
emergent energies in the range from 10 to 1 Mev per 
nucleon are measured as a function of absorber thick- 
ness, and the thickness necessary to stop the beam 
completely is determined. The results are analyzed by 
a method based on a comparison with the proton 
range-energy relation.® Systematic changes in the shape 
of the range-energy curve are observed as the atomic 
number of the ion beam increases. The deviations are 
described quantitatively by assuming that the “effective 
charge” of the ion decreases in accordance with a simple 
empirical formula as the ion velocity decreases. A 
single formula is successful for all beams studied and 
thus (presumably) can be used as a basis for the pre- 
diction of range-energy curves in aluminum. The 
equilibrium distribution of charge states also can be 
obtained from the data, and preliminary results for the 
case of O'® ions in aluminum are discussed in relation 
to the range results. 


B. Experimental Method 


The heavy-ion accelerator produces a beam of ions of 
“energy” &,,°~10 Mev/amu.” To insure that &,,° is 
constant and sharply defined, the beam is passed 
through an analyzing magnet of high resolution before 
being brought to a focus in the experimental area. In 
this experiment a known thickness X of aluminum 
absorber foil is placed in the path of the incident beam, 
reducing its mean energy from &,,° to &». A magnetic 
spectrograph is used to analyze the beam emerging 
from the foil and determine &,,. The variation of &, 
with X is found by making measurements with foils of 
many different thicknesses. Since X is equal to the 
difference between the range R°(&,,°) of the incident ions 
and the range R(6,,) of the emergent ions, the experi- 
mental results may be regarded as measurements of the 
range difference, R°(&,,.°)—R(&,), as a function of &,. 

Figure 1 is an idealized sketch of the spectrograph 
used for the energy measurement. The ion beam, 
sharply collimated in a field free region, abruptly enters 
a uniform magnetic field of strength Bo. The incident 
path is perpendicular to the edge of the field and to the 
lines of force. In the field the ions follow circular orbits 
of radius r=kp/(BoZ), where p is the momentum of 
the ion, Z is its charge, and k is a constant determined 
by the system of units used. If a strip of photographic 
film is placed as shown on a circle of diameter a (the 





ments for heavy ions in Mylar and polyethylene are presented in a 
companion paper, P. E. Schambra, A. M. Rauth, and L. C. 
Northcliffe, following paper [Phys. Rev. 120, 1758 (1960) ]. 

® All of the various ion beams emerge from the Yale heavy-ion 
accelerator with the same velocity. Furthermore, the energy loss 
mechanisms are most comparable for different fast-moving ions 
when they have the same velocity. Since ions of different rest 
mass m and kinetic energy E have equal velocity when they have 
the same kinetic energy per unit mass, the quantity $m=E/m 
is taken to be more meaningful and convenient than the total 
kinetic energy £ in this report. 
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“detector circle”) which is tangent to the edge of the 
field at the point of incidence, then the measured 
deflection corresponding to an orbit of radius r will be 
s=a tan-'(a/2r). It follows that the ion energy per 
unit mass is given by the relation 


(EIQ. 


41-?? 

where @ is the ion velocity. The constant K is 11.342 
in the spectrograph actually constructed (in which 
a= 254.05 mm) when By is expressed in kilogauss, Z 
in units of the electron charge, m in atomic mass units, 
and &,, in units of Mev per amu. The term involving 8? 
is a relativistic correction which never exceeds 0.6% in 
this experiment. 

For fixed values of By and m, the ion energy is 
measured in terms of the quantity Z cot(s/a). When 
the nuclear charge of the ion is Zo, then Z can assume 
integer values from 0 to Zo and a given value of 
Z cot(s/a) corresponds to a series of spectral lines at 
equally spaced values of tan(s/a). Usually two or three 
of the lines are observed. Their respective Z values are 
assigned so as to match the observed sequence of 
tan(s/a) values. The ion energy then can be calculated, 
each line providing an independent measurement of &,,. 
Moreover, the equilibrium charge state distribution 
in the beam is shown by the relative intensity of the 
lines, and the energy distribution (i.e., straggling) is 
indicated by their broadness. Thus the spectrum 
contains a relatively complete description of the beam 
as it emerges from a given absorber foil, and this 
information is permanently recorded on photographic 
film. The data collection for a given beam and absorber 
material is complete when the spectra for absorber 
thicknesses of sufficient variety have been recorded. 
Since individual spectrum photographs usually require 
only short exposures it is practical to make similar 
measurements for a large number of different beams and 
absorbing materials. 
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Fic. 1. Schematic diagram of the method used for the measure- 
ment of ion energy. The dotted region represents a uniform 
magnetic field of strength Bo perpendicular to the page. The 
energy (per unit mass) of the ion is given in terms of its mass m, 
charge Z, and deflection s by Eq. (1). 
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There are few sources of systematic CITOr in the 
energy measurement, and with reasonable care jn th 
construction and alignment oi the spectrograph all bat 
one of these can be eliminated. The unavoidab 
complication arises because it is impossible jn oracle 
to terminate the uniform magnetic field with an edge of 
the ideal shape, a discontinuous drop to zero, The 
deviation from ideal edge shape causes a displacemen 
of the ion orbit which must be taken into account, Ty 
complexity of this determination is reduced as much as 
possible by designing the spectrograph so that the igs 
encounter only one edge and approach it with nom 
incidence. Since there is negligible focusing with thi 





arrangement, it is necessary to collimate the incidey | 
ions very sharply in order to obtain acceptable re. | 


lution. The resultant loss of intensity is not a serioy 
disadvantage because the instrument is used to study 
direct beams. However, the fact that this equipment 
observes only a small portion of the degraded bean 
excluding ions which have suffered appreciable deflection 
in the absorber, may be of significance in the interpre. 
tation of the results and in any comparison with results 
obtained by other methods. 


II. EXPERIMENTAL DETAILS 


A. Description of the Apparatus 


A schematic plan view of the experimental apparatus | 


is given in Fig. 2. 
selected thicknesses of aluminum foil (see Sec. ILE 
mounted in a series of holes near the rims of two thin 
wheels. Since each foil from one wheel can be brought 
into the path of the beam together with any desir 
foil from the other wheel, a large variety of combined 
thicknesses can be obtained. After energy degradation 
in the foils the beam is monitored and collimated by: 
system of four slits. The first slit is } in. in width anda 
ground potential while the second is 3}5 in. in width aa 
electrically isolated. Of the ions which pass through th 
first slit a large fraction are intercepted by the jawsd 
the second giving rise to the monitor signal. The las 
two slits are 0.005 in. in width and are separated by 
~12} in., thus serving to collimate the beam to: 
half-angle of 1.4 minutes of arc in the horizontal plane 


The foil changer contains 19 | 





In the region between the collimating slits a double | 
walled iron pipe shields the beam path from the fring | 
field of the spectrograph magnet and sharpens tht | 


transition from the field-free region to the region d 
uniform field Bo. 

A small fraction of the incident beam survives tt 
drastic collimation and enters the magnetic field. Th 
field is monitored and measured by means of a proto 
resonance probe placed near the center of the magné 
gap. Stabilization of the magnet current against short 
term variations is achieved by regulation of the voltage 
on the magnet windings. Slow drifts in the magnelt 
field are revealed by the proton resonance signal, alt 
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Fic. 2. Schematic plan view 
of the apparatus. The field 
contour plots in the upper part 
of the figure show the field 
variations along the incident 
beam axis with and without 
the magnetic shield, in com- 
parison with the ideal contour 
assumed in Fig. 1. The detector 
(a strip of 16-mm_ motion 
picture film) is held in the 
proper position by the guide 
rail A, an enlarged section view 
of which is shown in Fig. 3. 
The shutter can be pushed 
against the guide rail to shield 
a region of the film reserved for 
particle detection while a flash 
of light is used to print a 
reference scale on the film. 
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correction for them is made by manual adjustment of 
the magnet current. 

The vacuum chamber is made sufficiently rigid to 
withstand atmospheric pressure without appreciable 
deformation by the use of brass 3g in. in thickness for 
its floor and ceiling. Since the magnet gap is only 1} in., 
this limits the interior height of the chamber to { in. 
The chamber and collimating system are clamped to 
the magnet poles in a position precalculated to place the 
“effective edge” of the magnetic field at the first 
intersection of the beam path with the “detector 
circle” of the chamber, as assumed in Sec. IB. The 
detector circle is defined by an accurately machined 
guide rail of 10-in. diameter. A strip of commercial 
16-mm motion picture film held against the guide rail 
under slight tension serves as the detector. The deflected 
ions strike the film with normal incidence, creating tiny 
spots which accumulate to form visible “spectral lines.” 

The necessary length of exposure varies from one 
second for ion beams near maximum energy to ~15 
min for beams which are almost stopped by the absorber. 
Most exposures require one minute or less. Between 
exposures the film is advanced as in an ordinary 
camera, the exposed film moving to a storage reel while 
fresh film is drawn from a supply reel. During an 
exposure the supply reel is clamped and the film is 
drawn tight against the guide rail. More than one 
hundred exposures can be made before it is necessary 
to break the vacuum and splice in a new reel of film. 

At the time of the exposure an accurate distance 
scale is printed on the film, providing a frame of 
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reference for subsequent measurements. The scale is a 
row of very small printed spots, accurately spaced at 
5-mm intervals along the strip of film. The mean spot 
spacing in a row is known within +0.05% and the 
deviation of each individual spot from this mean is 
known within a few microns. Each spot is the radially 





Fic. 3. Section view of the guide rail and shutter as seen from A 
of Fig. 2. The shutter (shown closed) protects the central band 
of film while a flash of light prints an image of the row of holes 
(the reference scale) onto the film. Each hole is constricted at its 
base to a diameter of ~} mm. The movements of the shutter are 
guided by four slotted ramps, only one of which is shown. When 
the shutter is retracted it slides down the ramps and rests on 
the chamber floor, allowing the ions to pass through the slot in 
the guide rail and be recorded on the film. 
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X A™9/em? » 37.92 47.55 
g Mev, amt ) 7 






+ V * 
Zomu : 10.51 9.78 902 82i 

Gm mg/m, 0 952 1801 2644 

Fic. 4. Two representative film strips obtained with the 
apparatus of Fig. 2, showing the reference scale, several spectral 
lines (by multiple exposure), and a beam print made with the 
magnet current turned off (i.e., the “zero” of the reference 
scale). The incident beam is B"(4+-), and the initial ion energy 
(per unit mass) is fixed at &°=10.51 Mev/amu. The spectra 
correspond to six different thicknesses X of absorber placed in the 
path of the beam. The positions of the spectral lines for Z=4 and 
Z=5 are indicated for each absorber thickness, along with the 
emergent ion energy per unit mass ( &,, = /m) as determined from 
the line position. The faint line for Z=5 with no absorber is 
explained by charge exchange occurring in the residual gas of the 
vacuum system, between the magnetic analyzer and the spectro- 
graph. The almost complete conversion to Z=5 is expected when 
absorbers are used. At each energy the equilibrium charge distri- 
bution of the ions can be inferred from the relative line intensity, 
and the energy straggling from the linewidth. 


projected image of a very fine hole in the guide rail (see 
Fig. 3), printed by light from a tungsten filament source 
at the center of the chamber. 

In Fig. 4 two typical sections of film are reproduced. 
The “zero print” fixes the absolute position of the 
reference scale. It is obtained by turning the magnet 
current off and allowing the “undeflected” beam to 
strike the film (a small deflection caused by the residual 
field is easily calculated). The use of multiple exposures 
is a time-saving measure. The broadening of the spectral 
lines with decreasing energy is largely a result of energy 
straggling in the absorber foils. 


B. Field Deviations 


As shown by the contour plot in Fig. 2, the actual 
field contour is only an approximation to the ideal 
assumed in Sec. IB. Consequently, the orbit is distorted 
from its ideal shape. Within the uniform field the net 
result is a horizontal displacement of the orbit by an 
amount Ax along the incident beam axis and an amount 
Ay normal to the axis, along with a small rotation 
dy/D about a vertical axis through the first collimating 
slit (D is the distance between the collimating slits). 
The quantities Ax, Ay, and dy can be calculated if the 
actual field contours are known, and it is then a simple 
problem in geometry to find the correction for the 
spectral line position. 
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TABLE I. Orbit correction parameters obtained by integ 
measured field contours. The values for Ax, the deviati 
ideal placement of the detector circle, are subject to a 
uncertainty of ~0.0025 in. largely arising from the uncert 
the location of the center of the magnet. The quantities 
roy, which characterize the lateral displacement and the 
of the orbit, respectively," are assigned an uncertainty of +2067 
because of the complexity of their determination. Independ : 
determinations of the parameters gave values falling wel] Withs 
the assigned uncertainties. The fractional correction to the ion 
energy (6&m/&m) is found to be approximately constant The 
magnitude of this correction is given for the spectrograph fieki 
actually used, along with its uncertainty as derived from the us 
certainty of the orbit correction parameters. 7 
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B.,(kilogauss) a 

1.4 4.0 10 12 ae 

Ax (in.) —0.001 0.001 0.005 —0.008 0,005) 

roAy (in.*) 0.051 0.051 0.058 0.084 0.16) 

rody (in.*) 0.0004 0.0004 0.002 0.007 0,03 
5 &m/ Sm 0.23 +0.11° 0.23+0.11% 0.4040.11% ; 

_——— ———— 


j 


® The quantity ro is the radius of 


duane the ion orbit within a uniform field 

The field shape was investigated using a Rawson 
rotating coil fluxmeter having a search coil only 3 mm 
in diameter so that the rapid field variations at the 
edge of the magnet could be determined with reasonable 
accuracy. The measured contours were analyzed by 
two independent methods (one graphical, one utilizing 
formulas fitted to the contours) and the results ar 
summarized in Table I. 

The nonuniformity of the central field (including the 
end of the trajectory at the back edge of the magnet) 
causes a negligible distortion of the orbit at the fields 
used. However, a central field nonuniformity also can 
introduce an error in Bo, because of the difference in 
location of the orbit and the proton resonance probe. 
This error was negligible at 1.4 and 4.0 kilogauss and 
not greater than ~ 0.05% at 10 kilogauss. No correction 
was applied for it but an additional uncertainty of 
0.1% is assigned to &,, values obtained with By=10 
kilogauss. 

C. Geometric Factors 


The guide rail and the chamber containing it were 
lathe-turned to fit together as an accurately circular 
and concentric assembly. The detector circle diameters 
was found to be 10.002+0.001 in. by micrometer 
measurement of the guide rail; both the uncertainty ing 
and the corresponding uncertainty in K are negligible. 
The reference scale holes were drilled through the guide 
rail on a milling machine fitted with an accurately 
divided rotary table. Although the systematic error 
in mean hole spacing is negligible, the random fluctua 
tion of holes about the mean spacing leads to an ur 
certainty of +0.05% in the absoluteness of the scale, 
Alignment of the center of the detector circle on the 
axis of the collimating slits was achieved within 0.06 


% The measurements were made in a rectangular coordinate 
system fixed with respect to the magnet. The placement of the 
magnet in this coordinate system was determined within +0,0025 
in. by finding the center of magnetic symmetry with the beam 
shield temporarily removed. 
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in. using a beam of light projected through the slits. 
The error arising from a misalignment of 6.005 in. would 


be negligible. 
D. Film Measurements 


The spectral line for a monoenergetic incident beam 
has a minimum width of ~ 4 mm, and the width is even 
greater when the beam is not monoenergetic. Therefore, 
the films were scanned with an optical densitometer 
and the line positions determined from a chart recording 
of the output, essentially a magnified plot of optical 
density vs distance along the film strip. Razor marks 
made in the film surface provided sharp secondary 
reference peaks on the densitometer plots. Their place- 
ment relative to the primary scale (the row of printed 
spots) was determined with a comparator. The place- 
ment of symmetrical lines relative to the primary 
reference scale easily could be determined within 
+0.012 mm under good conditions. The placement 
of the zero print relative to the reference scale was 
more carefully determined, and known within +0.005 
mm. The over-all uncertainty in s (+0.017 mm) 
corresponds to an uncertainty of ~0.1% in 6 with a 
field of 10 kgauss. 

The variation of optical density with the number of 
ions detected per unit area of the film was found 
empirically. Thus the distribution of ion deflections 
could be determined from the densitometer plots and 
appropriately integrated to give the charge state 
distributions. When the spectral line is very broad, the 
distribution of ion deflections differs in shape from the 
distribution of ion energies. In such cases the densi- 
tometer plot was appropriately transformed into an 
energy distribution to get the mean ion energy. When 
instrumental contributions are subtracted from the 
peak width, the remainder is a parameter describing 
the straggling in energy. 


E. Absorber Foils 


The absorber foils were cut from sheets of high- 
purity commercial aluminum using a precision punch 
of 1j-in. diameter. Absorbers of differing thickness 
were obtained by stacking foils of an appropriate unit 
thickness. For one wheel of the foil changer (the A 
wheel) the unit thickness was 9.50 mg/cm? (actually 
achieved by combining two thinner foils) while for the 
second (the B wheel) the unit thickness was 1.15 
mg/cm’. The B wheel contained nine stacks of foil 
ranging in thickness from 1.15 to 10.31 mg/cm? in 
approximately equal steps, while the A wheel contained 
10 stacks ranging in thickness from 9.52 to 95.11 
mg/cm? in approximately equal steps. Before the 
experimental runs began, a preliminary determination 
of the foil stack thicknesses was made by weighing each 
stack on a semimicrobalance and measuring the 
diameter of typical foils with a comparator (155 foils 
were used in the foil changer and the careful measure- 
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ment of every area was not considered to be practical). 
At the conclusion of the runs a more precise set of 
measurements was made on the thick (A) foils to 
insure against systematic errors. For this second set of 
measurements a smaller section, 22 mm square, was cut 
from the center of each circular foil using a template 
and a razor blade. Each stack of foils was weighed on 
an accurate microbalance, taking the buoyancy of air 
into account. It was determined that solvent cleaning 
of the foils caused no significant change in their weight. 
Ten representative foil squares then were measured on 
a comparator and a “best” value for the area of a square 
was inferred from the measurements. Nine of the 10 
squares had areas within 0.1% of the “best” area, the 
tenth foil differing by 0.2%. This “best” area was 
assumed for the foils not measured on the comparator. 
Since the error in foil area of an occasional deviant 
would be diluted by the presence of many foils of more 
nearly correct area, it is reasonable to assume that the 
over-all uncertainty in foil area is ~0.1% for the A 
foils. The weighing uncertainty for the foil squares was 
+0.03 mg, corresponding to a negligible uncertainty of 
+0.006 mg/cm? in the foil thickness. Thus the un- 
certainty of the A foil thicknesses is taken to be +0.1%. 
The accuracy requirements on the measurement of B 
foil thicknesses are less stringent because these foils 
serve only as interpolations between the larger A foil 
steps. Errors in their determination are revealed by 
periodicity in the experimental range-energy curve and 
these errors are not cumulative. Therefore, the pre- 
liminary determinations of the B foil thicknesses were 
judged to be sufficiently accurate. The uncertainties in 
B foil thickness were estimated to be +0.04 mg/cm?. 

Because the largest absorber thickness obtainable 
with the foil changer (105.42 mg/cm?) was insufficient 
to stop the He‘ beam, provision was made for the 
insertion of a special “thick absorber” when needed. 
The “thick absorber” was independent of the foil 
changer and could be used in conjunction with it to 
extend the range of available absorber thicknesses. It 
also was constructed by stacking several thinner foils, 
and its over-all thickness was measured to be 122.45 
+0.12 mg/cm’. 

No estimate of errors caused by nonuniformity of foil 
thickness has been included in the above discussion and 
such errors easily could be as large as the uncertainties 
in the measurement of the average foil thickness. 
However, the large number of foils in each absorber and 
the large number of absorber changes during a run 
should tend to diminish the effect of these errors. 


F. Procedure 


During the study of each ion beam the current in the 
magnetic analyzer was held constant. The analyzer 
slits were set to give a nominal resolution of +0.2% 
for the energy of incident He‘, N“, and O'* beams, and 
+0.1% for incident beams of B", B"', C®, F®, Ne”. In 
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ALL BEAMS EXCEPT He4 


Fic. 5. Graphical display of the experimental results, showing the emergent ion energy per unit mass (&m) for various heavy ions asa 


function of the thickness (X) 


of aluminum absorber through which they have passed. Since X may also be interpreted as the range 


difference R°( &m°)—R(&m), the curves may be regarded as range-energy relations. The experimental points are plotted as rectangles to 
indicate two composite uncertainties (see text). For each beam a horizontal bar on the X axis indicates the pair of absorber thicknesses 
between which the transmitted beam current falls to zero. Note the difference in scale for the He‘ curve. ' 


each case an upper limit for the range R° of the full 
energy beam was determined by increasing the absorber 
thickness X until the monitor signal disappeared. Then 
a large number of exposures were made for values of X 
distributed throughout the region 0< X< R°. The value 
of X was varied in a pattern designed to reveal time- 
dependent systematic errors and to suppress them in 
the average. : 

Three different values of spectrograph field normally 
were used. Most of the exposures were made with 
Bo=10 kgauss because the dispersion and resolution 
are highest with large fields. At low energies, however, 
the spectral lines are weakened, broadened, and more 
widely displaced, and the smaller value By>=4 kgauss 
was more appropriate. At the lowest energies exposures 
with By=1.4 kgauss were valuable because of the 
faintness and extreme breadth of the lines. Usually the 
regions investigated with different fields were allowed 
to overlap. In the case of one beam, Het, parallel sets of 


exposures over the full region of ion energy were 
obtained for the field values By=1.4, 4, 6, 8, 10, and 
11} kilogauss to provide an extensive consistency check. 


III. PRESENTATION OF THE RESULTS 


The experimental results are presented in relatively 
raw form in Fig. 5. In general, several measurements 
&m were obtained for each absorber thickness, usually 
in agreement well within their respective accuracy 
assignments. Only the measurements of: greatest 
inherent accuracy are plotted. The various experimental 
uncertainties in each measurement are combined to 
form two composite uncertainties, which are indicated 
for each point by showing it as a rectangle. 

Experimental errors in the range-difference measure 
ment arise not only from errors in the measurement 
of absorber thickness and emergent ion energy, but 
also from of incident ion energy 
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(within the resolution of the magnetic analyzer). 
However, the latter is equivalent to an additional 
uncertainty in absorber thickness. In the case of He‘ 
the added uncertainty is +£0.60 mg/cm? but it is much 
smaller for all other beams, varying from +0.06 mg/cm? 
in the case of Ne® to +0.18 mg/cm? in the case of N*. 
These uncertainties are added to the actual uncertainties 
in foil thickness (Sec. II-E) to give the width of each 
rectangle. The height of each rectangle includes contri- 
butions arising from uncertainties in the measurement 
of Ax, Ay, 6y, and Bo (Sec. II. B), in the measurement 
of @and K, the geometric alignment, and the mean spot 
spacing of the reference scale (Sec. II. C), and in the 
determination of spectral line position relative to the 
reference scale (Sec. II. D). Of these, only the last 
represents an error which fluctuates from point to point 
in a random fashion. The others are estimated limits 
for systematic errors. The linear sum of these systmatic 
error estimates amounts to a fractional error 5&/Sm of 
+0.35% with a spectrograph field of 10 kilogauss and 
less for smaller fields. The uncertainty in spectral line 
position, on the other hand, corresponds to an energy 
uncertainty which is only 0.10% for ion energies above 
5 Mev/amu but increases as the spectral line broadens 
with decreasing ion energy and becomes very large at 
the lowest energies where the spectral lines overlap. 
The height of each rectangle shows the square root of 
the quadratic sum of these two uncertainties in 6&,,. 

Where the curves of Fig. 5 intersect the X axis a 
horizontal bar is drawn for each beam to indicate the 
pair of X values between which the monitor signal 
vanishes. This serves roughly to indicate the full range 
R(8,°) of the incident beam. If R°(6&,,°) were known 
accurately for each beam, range-energy curves could be 
displayed directly. This is not done because the accuracy 
of the measured XY values would be obscured by the 
large uncertainty in R°(&,,°) (except in the case of Het, 
discussed in Sec. VA). 


IV. METHOD OF ANALYSIS 


The fluctuations of the experimental data and the 
experimental uncertainties are too small in general to be 
studied effectively in terms of a plot such as Fig. 5. 
In the analysis to be described, the heavy-ion data are 
compared with a formula for the range-energy relation 
of protons in aluminum,® using the elementary theory 
of the energy loss process.”4 According to this theory the 
“stopping power” —d&,,/dX for a heavy ion of charge 
Z, mass m, and velocity v is given by the relation 
~48,,/dX = (Z?/m) f(v), where f(v) is a function of the 
stopping material as well as the ion velocity but is 
independent of m. If it is assumed that f(v) also is 
independent of Z, then for a given absorbing material 
{(») is a function of the ion velocity only. In general, 
because of electron capture by the ion, the charge Z 
rete 

*See, e.g., H. A. Bethe and J. Ashkin, Experimental Nuclear 


Physics, edited by E. Segrt iley & Sons, New York 
, y E. Segre (John Wiley & Sons, New York, 
1953), Vol. I, part II. ' 7 
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Fic. 6. The curves of Fig. 5 redrawn in terms of the “universal- 
ized” measure of absorber thickness, X= (Zo?/m)X. The curves 
also are displaced horizontally so as to correspond to the same 
initial ion energy, &m2=10 Mev/amu. The curve for boron is 
equivalent to the two curves for B' and B" in Fig. 5. The curve 
for protons is based on the experimental results of Bichsel (refer- 
ence 6) as embodied in Eq. (4). 


will not be the nuclear charge Z» of the ion but some 
smaller “effective charge” Zer=yZo, where 0<y<1. 
The value of the effective-charge parameter y will vary 
with v and depend on Zp» but presumably will be 
independent of m. It is convenient to define a “uni- 
versal” measure of absorber thickness Y,,=XZ,?/m to 
replace the conventional thickness X. The stopping- 
power formula then takes on the simple “universal” 
form 

—db/dX m= f(v). (2) 


Since ions which have the same value of &,, are moving 
with the same velocity regardless of their mass, Eq. (2) 
shows that the value of d&,,/dXm is the same for all 
ions of the same energy &,, (neglecting the dependence 
of y on Zo), which means that the graph of &, vs Xm is 
the same for all ions. The degree to which this is true 
is shown in Fig. 6. Since f(v) is assumed to be in- 
dependent of ion identity the differences between the 
curves are attributed to differences in y. If y is de- 
pendent on Zp (and v) but not on m, as has been 
assumed, then the curve is the same for all ions of the 
same chemical element. Consistent with this assump- 
tion, the two separate solid curves through the points 
for B’ and B" in Fig. 5 actually are drawn so as to be 
equivalent to the single curve given for boron ions in 
Fig. 6. The good agreement between the solid curves 
and the experimental data lends support to this 
assumption, enhancing the significance of the curves of 
Fig. 6. From these “universal” curves it is possible to 
infer range-difference vs energy curves for beams of all 
isotopes in the range 5<Z»< 10. Moreover, it is apparent 
that “universal” curves for Li and Be ions can be 
estimated with very little uncertainty, by virtue of the 
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near coincidence of the “universal”? curves for He and 
B ions. Thus range-difference predictions can be made 
for all isotopes up to and including those of neon. 

Since y= 1 for protons having energy &, greater than 
4 Mev/amu, it is apparent from Eq. (2) that a measure- 
ment of the proton range-energy relation in any 
material may be interpreted as a measurement of /(v) 
for that material. Thus Eq. (2) may be rewritten in the 
form 


d8m/dX m= 7d 8,/dX,, (3) 


where the subscript 1 is used to identify quantities 6,,, 
Xm, etc., when they apply to the proton. (The subscript 
is used only as an identification since the proton is 
compared with ions of the same velocity and the 
quantities 6, and &, always are numerically equal.) 
In the recent experiments of Bichsel e al.*:* proton 
ranges were measured in aluminum with an accuracy of 
0.2% for the energy region 1.12<¢6,<18 Mev/amu. 
Bichsel gives formulas® for the proton range which fit 
his experimental results within that accuracy. When 
expressed in terms of &,, and R,=RZ,?/m, the formulas 
become 


R(mg/cm?) 


,;= 
1.0076(amu) 


Neh pay 
3.854815; 


1.12< 6:< 2.657 Mev/amu 


2.85858? (4) 
—————-; 2.657< 6,<18 Mev/amu, 
(0.6833 +logiS, 
where &,,= &:=(E/1.0076) Mev/amu. Formulas for 
d&,/dX,(=—d6&,/dR;) are obtained easily by differ- 
entiation of Eq. (4). 

Using Eq. (4) the proton range-difference 


Ri°(81°)— Ri (81) = X1 (6, 6) 


can be calculated as a function of 6. This curve, 
calculated for &;°=10 Mev/amu, is plotted in Fig. 6 
along with the comparable curves for heavier ions. It is 
noted that the range-difference curve for He‘ ions 
coincides with the curve for protons, as predicted, in the 
energy region above 1 Mev/amu where the value of +? 
for the alpha particle is known to be unity.> In most 
cases, however, the observed heavy-ion range-difference 
Xm(Em°,&m) is larger than the calculated proton range- 
difference X,(6,°,8;) by an amount A,,, for the com- 
parable energies &,°= &,,° and &:=6&. There is much 
to be gained if the analysis is carried out in terms of the 
quantity A,,, which may be defined explicitly by the 


*8 Actually, there are small deviations from 7*=1 for alpha 
particles with energies above &,=1 Mev/amu, although the 
deviations are too small to give rise to observable effects in this 
experiment. [The value of +? can be deduced, by means of Eq. 
(11), from the alpha-particle charge measurements of G. H. 
Henderson, Proc. Roy. Soc. (London) A109, 157 (1925); G. H. 
Briggs, Proc. Roy. Soc. (London) A114, 341 (1927); and others. ] 
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relation 
Am=LXm(Em°, bm) — X 1( 61°, 8) ]. 


{5 


The gross dependence of X,, on &» is removed Mathe. 
matically while the experimental deviations are retaing 
in the residual and are greatly exaggerated. Thee 
deviations include random and systematic errors 4 
well as the real physical deviation. The residuals ap 
similar in magnitude and energy dependence for th 
various ion beams and can be compared in detail, Thy 
systematic errors are located and identified more easily 
and the “true” form of the deviation (i.e., that a 
sociated with the variation of y”) can be estimated with 
the maximum accuracy allowed by the experiment 
uncertainties. Furthermore, the stopping power 
—d6&/dX and the effective charge parameter + can 
determined easily and with the greatest obtainable 
accuracy from the variation of A,, with energy. The 
stopping power is given in terms of dA,,/d6&, by the 
expression : 


dEm E dAn]* 


ay. lee, a8.|”’ (6 
dX m &; dEm 
and ¥’ is given by the expression 
dE», aX, dA,, d&,T" 
Pe Se Pee ark 5 (i 
dx m d& dE m dX 1 


Alternatively, if the energy dependence of + is knom 
or can be estimated, the value of A,, (and thus th 
range difference) can be calculated using Eq. (7) init 
integrated form, 


er f 1 \ex: 
An f | —1'|—d&,. (8 
&1° a ld8; 


Actually, the data are plotted in terms of the quantity 
(m/Z?)Am=A rather than in terms of A,, since the 
scaling factor m/Z,? decreases the difference between 
the residuals for the various ion beams and makes ther 
comparison easier. Moreover, the quantity 4 has a 
simple practical interpretation, as can be seen by 
rewriting Eq. (5) to give the heavy-ion range difference 
in conventional thickness units, 


m 
{R,°(S;9)—R1(8)} +A( Sn, bn). 0 


9 


X ( Em’, & m ) = 


Since the term containing brackets can be calculate 


using Eq. (4) (with &,°=6&,.° and &;= 6») and may be | 
° . . \ | 
regarded as the predicted heavy-ion range difference, * 


is the excess (in conventional thickness units) of the 
observed range difference over that predicted from the 
proton range difference. The use of A rather than Jes 
not without disadvantage, however, since the value 0 
A for a given Zy varies with m while the value of ds 
does not. Although the data are most convenient) 
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Fic. 7. Display of representative data by means of A plots. The quantity A is the difference between an experimental X value (ata 
given energy &m) and the value of X predicted from the proton range-energy curve [Eq. (4) ], assuming that y=1. The fluctuations of 
Acaused by incident-beam energy variations within the resolution of the magnetic analyzer are independent of &m and are shown above 
each plot. The deviation from vertical of either curve (a) on the A plot for He‘ shows the distortion that would accompany a systematic 
error of 0.2% in the measurement of &m, while curves (b) and (c) show the distortion caused by a systematic error of 0.020 mm in the 
measurement of spectral line position, at spectrograph fields of 10.0 and 1.4 kilogauss, respectively. For other beams the magnitude of 
such distortions diminish in proportion with the value of m/Z,?. On each plot, the first estimate for the ‘‘true” shape is shown by a dashed 
line, the shape implied by Eq. (10) is shown by a solid line, and the final choice for the ‘‘true” shape is indicated (when it differs from 
the solid line) by a dotted line. The A plot shown for H ions represents a comparison of the experimental data obtained by Bichsel with 








his formula [Eq. (4) ]. 


plotted in terms of A they are more easily analyzed, 
summarized, and generalized in terms of A». 

Some of the experimental results are presented in 
Fig. 7 in the form of “A plots.”?* The data were 
converted to this form using Eq. (9); the constant &,° 
was chosen arbitrarily and the value of A was calculated 
for each experimental point (X,&,,) using the measured 
value of &,, in place of &. In order to display all of the 
results on one graph and at the same time separate 
the results for different beams, an arbitrary constant 
(different for each beam) was added to the calculated 
values of A. 

For comparison the experimental points obtained by 
Bichsel® for a proton beam also are displayed by means 
ofa A plot in Fig. 7, showing the extent of agreement 
between Bichsel’s formula [Eq. (4)] and the data which 
served as a basis for its construction. It should be noted 
that the two formulas of Eq. (4) do not agree exactly 
at the overlap energy, &,,= 2.657 Mev/amu, and that 





"The data for B”, C®, and O'* are omitted in the interest of 
simplicity, The plot for O* ions is similar in appearance to the 
~ for N“ and F" ions. The B'® data are much less complete 
ihe o B" data but the A plots are not discernably different in 
here A variety of circumstances conspired to make the C” data 
perp of the experiment. Many of the exposures were 
hag large uncertainties were assigned to others. Never- 
cote e C results are internally consistent within +0.5 
g/cm" and the A plot is in harmony with those for other beams. 

luse of the usefulness of the results and their consistency with 


the better data. they i i ; : 
. ey are included despite their greate > 
uncertainty. ’ pite their greater inherent 


their derivatives also are different at that energy. 
The discrepancy in A is 0.04m/Z.? mg/cm? and the 
discrepancy in dA/d&, is 0.173m/Z? mg/cm? per 
Mev/amu. While these discrepancies are large enough 
to be visible on the A plots, they are smaller than the 
experimental uncertainties. 


V. DISCUSSION 
A. Alpha Particles 


Because the effects of energy straggling are largest 
with He‘ ions, the broadening of a spectral line with 
decreasing energy is more pronounced than with heavier 
ions. However, a negligible fraction of Het ions have 
Z=1\ at the energies encountered and only one spectral 
line is observed in each exposure. The peak on the 
densitometer plot is broad and distorted but not 
confused by the overlapping of neighboring spectral 
lines and thus can be transformed into an energy 
distribution (Sec. IID). For heavier ions this procedure 
seldom is necessary ; whenever the line is so broad that 
its distortion would give rise to a significant error, the 
uncertainty caused by overlapping of lines is even 
greater. 

Only a representative fraction of the data obtained 
with the He* beam are plotted in Fig. 7. Within their 
assigned uncertainties all points (including those not 
plotted) are consistent with the assumption that the 
“true” plot is the straight vertical line shown. There is 
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Fic. 8. Comparison of the He‘ data with various predictions for 
the alpha-particle range in aluminum. The quantity A in this case 
is the deviation from the range predicted by Bichsel’s formula 
[Eq. (4) ] on the assumption that y= 1. The open circle represents 
the experimental alpha range measurement given by Rosenblum 
(reference 2). The data of this experiment are arbitrarily placed 
on the A scale to agree with Rosenblum’s point. The predictions 
given in references 3 and 4 also are shown. 


no significant indication of systematic deviation from 
this assumption. Two interpretations are possible. If 
the measurements reported in this paper are regarded 
as absolute measurements, the vertical straight line 
A plot confirms the assumption that f(v) is the same 
for protons and alpha particles. Alternatively, if 
Bichsel’s results and this simple application of the 
theory are correct, the observed A plot indicates that 
the absolute errors in energy measurement with this 
equipment are less than 0.2%. 

The results of this experiment are least accurate near 
zero energy. However, if independent low-energy data 
of high precision are used in conjunction with these 
results, a range-energy curve of considerable accuracy 
can be obtained. Since deviations from a_ vertical 
straight line plot would not be expected above 6&,,=2 
Mev/amu, it is sufficient to determine the difference 
between the value of A(&,,) at some energy &,, in the 
neighborhood of 2 Mev/amu and its value A(0) at zero 
energy. Using the results of Rosenblum,? the alpha- 
particle range at &,,=1.919 Mev/amu (i.e., E=7.680 
Mev) is 11.8 mg/cm?, compared with the value 10.93 
mg/cm? calculated by means of Eq. (4). Thus the 
difference, A(&,,)—A(0), is —0.87 mg/cm*. In Fig. 8 
the He* data are shown (as solid dots) on another A 
plot, the horizontal scale of which is chosen so that A 
becomes zero at zero energy. On this plot the values of 
A predicted by Eq. (4) lie on a straight vertical line 
through the origin, and the quantity —A(&,,) is simply 
interpreted as the excess of a range value at energy &» 
over that predicted by Eq. (4). The straight vertical 
line chosen as a best fit to the experimental data is 
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placed so as to pass through Rosenblum’s point, ie. 
the experimental mean ranges are assumed to excee| 
those predicted using Eq. (7) by the constant amount 
0.87 mg/cm* for energies above 2 Mev/amu. (The 
curvature of the A plot between 1 and 2 Mev/amy i 
drawn to conform with the variation of +? as deducg 
from the measurements of Henderson and Briggs. 
For comparison, the range-energy data tabulated by 
Whaling* and the curves given Aron, Hoffman, an 
Williams‘ also are shown on this A plot, as deviations 
from the predictions of Eq. (4). The solid line through 
the experimental points (and the origin) is taken to be 
the best estimate of the “true” A plot for Het ions, an 
is used to obtain the solid curves given for He ions ip 
Figs. 5 and 6. 

An analysis of the densitometer plots to gain ip. 
formation on straggling is in progress. Preliminary 
measurements indicate that the distribution of jon 
energies is approximately Gaussian in the region 
1<6,<3 Mev/amu (with &,,°=10.5 Mev/amu) and 
that the half-width of the distribution (at the fractional 
height e~') is approximately 0.4 Mev/amu whe 
6m=1 Mev/amu. An indication of the magnitude 
this effect also is apparent in Fig. 5 in that the mea 
range of the full-energy He* beam falls short of the 
maximum absorber thickness for which the monitor 
signal was observed. 


B. Heavier Ions 


The A plots for ions heavier than Het show systematic 
deviations from a straight vertical line and the devia- 
tions increase with decreasing ion energy. This is 
consistent with the observation that two or mor 
spectral lines usually are visible in exposures made 
with these beams, i.e., that 7? is less than unity. ln 
some exposures two lines are sufficiently clear to yield 
accurate values of A and a pair of points is plotted n 
Fig. 7. In general the agreement between members ofa 
pair is seen to be excellent. (In many cases the points 
coincide and one is displaced deliberately to show the 
duality of the measurement.) However, there is some 
systematic disagreement between measurements ob 
tained with different spectrograph fields, and some 
evidence of irregularities associated with the use d 
particular absorber thicknesses. Discussion of thes 
indications of error will be deferred until a preliminay 
analysis has been described. ; 

The data for each beam first were examined i 
detail in order to arrive at the best possible estimalt 
for the “true” shape of the A plot. These estimates at 
shown in Fig. 7 as dashed lines. The slope of ead 
dashed line was measured at several values of & 
between 1 and 10 Mev/amu and, using Eq. (7), the 
value of y? was calculated for each energy. The values 
of y? are not plotted as functions of Sm, howevt 
because the probability of electron capture is determine 
by the ion velocity and the binding energy of the 
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Fic. 9. Variation of the effective-charge parameter +? with ion 
velocity. The parameter £ is the velocity of the ion expressed in 
units of the Bohr orbital velocity 2% of its first k electron. The 
plotted points were obtained by measurement of the slopes of the 
dashed lines on the A plots of Fig. 7. The solid line is an empirical 
fit [Eq. (10) ] to the points. 


electron to the ion rather than the ion energy. According 
toa simple viewpoint’:* the significant parameter is the 
ratio of the ion velocity v to the orbital velocity of the 
electron being captured (or lost). Throughout most of 
the energy region the electron involved is the first k 
electron of the ion, and its orbital velocity 2, is given by 
the Bohr atomic model. In Fig. 9, the values of 7? are 
plotted as functions of the velocity ratio £=v/v,. The 
most striking feature of this plot is the near coincidence 
of the results for Ne”, F'®, O'® and N" ions. The solid 
line was obtained empirically and is given by the 
formula 


y?=1-1.85e-%. (10) 


Although the values of y? obtained with B" and C® 
beams deviate from this formula, it is not clear whether 
the deviations are real or merely arise from the rela- 
tively large uncertainty in the A plots for B" and C” 
ions. In any event, the simplicity of Eq. (10) and its 
apparent universality in the prediction of y* for the 
heavier ions are of considerable practical importance, 
since Eq. (8) can be used to predict unmeasured ranges 
when * is known. The solid lines on the A plots of 
Fig. 7 were obtained by this method, i.e., by using Eq. 
(10) in Eq. (8) (the integral was evaluated graphically). 
Thus the solid lines represent the variations consistent 
with Eq. (10), and the extent of their agreement with 
the experimental data can be used to estimate the 
Validity of Eq. (10). Moreover, the solid lines also aid 
in the detection of systematic errors since they represent 
the smooth behavior pattern of all of the data and a 
given value of 7? corresponds to a different pair of 
experimental parameters &, and X for every beam. 

In the case of Ne®, F, O'®, and N™ there is little 
Teason to doubt the validity of Eq. (10) since the solid 
lines follow the data very closely. The data for C”, B®, 
and B", on the other hand, contain irregularities which 
should be discussed. Although the A plots for C” and 
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B” are not shown, the nature of the inconsistencies can 
be seen from the plot for B". For all three beams there 
are discontinuities in the A plot, associated with 
changes in the A absorber thickness. In the case of B", 
for example, these foil changes occurred at energies of 
Em=6.4, 5.25, 3.9, and 2.1 Mev/amu, and “steps’’ in 
the A plot accompany each change. Similar steps are 
observed for the same foi! changes in the A plots for 
C” and B™. Since the magnitude of the steps generally 
is consistent with the uncertainty (+0.1%) of the A 
absorber thicknesses, most of the irregularities are 
attributed to small errors in the absorber thickness 
measurements. However, all of the inconsistency cannot 
be explained in this way. There remains a disagreement 
associated with a change in the spectrograph field, as is 
clearly shown by the plot for B". Similar discrepancies 
are observed in the data for B" and C® but it is signifi- 
cant that the discrepancy in the case of C™ is of the 
opposite sign. Moreover, the discrepancy appears to be 
independent of &,, when it occurs, and its magnitude 
varies from beam to beam in an irregular way. These 
observations are incompatible with the explanation of 
the discrepancy in terms of any known source of 
systematic error in the ion energy measurement, but all 
of them are consisient with the assumption of an 
incident beam energy shift within the resolution of the 
magnetic analyzer. Such shifis are easily explained by 
the “retuning” of the accelerator which always ac- 
companied a change of spectrograph field. Thus, it is 
believed that the irregularities and discrepancies are 
not an indication of unknown systematic error. More- 
over, the known experimental uncertainties are sufficient 
to explain the deviations of the data for B" from the 
solid line curve predicted by Eq. (10). The data are 
fitted at least as well by the solid line curves as by the 
original dashed line curve, except at the lowest energies. 
(The same may be said in the case of B® and C”.) For 
these three cases the prediction of Eq. (10) is taken as 
the most reasonable estimate for the “true” shape of 
the A plot in the energy region 3< 6,,<10 Mev/amu. 
Below 3 Mev/amu the final curve is arbitrarily taken 
to deviate from the prediction (as illustrated by the 
dotted line on the A plot for B"). 


Range Differences 


The solid line curves with the deviations and éxtra- 
polations indicated by dotted lines are taken as the 
final best estimates for the “true” shapes of the A 
plots. The values of A,,=(Z?/m)A corresponding to 
these A plots are given in Table II. For convenience, 
the value A,,=0 is assigned to ions of incident energy 
&»°=10 Mev/amu. The value of X,,(10,6,) can be 
obtained readily for each ion beam by using the 
tabulated quantities in Eq. (5). The curves for Xm 
given in Fig. 6 are piots of these values, and the solid 
line curves shown in Fig. 5 also are derived from these 
values. The range difference for any isotope (e.g., N”, 
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Taste II. Final presentation of the experimental range- 
difference results for heavy ions in aluminum, in terms of the 
quantity A,,(10,&,)=(Z0?/m)A(10,&m_); if the ion has atomic 
number Zo, mass m (amu), energy per unit mass &,=E/m 
(Mev/amu), and range R(&m) (mg/cm?), then its range difference 
LR(10)—R(&m)] is given by the relation [R(10)—R(&,)] 
=[m/ZeP]LX1(10, &m) + Am (10, &m)_]. For convenience, in addition 
to the values of A,,(10,&,) the values of X,(10,&,) also are 
tabulated. At ion energies intermediate to those listed in the Table 
the values of X,(10,&,) [defined by the relation X,(10,&») 
= R,(10)—Ri(&m)_] can be calculated using Eq. (4), while the 
appropriate values of A,(10,&m) can be obtained by interpolation 
between the tabulated values. Although the results were obtained 
with beams of specific isotopes (i.e., specific values of m for each 
Zo), they should be applicable for other isotopes as well, provided 
that the correct value of m is used. Moreover, since the values of 
Am (10, &m) for beams of Li or Be would be expected to fall between 
the values for He and B the range differences for Li and Be 
isotopes also can be found from this table with considerable 
accuracy. The range differences for beams of Na, Mg, and Al ions 
can be estimated with reasonable certainty, by noting the syste- 
matic variation of Am(10,&) with Zo. The values given for 
Am (10, &m) are least accurate at zero energy where their uncertainty 
is equivalent to a range uncertainty of ~+4 mg/cm? or larger. 





Em 
(Mev/ An 
amu) Xi He B Cc N Oo F Ne 
il —30.73 O —0.02 -0.06 -0.17 -—0.34 -—0.60 —0.96 
10.5 —15.08 0 —0.01 —0.03 -0.09 —-0.18 —0.31 —0.50 
10 0 0 0 0 0 0 0 0 
9.5 14.50 0 0.01 0.04 0.09 0.19 0.34 0.53 
9 28.42 0 0.02 0.08 0.20 0.40 0.70 1.09 
8.5 41.75 0 0.03 0.13 0.31 0.63 1.09 1.69 
8 54.50 0 0.05 0.18 0.44 0.88 1.51 2.34 
7.5 66.63 0 0.07 0.24 0.59 1.16 1.97 3.03 
7 78.18 0 0.09 0.31 0.74 1.46 2.47 3.77 
6.5 89.10 0 0.12 0.40 0.94 1.80 3.01 4.57 
6 99.40 0O 0.15 0.49 1.15 2.17 3.60 5.44 
5.5 109.08 0 0.19 0.61 1.38 2.59 4.25 6.37 
5 118.12 0O 0.24 0.74 1.65 3.05 4.96 7.39 
4.5 126.51 0 0.31 0.90 1.96 3.57 5.75 8.49 
4 134.24 0 0.38 1.08 2.32 4.15 6.62 9.70 
3.5 141.29 O 0.48 1.31 2.73 4.81 7.58 11.02 
3 147.65 0 0.60 1.58 3.21 5.57 8.66 12.49 
2.5 153.35 0 0.79 1.96 3.82 6.44 9.89 14.13 
2 158.24 0.005 1.09 2.47 4.50 7.45 11.30 16.01 
1.5 162.49 0.023 1.60 3.23 5.36 8.70 13.01 18.25 
1 165.97 0.053 2.54 4.54 6.49 10.31 15.19 21.10 
0.5 (168.28) 
0 169.82 0.87 7.39 10.11 12.32 16.76 22.81 29.91 
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-+) is obtained with equal ease. 


Stopping Powers 


In many experimental situations the stopping power 
for an ion is of more interest than its range. The stopping 
power can be calculated from the slope of the A plot 
using Eq. (6), or alternatively, by the use of Eq. (3) 
with the value of y? given in Eq. (10). The results of 
such calculations are displayed in Fig. 10. For com- 
parison the results of Kahn” on the stopping power for 
protons in aluminum also are shown, The discontinuity 
in the stopping-power curves at &,,=2.657 Mev/amu 
arises from the lack of agreement between the two 
formulas of Eq. (4) at their overlap point and is 
probably somewhat smaller than the uncertainty in the 
stopping-power curves at that point. At most energies 
the results for heavy ions are probably of greater 
accuracy than the differences between curves for 
neighboring ions. However, the uncertainties increase 
with decreasing ion energy approximately as the spread 








27D. Kahn, Phys. Rev. 90, 503 (1953). 
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between curves increases, and the curve shape belo 
&,=2 Mev/amu is of doubtful significance, 


Effective Charge 


For the purposes of the foregoing analysis ty 
quantity y can be regarded as nothing more than , 
convenient parameter with which to characterize th 
differences between d&m/dXm and d&,/dX,. Howeve 
if the function f(v) of Eq. (2) truly is independent ¢ 
ion identity as assumed, then the quantity yZy has, 
direct physical interpretation as the rms charge of the 
ion. Specifically, if Nz denotes the fractional proby. 
bility that the ion has charge Z (i.e., the equilibriyy 
fraction of the ions in a monoenergetic beam passing 
through an absorber that have charge Z), then fron 
the Z? dependence of the stopping-power formula jt 
follows that the “effective charge” yZo of the ion (je. 
the fictitious charge which would give rise to the 
observed rate of energy loss) is given by the relation 
Zo ' 

DL Z2Nz. (11 
Z=1 


(yZo)* = 


This formula can. be used to calculate the value of 7 
from the charge state distribution. However, its validity 
hinges upon the assumption that f(v) is independent 
of ion identity. Although the quantum mechanic 
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Fic. 10. Stopping power curves for heavy ions in aluminum, 
derived from the A variations of Fig. 7. The results are reduced 
approximately to the same scale by giving them in terms 0! the 
“universalized” measure of absorber thickness X m= (Zc?/m)X ant 
the ion energy per unit mass &m=E/m. The curve for helium ions 
is indistinguishably different from that given for protons °) 
Bichsel’s formulas [Eq. (4) ]. The discontinuity in each curve at 
&m= 2.657 Mev/amu is of no physical significance, but merely 
reflects a disagreement between the two formulas of Eq. (4) at 
their joining point. The uncertainty in the stopping power 
largest at low energies. For purposes of comparison the protot 
stopping-power curve given by Kahn (reference 27) also is show. 
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Fic. 11. The equilibrium charge state distribution, effective 
charge, and average charge of O'* ions emerging from aluminum 
foils as a function of emergent ion energy. The quantity Nz is the 
fraction of O'* ions having charge Z, inferred from the relative 
intensities of the spectral lines. The values of 7? calculated from 
the charge state data [using Eq. (11)] are shown by the + 
symbols, and the corresponding values of the average charge Z 
are shown by the open circles. The solid circles represent the values 
of y* deduced from the slope of the A plot, and the solid line shows 
the variation of y* given by the empirical formula, Eq. (10). The 
dashed line is the variation of y as given by Eq. (10). The smooth 
curves drawn through the points for Ns, Nz, Ne, and Ns merely 
represent plausible fits to the data. 


theory of Bethe** is in accord with this assumption, the 
classical theory of Bohr® and the more general quantum 
mechanical theory of Bloch® are not, since they give 
expressions for the quantity f(v) which contain a 
logarithmic dependence on Z.¢¢. According to Williams®! 
the applicability of the classical vs the quantum 
mechanical treatment is determined by the value of 
the parameter Z.+:(e?/hv), the Bethe formula being 
appropriate for Z.::(e?/hv)<<1 and the Bohr formula 
for Zet(@/hv)>>1. In this experiment the values of 

*H. Bethe, Ann. Physik 5, 325 (1930). 

*N. Bohr, Phil. Mag. 25, 10 (1913). 

“F. Bloch, Ann. Physik 16, 285 (1933). 

" £. J. Williams, Revs. Modern Phys. 17, 217 (1954). 
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Ztt(e2/hv) vary between } and % and represent a 
borderline case. Thus the alternative interpretation of 
the quantity y* cannot be taken for granted. However, 
it can be tested, since the charge state distributions can 
be deduced from the densitometer plots, and the values 
of y? calculated by means of Eq. (11) can be compared 
directly with the values obtained from d6&,,/dX m. 

The equilibrium distribution of charge states for O'* 
ions in aluminum, as obtained from the densitometer 
plots, is shown in Fig. 11. Also shown are the values of 
y calculated from these distributions by means of 
Eq. (11), the values of y? obtained by means of Eq. (7) 
from the slope of the original dashed line fit to the A 
plot for O'*, and the value of y? given by Eq. (10). The 
differences between these values of y? are seen to be 
small, and in view of the uncertainties in the charge 
state distributions they are believed to be insignificant. 
Thus the results are consistent with the assumption that 
f(v) is independent of ion identity. 

The values of the average charge, Z2=)0z-1."ZNz, 
calculated from the charge state data, also are plotted 
in Fig. 11 along with the value of 7 as given by Eq. (10). 
It is seen that the average charge is well represented 
by y despite the difference in weighting. The value of y 
calculated from Eq. (10) may be expected to give the 
average charge equally well for other ions. This result 
is of practical value, since the number of ions in an 
incident beam usually is deduced from the total charge 
carried by the ions, and little information is available 
on the average charge of heavy ions at higher energies. 
Work is in progress on the extraction of the charge 
state distributions and the straggling parameter from 
the densitometer plots for all ion beams studied in this 
experiment. 
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The energy loss of C®, O'*, and Ne” ions in passage through foils of Mylar and polyethylene has been 
investigated for incident ion energies of 10 Mev/amu and emergent ion energies in the region from 10 to 1 


Mev/amu. The ion energies were measured with a 


magnetic spectrograph. The variation of emergent ion 


energy with absorber thickness (essentially the range-energy relation) is reported and compared with similar 
results for the same ions in aluminum. Within experimental error, the curves for Mylar and polyethylene 


differ from those for aluminum only in the scale of a 
absorber thicknesses (in mg/cm?) is 0.783 for Mylar 


bsorber thickness. For the same energy loss, the ratio of 
to aluminum, and 0.692 for polyethylene to aluminum. 





INTRODUCTION 


N the preceding paper! results have been presented 

which can be interpreted as a measurement of the 
range-energy relation for heavy ions in aluminum. 
Similar measurements with other absorbing materials 
are of interest not only for a better understanding of the 
energy loss process, but also because of the practical 
need to account for energy losses in counter windows, 
targets, etc., in experimental work with heavy ions. 
Organic foils often are used for such purposes. More- 
over, a knowledge of the ranges and stopping powers 
for heavy ions in organic materials is of value to bio- 
physicists in their attempt to interpret quantitatively 
the effects of ionizing radiations on biological systems.’ 
Although some experimental information is available,*-> 
previous studies have been limited to ions of low energy® 
or to measurements in nuclear emulsions.*:> This paper 
reports measurements of the energy loss suffered by 
typical heavy ions (C”, O'*, and Ne”) in passage 
through foils of polyethylene and Mylar (polyethylene 
terephthalate). The ions have fixed incident energies 


* This investigation was supported in part by the U. S. Atomic 
Energy Commission and by funds provided under contract with 
The School of Aviation Medicine, U. S. Air Force Randolph Air 
Force Base, Texas. 

t This investigation was carried out during the tenure of a 
Predoctoral Fellowship from the National Cancer Institute, U. S. 
Public Health Service. 

1L. C. Northcliffe, preceding paper [Phys. Rev. 120, 1744 
(1960) }. 

* For a recent review of quantitative radiobiology, see papers by 
R. E. Zirkle, E. C. Pollard, T. H. Wood, and C. A. Tobias, in Revs. 
Modern Phys. 31, 269 (1959). Some effects of heavy ions on 
various biological systems are discussed by J. L. Born et al. 
[Progr. in Nuclear Energy 2, 189 (1959)]; G. Dolphin and F. 
Hutchinson [Radiation Research 13, 403 (1960) ]; and in abstracts 
of 1958 and 1959 meetings of the Radiation Research Society 
(Radiation Research 10 and 11). 

3 See, for example, D. C. Lorents and E. J. Zimmerman, Phys. 
Rev. 113, 1199 (1959), and J. P. Phelps, W. F. Huebner, and F. 
Hutchinson, Phys. Rev. 95, 441 (1954). 

*H. H. Heckman, B. L. Perkins, W. G. Simon, F. M. Smith, 
and W. H. Barkas, Phys. Rev. 117, 544 (1960). 

5 P. G. Roll and F. E. Steigert, Nuclear Phys. 16, 534 (1960). 

6 The electron density of Mylar is within a percent that of dry 
protein and so one might expect these materials to exhibit similar 
stopping powers. 


of ~10 Mev per nucleon and their emergent energies 
are measured as a function of absorber thickness, The 
results for Mylar and polyethylene absorbers are 
presented graphically and compared with the curves for 
the same ions in aluminum. Except for differences in the 
scale of absorber thickness, the curves for all three 
absorbers appear to be the same. Moreover, the absorber 
thickness scale conversion factors are in fair agreement 
with calculated stopping power ratios. 


EXPERIMENTAL 


Apparatus 


Beams of heavy ions with kinetic energies of ~10 
Mev/amu are produced by the Yale heavy-ion acceler- 
ator and held constant in energy by a magnetic analyzer. 
(The resolution of the analyzer was +0.5% in this 
experiment.) A foil changer is used to place an absorber 
of known thickness in the path of the ions. The trans- 
mitted ion beam enters a magnetic spectrograph where 
its deflection is recorded on a strip of photographic film. 
The deflection is measured relative to a reference scale, 
a row of spots printed on the film at the time of exposure 
to the beam. The ion energy is calculated from the 
deflection. A detailed discussion of the spectrograph and 
the method of energy determination is contained in the 
preceding paper.! The discussion here will be limited to 
experimental features which are not common to both 
investigations, i.e., the absorbers, the energy resolution 
of the incident beam, and the technique by which the 
beam deflection was measured from the film strip. 


Measurement of Absorber Thickness 


The plastic absorbing materials were obtained com- 
mercially in the form of thin sheets, Mylar in (nominal) 
thicknesses of 1, 5, and 11 mils, and polyethylene m 
(nominal) thicknesses of 4, 5, and 14 mils. A precision 
punch was used to cut circular foils 1} in. in diameter 
from the sheets. The average thickness of each foil (in 
mg/cm?) was determined from its weight and area, and 
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absorbers with a number of different thicknesses were 
obtained by combining selected foils into stacks. Each 
of the absorber stacks was mounted separately on one 
of the two foil holding wheels within the foil changer. 
By suitable manipulation it was possible to place any 
desired stack from one wheel in the path of the beam, 
alone or with any stack from the other wheel. Thus it 
was possible with eight absorber stacks of each material 
to obtain combined thicknesses which ranged from 0 to 
~20 mils in steps of approximately 1 mil (~3.4 mg/cm? 
for Mylar; = 2.5 mg/cm? for polyethylene). 

The accuracy of the absorber thickness assignments 
is limited by the uncertainties in the foil areas and 
weights, and by the uniformity of the plastic sheets. 
To minimize the uncertainty in the area of the thinnest 
foils, the plastics were placed between sheets of paper 
before they were punched and the foils which came from 
the punching process with poorly defined edges were 
discarded. In particular the edges of the thicker poly- 
ethylene foils appeared to be tapered, in places by as 
much as 3 or 4 mils. The Mylar foils in general were 
more cleanly cut than the polyethylene foils. Several 
foils of each thickness were flattened between pieces of 
glass and their diameters measured on a comparator. 
(Deviations from the punch diameter were more 
noticeable for polyethylene than for Mylar and largest 
for the thinnest foils.) For each thickness, the mean 
deviation from the average diameter was taken as an 
estimate of the uncertainty in foil diameter. Before they 
were weighed, the foils were washed with detergent, 
rinsed with distilled water, dried between lintless tissue, 
and desiccated for 24 hours. (The influence of the wash- 
ing process on the foil weights was found to be negligible, 
as was the influence of atmospheric humidity.) Subse- 
quently they were handled with blunted tweezers and 
lintless gloves. The weighing was done on a micro- 
balance in an instrument room of controlled tempera- 
ture, and the foils were allowed several hours to come 
to equilibrium in these surroundings before they were 
weighed. During the weighing, a beta source was placed 
near the foils to dissipate static charges. Each absorber 
stack was weighed twice, and each constituent foil was 
weighed independently. The uncertainty in the foil 
weight was estimated and added linearly to the uncer- 
tainty in foil area to give the over-all uncertainty in foil 
thickness. For polyethylene, the over-all uncertainties 
were +2%, +1%, and +0.5% for the nominal }-mil, 
S-mil, and 10-mil thicknesses, respectively, while for 
Mylar they were +0.4% for the 1 mil, and 40.25% 
for the 5- and 11-mil thicknesses. 

The uniformity of the foils was not considered in 
arriving at the above uncertainty estimates. While the 
surfaces of the Mylar foils appeared smooth, the poly- 
ethylene foils were visibly scratched or striated. It was 
difficult to estimate the magnitude of these small scale 
regularities. However, the large scale variations in the 
thickness of the plastic sheets were examined by noting 
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the variations in weight among cleanly cut foils of 
identical area punched from the sheets in a square 
array. The variations were 3% or less over the Mylar 
sheets, but for polyethylene the variations were from 
10% to 20% depending on the thickness of the sheet. 
The variations over the array were smooth rather than 
random functions of position, and were taken to repre- 
sent a contour map of the sheet thickness. The foils 
used in the absorber stacks were punched from 
“plateau”’ areas. No attempt was made to estimate the 
added uncertainty in foil thickness caused by foil non- 
uniformity. However, the large number of foils used, 
their random orientation when stacked in the foil 
changer, and the large number of absorber changes 
during a run all should tend to reduce the influence of 
individual irregularities. The resultant errors are 
random and an upper limit for their magnitude is given 
by the scatter of the experimental data. 

After the experimental runs the foil stacks were 
examined for physical changes caused by passage of the 
beam. Although no changes were observed in the thin 
foils, the thicker foils of both absorber materials were 
noticeably discolored. Moreover, the region of the 
polyethylene foils exposed to the greatest beam concen- 
tration had become transparent’? and appeared to be 
slightly warped. However, an examination of the 
sequence of exposures made with these foils showed no 
indication of systematic change in their thickness. The 
foils were not reweighed after the experiments. 

Measurement of the Ion Energy 

The various charge states present in the beam were 
separated in the spectrograph and appeared as separate 
“spectral lines” on the film strip. The position of each 
line was measured relative to the reference scale also 
printed on the film strip. To facilitate this measurement 
the spectrum was projected onto a sheet of millimeter 
graph paper using a photographic enlarger. The 
magnification was adjusted to be exactly 10:1 by 
matching the projected reference scale to the lines of 
the graph paper. With this magnification the displace- 
ment of a sharp spectral line from the nearest reference 
scale spot could be determined within +0.05 mm. The 
position of an undeflected beam print relative to the 
same reference scale also was determined within +0.05 
mm. The positions of the broad spectral lines observed 
with ions of low energy were measured by the densitom- 
eter-comparator method described in Sec. II-D of the 
preceding paper. From the measured deflection s, the 
quantity 6&,, (the kinetic energy per unit mass of the ion 
in Mev/amu) was calculated using Eq. (1) of the 
preceding paper: 


1 # Bo\? 7 Z\2 Ss 
(EE VOC) 
41-—° K m a 


7 This has been previously observed for polyethylene. See, for 
example, C. D. Bopp and O. Sisman, Nucleonics 13, No. 7, 28 
(1955), for irradiation of polyethylene in a reactor. 
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Fic. 1. The emergent ion energy plotted as a function of absorber thickness for €", O"%, and Ne®° ions in Mylar and for C® and 0) 


ions in polyethylene. The ions all have initial energies of approximately 10 Mev/amu. The results may be interpreted as measurements 
of the range-energy relation for these heavy ions and absorbing materials. The vertical error bar associated with each experimenta 
point shows the over-all uncertainty in emergent ion energy. The horizontal error bar represents the sum of the unc ertainty in absorber 
thickness and the uncertainty in the incident ion energy (converted to an equivalent uncertainty in absorber thickness), The soli 
curves show the dependence of ion energy on absorber thickness as reported for aluminum absorbers preceding paper), although the 
absorber thickness scale of the aluminum curves has been multiplied by a constant contraction factor to achieve the best fit to the 
present data. The contraction factor is 0.692 for the curves through the polyethylene data and 0.783 for the curves through the Mylar 


data. The dashed lines show portions of similar curves for contraction factors which differ from the above by 


in which Z and m are the charge and mass of the ion, Bo 
is the magnetic field strength, 8 is the ion velocity, and 
K and @ are constants of the spectrograph. 

The estimated limit for systematic error in the spectro- 
graphic measurement of ion energy is +0.35% (Sec. III, 
preceding paper). In addition, the inability to determine 
the exact position of a spectral line causes an uncertainty 
which varies smoothly from +0.4% to +1.5% as the 
ion energy decreases from 10 Mev/amu to 2 Mev/amu. 
The two energy uncertainties were combined by taking 
the square root of the sum of their squares, and the 
resultant taken to represent the over-all uncertainty in 
the energy measurement. Above 5 Mev/amu the 
resultant is approximately +0.5%, but for lower 
energies it is larger, increasing with decreasing energy. 
Most of the experimental points at energies below 2 
Mev/amu have a considerably larger error caused by 
the overlapping of the spectral lines corresponding to 


23 /o- 


different charge states. For each such point the error 
was estimated individually. 


RESULTS AND DISCUSSION 


The experimental data are presented graphically in 
Fig. 1. The solid curves superimposed on the data show 
(on an altered scale) the curves given in the preceding 
paper for the same ion beams in aluminum absorbers. 
The absorber thickness scale of the aluminum curves 
was contracted by the factor 0.692 to give the solid 
lines through the polyethylene data, and the factor 
0.783 to give the solid lines through the Mylar data. 
The uncertainty in these contraction factors appears (0 
be less than +23%, as can be seen by the inferiority 0 
the fit achieved with the dashed lines. It is noteworthy 
that within the experimental uncertainties of the data 
the contraction factor appropriate to each organic 
absorbing material appears to be independent of the 
identity and velocity of the ion. The implication is that 
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the results obtained here can be supplemented by the 
results obtained in aluminum with other ions merely by 
application of the appropriate contraction factor to the 
aluminum results. Similarly, the stopping powers of 
Mylar and polyethylene for heavy ions can be found by 
suitable application of these factors to the stopping 
power curves for aluminum (Fig. 10, preceding paper). 

If the contraction factor is independent of ion energy, 
it is given by the ratio of the stopping power of alumi- 
num to that of the organic material. The stopping power 
ratio is the product of three terms: the ratio of stopping 
numbers, the square of the effective charge ratio, and 
the inverse ratio of the molecular weights. The effective 
charge of the ion can be determined from the equili- 
brium distribution of charge states in the emergent 
beam. This distribution is revealed by the relative inten- 
sity of the spectral lines corresponding to the various 
charge states. Charge state distribution measurements 
for O'* ions in aluminum are reported in the preceding 
paper. A spot check at ~ 2 Mev/amu and ~3 Mev/amu 
showed no significant differences in the charge state 
distribution for O'* ions in polyethylene. Thus the 
effective charge ratio is taken to be unity, and since the 
molecular weights are known the stopping power ratio 
(.e., contraction factor) can be calculated from the 
ratio of stopping numbers. Various theoretical expres- 
sions give the stopping number in terms of the ionization 
potential of the absorbing material. Values of ionization 
potential are given by Bichsel* for aluminum and by 


*H. Bichsel, Phys. Rev. 112, 1089 (1958). 
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Thompson’ for the constituents of the organic materials. 
With these ionization potentials both the Bohr theory” 
and the Bethe theory" predict stopping power ratios 
which differ from the observed contraction factors by 
only a few percent. However the differences seem to be 
appreciably larger than the experimental error. In 
addition, the calculated stopping power ratios vary with 
energy, conflicting with the experimental observations. 
While the calculations have not been refined to account 
for nonparticipation of the K electrons in the absorbing 
material, the magnitude of this correction appears to 
be too small to explain the disagreement. Differences 
in the equilibrium charge distribution in the various 
absorbing materials also are too small to explain it. 
However, plausible changes of the ionization potentials 
used in the calculation might improve the prediction. 
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Measurements are reported on the energy dependence of the beta-gamma angular correlation coefficient 
in the special first forbidden cases of Rb** and Eu. Energy selection of the beta rays was accomplished 
with a magnetic beta-ray spectrometer having good transmission. It is shown that Rb** cannot be analyzed 
in terms of the so-called modified B;; approximation. The Eu'™ decay, on the other hand, can be treated 
quite satisfactorily in this approximation. It is concluded in this case that a strong selection-rule effect is 
operative to suppress certain of the matrix elements relative to B;;. The nuclear parameter Y (Kotani’s | 
notation) is found to be 0.69+0.06. This agrees well with the value which results from the measured spectrum 


shape factor. 
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I. INTRODUCTION 


HE theory of the beta-decay process has been 

greatly clarified by the discovery that only the 
V and A interactions characterize the process, with 
C4=C,4’ and Cy=Cy’ With the interaction Hamil- 
tonian thus uniquely established, it has been possible 
to formulate the theory of the various observables 
associated with beta decay in a tractable form, suitable 
for comparison with experimental results. In particular, 
theoretical expressions for the spectrum shape correc- 
tion factor and for beta-gamma directional correlations, 
with and without beta- or gamma-ray polarization, 
have been developed by Morita and Morita,? and by 
Kotani and Ross.*-* In view of this, it is of current 
interest to study the energy dependence of the beta- 
gamma angular anisotropy especially for first forbidden 
cases. 

In principle, careful measurements should yield a 
quantitative determination of the relative contributions 
of the matrix elements which govern the transition. 
However, in spite of the great simplification which now 
prevails in the theory, there are in general six matrix 
elements involved in the first forbidden nonunique 
transitions and their determination requires information 
from several of the six or more observables.’ It has been 
suggested®* that special cases may exist among the 
first forbidden nonunique decays for which the B;; 
parameter dominates to the extent that the transition 
resembles a unique transition. One then expects a large 
ft value, a nonstatistical shape, and a large beta-gamma 
angular anisotropy. Kotani® has pointed out that such 


t Supported by the Joint Program of the Office of Naval 
iheenech ond the U. S. Atomic Energy Commission. 

* Now at University of Michigan, Ann Arbor, Michigan. 

1 For a survey of the literature pertaining to this point, see 
E. J. Konopinski, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1959), Vol. 9, p. 99. 

2M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 

’T. Kotani and M. Ross, Phys. Rev. Letters 1, 140 (1958). 

*T. Kotani and M. Ross, Progr. Theoret. Phys. (Kyoto) 20, 
643 (1958). 

5T. Kotani and M. Ross, Phys. Rev. 113, 622 (1958). 

®°T. Kotani, Phys. Rev. 114, 795 (1958). 

7 A list of the various observables is given in the Appendix of 
reference 6. 

§Z. Matumoto, M. Morita, and M. Yamada, Bull. Kobayasi 
Phys. Inst. Research 5, 210 (1955). 
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a situation may arise from a selection rule effect which 
serves to suppress certain matrix elements relative to 
B;;. The so-called “modified B;; approximation” of the 
theory, introduced by Kotani® and Matumoto ¢ al! 
to describe certain of these cases, considerably simplifies 
the interpretation of experimental results, once it js 
established that the approximation applies. In this 
instance, simple combinations of nuclear parameters 
may be determined from only two of the observables, 





for example, from the spectrum shape correction factor 
and the beta-gamma correlation coefficient. 

The present paper is concerned with beta-gamma | 
correlation measurements, without polarization detec- 
tion, in two nuclei which have been suggested as possible 
examples for which the modified B,; approximation 
may be valid,®:* Rb** and Eu'®. The well-known decay 
of Rb* involves two beta-groups, as shown in Fig. 1. 
The inner group, W»=0.717 Mev, has a rather high /t 
value, log ft=7.9, for a spin sequence 2~(8)2* and is 





followed by a 1.079-Mev gamma ray. There is some 
evidence for a nonstatistical spectrum shape. Robinson 
and Langer® have reported a small deviation from an | 
allowed shape, especially at low energies, although this 
may be due to other effects. The beta-gamma angular 
correlation as a function of the beta-ray energy has 
been studied by Stevenson and Deutsch” and Klewer." 
While the results in both cases indicate a rather large 
anisotropy, they lack sufficient accuracy for detailed 
analysis. Morita and Morita? have attempted to analyze 
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Fic. 1. Decay scheme of Rb®. 


9R. L. Robinson and L. M. Langer, Phys. Rev. 112, 481 a 
10D). T. Stevenson and M. Deutsch, Phys. Rev. 83, 1202 (195 ) 


11H. Klewer, Z. angew. Physik 11, 81 (1959). 
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Deutsch’s data in terms of the modified Bj; approxi- 
mation, but because of the large experimental errors, 
the outcome is uncertain. 

Of interest in the decay of 13-year Eu'®, a portion of 
which is shown in Fig. 2, is the outer beta group with 
end-point energy 1.483 Mev and the subsequent 0.344- 
Mev gamma ray to the ground state of Gd'®. This 
beta-transition is characterized by an unusually large 
ft value, logft=11.7, and a nonstatistical, nonunique 
spectrum shape.” The spin-parity sequence is very 
likely 3-(8)2*(7)O*, since the ground-state spin of Eu'™ 
has been found to be Jo=3." The results of Dulaney, 
Braden, and Wyly and Bhattacherjee and Mitra’ on 
the beta-gamma angular correlation of this cascade, 
indicate that the anisotropy is large and might be 
interpreted within the framework of the modified B;; 
approximation. However, their results when analyzed 
in this approximation, are somewhat at variance with 
Langer’s measured shape factor. 

In our measurements we have reduced the compli- 
cating effects which are often present in scintillation 
measurements by the use of magnetic analysis of the 
beta-ray energies. Sufficient data were gathered in most 
cases to achieve at least 5% accuracy. It will be shown 
that the beta-gamma angular correlation in the Eu'® 
case is quite adequately described by the modified B;; 
approximation, while in the case of Rb*® this is not 


possible. 
Il. THE MODIFIED B,;; APPROXIMATION 


It will be convenient to summarize the aspects of the 
theory of beta-gamma angular correlation which will 
be of use for comparison with experimental data. In 
Kotani’s® notation, the six well-known first forbidden 
matrix elements for ranks A=O, 1, 2 may be incorpo- 
rated for our purposes into two new parameters, V and 
Y, as follows: 


nV =Caf tye ere 


W=~Cy fie eau) for A=1, (1) 


n=Ca f Ba 
where 
re=C, for, m=Ca f iox, n=—Cr fir (2) 


_¥L.M. Langer, D. R. Smith, and M. P. Klein, Bull. Am. Phys. 
"= 426 (1959). 

M. Abrahz ). Kedzie, and C 
108, 58 (1987). ‘leita 


102 ane, C. H. Braden, and L. D. Wyly, Phys. Rev. 117, 


U5 (iggy ebattacherjee and S. K. Mitra, Nuovo cimento 16, 


for A=0, 


for A=2, 


D. Jeffries, Phys. Rev. 
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Fic. 2. Partial decay scheme of Eu!. The solid lines denote the 
transitions of interest in this work. 


In these expressions £ is defined by £=aZ/2p, where p 
is the nuclear radius in units of the electron Compton 
wavelength and a is the fine-structure constant. The 
beta-gamma angular distribution has the form 


N (W,3)=1+ €P2(cosv), (3) 
where ¢ is the angular correlation coefficient and # is 
the angle between the directions of emission of the beta 
and gamma rays. In the same approximation in which 
(1) and (2) are valid, namely when finite nuclear size 
effects are ignored, Kotani® has shown that the energy 
dependence of the directional correlation coefficient is 
given by 

e= (p?/W) (Rs +eW)[R/C(W) ]. (4) 
Here R;, k, and e are independent of the energy W in 
the point-charge approximation and are functions of 
the matrix elements (1) and (2). Expressions for these 
quantities and for the spectrum shape correction factor, 
C(W), valid to order (@Z)’, are given in the Appendix 
of reference 6. 

In the modified B;; approximation it is assumed that 
the matrix elements x, «, and w may be neglected unless 
multiplied by the factor +10. This approximation is 
therefore characterized by 


x=u=w=0, YX0, V0, but |V| and |¥|<é. (5) 


In this instance, the nuclear size effect can be readily 
included and the energy-dependent Coulomb factors 
\;, which otherwise are unity, are retained. A small 
modification of the definitions (1) of Y and V is also 
made.'* In the modified B;; approximation we have the 
following expressions for the angular correlation coeffi- 
cient and the shape factor: 


For 3(8)2(7)0 transitions, 
e= — (P/W)LQLV)/7+QiW)/42]1CW)T, (6) 
C(W)= (1/12) (+Asp*) + Y?. (7) 


16 See reference 6, p. 805. 
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Fic. 3. Fermi plot of the Rb* isotropic inner beta spectrum. 
N is the isotropic beta-gamma coincidence rate normalized to 
the gamma-ray singles. The extrapolated end point, Wo=2.34, 
is in good agreement with the accepted value Wo=2.40 (myc). 


For 2(8)2(y)0 transitions, 


e= (p?/W)[(A2¥) (1/56)!— (A2V) (1/21)! 
—(Ax/112)W ][C(W) }, 


C(W)= (1/12) (¢+dip*)+ V2+ F?. 


In these expressions @=(W »—W)*, p?=W?—1. The 
factors \; and dz have been tabulated by Kotani and 
Ross.§ 

It may be noted that experimental results for both 
C(W) and ¢«(W) are necessary before information 
concerning Y and V can be extracted from these 
formulas, since the validity of the approximation must 
first be established. 


(8) 
(9) 


III. APPARATUS 


A 180°-shaped magnetic field beta-ray spectrometer 
was used in these experiments to define the beta energy. 
The spectrometer has been modified to permit beta- 
gamma coincidence measurements at two positions of 
the gamma detector. The field shape and central baffle 
setting are such as to focus median-plane electrons 
which leave the source 15° either side of the mean path 
(10-cm radius). Since no electrons are accepted which 
leave the source at angles less than 90° to the source- 
detector axis, measurements are restricted to the mean 
angles 75° and 165° between the beta and gamma ray. 
The gamma rays emitted at these angles pass out of the 
vacuum chamber through 5-mil thick aluminum ports 
before detection. The transmission of the instrument is 
set at approximately 5% by the use of a one-cm exit 
slit. At this transmission the measured momentum 
resolution is 5%. The effective solid angle at the beta 
detector is then 0.005 steradian. 

The radiation detectors were RCA 6342-A photo- 
multipliers with a 1-inchX1-inch NaI(Tl) crystal for 
the gamma rays and a }-inch thick plastic scintillator 
for the beta rays. The usual precautions were employed 
to minimize gain shifts due to the magnetic field. The 
use of light pipes and concentric high- and low-level 
magnetic shields essentially eliminated this effect. The 


AND 


R. G. WILKINSON 

shift of the Cs'*? photopeak recorded in the gamma-ry 
counter was less than one percent when the Counts 
was moved from the 75° to 165° position, with th 
magnetic field set for focusing 1.4-Mev electrons. Te 
contribution of scattered gamma quanta was Minimize) 
by surrounding the gamma detector with appropria 
cylindrical lead shields. When necessary, aluming 
absorbers were used to prevent beta rays from Striking 
the gamma detector. Gamma-counter solid angle 
were 0.010 steradian for the Rb** study and 0 
steradian for Eu. 

The electronic equipment consisted of a modificatin 
of the slow-fast coincidence circuit described by 
Johansson.” A trigger time correction circuit makes} 
possible to trigger fast coincidence pulse generat, 
with the relatively slow pulses from conventional nm. 
overload linear amplifiers without appreciable coing. 
dence loss. The pulse generators are gated by differentig 
discriminators which select the desired energy range 
Resolving times of 27= 20-40 millimicroseconds hay 
been used without measurable coincidence loss, Th 
singles counts were recorded concurrently. 


IV. MEASUREMENTS 


The observable in these experiments is not ¢(W), but 
rather the differential beta-gamma coincidence countixg 
rate at the 165° and 75° positions of the gamm 
counter, relative to the rate at the 75° position. Inal 
cases this anisotropy was determined with the bet 
differential discriminator window set to take in sub 
stantially the entire pulse-height distribution due to 


beta rays of 5% energy spread. The gamma discrimi | 


nator was set generally to accept the full-energy peak. 
In the Rb* case, it proved to be quite safe to includes 


small portion of the Compton distribution. In general, | 


true-to-chance ratios were of the order of 10:1, buti 
the Rb** experiment, the presence of the strong oute 
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Fic. 4. Energy dependence of the anisotropy A for Rb*. The 
solid curve was calculated from the theoretical expression for 4 
with ek/A2=0.021 and Rk/A.=0.0774. For comparison a straight 
line has been included (dashed curve) 





17 B, Johansson, Nuclear Instr. 1, 274 (1957). 
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group lowered this ratio to about 1:1 near the inner 
beta-ray end point. 

The average measured anisotropy at each beta-ray 
energy was derived from 15 cycles with total coinci- 
dences ranging from 15 000 to 20000 counts. Coinci- 
dence rates, corrected for accidentals, were normalized 
to the singles rates in the usual way. To facilitate 
comparison with other workers, the standard anisotropy, 
4=[N(180)—N (90) ]/N (90), corrected for finite solid 
angle, was extracted from the data. The quantity e(W) 
was then obtained from e«=2A/(3+A). The error 
assignment is based on a statistical analysis of the 
fuctuations in the data instead of the customary 
estimation based on the total number of coincidences. 
Probable errors are quoted. 

To insure reliability of the data, considerable care 
was taken to minimize drifts and counting losses in the 
dectronics, and to eliminate asymmetries due to 
geometry, scattering, etc. The Fermi plot of the Rb** 
beta-gamma coincidence rate normalized to the gamma- 
ray singles, shown in Fig. 3, provides a severe test of 
the constancy of the counting efficiency and gain in the 
beta channel, as well as the constancy of the coincidence 
eficiency. The data shown in Fig. 3 represent a span 
in time of over 1200 hours. Over this same time interval 
the average fluctuation per week in the gamma-ray 
singles was about one percent, and the coincidence 
resolving time drift was less than one percent per week. 
Further evidence for stability in the gamma channel is 
afforded by the measured half-life of 460 hours as 
determined from the gamma-ray singles. This is to be 
compared with the prevailing value of 450 hours.'® 

The intrinsic asymmetry in the gamma-ray singles 
rates and the coincidence rates at the 75° and 165° 
positions was essentially negligible. Without the cy- 
lindrical lead shield around the Nal crystal the singles 
rates differed by 2% when the spectrometer was 
adjusted to focus 1-Mev electrons. With the shield in 
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. Fig, 5. A plot of the “reduced” correlation coefficient ¢’ vs 
ary 4 (mec units). The solid straight line corresponds to ek/A2 

— and Ryk/A:=0.077, and the shape factor of Langer and 
‘ inson. The dashed curve corresponds to the best straight line 
‘hrough the data for C(W)=1. 
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Fic. 6. Energy dependence of the correlation coefficient in 
the Ea! case. The solid curve is a theoretical one with Y=0.69 
or 0.23. 


place the asymmetry was reduced to 0.25%. The 
residual anisotropy is probably due to the difference in 
the magnetic field in the two positions. For the highest 
energy encountered in these experiments the effect was 
no more than 0.5%. The possibility of a built-in 
coincidence anisotropy was checked by measuring the 
beta-gamma correlation in the allowed Na” decay. A 
value of e= —0.003+0.001, based on a total of 80 000 
coincidences, was obtained for the anisotropy between 
positrons at 0.39 Mev and the 1.276-Mev gamma ray. 
This is in agreement with a measurement by Steffen'® 
and suggests that the intrinsic asymmetry of the 
coincidence spectrometer is less than 0.3%. 

The Rb* and Eu'™ sources were prepared from high 
specific activity samples produced at the Oak Ridge 
National Laboratory. The sources consisted of a deposit, 
less than 0.1 mg/cm? thick, on thin Zapon or Mylar 
films. A small amount (~4%) of Eu'®* was present in 
the Eu! sample. 


V. Rb** RESULTS 


The beta-gamma angular correlation data for Rb* 
are summarized in Table I. The energy dependence of 
the anisotropy A is shown in Fig. 4. A positive corre- 
lation coefficient € is found for this 2—(8)2+(y)0+ case 
ranging from 0.04 to 0.20. The form of Eq. (4) indicates 
that, apart from the ~’/W factor and C(W), the energy 
dependence of « is linear. Accordingly, the “reduced 
correlation coefficient,” e’=eC(W)W/p’, is introduced 
to facilitate comparison of the experimental results 
with theory. A plot of the experimental values of ¢’ 
versus energy is expected to yield a straight line with 
slope ek and intercept R3k. A representation of the data 
in this manner is shown in Fig. 5, with \¢ included in 
e’. This serves to suppress the small energy dependence 
of ek and R3k when }, and dz are not set equal to one. 
It is seen that, within the experimental uncertainties, 
the data can be represented by a straight line of slope 
ek/X2=0.021 and intercept R3k/A2=0.077, when the 
shape factor of Robinson and Langer’ is used. The 

#9 R. Steffen, Phys. Rev. Letters 3, 277 (1959). 
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Fic. 7. ¥, and Y_ calculated from Eq. (10) in the text 
with the measured values of e. 


dashed line in Fig. 5 results when a statistical shape is 
assumed. In either case a positive slope is indicated. 
It may be seen from Eq. (8) that if the modified B;; 
approximation applies, the linear dependence of ¢’ on 
W should have a negative slope, ek/A2= —X,1/(112dz2) 
= —1/112. We conclude that this approximation does 
not hold for Rb** and that small contributions from 
the matrix elements x, or « and x, are present. A 
contribution from # aloné would only tend to make 
ek/d2 more negative. 


TABLE I. Summary of the Rb* data. 


E (kev) W (moc?) A € 
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ence. The ratio of the outer to inner beta-ray intensities 
determined in this way is 2.3. The correction of the 
lower energy points, with this value of the branchiy 
ratio, ranged from 25% at 675 kev to 2% at 929 key 
Since it is necessary to assume that the inner group is 
isotropic, the assigned error in these cases is generously 
in excess of the statistical error. : 

A plot of the correlation coefficient versus energy js 
shown in Fig. 6. A preliminary analysis incorporating 
the shape factor measured by Langer et al.” suggested 
strongly that Eqs. (6) and (7) apply to this case, jn 
the 3—(8)2*(7)0* case an analysis of the data in terms 
of the modified B;; approximation can be made without 
direct recourse to the shape factor. Inspection of 
expressions (6) and (7) shows that FY is related only tp 
the observable « when C(W) is eliminated. Therefore 
in the modified B;; approximation we have 


Y =— (ne ‘148)+[ (Ao 146)?— (1 12) (¢?-+Aip*) 
—\,W/428}, (0 
$= W/p. 


Clearly, since Y is independent of energy, the criterion 
for the validity of the modified B;; approximation js 
the constancy of the right-hand side of (10). If expres 
sion (10) yields the same two values, within the 
experimental error, for each of the ten data points of 


Table II, then it is assured that the approximation 
holds and the mean value of one of the roots of (10 
may be identified as the nuclear parameter Y. Figure7 
shows that the two values Y, and Y_ (corresponding 
to the appropriate sign in expression 10) do not depend 
on W within the accuracy of the experiment. The 


135 1.265 0.058+0.008 0.038+0.005 
159 1.311 0.085 +0.008 0.055+0.005 
212 1.416 0.092+0.008 0.059+0.005 
251 1.491 0.133+0.013 0.085+0.009 
320 1.625 0.173+0.008 0.109+0.005 
423 1.827 0.206+0.012 0.129+0.008 
526 2.030 0.283+0.015 0.172+0.009 
577 2.130 0.317+0.017 0.191+0.010 
634 2.240 0.321+0.060 0.193+0.036 





Apparently no strong selection-rule effect is operative 
in this case to give a large reduction factor for the \=1 
matrix elements. Additional experiments and_theo- 
retical analysis are necessary to determine the nuclear 
parameters. In particular, a measurement of the beta- 
circularly polarized gamma correlation as a function 
of energy would be useful. 


VI. Eu? RESULTS 


The beta-gamma correlation coefficient in this case 
was found to be negative and exceptionally large. A 
summary of the data appears in Table II. It will be 
noted that the first five values lie in the region of the 
inner beta-ray group. To correct for the interference of 
the inner group it is necessary to know the branching 
ratio of the two groups. Dulaney ef al. assumed that 
the outer group has 3.5 times the intensity of the inner 
group, whereas the decay scheme shown in Fig. 2 
suggests a much larger ratio.'* In the present case the 
branching ratio was determined directly from the 
coincidence data by a Fermi analysis of the beta-gamma 
coincidences, after elimination of the angular depend- 


average values are 


Y,=0.69+0.06, Y_=0.23+0.06. 


Although these considerations prove conclusively 
that the Eu! data may be analyzed in the framework 
of the modified B,;; approximation, other data must be 
at hand to decide whether Y, or Y_ is the nuclear 
parameter Y. The measured spectrum shape factor has 


' Ww ‘ 
. p - ¢ q 
2 $ 3 
0.14 Y 2] 
. 
0.13 oo * | a ae 
? i 
oa 
9.06 W)* unique 
0.05) ; 
0.04 
} 
23 24 25 26 27 28 29 30 31 32 33 34 35 
Ww 
; , : , ared with the 
Fic. 8. The experimental values of «’ compared with t 


theoretical straight line predicted by the modified Bij a 
mation with ¥=0.69. The theoretical slope is \1/42~0.019. 
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TABLE II. Summary of the Eu’ data. 


E (kev) W (moc?) 


= 


674 2.320 0.331+0.027 0.248+0.020 
727 2.424 0.340+0.014 0.256+0.010 
776 2.519 0.365+0.014 0.277+0.011 
850 2.664 0.381+0.015 0.291+0.012 
99 2.819 0.418+0.017 0.323+0.013 
974 2.906 0.408+-0.008 0.315+0.006 
1014 3.103 0.457+0.009 0.359+0.007 
1125 3.202 0.458+0.006 0.360+-0.004 
1201 3.350 0.420+0.009 0.372+0.007 
1277 3.500 0.47340.008 0.374+0.006 


CORRELATION IN 





been reported by Langer e? a/.'* in the following form: 


C(W)= up?+q?)+522. (11) 
This has the form of expression (7), but it is to be noted 
that this fact alone does not establish the validity of 
the modified B;; approximation. However, since the 
beta-gamma correlation experiment clearly demon- 
strates that the approximation applies, we may inter- 
pret the constant in (11) as 12Y*. On this basis Langer’s 
experiment yields the value Y=+0.65+0.15. We 
therefore exclude Y_ and conclude that Y= Y,=0.69 
+0.06. It is instructive to compare our data with the 
theoretical expression (6) with Y set equal to 0.69, i-e., 
with the shape factor (1/12) (q?+A1p?)+0.476. In Fig. 
8 the data are expressed in terms of the reduced corre- 
lation coefficient and are in agreement with the theo- 
retical straight line of slope \,/42. Because of the rather 
large errors quoted in the measured shape factor (11) 
it might be argued that the result is not significantly 
different from a unique shape (AJ#2, Y=0). Bhatta- 
cherjee ef al.,” in fact, have reported a unique energy 
spectrum shape. The dashed line in Fig. 6 and Fig. 8 
corresponds to this situation and is definitely not in 
agreement with our measurements. We can further rule 
out the possibility of a unique transition 4~(8)2+(-y)0+ 
since this requires a positive beta-gamma anisotropy. 
The foregoing considerations show that the measured 
energy dependence of ¢ is adequately described by the 
modified B;; approximation and the matrix element 
ratio, Y=0.69+0.06, is in good agreement with the 
spectrum shape result of Langer ef al.,!2 Y=0.65+0.15. 





_®S. K. Bhattacherjee, T. D. Nainan, S. Raman, and B. Sahai, 
Nuovo cimento 7, 501 (1958). 
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The nonunique nonstatistical character of the spectrum 
shape is therefore confirmed. Our value may also be 
compared with VY =~1.05 cited by Bhattacherjee and 
Mitra’ and Y=~0.82 which follows from the data of 
Dulaney ef al.‘ when Kotani’s Coulomb factors are 
used. The somewhat large spread in the values is 
possibly due to divergent criteria used in applying 
geometrical corrections and corrections for the inter- 
ference of the inner beta group, or it may be due to the 
difference in the methods used for selection of the beta 
energies. In any case, it appears to be well established 
that the matrix elements x and wu are suppressed over 
Bi; by some selection-rule effect. Even the standard 
matrix element itself has the very small value 
\CaS Bij|?=5.15X 10. The slowness of the transition 
may be attributed to a large change in the deformation 
parameter asscciated with the beta decay of Eu'™ to 
Gd'®, since the latter is known to be essentially spher- 
ical. Because of this, however, it is not clear to us that 
the selection-rule effect can be strictly ascribed to K 
forbiddenness, as Kotani has suggested.* For a more 
detailed understanding of this decay it would be helpful 
to have available beta-gamma correlation data in the 
parallel case of the beta decay of Eu'®* to Gd'®. Similar 
anomalies in the ft value and the shape correction 
factor exist in this decay but the change in the defor- 
mation parameter may be considerably less since Gd'™ 
is not spherical.2! Work on this problem is now in 
progress in this laboratory. 
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Using a proportional counter, measurements have been made of the fission fragment angular distributions, 
kinetic energy spectra, and the total fission cross sections for the reactions C-+-Au, O+Au, C+Bi, and 
O+Bi at 10.5 Mev per nucleon bombarding energies and for the C+Bi reaction at energies from 72 Mev 
to 126 Mev. The results show the kinetic energy spectra to be independent of the excitation of the compound 
system and the most probable fragment kinetic energies to be 7543 Mev and 81+3 Mev for the gold and 
bismuth target reactions, respectively. In all cases the fission cross sections are found to be only 60-80% of 
the estimated compound-nucleus formation cross sections. The angular distributions are fitted by the theory 
of Halpern and Strutinski, and an attempt is made to determine some of the qualitative features of these 


heavy-ion reactions. 


INTRODUCTION 


HEN heavy nuclei in the region of gold are bom- 
barded by heavy ions the compound systems 
formed are considerably neutron deficient so that for a 
given Z the value of Z*/A, the fissionability parameter, 
is considerably larger than for isotopes which lie near 
the region of maximum stability. Previously, fissioning 
systems in the region Z<90 were produced by light 
particle bombardments, but the investigations of fission 
from these systems were, in most cases, carried out by 
radiochemical techniques because of the relatively small 
fission cross sections. However, by using heavy-ion 
projectiles, compound systems can be produced which 
have a large probability of undergoing fission. This 
makes it possible to carry out quantitative investiga- 
tions of the fission process in this region using counter 
techniques. Also by varying the projectile it is possible 
to study the fission process over a region of Z that is 
difficult to reach with light-particle reactions because 
of the difficulty in obtaining suitable targets of the 
elements between bismuth and thorium. 

Reactions between heavy ions and heavy nuclei, 
however, involve the production of compound systems 
with high excitations, since an appreciable reaction 
cross section is obtained only for the bombardment with 
ions of energies greater than the Coulomb barriers of 
the target nuclei. Another characteristic of these heavy- 
ion reactions is that due to the relatively large masses 
of the projectiles, the compound systems, in general, 
are formed in high angular momentum states. The 
presence of this high angular momentum in the com- 
pound system might be expected to produce effects in 
heavy-ion reactions that are not present in otherwise 
similar light-particle-induced reactions. Thus, the inter- 
action between heavy ions and heavy nuclei can be 
expected to produce systems with large excitations, 
high angular momenta, and a large probability of under- 
going fission. In addition, it should be expected that 
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there will be other processes which compete strongly 
with the fission. These other processes can be divided 
into two general classes, direct interactions and evapo. 
ration processes. The direct interactions involve the 
breakup of the incident projectile before the complete 
formation of a compound nucleus and would, in general, 
leave a residual excited compound system with a lowe 
fissionability than the system formed by the complete 
amalgamation of the projectile and the target nucleus, 
For this reason, the presence of an appreciable probe- 
bility for direct interactions might be expected to de. 


crease the probability of fission. Also the probability of 


direct interactions might be dependent primarily on the 
properties of the projectile rather than of the target. 
The evaporation processes, on the other hand, involve 
the formation of a compound nucleus with the subse- 
quent evaporation of light particles. The evaporated 
particles are expected to be mainly neutrons, but since 
the compound systems formed are already neutron de- 
ficient there may also be an appreciable probability of 
evaporating protons and alpha particles. It is expected 
that fission will compete at each stage of the evaporation 
chain. Since neutron evaporation leads to larger values 
of Z*/A, the probability of undergoing fission should 
increase as more neutrons are evaporated. Conversely, 
the evaporation of charged particles would lead to 
systems of smaller Z?/A and might decrease the fission 
probability. Because of the complicated nature of thes 
reactions, the fission observed will be due to contribu: 
tions from many different compound systems, so that 
the analysis of the observed results should be expected 
to yield only information on the properties of some 
average fissioning nucleus in the evi aporation chain 
Also, because of the many different competing process 
it can not be expected that measurements of the prop 
erties of the fission fragments alone will lead to ut 
ambiguous conclusions concerning the reaction mech 
nisms or even the fission process itself. 

In this experiment the energy spectra and angulat 
distributions of the fission fragments and the total 
fission cross sections have been measured for sever 
reactions. For the C+Bi reaction these measurements 
have been made as a function of bombarding enetgy 
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for incident carbon ion energies from slightly above the 
Coulomb barrier to the maximum energy of 126 Mev. 
Measurements have also been made for the C+Au, 
0+Au, and O+ Bi reactions at the maximum bombard- 
ing energies of 10.5 Mev per nucleon in order to obtain 
a comparison of fission processes from various initial 
compound systems. 


EXPERIMENTAL PROCEDURE 


In this experiment the fission fragments were detected 
and their energy measured in a proportional counter 
after having passed through a grid-supported 720- 
ug/cm? nickel entrance foil. The counter was normally 
operated at a pressure of about one atmosphere with a 
maximum path length in the counter of about 3 centime- 
ters. The counter gas used was 90% argon plus 10% 
methane. This path length was sufficient to stop the 
most energetic fission fragments but short enough so 
that high-energy heavy ions would not lose a large 
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Fic. 1. The angular dependence of the ratio of the measured 
elastic scattering cross sections to the classical Rutherford scat- 
tering cross sections for the various reactions studied with bom- 

hg energies of 10.5 Mev per nucleon. The quantity do is the 
measured elastic scattering cross section determined from the 


integrated beam current. 
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fraction of their energy in the counter. With this path 
length there was no background due to the longer range 
evaporation protons and alpha particles, and the pulse 
heights produced by elastically scattered heavy ions 
were always considerably less than the peak of the 
fission fragment pulse-height distributions. 

In the scattering chamber used the proportional 
counter subtended an angle of about 2° at the target 
and could be placed at any laboratory angle from 8.5° 
to 171.5°. However, due to counting rate limitations 
in the proportional counter, reliable fission fragment 
spectra could not be obtained at angles where elastic 
scattering predominated. For this reason angular dis- 
tributions were usually measured from 171.5° to the 
elastic scattering cutoff angle, i.e., to about 40° at 10.5 
Mev per nucleon bombarding energies. A more detailed 
description of the equipment used in this experiment 
has been given elsewhere.! 

The targets used were an unsupported 300-yg/cm? 
gold foil, and 300 ywg/cm* and 550 ywg/cm? of bismuth 
evaporated onto 25-ug/cm*® Formvar backings. For the 
fission fragment spectra from the bismuth targets it 
was found that there was no significant background due 
to the Formvar backings. 

The heavy-ion accelerator used in this experiment 
yielded full energy beams of 10.5 Mev per nucleon. 
When the full-energy beam was used, it was analyzed 
and its energy determined by use of two magnets each 
of which deflected the beam through an angle of 45°. 
For the reduced energy C+Bi experiments the beam 
energy was degraded by passing the beam through 
beryllium absorbers which were placed between the two 
magnets. In these cases the beam energies were deter- 
mined from the currents in the second magnet. In all 
cases the beam energies were determined to an accuracy 
of about 2%. The beam was collimated at the entrance 
to the scattering chamber by two }-in. collimators 
placed 17 in. apart. 

The energy scale for the proportional counter was 
calibrated by using a Cf spontaneous fission source 
and comparing to the results of Milton and Fraser.? 
Window and target thickness corrections were made 
using both Fulmer’s data’ and some measurements 
made in this laboratory on the absorption of Cf® 
fragments in air and nickel. The calibration is believed 
to be reliable for fragments with energies above 60 Mev, 
but due to uncertainties in target and window correc- 
tions is somewhat in doubt for lower energy fragments. 

The beam was monitored by collecting it in a Faraday 
cup which was connected to an integrator. Cross 
sections were then determined by two methods. In 
one case they were calculated using the integrated beam 
current, the target thicknesses known from weighings, 
and the calculated solid angle subtended by the counter 

1C, E. Anderson, A. R. Quinton, W. J. Knox, and R. Long, 
Nuclear Instr. and Methods 7, 1 (1960). 

2J. C. D. Milton and J. S. Fraser, Phys. Rev. 111, 877 (1958). 

3C. B. Fulmer, Phys. Rev. 108, 1113 (1957). 
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Fic. 2. The fission fragment energy spectra at 90° in the 
laboratory system for the C+Au and O+-<Au reactions. 


at the target. The second method involved a normaliza- 
tion to Rutherford scattering. Using the same detection 
system as for the fission measurements, elastic scatter- 
ing was observed for each reaction at a few angles which 
were far enough forward so that the csc*(@/2) angular 
dependence was obtained. The cross sections obtained 
by this method were found to be about 25% higher than 
those calculated by the first method. This difference is 
expected to be due mainly to faulty charge collection in 
the Faraday cup. Figure 1 shows the angular depend- 
ence of the ratio of the experimentally measured elastic 
scattering cross sections to the calculated classical 
Rutherford scattering cross sections for 10.5 Mev per 
nucleon carbon and oxygen beams. In this case do is 
the differential cross section determined from the inte- 
grated beam current. These results show that if a nor- 
malization factor of 1.25 is used the average value of 
1.25 do/dor is close to 1 at small angles for the C+ Au, 
O+Bi, and O+ Au cases but that this quantity is 0.93 
for the C+Bi measurements. However, other elastic 
scattering measurements for the C+Bi system gave 
average values for 1.25 do/dor at small angles of 1.04 
and 0.98 for incident carbon ions with energies of 105 
and 85 Mev, respectively. As a result of these measure- 
ments, the experimental fission cross sections were in 
all cases determined from the integrated beam current 
and then increased by a normalization factor of 1.25. 
From the scatter in the average values of do/dor at 
small angles for the various reactions and energies, it is 
estimated that the absolute fission cross sections de- 
termined by this method are accurate to about 10%. 
The angular dependence of do/dcopr is similar to the 
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results reported for the elastic scattering of 120-Mey 
carbon ions by gold‘ and of 157-Mev oxygen ions by 
gold,® but the results are not directly comparable due 
to the difference in bombarding energies. 

The results presented here were obtained from day 
taken on ten different days over a period of about five 
months. As a check on the internal consistency of the 
equipment, measurements were made during each mp 
at a few angles for the full energy C+ Bi reaction. Thes 
measurements always gave the same results to withiy 
the counting statistics. 


DATA ANALYSIS 


In order to transform an observed laboratory angular 
distribution to the rest system of the fissioning nud, 
it is necessary to know the center-of-mass velocity of th 
fissioning nucleus, the mass of the detected fragment, 
and the energy of the fragment in either the laboratory 
or the center-of-mass system. Because of the uncer 
tainty in the energy calibration for low-energy frag. 
ments, there was some uncertainty in the fragment 
energy spectra at far backward angles. However, in al 
cases it was found that the movement of the peaks o 
the energy spectra with angle was consistent with a 
average velocity for the fissioning nucleus equal to the 
velocity of the original compound system, assuming 


full momentum transfer between projectile and target. | 
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Fic. 3. The fission fragment energy spectra at 90 ‘in the 
laboratory system for the C+ Bi and O+ Bi reactions. 
‘ E. Goldberg and H. L. Reynolds, Phys. Rev. 112, 1981 be 
6 J. A. McIntyre, S. D. Baker, and T. L. Watts, Phys. Rev. 
1212 (1959). 
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(sing this value for the center-of-mass velocity and 
suming a mass for the fragments, the center-of-mass 
mergy spectrum for the fragments could be determined 
om the data taken at angles where the peak of the 
yboratory energy spectrum was above 60 Mev. Then 
the data for the backward angles could be transformed 
under the assumption that the center-of-mass energy 


| spectrum is independent of the center-of-mass angle. 


For each reaction the transformation was carried out 
jssuming that all the fragments had a single mass and 
, single center-of-mass energy. The mass used was 
stimated from the peaks of the mass distributions 


| obtained for similar heavy-ion reactions by radio- 
' chemical means.* The energy used was obtained from 


the peaks of the observed laboratory energy spectra. 
4n analysis of the possible errors introduced due to 
transforming by this method, instead of using a spec- 
rum of masses and energies for the fragments, and due 
to the uncertainty in the most probable mass for the 
fragments, indicates that in all cases the error intro- 
juced into the points in the center-of-mass angular 
distributions is less than 2%. 


RESULTS AND DISCUSSION 
A. Energy Spectra 


The shapes of the fragment energy spectra were all 
found to be similar. Figures 2 and 3 show the energy 
spectra at 90° in the laboratory with 10.5 Mev per 
nucleon bombarding energies for the various reactions 
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Fic. 4. The most probable center-of-mass energy versus the 


Sestery bombarding energy for the fragments from the C+ Bi 
ion. 
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L. I. Guseva, B. F. Miascedov, 
Flerov, J. Exptl. Theoret. Phys. 
(1958) [translation: Soviet Phys.—JETP 
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Fic. 5. The total experimental fission cross section and the esti- 
mated compound-nucleus formation cross section versus the 
laboratory bombarding energy for the C+Bi reaction. The esti- 
mated compound-nucleus cross section is obtained from 
reference 8. 


studied. These spectra have full widths at half maxi- 
mum of 39% for the C+Au and C+Bi reactions and 
47% for the O+ Au and O+ Bi reactions. This difference 
in the widths of the spectra for the carbon and oxygen 
induced reactions seems significant and possibly indi- 
cates that the widths of the energy spectra are some- 
what dependent on either projectile or angular momen- 
tum. The energy spectra from the C+ Bi reaction show 
no significant variation with incident energy in either 
shape or peak position (see Fig. 4). This indicates that 
in this case the fragment energy spectra do not depend 
strongly on either the initial excitation or the angular 
momentum of the fissioning nucleus. The most probable 
center-of-mass energies for the fragments from the 
reactions studied are listed in Table I. 

Also listed in Table I are values for the average total 
kinetic energy release divided by Z*/A*. A compilation 
of the results available for the average total kinetic 
energy of the two fragments from various spontaneous 
and neutron-induced fission reactions has been made by 
Terrell.’ Terrell showed that ail the available results 
could be fitted fairly well by a linear function of Z*/A}. 
The best fit was obtained for the function 


Er=0.1212?/A}, 


where Er is the average total kinetic energy of the two 
fragments. For this experiment the values for 
2Ex/(Z*/A') listed in Table I agree very well with the 
above dependence even though the values of Z?/A! for 


7J. Terrell, Phys. Rev. 113, 527 (1959). 
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TABLE I. The most probable kinetic energies for fission 
fragments from the various reactions studied. 











Reaction Ex (Mev) 2ExK/(Z*/A}) 
C+Au_ 7543 7 0.123 
O+Au 7543 0.119 
C+Bi 8143 0.123 
O+Bi 8143 0.119 








the compound systems formed in these reactions are 
somewhat lower than the values for the reactions com- 
piled by Terrell. 


B. Cross Sections 


The fission cross sections determined in this experi- 
ment by integrations of the angular distributions and 
normalizations to Rutherford scattering have been 
compared with theoretical total compound-nucleus for- 
mation cross sections. For the C+Au and O+<Au re- 
actions the calculations have been done by Thomas.* 
Interpolations of these results have been used for the 
C+Bi and O+Bi reactions. The experimental results 
are summarized in Table II. This small amount of data 
hints at the possibility that o;/o. may be dependent 
upon the projectile. These data would be consistent 
with a significant part of the reaction cross section being 
taken up by direct interactions, which do not lead to 
fission, and these processes being more important for 
incident carbon ions than for incident oxygen ions. 
This interpretation is somewhat substantiated by some 


He*+U2"® E£)..42Mev 
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Fic. 6. The center-of-mass angular distribution of fission 
fragments for the 42-Mev He*+ U8 reaction. 


8’ T. D. Thomas, Phys. Rev. 116, 703 (1959). 
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Fic. 7. The center-of-mass angular distribution of fragments 
from the C+Bi reaction at a laboratory bombarding energy ¢ 
114 Mev. Points for the angles 0°-90° are indicated by X ani 
points for angles 90°-180° by e. 


preliminary results on the measurement of the direct 
interactions produced in the bombardment of gold by 
168-Mev oxygen ions.’ These results indicate that the 


total cross section for the production of B, Be, C, and | 


N fragments is 0.50.1 barn which is approximately 
the value found in this experiment for ¢.—o,. Most d 
this cross section is taken up by C and N fragments 
which would leave a residual compound system witha 
fissionability that is very low compared to the 0+dAu 
compound system so that the probability of fission 
occurring after one of these direct interactions should 
be very small. 

The variation of the fission cross section with bon- 
barding energy for the C+ Bi reaction is illustrated in 
Fig. 5. Within the experimental errors these points cam 


TABLE II. The fission cross sections and theoretical compoune- 
nucleus formation cross sections for the various reactions studied 
with 10.5 Mev per nucleon bombarding energies. The absolute 
fission cross sections are estimated to be accurate to about 10% 
The values for ¢, have been obtained from Thomas.* 





Reaction Eva» (Mev) — a-(6) os (b) o/6e 
 C+Bi 126 2.2 1.38 0.63 
C+Au 126 2.2 1.35 0.61 
O+Bi 168 2.3 1.63 0.72 
O+Au 168 2 1.80 0.79 
® See reference 8. 
®W. J. Knox and C. E. Anderson (private communication). 
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Fic. 8. The center-of-mass angular distribution of fragments 
from the C+Bi reaction at a laboratory bombarding energy of 
85 Mev. Points for the angles 0°-90° are indicated by X and points 
for angles 90°-180° by e@. 
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be fitted to a curve of the form 
o=0.650-, 


where again a, is due to Thomas.® This result suggests 
several possible interpretations: (1) that direct inter- 
actions take up a fixed fraction of the cross section; 
(2) that the cross section not leading to fission is taken 
up by a combination of direct interactions and evapora- 
tion chains that do not lead to fission with the direct 
interactions being most important at high bombarding 
energies and the evaporation that does not lead to 
fission being greatest at low excitation energies; (3) that 
the ratio of the fission to neutron widths is very small 
at high excitations so that the probability of all the 
excitation energy being given up to evaporation 
products without fission occurring is independent of 
the excitation energy at high excitations. However, the 
results of the analysis of the angular distributions, 
which is given below, seem to indicate that at high 
excitations the average fission occurs from a system that 
is still highly excited which would not be consistent 
with this last possibility. 

In order to substantiate this rather surprising cross 
“ection data, the cross section for the fission of U™* by 
42-Mev He‘ ions was also measured. From the four- 
pont angular distribution shown in Fig. 6 a total fission 
oss section of 1.56+0.10 barns is obtained. This 
tesult is in good agreement with the value of 1.6 barns 
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reported by Vandenbosch ef al."° This value depends, 
as in all cases, on a normalization to Rutherford scat- 
tering at small angles. Although its effect on the cross 
section is slight, the value obtained for the anisotropy 
W (180°)/W (90°) is less than that reported by Coffin 
and Halpern." 


C. Angular Distributions 


Fission fragment angular distributions for the C+ Bi 
system were measured for incident energies of 121, 114, 
95, 85, and 72 Mev, and the laboratory anisotropies 
W (180°)/W (90°) were measured for several other 
energies. In the center-of-mass frame these angular 
distributions are of similar form as is illustrated by 
Figs. 7-9. The angular distributions obtained from the 
reactions C+Au, O+Au, and O+Bi at bombarding 
energies of 10.5 Mev per nucleon are shown in Figs. 10— 
12. These results show that the anisotropies are much 
greater for the gold target reactions than for the bismuth 
target reactions with the same projectile and bombard- 
ing energy. The angular distribution for the C+Au 
reaction agrees well with the results of Gordon, Larsch, 
and Sikkeland.” 

All the angular distributions have been fitted by 
curves of the shape predicted by Halpern and 
Strutinski."* The parameter obtained by such a fit is 
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Fic. 9. The center-of-mass angular distribution of fragments 
from the C+Bi reaction at a laboratory bombarding energy of 
72 Mev. 


1 R. Vandenbosch, T. D. Thomas, S. E. Vandenbosch, R. A. 
Glass, and G. T. Seaborg, Phys. Rev. 111, 1358 (1958). 

1 C, T. Coffin and I. Halpern, Phys. Rev. 111, 536 (1958). 

2G. E. Gordon, A. E. Larsch, and T. Sikkeland, Phys. Rev. 
118, 1610 (1960). 

%3J, Halpern and V. M. Strutinski, Proceedings of the Second 
United Nations Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 15, p. 398. 
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Fic. 10. The center-of-mass angular distribution of fragments 
from the C+-Au reaction at a laboratory bombarding energy of 
126 Mev. Points for the angles 0°-90° are indicated by & and 
points for the angles 90°-180° by e. 


where /7,, is the maximum angular momentum of the 
fissioning system, 7 its temperature, and K,? the mean 
of the square of the projection of J on the fission axis. 
In the above expression jet: is the effective moment of 
inertia at the saddle point shape and is defined by 


. 4 


? 

jet ju js 
where j;, and j,; are the saddle point moments of inertia 
about axes parallel and perpendicular to the fission axis. 

Because of the high excitation energies in these ex- 
periments, particle evaporation, especially of neutrons, 
is likely to compete with fission. The result is that an 
observed angular distribution is a composite of several 
curves of the type predicted by the theory. In the 
absence, at this time, of any detailed information on 
the evaporation chains, the analysis of the results has 
been carried out in terms of the average fissioning 
nucleus in the chain. 

Clearly evaporation lowers the temperature from an 
initial value 7,, corresponding to an initial excitation 
E;, because of a loss, on the average, of an amount of 
excitation energy AE before fission occurs. It is also 
expected, on level density grounds, that evaporation 
should tend to lower the angular momentum from an 
initial maximum value of J; Then for the average 
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fissioning nucleus / can still be written in terms of init 
values as 


W 12 1-AP/I2 


p Be : ’ 
Qyjett 2T; (1—AE/E,)* 


where AJ’ is the typical lowering of J?. If neyjy 
evaporation is the most important competitor » 
fission, then AJ® should be small in comparison with 
I? and the change in excitation energy would be ty 
more important effect. If this is true, thei the ania. 
ropies should be greater for cases where a large fractiy 
of the excitation energy is lost before fission than for 
cases where the fission occurs without much evapon- 
tion. Since fission is expected to compete more strongly 
with evaporation as Z*/A of the compound system ip 
creases, the observed anisotropy should decrease wij 
increasing target A for the same projectile and exci. 
tion. Qualitatively this is what has been observed, 

For each case studied the initial temperature ws 
calculated using 

T ;= (10E;/A)!, 


where the tables of Cameron" were used for estimating 
E,. Values of J; were estimated from the calculations ¢ 
Thomas* for carbon and oxygen on gold. Using thes 
values estimates can be made of the rotational quantity 
R= (i? 2h. ff) f(AE,AI*), 
where 
f(AE,AP) = (1-—AP/I?)/(1—-AE/E,)! 
is the quantity which determined the effect of evapon- 
tion on the angular distributions of the fragments. 
For the C+Bi reaction the results of this analyss 
are shown in Fig. 13 which illustrates the dependence 
of p and R on the initial excitation energy. In Fig. 8 
the indicated errors include only the estimated exper 
mental errors and not the uncertainties in the estimate 
of 7; and J,. If the assumption is made that #/2jus 
approximately a constant for this reaction, then theo 
served variation in R would be due mainly to a variation 
in f(AE,AP). If AP<«I?, which should be the case if the 
evaporation is mainly neutron evaporation, then 4 
decrease in f(AE,AJ*) with increasing initial excitation 
energy indicates a corresponding decrease in AE/E; I 
the saddle-point shape is not strongly dependent one 
citation or angular momentum, i.e., if #?/2jess is approm- 
mately constant, then from the theoretical calculatiots 
of Swiatecki’® it might be expected that in this regional 
Z/A the saddle-point shape should have a major 
minor axes ratio of the order of 2:1. Using rigid-body 
moments of inertia, this would indicate that the value ot 
h?/2je should be approximately 3 kev. If this value 


roughly correct, then the C+ Bi results indicate that for 


- . } 
high initial excitations the average fission takes plat 


14 A. G. W. Cameron, Chalk River Laboratory Report CRP-O, 
AECL-433, December, 1958 (unpublished). _ 
16 W. J. Swiatecki, Phys. Rev. 104, 993 (1956). 
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Taste III. A tabulation of various quantities for the reactions 
udied with bombarding energies of 10.5 Mev per nucleon. The 
‘ales for 2 have been obtained from Thomas.* 








<<crsond 
E; <— 2 
Reaction (Mev) p IT? (Mev) (kev) (2*/A); 
tim 102 «80405 4800 22 74 346 
Oran «126« 70405 8360 27 45 35.5 
CiBiOOS2:S«4SH0S |= 4450 1.93.9 35.8 
OLBi 4«108-—«—i«C«S. EOS ©=— 8300s 2.125368 


+ See reference 8. 


from a system that is still rather highly excited. If this is 
ie, then for the cases where a compound nucleus is 
ormed the probability of all the excitation energy being 
dissipated in evaporation products without fission occur- 
ring should be small. This would be consistent with the 
previously mentioned possibility that at high excitations 
the fraction of the total cross section that does not go 
into fission is taken up primarily by direct interactions. 
Asimilar analysis for the other reactions studied with 
10.5 Mev per nucleon beams is given in Table ITI. The 
values of (Z?/A), for the initial compound system have 
been tabulated to show explicitly the correlation 
between (Z?/A); and R. If again h?/2j.¢¢ is assumed to 
be approximately constant and of the order of 3 kev, 
these results would indicate that the ratio of the fission 
to evaporation widths varies continuously and very 
rapidly with (Z*/A),;. This would seem to indicate that 
for the C+-Au reaction the average fission occurs at a 
relatively low excitation while for the O+Bi reaction 
the average fission occurs at close to the initial excita- 
tion. Qualitatively these results seem to be consistent 
with a Z*/A dependence for the ratio of the evaporation 
to fission widths that is similar to the results that have 
been compiled by Vandenbosch and Huizenga'® for the 
variation of the ratio of the neutron to fission widths 
with Z*/A for light-particle-induced fission reactions. 
In the previous discussion it has been assumed that 
'/2je¢ is approximately constant so that the observed 
variations in R were due mainly to variations in 
{(AE,AP), i.e., to variations in the competition between 
fission and evaporation. It might be expected for fission- 
ing systems with high angular momenta that the saddle- 
point distortions would be somewhat decreased due to 
the relatively large rotational energy of the system. As 
the fissioning nucleus is distorted, the rotational energy 
will decrease and thus the addition of a rotational 
tnérgy term to the total energy of a liquid drop could 
lad to a decrease in the distortion of the drop at the 
saddle-point shape. A decrease in the saddle-point dis- 
tortion would lead to a corresponding decrease in 
i/2ju¢ and, therefore, h?/2jer should be expected to 
decrease with increasing angular momentum. Similarly 
the presence of high angular momenta should tend to 


ee 


BR yy. ; . . 
PR. Vandenbosch and J. R. Huizenga, Proceedings of the Second 


oe Nations Conference on the Peaceful Uses of Atomic Energy, 
neva, 1958 (United Nations, Geneva, 1958), Vol. 15, p. 284. 
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decrease the fission barrier as has been shown theoreti- 
cally by Pik-Pichak.’” This should cause an increase in 
the ratio of the fission to evaporation widths and thus 
a decrease in f(AE,AJ*) with increasing angular 
momentum. Therefore, because of both these effects R 
should be expected to decrease with increasing angular 
momentum. 

For the reactions listed in Table III the fissioning 
systems produced by oxygen bombardment have an 
average angular momentum of about 60 / in contrast 
to a value of about 45 h for the carbon induced reactions. 
However, the values of R obtained for these reactions 
do not show any strong correlation with the angular 
momentum for the carbon and oxygen induced re- 
actions. For the results from the C+Bi reaction as a 
function of energy it is possible that some of the varia- 
tion in R may be due to these angular momentum 
effects, but it would seem unlikely that this is the major 
effect because of the absence of any noticeable angular 
momentum dependence in the reactions listed in 


Table IIT. 
CONCLUSION 


The information on the general characteristics of 
heavy-ion fission reactions which has been obtained 
from these results is somewhat crude due mainly to the 


O+Au 


E\, 168 Mev 
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Fic. 11. The center-of-mass angular distribution of fragments 
from the O+Au reaction at a laboratory bombarding energy of 
168 Mev. Points for the angles 0°-90° are indicated by X and 
points for the angies 90°-180° by e. 

17 G. A. Pik-Pichak, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 341 
(1958) [translation: Soviet Phys.—JETP 34 (7), 238 (1958) ]. 








1776 Sy €s 


Eiab 168 Mev 











r i 
i i 
Te t lg me 
4 1 iL l aft | 1 L i 
180 160 140 50 120 70 100 90 


& 


Fic. 12. The center-of-mass angular distribution of fragments 
from the O+Bi reaction at a laboratory bombarding energy of 
168 Mev. Points for the angles 0°-90° are indicated by X and 
points for the angles 90°-180° by e. 


lack of detailed information concerning the other com- 
peting processes. Nevertheless, these results do indicate 
some of the general characteristics of the reaction 
mechanisms for the interactions between heavy ions 
and heavy nuclei. 

The comparison of the fission cross sections to the 
theoretical compound-nucleus formation cross sections 
indicates that an appreciable fraction of the total cross 
section does not end up in fission. Furthermore, the 
indications that the ratio o;/o, may be projectile de- 
pendent and that in some cases the average fission 
probably occurs from a system that is still highly excited 
seem to suggest that the fraction of the total reaction 
cross section that does not léad to fission may be, at 
least in some cases, taken up mainly by direct processes 
involving the break-up of the projectile which would 
leave a residual excited system of low fissionability. 
This conclusion is somewhat substantiated for the 
O-+ Au reaction by some preliminary measurements on 
the direct interactions from this reaction which indicate 
that the total direct-interaction cross section is approxi- 
mately equal to the difference between the compound- 
nucleus formation cross section and the total fission 
cross section.® 

The general characteristics of fission from systems 
formed by heavy ion bombardment seem very similar 
to the results that have been found for other types of 
fission reactions, The lack of a dependence for the frag- 
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ment energy spectra on the excitation of the compound 
system and the dependence of the total kinetic enemy 
release on Z*/A? are similar to the results from Spon. 
taneous and light-particle-induced fission reactions, The 
analysis of the angular distributions seems to indicat 
that the dependence of the ratio of the evaporation t) 
fission widths on Z*/A is qualitatively similar to th 
results obtained for light-particle-induced fission rp. 
actions. This result is rather interesting since the fission. 
ing systems formed in these heavy-ion reactions have 
values of Z*/A which are similar to systems which have 
been produced in light particle reactions. However, the 
systems produced in light-particle reactions have g 7 
and A somewhat greater than those formed by heay. 
ion reactions. This similarity between fissioning systems 
of different Z and A but the same Z*/A seems to indicate 
the validity of Z*/A as the parameter which determine 
the fissionability of a system. Conversely, the systems | 
formed in these heavy-ion reactions undergo primarily 
symmetric fission as is the case for systems with thee 
values of Z formed in light-particle reactions. This 
seems to indicate that it is the Z of the fissioning 
system that determines whether or not asymmetric 
fission will be probable as has been previously suggested 
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Fic. 13. The variation of p and R with the laboratory bombard: 
ing energy and the initial excitation energy of the compound 
system for the C+Bi reaction. The quantities p and R are ob- 
tained by fitting the angular distributions with the theory 
Halpern and Strutinski (see reference 13). The points obtained 
from the analysis of complete angular distributions are indicate? 
by X and the points from the laboratory anisotropies W (180°) 
W (90°) are indicated by e. 
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of the Second United Nations Conference on the Peaceful Uses of 
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by Fairhall, Jensen, and Neuzil.'* These results are also 
interesting as they do not seem to show a strong depend- 
ace for the ratio of the evaporation to fission widths 


on angular momentum. This dependence of the fissiona- 


bility on angular momentum, if present, must be con- 
sideraby less than the dependence on Z/A. 
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Nuclear Orientation of Iodine by Electric hfs Alignment* 


C. E. Jounson,f J. F. Scnootry, anp D. A. SHiRLey 
Lawrence Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received July 8, 1960) 


Nuclear alignment of iodine in a single crystal of copper p-iodobenzenesulfonate at a temperature of about 
0.03°K has been detected by measurement of the anisotropic angular distribution of gamma radiation from 
aligned I'**, No evidence was found for a nuclear spin-lattice relaxation time longer than a few seconds. The 
spin of the 637-kev level in Xe'*! was established as 5/2, and the £2/M1 mixing ratio of the 364-kev transi- 
tion was found to be = —6.7+0.5. The quadrupole coupling constant eQg/h was found to be —950+190 


Mc/sec. 


I. INTRODUCTION 


HE electric-field gradient g= (0°v/dz*)) at a nu- 

cleus arises from electrons that have nonspheri- 
cally symmetrical charge distributions, i.e., from those 
outside closed shells and subshells. It may sometimes 
be as large as 10'* esu/cm?. If the nucleus has a spin J 
of 1 or more it will have an electric quadrupole moment 
(associated with its spheroidal shape. The interaction 
between the nuclear quadrupole moment and the 
eectric-field gradient gives rise to hyperfine structure 
where the 2/+1 nuclear magnetic substates are split 
s0 that their energies are given by 

3eQq 
E(M) =————_[M?— 31 (I+1) ]. 
47(27—1) 


Pound has pointed out that this coupling could be used 
to produce nuclear alignment provided a crystal could 
be found in which the axis of symmetry of the crystal- 
line field has the same direction for similar nuclei 
throughout the crystal.' By cooling the crystal to low 
temperatures such that AE~&T, the nuclei will become 
aligned with respect to a crystal axis. Quadrupole 
coupling then offers a method for aligning nuclei of 
diamagnetic atoms, where magnetic hyperfine structure 
snot available. Dabbs ef al. have employed this method 
to align nuclei in uranyl salts above 1°K,? and the 

*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

{Present address: Atomic 
Harwell, England. 

R. V. Pound, Phys. Rev. 76, 1410 (1949). 


sa fissar Dabbs, L. D. Roberts, and G. W. Parker, Physica 24, 


Energy Research Establishment, 


extension to demagnetization temperatures seemed 
desirable. 

In 1954 Daniels attempted to align I'*' nuclei by this 
method.* Quadrupole-resonance measurements show 
that for I’ covalently bonded to carbon atoms in 
benzene rings, eQq/h is typically of the order of — 2000 
Mc/sec. The negative sign indicates that the lowest 
state has M=+/, corresponding to alignment of the 
nuclear spin along the bond rather than in the plane 
perpendicular to it. For I'*', which has a smaller quad- 
rupole moment by a factor of about two, the coupling 
should be of the order of —1000 Mc/sec. The over-all 
splitting will be about 0.022°K and the nuclei must be 
cooled to temperatures in this region to obtain suffi- 
cient alignment to produce a measurable y-ray ani- 
sotropy. The salt used was zinc p-toluenesulfonate, 
which has a monoclinic structure with all the C—CH; 
bonds making a small angle (about 12 deg) with the a 
axis. To reach the required temperatures this salt was 
grown in a mixed crystal with cobalt p-toluenesulfonate 
from a solution containing I’ in p-iodobenzenesul- 
fonate ions and cooled by adiabatic demagnetization. 
The cobalt ions were cooled to about 0.1°K. No ani- 
sotropy of the gamma rays greater than 1% was ob- 
served,’ and this was attributed to insufficient cooling 
of the crystal. However the possibility could not be 
definitely excluded that the iodine nuclei did not reach 
the temperature of the cobalt ions owing to a long spin- 
lattice relaxation time. ~ 

We have performed a similar experiment using 
copper p-iodobenzenesulfonate as the magnetic coolant. 


3 J. M. Daniels, Can. J. Phys. 32, 662 (1954). 








1778 JOHNSON, 
Lower temperatures would be expected after adiabatic 
demagnetization of this salt because the Cut* ion has a 
smaller magnetic hfs splitting than the Co** ion, and 
hence can remove more entropy from the iodine nuclear 
spins. Ideally, iodine (except for a trace of radioactive 
I'*) should be excluded in order to attain still lower 
temperatures, since there is a large contribution to the 
entropy from the quadrupole splitting at low tempera- 
tures. However, copper p-toluenesulfonate, which seems 
an obvious choice, has a completely different crystal 
structure.‘ 


II, EXPERIMENTAL 
A. Preparation of the Crystal 


Copper p-iodobenzenesulfonate was prepared by addi- 
tion of p-iodobenzenesulfonic acid, made by the sul- 
fonation of iodobenzene, to an excess of cupric carbonate. 
The mixture was stirred until it reached a pH of 7 and 
then centrifuged. After several recrystallizations, a 
crystal of dimensions of about 3 by 3 by 0.3 cm was 
grown from solution. It had a crystal habit similar to 
that of the p-toluenesulfonates of several other transi- 
tion-series metals which crystallize in plates perpendicu- 
lar to the a axis, but with triclinic symmetry. It might 
be expected that the orientation of the carbon-iodine 
bond in this triclinic structure would be essentially the 
same relative to the external morphology as in the 
monoclinic structure, and this is indeed born out both 
by the unit-cell dimensions and by the nuclear-align- 
ment results, which set an upper limit of ~15 deg in 
the angle between this bond and the a axis. This small 
uncertainty is included in the limits of error. 

As a preliminary experiment, the crystal was mounted 
in a liquid helium cryostat and adiabatically demag- 
netized from 1.11°K and a field of 18 kgauss. The mag- 
netic temperature is 7*=)/x, where x is the magnetic 
susceptibility. This temperature was measured by re- 
versing a current in the primary of a mutual-inductance 
coil surrounding the crystal and observing the deflec- 
tion of a ballistic galvanometer in the secondary circuit. 
The coil had been calibrated in the liquid-helium range. 
The magnetic temperature fell to 0.033°K immediately 
after demagnetization. In later experiments the sus- 
ceptibility was measured with a 20-cps mutual-in- 
ductance bridge, and from x’ (the in-phase component 
of the susceptibility) 7* was found to be 0.032°K under 
the same conditions, in good agreement with the dc 
measurement. The out-of-phase component x” was 
small and almost constant. 

A few microcuries of I'*! were bonded to the para 
carbon atom of benzenesulfonic acid by diazotisation of 
sulfanilic acid followed by iodination. Care was taken 
to exclude iodine not in the required chemical state by 
oxidation with hydrogen peroxide, extraction with 


«R. Weibull, Z. Krist. 15, 235 (1889). 
5D. H. Templeton, Lawrence Radiation Laboratory, Uni- 
versity of California (private communication). 
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carbon tetrachloride, and boiling. It was found Neos 
sary to repeat this process twice to eliminate all th 
unwanted activity. The entire purification Was moj. 
tored with stable iodine, which served also as a caniy 
The active p-iodobenzenesulfonic acid was added to th 
saturated copper p-iodobenzenesulfonate solution op 
taining the seed crystal. When the crystal was gg 
ciently radioactive, it was removed from the solution 
rinsed thoroughly in an inactive solution, cut to ag, 
venient shape, and mounted in the demagnetizati 
cryostat. 


B. Measurement of the y-Ray Anisotropy 


The crystal was cooled to temperatures between aby: 
0.03°K and 1.11°K by adiabatic demagnetization frm 





fields up to 18 kgauss. A pair of 3-in. by 3-in. Nal(] 
scintillation counters was placed near the cryostat; 


detect radiation emitted along and perpendicular toty | 


a axis. The counter outputs were amplified, fed ix 
100-channel pulse-height analyzers, and recorded ay 
matically. The magnetic temperature was obser 
simultaneously by using the ac bridge. Counting my 


continued for 5 min after demagnetization, dug} 


which time the magnetic temperature of the cry 
changed by about 1%. The crystal was then ware 
to the temperature of the liquid-helium bath and; 
5-min normalization count was taken. This procedu 
was adopted in order to avoid errors due to temperatur 
inhomogeneities that develop as the time after & 
magnetization increases. 

The pulse-height spectrum showed good resolutis 
in the 364- and 637-kev gamma-ray peaks, which we 
12 and 9 times background, respectively. The cou 
were integrated over each of the peaks, and low-ter 
perature values were normalized to the “warm” cout 
ing rate in order to eliminate differences in geomety 





between the two counters. Corrections were made it} 
finite source and counter size, background, scatteriyf 
block time and peak shift in the analyzers, and th 
decay of the source. These corrections were quite smi 
amounting to not more than 10% of the obser] 
anisotropy. The y-ray anisotropy e, which was evaty 
ated for each y ray, is defined by 


I(x, 2)—1(0) 
I(x/2 


where J(@) is the normalized intensity of radiatit 
emitted at an angle 6 with the axis of alignment. 


III. RESULTS 


Figure 1 shows the anisotropy e for the 36H 
gamma ray as a function of time after demagn netizatitt 
Also shown is the variation of 1/7*, the reciprocal 
the magnetic temperature, with time. 

Figure 2 is a graph of ¢ for both gamma rays plot 
against 1/7*. 
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NUCLEAR ORIENTATION OF 


We shall assume that the difference between the 
magnetic temperature T* and the absolute temperature 
T is small down to 0.03°K. This may be justified from 
the experimental observations that ¢ varies linearly 
with 1/7*, and 1/7* decreases linearly with time after 
demagnetization, which would agree with what would 
be expected for 7=7*. It would in fact be expected 
that 7* should be close to T for this crystal, since the 
lowest temperatures reached are limited by the hfs of 
the iodine and copper, which only affect the suscepti- 
bility in the terms of 1/7* and higher powers of 1/7, 
and not by magnetic interactions between the copper 
ions which contribute a term in 1/7°. 

The intensities measured at 6=0 deg and @=90 deg 
can then be fitted to expressions of the form 


0.0007 +0.0001 
I(6)= 1+(- — - - —) Pa(cost 


for the 364-kev gamma ray and 


0,0013+0.0003 
10)=1-( este —) Pa(cost 
T 


for the 637-kev gamma ray. 


IV. DISCUSSION 


The observation of the anisotropic angular distribu- 
tions of the I'*' y rays shows that the relaxation time 
of the iodine nuclei is short compared with the time of 
the experiment. The magnitude of ¢ as well as its 
essential constancy during one hour after demagnetiza- 
tion and the linear decreases of 1/7* with time all 
indicate that nuclear alignment takes place immedi- 
ately. The effect of a relaxation time comparable with 
the time of the measurement would be that both ¢ and 
1/T* would initially increase with time and then level 
off, as entropy was transferred from the iodine (nuclear) 
spins to the copper (electronic) spins. Daniels has 
made a calculation for the relaxation time for bromine 
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Fic. 1. Magnetic temperature and anisotropy of the 364-kev 
gamma ray of Xe"! vs time after demagnetization of copper 
p-iodobenzene-sulfonate. The linear time dependence suggests 
that the cooling process is stopped by removal of entropy from 
the iodine nuclear spin system well above temperatures where the 
Copper ions show appreciable collective behavior. No relaxation 
effects are evident. 
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Fic. 2. Anisotropies of the 364- and 637-kev gamma rays of 
Xe!5! vs reciprocal magnetic temperature. For quadrupole align- 
ment the anisotropy would be expected to have a (1/T) depend- 
ence on temperature for low degrees of alignment. 


nuclei in cobalt p-bromobenzenesulfonate. Within the 
approximations involved this should give an estimate 
for iodine in copper p-iodobenzenesulfonate, and in- 
dicates that at 0.03°K the relaxation time is less than 
one second. It is interesting to note that the temperature 
reached by Daniels (0.1°K) was only slightly too high 
to produce observable anisotropy as the anisotropies 
there should have been about —1°% and +2% for the 
364- and 637-kev gamma rays, respectively. 


A. Decay Scheme and Quadrupole 
Coupling of I'*! 

The features of the decay of I'* that are relevant to 
the discussion of this experiment are shown in Fig. 3.® 
The spins of the ground state of I'*' and Xe" have 
been directly measured. Kurie plots of the 8 spectrum 
show the 6 decay to the 364- and 637-kev levels to be 
allowed. Internal-conversion data suggest that the 637- 
kev y ray is pure /:2, while the 364-kev y ray is mainly 
2 with possibly a small admixture of M1 radiation. 
There is also an £2 transition from the 364-kev level 
to an s; state at 80 kev. Hence the spin of the 364-kev 
level is 5/2 and that of the 637-kev level must be either 
5/2 or 7/2. These assignments are in good accord with 
the shell model. 

The theoretically expected angular distribution of 
radiation for low degrees of nuclear orientation may be 
written’ 

I (0) = 1+ BU 2F 2P2(cos6), 


where By describes the degree of orientation and for 
quadrupole coupling takes the form 
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®R. E. Beli in Beta- and Gamma-Ray Spectroscopy, edited by 
Kai Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), p. 696. This excellent review of the decay properties of I'*! 
contains references to previous work. 

7R. J. Blin-Stoyle and M. A. Grace, Handbuch der Physik, 
edited by S. Fliigge (Springer Verlag, Berlin, Germany, 1957), 
p. 555, Vol. 42. 
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for I'*, Here U2 represents the effect of reorientation 
of the nucleus during the unobserved transitions pre- 
ceding the y transition and depends on the angular 
momenta involved, while Ff; depends on the angular 
momenta involved in the y transition. 

Considering the 637-kev y ray first, the decay can 
take place with the spin sequences 


B 2 
(a) 7/2-7/2— 3/2, 
0,1 


or 


8 
(b) 7/2—5/2—3/2 
1 


Sequence (a) leads to a coupling constant eQg/h of 
about —350 Mc/sec, the exact value depending on the 
relative fractions of Fermi and Gamow-Teller transi- 
tions in the 6 decay. If we assume the gamma ray to be 
pure quadrupole, (b) gives eOg= —950+190 Mc/sec. 
Since £2 transitions have a lifetime that is short com- 
pared with the time in which a nucleus can change its 
orientation, a reduction in anisotropy due to the inter- 
action of the nucleus with time-dependent atomic fields 
need not be considered. Hence the spin sequence (a) can 
be ruled out as unlikely, since it leads to too small a 
coupling constant. The spin of the 637-kev state in 
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LAND SHIRLEY 
Xe'*! is therefore 5/2, and the agreement of the coupling 
constant for scheme (b) with the expected value fo 
this type of bond confirms that the y ray to the ground 
state is pure quadrupole radiation. 
Now that the coupling (and hence By, as a function 
of temperature) is known, the ratio 6(£2/M1) of the 
amplitude of quadrupole-to-dipole radiation in the 364 
kev transition may be determined. The result depends 
only upon the ratio of the observed anisotropies of the 
two y rays, since B2l/, is the same for both at any 
temperature, and we have f 


6(£2/M1)=—6.7+0.5 


’ 


for the 364-kev y ray, i.e., the transition is 97.8 (+0,3)9 
E2 admixture with 2.2 (+0.3)% M1. 


CONCLUSIONS 


1. Electric hfs alignment was found to be a feasible 
method for aligning nuclei of atoms without magnetic 
hfs at adiabatic demagnetization temperatures. A lat- 
tice suitable for aligning halogen nuclei was found. 

2. The spin of the 637-kev level in Xe'* is 5/2+, and 
the mixing ratio of the 364-kev transition is 6(£2/M1 
= —6.7+0.5. 

3. The quadrupole coupling constant of I" in » 
iodobenzenesulfonate was found to be —950+190 Mc 
sec, in good agreement with quadrupole-resonance re- 
sults in similar molecules. 
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Radioactive Decay of Pm"™*, Pm™, and Pm"*+ 
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The decay of Pm, Pm", and Pm"® has been studied with 
permanent magnet spectrographs, an intermediate-image beta 
spectrometer, and scintillation counters. Results on the electron- 
capture decay of Pm‘ and Pm" confirm the findings of previous 
investigators. The results of gamma-gamma directional correlation 
measurements are consistent with the spin assignments for the 
Nd levels made by Ofer. Pm™* (Ty~710 days) is found to decay 
both by beta emission to a level of 749 kev in Sm" and by electron 
capture to levels of 453 and 1198 kev in Nd". The percentage 


I. INTRODUCTION 


“ONSIDERABLE data are available on the decay 

schemes and level systematics of nuclei whose 
low-lying excitation spectra may be explained by either 
the single-particle or the collective model. Much less 
data are available for the nuclei in the so-called transi- 
tion regions, i.e., those nuclei of mass 140-152 and 
180-200. We have been investigating some of the level 
schemes in the region of mass 143 to 148 and it is the 
purpose of this paper to present some of our results 
on the decay of Pm, Pm™, and Pm"™®. 

Early investigations of Pm" and Pm" by Fisher' 
and Wilkinson and Hicks? indicated that Pm" and 
Pm decay by electron capture, with the half-lives of 
each being about 300 days. 

Recently, Ofer® has investigated these decays in detail 
and proposed decay schemes for both. He produced his 
sources by bombardment of Pr isotopes with alpha 
particles. He found that Pm" decays by electron cap- 
ture to the ground state and to a state at 740 kev in 
Nd, with the branching being 55% and 45%, respec- 
tively. The conversion coefficient of the 740-kev transi- 
tion was in agreement with that for an M1 transition. 

Ofer found three gamma rays in cascade in Nd 
following the electron-capture decay of Pm. These 
gammas have energies of 695, 610, and 475 kev, giving 
a sequence of levels at 695, 1305, and 1780 kev in Nd™, 
Ofer’s directional correlation and conversion coefficient 
measurements established a sequence of spins and 
parities of 0+, 2+, 4+, and 6+ for these levels. He 
found that 55% of the electron capture decay occurs to 
the 1305-kev level and 45% to the 1780-kev level, and 
log ft values were consistent with a spin of 6- or 5- for 
Pm, A value of (13-4) X10-" sec and an upper limit 
of 3X10-" sec were found for the mean lifetimes of the 
1305- and 695-kev levels, respectively. Toth and Niel- 


t Work accomplished in part under contract with the U. S. 
Atomic Energy Commission. 

'V. K. Fisher, Phys. Rev. 87, 859 (1952). 

.G. Wilkinson and H. G. Hicks, University of California Radia- 
tion Laboratory Report UCRL-751, 1950 (unpublished). 

*S. Ofer, Phys. Rev. 113, 895 (1959). 


branchings are 35%, 35%, and 30%, respectively. Gamma-ray 
transitions of 453 and 745 kev in cascade in Nd“® and 749 kev in 
Sm"® are observed. The end-point energy for the beta-decay 
branch is measured to be 779 kev. Directional correlation and 
internal conversion coefficient measurements are most consistent 
with a 3+ assignment for the 1198-kev level in Nd“*, with a 2+ 
assignment being possible, but less likely, since the cross-over 
transition is absent or extremely weak. 


sen‘ have reported data on Pm™ which are in agreement 
with those of Ofer. They found a half-life of about 450 
days for Pm‘. Neutron capture work by Campion ef al.5 
showed capture gamma rays populating levels at 696, 
1313, and 1556 kev as well as many other high-lying 
levels in Nd'“, Numerous investigations of the beta 
decay of Pr’ to Nd' have been made.® Beta decay 
populates the 2+ level at 695 kev and a 1— level at 
2180 kev. 

Some early work on the decay of Pm"® was carried 
out by Fisher' and by Long, Pool, and Kundu.’ These 
investigations indicated that Pm"* decays to Sm™* by 
emission of beta particles with a maximum energy of 
about 750 kev and a half-life of between 1 and 2.5 years. 
The results of our investigation establish that Pm"6 
also decays by electron capture to levels in Nd™®, 

Data on the levels in Nd"*® were obtained by Bern- 
stein ef al.’, who studied the beta decay of Pr™* to Nd™®, 
Their data indicated levels in Nd"® at 455, 1200, and 
1950 kev and one possibly at 1045 kev. More complete 
data on this decay have been obtained by Hoffman and 
Daniels.* Coulomb excitation experiments by Heyden- 
burg and Temmer” established a level at 455 kev which 
is presumably 2+. Neutron capture gamma rays of 
460 kev and 605 kev have been reported by Hickok 
and Draper." 

Information on the low-lying levels in Sm™* has been 
obtained from studies of the decay of Eu'® (5 day)" 


*K.S. Toth and O. B. Nielsen, Phys. Rev. 115, 1004 (1959). 
5P. J. Campion, J. W. Knowles, and G. A. Bartholomew, Bull. 
Am. Phys. Soc. 4, 247 (1959), 

8 Nuclear Data Sheets, edited by C. 
Research Council), No. 59-1-113. 

7J. K. Long, M. L. Pool, and D. N. Kundu, Phys. Rev. 88, 
171(A) (1952). 

8 W. Bernstein, S. S. Markowitz, and S. Katcoff, Phys. Rev. 
93, 1073 (1954). 

*D. C. Hofiman and W. R. Daniels, Bull. Am. Phys. Soc. 
4, 372 (1959), and private communication. 

10N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 

" R, L. Hickok and J. E. 
382 (1958). 

2 N. M. Antonieva, A. A. Bashilov, B. S. Dzhelepov, and V. A. 
Sergienko, Nuclear Phys. 14, 438 (1960). 
SE. G. Funk, C. F. Schwerdtfeger, J. W. Mihelich, and B. 


L. McGinnis (National 


Draper, Bull. Am. Phys. Soc. 3, 
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which indicate levels at 749 kev and 1384 kev. Sm"® is 
radioactive (74=5X10" years), and there are no 
Coulomb-excitation data for this nucleus. 


II. PROCEDURE 


The sources were produced by proton irradiation of 
enriched neodymium isotopes in the ORNL 86-in. cyclo- 
tron. Internal conversion electron spectra were studied 
with 180° permanent-magnet spectrographs. The limit 
of error on energy measurements from these spectro- 
graphs was about 0.2%. Gamma-ray scintillation spec- 
tra were obtained using 2 in.X2 in. NaI(Tl) crystals 
coupled to RCA 6342A photomultipliers and a 3 in. x3 
in. NaI(T1) crystal coupled to a Dumont 6363 photo- 
multiplier. By utilizing the scintillation spectra of the 
662-kev gamma ray of Cs'*’ and the 742-kev gamma ray 
of Pm“ the complex spectra were broken apart into 
individual photopeaks and Compton distributions. 
Gamma-ray intensities were then obtained by correcting 
for crystal efficiency and peak-to-total ratio. 

Coincidence and directional-correlation measurements 
were carried out with a fast-slow coincidence circuit 
having a resolving time of r=0.067 usec. The directional 
correlations were run in the normal double quadrant 
sequence. The sources were in the form of promethium 
chloride in hydrochloric acid. The liquid source material 
was contained in a cylindrical Lucite source holder § in. 
in diameter and ? in. in length. Since the lifetimes of the 
intermediate states involved in all the correlations are 
presumably short, the full correlation is expected. For 
the Pm™ directional correlations, the source to crystal 
distance was 10 cm and data were taken every 15°. For 
the Pm™* correlation the source to crystal distance was 
7 cm and data were taken every 30°. The counters were 
shielded frontally with § in. of aluminum but no lateral 
lead shielding was employed since coincidences due to 
scattering were eliminated by differential discrimina- 
tion. In all cases the real to accidental coincidence ratio 
was greater than 5 to 1. The data were analyzed by the 


Pm'43 (2654) 





Fic. 1. Decay scheme 
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least squares method as described by Rose!® and the 
resulting coefficients were corrected for finite angular 
resolution using the results of Arns, Sund, an 
Wiedenbeck."® : 

The Pm"™* beta spectrum was first studied with a 
i in. thick by 1-in. diameter Pilot B plastic phosphor 
coupled to an EMI 9536B photomultiplier (energy 
resolution~ 12% for 624-kev electrons). After comple. 
tion of our intermediate-image beta spectrometer of the 
Slitis-Siegbahn type (momentum resolution~?2 49 
improved data were obtained. 


III. RESULTS 


Our results on the decay of Pm“ and Pm™ are mainly 
confirmatory in nature, but are included and discussed 
first because the source of Pm"® also contained thee 
activities. Our transition energy measurements for Pm" 
and Pm™ are believed to be more precise than thos 
previously reported. 


A. Pm" 


The source of Pm'* was made by a (p,2m) reaction on 
enriched Sm™, producing Eu™*. This in turn decayed to 
the long-lived Pm and the Pm was chemically ex- 
tracted. The source contained less than 1% of Pm. 
The decay has been followed for several years giving a 
half-life of 265+-15 days. 

Our data for this activity confirm Ofer’s results (see 
Fig. 1). The scintillation spectrum, consisting of a single 
photopeak at about 740 kev, is shown in Fig. 2(d). An 
accurate value of 741.8 kev for this transition energy 
was obtained from the permanent magnet spectrograph. 
The percentage of electron capture to the 742 kev and 
ground states was found to be (47+3)% and (53+3)%, 
respectively. These data were obtained by comparing 
the number of K x rays and 742-kev gamma rays ina 
scintillation counter geometry calibrated using a Cs” 
source. Since the ratio of Ba K x rays to 662-kev gamma 
rays in the Cs'*? source is known accurately, one may 
obtain a good measurement of the ratio of Pm K x rays 
and 742-kev gamma rays. Corrections were made for 
fluorescence yield and escape peak. A value of 7.5 was 
taken for the ratio of K capture to L capture to the 
levels in Nd“. This was found from the results of 
Brysk and Rose!’ assuming Cameron’s prediction of 
1900 kev'® for the energy difference between Pm 
and Nd. 

B. Pm™ 


The Pm™ source was produced by a (p,3m) reaction 
on enriched Nd"*, About 95% of the source consisted 
of Pm™, It contained some Pm'*, Pm", and Pm“. 


15M. E. Rose, Phys. Rev. 91, 610 (1953). 

16R. G. Arns, R. Sund, and M. L. Wiedenbeck, privately 
circulated report. 

17H. Brysk and M. E. 
(1958). 

18 A. G. W. Cameron, Atomic Energy of Canada Limited Re 
port AECL-433, 1957 (unpublished). — 


Rose, Revs. Modern Phys. 30, 110 
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Fic. 2. Gamma-ray spectra ob- 
tained with a 2 in. by 2 in. NaI (TI) 
scintillation counter. (a) Com- 
posite source consisting of Pm’, 
Pm™, and Pm"*; (b) Pm" source; 
(c) composite source spectrum 
minus Pm' spectrum; (d) Pm'® 
source. 
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The presence of the 18-yr Pm" made a half-life meas- 
urement difficult, but the presence of the Pm" allowed 
a comparison of Pm'* and Pm"* gamma-ray intensities 
at various times. The result showed that Pm™ has a 
half-life larger than that of Pm"*, probably of the order 
of 350-450 days. The Pm" in the source caused no 
difficulty since it decays to Nd"™® with the subsequent 
emission of two transitions with energies of 67 and 
72 kev." 

The scintillation counter spectrum consisting of three 
prominent photopeaks at about 475, 620, and 695 kev 
is shown in Fig. 2(b). Relative photon intensities ob- 
tained from analysis of the spectrum are given in Table I, 
together with transition energies determined by the 
permanent magnet spectrograph. Gamma-gamma co- 
incidence measurements showed that the 696-, 617-, and 
4i6-kev gamma rays are in cascade and K x ray co- 
incidences reproduced the singles curve exactly. The 
decay scheme of Pm™ is shown in Fig. 3, together with 
the decay scheme of Pr',6 which is included for ¢om- 


Taste I. Transition data for the decay of Pm™, 














K-conversion Transition Relative 
electron energy photon 
energy (kev) (kev) intensity 
652.4 696.0 100 
573.5 617.1 100 
432.1 475.7 40 
a — a 


4A. R. Brosi, B. H. Ketelle, 


Phys, Rev. 113, 230 (1959), H. Thomas, and R. J. Kerr, 


30 
PULSE HEIGHT (VOLTS) 


pleteness. An additional weak transition of about 210 
kev was detected in the permanent magnet spectro- 
graphs and tentative evidence for a gamma-ray of about 
this energy was found in the scintillation spectrum and 
coincidence studies. 

Directional-correlation measurements were carried 
out on the 617-696 kev, 476-617 kev, and 476-696 kev 
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Fic. 3. Decay schemes for Pm™ and Pr, The Pr scheme 
is taken from reference 6. Neutron-capture gamma-ray data are 


taken from reference 5. 


1% Note added in proof. The 1560 kev state in Nd has now been 
established as 3+, as reported in the abstracts to the Kingston 
Conference on Nuclear Structure, August 1960, by P. J. Campion, 


J. W. Knowles, and G. A. Bartholomew. No evidence was found 
for a low-lying second 2-+- state. 
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Taste II. Directional correlation results for Pm™. 


Experimental coefficients 


Correlation A» A, 
617 kev-696 kev 0.0940-+0.0085 0.003+0.012 
476 kev-617 kev 0.1031+0.0098 0.016+0.014 
476 kev—696 kev 0.0856+0.0097 —(0.007+0.020 
Theoretical: 

4(Q)2(Q)0 or 0.1020 0.0091 


6(Q)4(Q)2 


cascades employing differential discrimination. The co- 
efficients A» and A, describing the directional correla- 
tions are listed in Table II. These coefficients have been 
corrected for finite angular resolution. The 617-696 kev 
and 476-617 kev correlation results are in good agree- 
ment with the theoretical results for 4(Q)2(Q)0 and 
6(Q)4(Q)2 cascades, respectively. The coefficient A» for 
the 476-696 kev correlation is slightly low for agreement 
with this sequence, but interference from the negative 
asymmetry 742-453 kev correlation in Pm"™® could 
account for the discrepancy. Thus the directional corre- 
lation measurements are in agreement with the sequence 
of spins shown in Fig. 3 and confirm the results of Ofer.’ 


C. Pm'** 


The source of Pm™* was produced by a (p,3m) reaction 
using a target of enriched Nd"™*. The experiment was 
begun after the 42-day Pm"* had decayed to a negligible 
amount. At this time the relative amounts of Pm"™*, 
Pm™, and Pm" present were about 75%, 15%, and 
10%, respectively. A large amount of 2.6-yr Pm'’ was 
also present, but since only a single beta transition of 
230 kev and negligible gammas (<10~-° per disintegra- 
tion) are involved in the Pm"? decay” this caused no 
great difficulty. This source will henceforth be referred 
to as the “‘composite”’ source. Due to the relatively small 
cross section for the Nd™®(p,m) reaction it was not pos- 
sible to produce a source of any higher isotopic purity 
than the source employed. 

The half-life of Pm'* was determined to be 710+70 
days. This value was obtained with an 80-mg/cm? ab- 
sorber between source and Geiger counter to eliminate 
any contribution from the low-energy Pm"’ beta 
particles, 

The Nal scintillation spectrum from 200 to 800 kev 
for the “composite” source is shown in Fig. 2(a). No 
photopeaks of appreciable intensity were detected above 
800 kev. When a 742-kev contour [Fig. 2(d) ] was sub- 
tracted from this, a pair of peaks at 695 kev and 620 kev 
were obtained. The resulting spectrum was identical to 
that of Pm™ in the 600-750 kev region. When a 
normalized Pm™ spectrum [Fig. 2(b) ] was subtracted 
from the composite spectrum [Fig. 2(a) ], the spectrum 
shown in Fig. 2(c) was obtained. This difference spec- 


20L. M. Langer, J. W. Motz, and H. C. Price, Jr., Phys. Rev. 
77, 798 (1950). 
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trum appears to consist of two photopeaks at aboy 
453 and 745 kev. As will be discussed below, the 745.4 
peak was found to be triply composite. The K ym 
peak is not shown in Fig. 2, but a careful comparison gf 
the K x-ray peak with the x-ray peak obtained from thy 
Pm" source established that more than 90% of th 
K x rays from the composite source were Nd x rays 

Beta spectra obtained with both a }-in. thick Pilot, 
plastic phosphor and the intermediate-image beta spec. 
trometer indicated two beta components with end points 
of approximately 780 and 230 kev. The 230-key com- 
ponent did not show coincidences with any of the ob. 
served photons and was attributed to the Pm present 
in the source. 

Y-y coincidence measurements established that the 
453-kev photons coincide with photons of about 745 key. 
Coincidences obtained by gating with K x rays and 
sweeping the gamma-ray spectrum indicated that the 
453-kev photons and some of the 745-kev photons coip. 
cide strongly with A x rays as shown in Fig. 4. Th 
number of K x ray—745-kev gamma ray coincidences was 
far too large to be accounted for by the Pm" present in 
the source. On the basis of these coincidence data, it was 
concluded that levels of 453 and 1198 kev in Nd ar 
populated by the electron-capture decay of Pm"™*®, These 
are presumably the same levels which are populated by 
the beta decay of Pr'*®,*. with the 453-kev state being 





the 2+ state observed also by Coulomb excitation | 


of Ndi46 10 
From an analysis of the K x ray—y ray coincidence 
data (Fig. 4) the ratio of 453- and 745-kev photons in 
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Fic. 4. Coincidence spectra obtained with Pm! composit! 


source. (a) Coincidences with K x rays; (b) singles spectrum) 
(c) coincidences with 500-800 kev electrons. 


of P 
deci 
by 

and 
9) a 
taki 
enci 


coincl 
their | 
745-k: 
branc 
an af 
follow 
meas 
lation 
ciden 
kev sl 
of ab 
coin! 
count 
trum 
He 
levels 
toa! 
suma 
popu 
scher 
parti 
also | 
Ty 
detec 
The 
K lin 
an el 
comy 
and 
has 
of th 


about 
45 -key 
X-Tay 
ison of 
M the 
Of the 
ays, 
“lot B 
L Spec- 
points 
” COm- 
he ob. 
resent 


at the 
5 key, 
S and 
at the 
; Coin 
. The 
PS Was 
ent in 
it was 
46 are 
These 
ed by 
being 
ration 


dence 
ns in 


posite 
trum; 





















































RADIOACTIVE DECAY OF Pm'*3, Pm'!44, AND Pm!48 1785 
ne! 4 
Pr!46 (24 
. a 5-26) e-a- Eu'46(54) 
| 
Ec 
4950 2290 WA 
net) 
Fic. 5. Proposed decay scheme | eines | 
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and Daniels (see references 8 and » 3 Trae vil 1384 (a+,2) 
9) and Eu" which is based on data 0 | 
taken in our laboratory (see refer- | 745 | 600 I 
ence 13). Energies are given in kev. | | ~*400 | 4 | 
-_— 453 
A cig 7 | 
= con 4 ° oo i oe % 
146 
Nd a ‘ «) - 


coincidence with K x rays was found to be 1.9 times 
their intensity ratio in singles, indicating that either the 
145-kev gamma transition is fed by an electron-capture 
branch with a low K-capture to L-capture ratio or that 
an appreciable precentage of the 745-kev transitions 
follow the beta decay of Pm'™*,. Beta-gamma coincidence 
measurements carried out with Pilot B and Nal scintil- 
lation counters confirmed the latter hypothesis. Coin- 
cidences with electrons of energy between 500 and 800 
kev showed a spectrum consisting of a single gamma ray 
of about 750 kev (Fig. 4), and a scintillation counter 
coincidence spectrum gating with the gamma-ray 
counter on the 745-kev photopeak yielded a beta spec- 
trum with an end point of about 780 kev 

Hence, Pm'* decays both by electron capture to 
levels of 453 and 1198 kev in Nd™® and by beta decay 
toa level of 749 kev in Sm™*, The 749-kev level is pre- 


sumably the first excited state in Sm"® which is also: 


populated by the decay of Eu'*®."8 The proposed decay 


scheme is presented in Fig. 5. For completeness, the~ 


partial decay schemes of Pr'#* 8. and Eu'*® 8 are shown 
also in Fig. 5 

Two weak internal conversion electron lines were 
detected on the permanent magnet spectrograph films. 
The first, at an electron energy of 409.1 kev, was the 
K line for a 452.7-kev transition in Nd, and the other, at 
an electron energy of about 700 kev, was probably a 
composite K line due to the 745-kev transition in Nd'“6 
and the 749-kev transition in Sm'6, The latter ene rgy 
has been measured accurate ly as 748.8 kev from a study 
of the decay of Eu'46,13 

From analysis of the singles spectrum shown in 
Fig. 2(c) the ratio of the intensities of ~745-kev and 
453-kev photons from the composite source was deter- 
mined to be 1.05-+0.05. The 745-kev photopeak was of 
course due to three gamma transitions: the 742-kev 
transition in Nd™*, the 745-kev transition in Nd'¢ and 
the 749-key transition in Sm"®, 

A search for higher energy gamma rays (>1 Mev) 
with a 3 in.X3 in. Nal crystal showed no peaks other 
than addition peaks due to summing of two coincident 
gamma rays in the crystal. An upper limit for the in- 


sm!46 


tensity ratio of a possible 1198-kev cross-over transition 
to the 745-kev transition in Nd was found to be 0.003. 

A calibrated-coincidence measurement was carried 
out to determine the electron-capture branching ratios 
to the 1198- and 453-kev states in Nd"®, Two 2 in. X2 in. 
Nal scintillation counters were placed at an angle of 90° 
to one another and the source positioned at a distance 
of 5 cm from each counter. Aluminum frontal shields 
(% in.) and lateral lead shields (15 g/cm*) were employed. 
Coincidence spectra were run with both the Pm™ and 
the composite Pm"® sources, in each case gating on the 
region of 450-475 kev. The coincidence spectra are 
shown in Fig. 6. The Pm™ source provided a calibration 
of the geometry since the decay scheme and the relative 
gamma intensities for Pm" are known. By comparing 
the intensity of the 745-kev coincidence peak (due to 
Pm"*) with the intensity of the 696-kev coincidence 
peak in Pm™, after normalization for the number of 
pulses in the gate, the ratio of the intensities of 745-kev 
and 453-kev photons following electron capture of Pm'¢ 
was found to be 0.46+0.05. An identical ratio was ob- 
tained by comparing the 696- and 745-kev peaks in the 
coincidence spectrum of the ‘‘composite” source alone, 
knowing the relative number of gate pulses which were 
due to 453-, 476-, and 617-kev photons. No correction 
for angular correlation effects was made since the solid 
angle subtended was rather large (~ 6%) and the asym- 
metries of the angular correlations involved are less 
than 17%. Thus, the 1198-kev state in Nd™® is fed by 
46% of = bene -capture decays and the 453-kev 
state by 54% of the electron-capture decays if one 
assumes no aor to the ground state of Nd™*, 

The beta spectrum above 300 kev obtained with the 
intermediate image spectrometer is shown in Fig. 7. 
The strongest available source strength was about 0.05 
microcurie. The source was deposited on a 1-mg/cm? 
aluminized-Mylar backing. The diameter of the source 
was 3 mm and the source thickness about 2 mg/cm’. 
Under these conditions, the momentum resolution of 
the spectrometer was 3.6% as determined from the 
453-kev K-conversion peak. 

A Fermi analysis was carried out using only those 











1786 FUNK, MIHELICH, 

pm!44 CoINCIDENCE GATE pm/44 COINCIDENCES 

pose 476 617 617 
696 696 
r L100 476 
b a 
L 

E L 
c L 
a 
7 10 








100 433 ComPosITE SOURCE 
COINCIDENCE GATE 


F COMPOSITE SOURCE 
' COINCIDENCES 
= 





RELATIVE COUNTING RATE 
TTT ITM 














1 rn 
PULSE HEIGHT 


Fic. 6. Results of calibrated coincidence measurements using 
sources of Pm™ and the composite source. Left half of figure shows 
the gates in each case and the right-hand portion the coincidence 
spectra. Heavier lines indicate observed spectra, lighter lines the 
individual gamma-ray components. 


points between the internal-conversion electron peaks. 
The results are shown in Fig. 8. The data were least- 
squares fitted to a straight line and an end point of 
779+15 kev obtained. Because of the relatively few 
experimental points and the large statistical errors as- 
sociated with these points, it is difficult to rule out the 
possibility of a forbidden shape for this component. This 
measured end-point energy leads to an energy difference 
of 1528+15 kev between Pm™* and Sm"™*, as compared 
to the value of 1660 kev predicted by Cameron’s 
empirical mass formula.'* 

Assuming an allowed shape for the 779-kev beta 
spectrum, the ratio of the intensities of the 779-kev beta 
spectrum and 453-kev K-conversion electrons can be 
obtained by comparison of the area under the beta 
spectrum to the area of the 453-kev conversion peak. 
This ratio is found to be 44. Using the theoretical value 
of 0.0125 for the K-conversion coefficient for a 453-kev 
transition obtained from Rose’s tables,”! a value of 
0.3520.02 is found for the ratio of 779-kev beta transi- 
tions to total 453-kev transitions. Since there is no ob- 
served beta-decay branch to the 0+ ground state of 
Sm", it is likely that there is no electron-capture decay 
to the 0+ ground state of Nd'™*. If one assumes no 


21M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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ground-state electron-capture branch, the percent tage 
beta branching for the Pm'® decay. is 35% and ¢, 
electron-capture branchings to the 1198- and 453.h6 
states in Nd™® are 30% and 35%, respectively, 

The K x ray-gamma ray coincidence data served aa 
check on the branching ratios for the decay of Pm 
As was previously mentioned, the ratio of the intensitis 
of 453- and 745-kev gamma rays in coincidence yi} 
K x rays was found to be 1.9+0.1 times their j Intensity 
ratio in singles. If the K- to L-capture ratio Were ap. 
proximately the same for the electron-capture branchs 
to both states in Nd"¢ and for the Pm'® electron capt ture 
this result would imply that 47+5% of the ~745-by 
gamma rays from the composite source follow the bey 
decay. This, in conjunction with the fact that the rat 
of total “745”-kev photon intensity to 453-kev photon 
intensity is 1.05--0.05, leads to a beta branching ratio 
of 334+3%, in agreement with the result of 35427 
obtained from the beta spectrometer data. We are x 
suming no ground-state electron-capture branch, 

The energy available for electron-capture decay ¢ 
Pm" is predicted by Cameron to be 897 kev." There 
fore, the actual available energy is probably not mor 
than a few hundred kev greater than 1198 key, th 
energy of the highest state populated by electron cap 
ture. One might expect considerable L capture to thi 
state. The inaccuracy of the A x ray peak intensity due 
to the isotopic complexity of the source made a direct 
determination of the A to L-capture ratio impossible 
However, no appreciable 1 x ray peak was observed 
with a 2-mm Nal crystal, indicating that there wa 
probably no strong L-capture branch. 

To determine the effect of the relative amount of / 
capture on the deduced branching ratios, the following 
analysis was carried out: let us call x the ratio of K-t 
L-electron capture in the decay to the level of 1198 key 
in Nd"“*, y the fractional decay of Pm"® to the 749-ker 
level of Sm"™®, and z the ratio of electron capture to the 
1198- and 453-kev levels in Nd'*®. We assume a K- 
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L-capture ratio of 7 to 1 for the decay to the 453-kev 
state and for the Pm™* decay. One may define a ratio 


(453/745) x x coincidence 
7°-—— 
(453/745) singles 





with the numerator being the ratio of the intensities of 
453- and ~745-kev photons in coincidence with K x 
rays, and the denominator being the ratio of these 
photon intensities in singles. This ratio R can be ex- 
pressed in terms of the quantities x, y, and z. The result 
of the calibrated coincidence measurement gives 2 
directly, and R is determined experimentally to be 
1940.1 as discussed previously. Thus we may derive 
an expression relating y to x. For values of x equal to 
6, 1, 0.1, and 0, the values of y, the beta branching ratio, 
are found to be 33-+3%, 30+3%, 294+3%, and 26+3%, 
respectively. These K- to L-capture ratios correspond to 
electron-capture energies of approximately 200 kev, 65 
kev, 50 kev, and <44 kev as determined from the 
theoretical predictions of Brysk and Rose."? 

It can be seen that the deduced beta branching ratio 
is not very sensitive to the amount of L capture to the 
1198-kev state. Considering all the experimental data 
and Cameron’s predicted energy, it is most probable 
that the total energy difference between Pm'* and Nd'6 
is between 1260 and 1500 kev. 

From the electron spectrum shown in Fig. 7, the ratio 
of K-conversion electrons from the ~ 745-kev transitions 
and the 453-kev transition was found to be 2.55+0.25. 
Since the branching ratios and the relative numbers 
of ~745-kev transitions in the triply composite gamma- 
ray peak have now been determined, one can obtain 
the K-internal conversion coefficient for the 745-kev 
transition in Nd'“®, Using Rose’s theoretical K-conver- 
sion coefficients”! for the 749-kev £2 transition in Sm™®, 
the 742-kev M1 transition in Nd"™*,3 and the 453-kev E2 
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Fic, 8. Fermi plot for Pm™* beta spectrum. 
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Fic. 9. Angular correlation data for 745 kev-453 kev gamma-ray 
cascade in Nd!46, (A) Observed correlation function, after correc- 
tion for finite angular resolution of detectors. (B) Correlation func- 
tion after correction for interference from Pm'* gamma-ray 
cascades. (C) Theoretical curve for a 3(D)2(Q)0 sequence. 


transition in Nd™®, one obtains a value of 0.0055+-0.0011 
for the K-conversion coefficient of the 745-kev transi- 
tion. The theoretical values for various multipole orders 
are?: El (0.0014), £2 (0.0036), M1 (0.0059), and 
M2 (0.0160). The experimental conversion coefficient is 
consistent with the 745-kev gamma ray being pure M1 
or a mixture of M1 and £2 with a quadruple content 
less than 65%. It is also compatible with an E1—M2 
mixture with a quadrupole content of between 18 
and 36%. 

A directional correlation measurement was carried out 
on the 745-453 kev gamma cascade in Nd'* and the 
resulting curve is shown in Fig. 9. Because of the Pm'™ 
present in this source the correlation included a con- 
tribution from the 696-476 kev and 696-617 kev corre- 
lations in Nd", With the differential discriminator set 
on the high side of the 745-kev peak this contribution 
was kept to about 2%. The coefficients for this correla- 
tion, after correction for finite angular resolution and 
interference from the known Nd'™ correlations, are 
Ao= —0.091+0.025 and A,s=0.008+0.050. These ex- 
perimental coefficients are consistent with a 3(D)2(Q)0 
sequence for which the theoretical values are A2= 
—9,.071 and A4=0. If one considers a dipole-quadrupole 
mixture in the 745-kev transition, a limit of less than 
0.05% quadrupole is obtained from the mixture curves 
of Arns and Wiedenbeck.” The coefficients are also in 
agreement with a 2(D,Q)2(Q)0 sequence with a quad- 
rupole content of 18+-2% and a sequence of 1(D,Q)2(Q)0 
with a quadrupole content of 2+1%. 

The possible spins and parities for the 1198-kev state 
and the corresponding multiple orders for the 745-kev 
transition which are consistent with both the angular 


22 R.G. Arns and M. L. Wiedenbeck, privately circulated report. 
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TABLE III. Possible spin and parity values for 1198-kev state TABLE IV. Log ft values for Pm"™® decay. 
of Nd" and multipolarity of 745-kev transition. : 
— es rransition py 
1198-kev state Multipolarity of 745-kev energy 
I,r transition Type of decay (key Log ft 
3+ Pure M1 or M1— £2 mixture Beta decay 779 97 7 
with <0.05% E2 logl(W e—1) ft}=104 
2+ 82% M1, 18% E2 Electron-capture decay : 
1+ 98% M1, 2% E2 Available energy=1400 key 945 9.0 
2- 82% Ei, 18% M2 200 7.6 
— J a a BI - Available energy=1300 kev 845 89 
a. | ie " 100 7.0 


correlation and conversion coefficient results are listed 
in Table III. The apparent absence of a cross-over 
transition of 1198 kev would tend to rule out a 1+ 
assignment. A 2— assignment would be very unusual 
since low-lying 2— states have not been observed in 
even-even nuclei. A 3+ assignment is favored over the 
2+ because of the absence of the cross-over transition 
and the relatively small £2 admixture (~18%) in 
the 745-kev transition. In the observed cases where 
the cross-over transition from the second 2+ state to the 
0+ ground state is extremely weak compared to the 
2+ — 2+ transition, the 2+ — 2+ transition contains 
a large quadrupole content (>90%).”8 

Log ft values for the electron-capture and beta-decay 
branches were obtained from Moszkowski’s graphs,” 
using the experimentally determined branching ratios 
and a half-life of 710 days for Pm™*. The resulting 
log ft values are presented in Table IV. Values for the 
electron-capture branches are given for two possible 
Pm"“*— Nd" energy differences, 1300 kev and 1400 kev. 

The spin and parity of the Pm'* ground state should 
be either 3— or 4— since: (1) no beta transition to the 
0+ ground state of Sm™* is observed, and (2) levels of 
2+ and 3+ in Nd and Sm" are populated by transi- 
tions with log ft values in the first-forbidden range, re- 
quiring a spin change of 0, 1, or 2 and a change of parity. 
The shell model predicts a negative parity and a spin 
of between 1 and 6 for the odd-odd nucleus Pm" since 
the 85th neutron is most likely in an f7/2 state and the 
61st proton in a dsy2 state. 

If the Pm™* ground state were 4—, the 779-kev beta 
branch and the high-energy electron-capture branch 
would be unique first-forbidden transitions. This would 
require the beta-spectrum Fermi plot to exhibit the 
characteristic a shape. As mentioned previously, the 
experimental data are not precise enough to determine 
whether the Fermi plot deviates from linearity. The 
values of log ft=9.7 and log[ (W.?—1) ft]=10.4 for the 
779-kev beta branch and the log ft of about 9 for the 
high-energy electron-capture branch are consistent with 
the expected values for unique first-forbidden transi- 
tions, but it is also quite possible that these are ordinary 
first-forbidden transitions with slightly high log fi 


*%K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 
*4S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 


values. Consequently, no choice can be made between 
the possible 3— or 4— assignments for Pm"®, 


IV. DISCUSSION 

The decay schemes of Pm and Pm™ have been 
discussed in detail by Ofer,’ Toth and Nielsen and 
Mallmann and Porter.*® Therefore, this section will be 
concerned only with a discussion of a few interesting 
aspects of the decay scheme of Pm" and a consideration 
of the energy level systematics for even-even nuclei 
having neutron numbers from 84 to 88. 

It is of interest to consider why the electron-capture 
decay of Pm"*® does not populate the ~ 1050-kev level 
in Nd"*, This state has been observed in investigations 
of the decay of Pr'*®,’ and in neutron-capture gamma-ray 
studies.'! The spin of this state is given as (4+) on the 
nuclear data sheets.® No firm experimental evidence is 
available for this assignment, but the absence of a 
cross-over transition of ~ 1050 kev indicates that the 
spin is probably 4+ and not 2+. Furthermore, a 4+ 
second excited state is observed in Sm"%,? a nucleus 
having the same neutron number as Nd"* (V=86), and 
most of the other even-even nuclei in this mass region 
are observed to have 4+ second excited states. (Energy 
level data for even-even nuclei with V=84 to 88 are 
presented in Table V.5:!%.9.26—2) 

An electron-capture transition to the presumed 1050- 
kev 4+ state must have a log ft value greater than 
about 9.5 or we would have detected the presence of the 
600-kev gamma transition in both the gamma-ray 
scintillation spectrum [Fig. 2(c)] and the 453-kev 
gamma ray coincidence spectrum (Fig. 6). For a log f 
of 9.5, the branching ratio for electron-capture decay 
to the 1050-kev level would be about 1% and the i- 
tensity of the 600-kev gamma transition approximately 
2% of the intensity of the 453-kev gamma transition. 

If the spin and parity of the Pm'® ground state are 
3—, the 779-kev beta transition and the electron 
capture transitions to the 453-kev, 1050-kev, and 119 
 36C. A. Mallmann and F. T. Porter, Bull. Am. Phys. Soc. 4, 
324 (1959). 

26 C, F. Schwerdtfeger (unpublished 

27R. P. Schuman, E. H. Turk, and R. L. Heath, Phys. Rev. 
115, 185 (1959). 

28V. K. Fischer and E. A. 

a 
SO. Hathen and S. Hultberg, Nuclear Phys. 10, 118 (1959). 


Remler, Bull. Am. Phys. Soc. 3, 
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kev states would be ordinary first-forbidden transitions. 
Since the experimental log ft values are 9.7, 9.0, >9.5, 
and 7.6, respectively, the first three transitions must be 
retarded while the transition to the 1198-kev level is 
normal. If the spin and parity of the Pm"® ground state 
are 4—, the first two transitions mentioned above would 
have to be unique first-forbidden and the other two, 
ordinary first-forbidden. For this case, the log ft values 
indicate that the only retarded transition would be that 
to the 1050-kev state in Nd"™®, In either case, the elec- 
tron-capture transition to the 1050-kev state in Nd™* 
must be retarded by a factor of 100 or more. This could 
possibly be due to some selection rule analogous to the 
K forbiddenness observed in the neighboring deformed 
nuclei.” 

The fact that a beta transition was not observed to 
the 1384-kev Sm"® state (4+ or 2+) is readily ex- 
plained. The available energy is only 144 kev as com- 
pared to 779 kev for the transition to the 749-kev state, 
and one would expect only a 1% branch to the 1384-kev 
state if the log ft were as low as 8. 

An interpretation of the energy levels of Nd'® in 
terms of one of the proposed nuclear models*!:” is not 
presently feasible because relatively few states are popu- 
lated by the Pm"® decay. Results of Coulomb excitation 
experiments show that the reduced transition proba- 
bility for the 453-kev E2 transition is about 11 times the 
single-particle estimate,® indicating that the 453-kev 
state may be of collective nature. The 3+ level at 1198 
kev may be an intrinsic state rather than collective since 
the 745-kev transition is almost pure M1, and one might 
expect a large £2 admixture if the state were due to a 
collective excitation. 

As seen in Table V, most (and possibly all) of the 
even-even nuclei with V = 84, 86, or 88 are observed to 
have a 4+ second excited state. The ratio of the energy 
of the first 44+ state to the energy of the first 2+ state 
lies between 1.85 and 2.35. For the transition region of 

™G, Alaga, K. Alder, A. Bohr, and B. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

*C. A. Mallmann, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 14, p. 71. 
oa Davydov and G. F. Filippov, Nuclear Phys. 8, 237 


_8W. Scheuer and E. Aisenberg, Proceedings of the Second United 

Nations International Conference on the Peaceful Uses of Atomic 
ners, Geneva, 1958 (United Nations, Geneva, 1958), Vol. 14, 
p. W, 
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TABLE V. Available data on low-lying states of even-even 
nuclei with NW = 84, 86, and 88. 


N Nuclide E;'* 





E? E? E¢/E E?/E, References 

84 ssCe' 630 (1500) (2.38) 27 
eoNd' 696 1313 1.89 This work, 3 
esom46 749 (1384) (1.85) 13 

86 «goNd'** 453 (1060) (2.34) This work, 9 
eoom'48 = 551 1181 2.14 26 

88 62Sm' 340 (780) (2.29) 28 
esGd'!® 344 (757) (2.19) 29 





* E>, Ed, and E2 are the energies (in kev) of the first 2+ state, first 
4+ state, and second 2 + state, respectively. ; 
> Parentheses indicate that the spin is not certain 


mass number 192 to 200, the second excited state is 
found to be 2+ in most of the observed cases, with the 
ratio of the energies of the second 2+ state and the 
first 2+ state being about 2.® 

Some success has been achieved in describing the low- 
lying excited states for nuclei in the A=192 to 200 
region either by quadrupole vibrations about a spherical 
equilibrium shape* or by the asymmetric rotor 
model.”,** The Davydov-Filippov asymmetric rotor 
model”, predicts that the ratio of the energies of the 
second excited state and the first 2+ excited state 
should never be less than 2 and that the ratio of the 
energies of the first 4+ state and the first 2+ state 
should not be less than 2.67. This model therefore fails 
for some of the even-even nuclei in the V=84 to 88 
region. An asymmetric rotor model currently being de- 
veloped by Mallmann* overcomes these two difficulties 
and may possibly provide an explanation for the level 
schemes in the transition regions as well as for many 
other nuclei. 

It is hoped that further studies of the level schemes 
of nuclei with neutron number 84 to 88 will provide 
sufficient data to test the usefulness of proposed nuclear 
models for this region. 
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The spectrum of odd-odd nuclei is investigated with a general interaction of the type Vo+o1-@2V\. It is 
shown that an inspection of the properties of some Racah coefficients is enough to determine the ground- 
state spin for particle-particle or hole-hole configurations in most cases. The results agree qualitatively 
with empirical evidence summarized by Brennan and Bernstein if V» and V; are both attractive; this 
agreement is insensitive to the range and other details of either Vo or Vi. 





RECENT analysis of the spins of odd-odd nuclei! 

has revealed an outstanding regularity. For an 
odd-odd nucleus with p protons in the j; orbit and n 
neutrons in the j2 orbit, provided (27;+1—29)(2j2+1 
—2n) 20, Brennan and Bernstein find that the ground- 
state spin Jo of the configuration [(j1?(Jp) jo"(Jn) ] is 
given by 


Jo=|Jo—Ja| 
Jo=JotIn or 


Here J, and J, are the total angular momenta of the 
protons and the neutrons separately. They are taken 
from neighboring odd-even nuclei and are assumed to 
be good quantum numbers for the ground-state wave 
function of the odd-odd nucleus. There are only a few 
cases of particle-hole configurations [i.e., (27:+1—2p) 
X (2j2+1—2n)<0] and there does not seem to be a 
clear rule about the ground-state spin in these cases. 

The simplicity of these modified Nordheim rules? and 
their success in reproducing the experimental data 
suggests that their validity is due to general features 
of the residual proton-neutron interaction rather than 
to its details. Furthermore, the odd-group model, which 
asserts that the ground-state configuration has well de- 
fined values of J, and /,, is only approximately valid.* 
The modified Nordheim rule can therefore hold only if 
the arguments for its validity are not too sensitive to 
small corrections to the odd-group model. 

A possible explanation of the modified Nordheim 
rules is obtained if we consider the general proton- 
neutron interaction : 


if fnH=h+}, jo=leFH ; 


\Jo—Jn| if f=h+td, je=h}. 


V pn= V 0(11,72,COSw12) +0;:02V; (r1,72,COS@ 2). (1) 


The special case in which Vo and V, are both propor- 
tional to 6(|/r,;—r2|) was studied earlier by Schwartz 
and others.‘ Here we do not restrict Vo and V; except 
in requiring their rotational invariance and that they 


* This work was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research. 
: ft On leave from The Weizmann Institute of Science, Rehovoth, 
srael. 

1M. H. Brennan and A. M. Bernstein, Phys. Rev. 120, 927 
(1960). 

2L. W. Nordheim, Phys. Rev. 78, 294 (1950). 

3S. Goldstein and I. Talmi, Phys. Rev. 105, 995 (1957); S. 
Pandya, Phys. Rev. 108, 1312 (1957); B. Oquidam and B. 
Jancovici, Nuovo cimento 11, 578 (1959). 


represent attractive forces. The latter requirement js 
made more specific by assuming that all the Slater 
integrals of both V» and V, are negative: 


2k+1 
PL = —— f Reo (71) R?ngle (rz) 
2 


1 
x| f Vnlri,%2,CoSwi2) P (cos) 4(cosn 
il 


Xdridr2<0, n=0,1. (2) 
We consider first the case of a single proton in j, and 

a single neutron in j2. The splitting of the different 

levels of the configuration (j:j2) resulting from the | 

interaction (1) can then be written as 


(fijoJ | Votor-o2Vi| jijoJ)= W(J)—-S(J), 
W (J) =(firjeT | VotVi) jijeJ), 


(3) 
J 


l 2 
S()=202{+1)(2j.+1)| | | (lo | Vil hibeJ). 


l. 
ree 





tl 


W(J) has the characteristic features of a spectrum 
resulting from a pure Wigner force. By examining the 
contributions of each multipole-multipole interaction 
separately, it can be shown that under the conditions 
(2), the lowest state of W(J) is always that with 
J= | ji—je|, and the state next to it is almost always 
that with J=j;+j2. (Exceptions may occur for 
ji=je>$ and a dominant quadrupole-quadrupole 
interaction, in which case J= | j;—j2|+1 is slightly 
lower than J = 7;+ 72; this, however, can be shown not 
to affect our considerations appreciably.) 

From the observed doublet splittings in nuclei for 
which 7;=} or j2=}4 it can be inferred that V; is small 
compared to Vo (V;~0.1V). The same conclusion 
arrived at also in a number of other, independent, 
ways.'4 The contribution of S(J), the singlet part of 
@,:02V;, is therefore small compared to that of WJ). 
However, it turns out that S(/) actually does determine 
the order of levels near the ground state because | 
— | 

‘C. Schwartz, Phys. Rev. 94, 95 (1954); N. Newby and E. J. 
Konopinski, Phys. Rev. 115, 434 (1959); A. de-Shalit, Phys. | 
Rev. 91, 1479 (1953). 
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§(J=|fr—j2|) -SU= jitje) is not small compared 
with W(J= | ji— J2|) —W (J = fr pe). 





Using the explicit formula® for the Racah coefficient 
in S(J), we find that 
[J (J +1) — (j2—- fi) (f2—- fir #1) J 
for fi=hty jo=lF} 
(h le Jy 1 C(jrt je) (fatjet+1)—-J (+1) ] (4) 
lie jr) exes for fi=ht} jo=h+4, 


Ctl) (atl+1)—J(J+1)] 


for jrz=h—-} 





tol 


pr=lh— 
where e=(j+/+4)(j+/+ 3). The effects of S(J), 


which always reduces the binding of the state considered, 
increase therefore with J if j1=h-+3, j2=1.*4, whereas 
they decrease with J if ji=ht}, jo=le+}. Hence, if 
we consider W(J)—S(J), the state with J=| j,:—je| 
remains the ground state in the former case (Nordheim’s 
strong rule), whereas it gets closer to J= ji +/je, and 
may even cross it, in the latter case. Thus, for j:=1:43, 
j=}, either J= | ji—j2| or J=ji+j2 may be the 
ground state, the two levels being at any rate close to 
each other. 

If there are more protons and neutrons in the orbits 
jy and js, and if both proton and neutron configurations 
have seniority v=1 (J,=/j1, Jn=je), the situation 
remains the same‘ as long as (2j;+1—2))(2j2+1—2p) 
20. For particle-hole configurations, however, Vo 
becomes effectively a repulsive interaction, the order of 
the levels is inverted, and nothing definite can be said 
about the ground-state spin. 

The case in which the proton and neutron configu- 
rations do not have seniority v=1 is slightly more 
complicated. Consider first Ve. We have, using the 
ordinary Slater expansion,* 


(jr?(Jp) j2"(In)J |X Vo(p,m) | j1?(T p) j2"(In)J) 
53 
Fu Fs / 
X (Fr? p|| LC) || f1J p) 
XK (j2"Inllden Cony || j2"I nF, (5) 


where Ce (p)=[4a/(2k+1) }'Vic(Op,¢p). Using frac- 
tional parentage coefficients we can write the reduced 
matrix elements in (5) in the form 
(Jol pC (p)|| j17J p) 

=p (J ,+I) (AIC DA, (6) 


SBa—ty re) 


where 


f=> (=1)so'tirts pte | 7 J» Js | 
Jp’ Je yi k 


—___ X | (f1? Je’) jr vl} j1J ) |. (7) 
*G. Racah, Phys. Rev. 62, 438 (1942). 
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Taste I. Values of f., Eq. (7), for p=3 and J,=j,—1. 





Xe 

is & 2 4 6 1 3 5 7 
5/2 0.204 0.000 0.045 —0.095 

7/2 0.144 0.051 —0.033 0.036 —0.013 —0.055 

9/2 0.112 0.054 —0.002 —0.026 0.030 0.003 —0.017 —0.038 


The summation in (7) can be carried out, in cases of 
interest, either by using tabulated values of the frac- 
tional parentage coefficients® or the explicit formula 
derived for the fractional parentage coefficients for 
some simple cases.’ The results are given in Table I. 
As seen from this table the correction factor {, decreases 
with increasing k. Since the low multipoles are probably 
the dominant ones in Vo, we see from Eq. (6) and 
Table I that, at least for the interesting cases p=3 and 
Jp=ji—1 (or similarly for m), the modified Slater 
integrals F,’= f,” fF, still represent an essentially 
attractive interaction. Thus also in this case J 
=|J,—J,| will be the spin of the lowest state and 
J=J,+J, that of the next one as long as we con- 
fine ourselves to Vo. 

The effects of }° o,-,Vi(p,n) can be analyzed in 
a similar way. We obtain‘ 


(ji? (Jp) ja” (In)J | i Tp o,Vi(p,n) | jr? (Fp) j2"(In)J) 


(J» Ju J | 
= So (—1)%otat J) 
kk’ lJ, i RI 


 (f1l] 71°" || 71) (Go!| T2°”*’ || 72) 
K fier fier MF p(2IJp+1)n(2Jn+1), (8) 


where! JT!" =[e@XC™ ] is the irreducible tensor of 
order k’ constructed from @ and C™, The product 
(jil| 71°" || 71) (Jol| T2°”*’'|| jo) vanishes for even values 
of k’. For odd values of &’ its sign is (—1)(-2#)+(4-!»), 
On the other hand, we have 


Ig Ja IgtIo 
| pt loo, 
tute 8 4 
| = | 
(—1)7u+"| Jp Jn |Jp Fai | 


>0. 
C -_ 


Combining these results, we see that if the dominant 
contributions to (8) come from low multipoles, for 
which f,20, then the effect of > o,:0,Vi(p,n) is to 
increase the separation between J=|J,—J,| and 
J=JIytIn if fi=h+z}d, jo=lF}, and to decrease this 
separation, or eventually cause the crossing of these 
levels, if jir=h3, jo=lot}. 

The validity of the modified Nordheim rules as 


6 A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952); B. H. Flowers, Proc. Roy. Soc. (London) A215, 
398 (1952); A. de-Shalit, Nuclear Phys. 7, 225 (1957). 

7 C, Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954). 
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formulated by Brennan and Bernstein' has thus been 
demonstrated with relatively few assumptions about 
the residual proton-neutron interaction in nuclei. More 
experimental data, especially on the excited states of 
odd-odd nuclei, are required to deduce more specific 
information on the residual neutron-proton interaction. 
With the modified Nordheim rule as formulated by 
Brennan and Bernstein we can only exclude dominant 
high-multipole interactions in the residual neutron- 


DE-SHALIT AND J. D. 
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proton interaction, if it is of the general form (1). I 
seems that most of the regularities found so far could 
be understood with the assumption that the ratio 
triplet to singlet parts in the residual interaction j 
roughly the same as that of the free proton-neutron 
interactions.!:5 


$C. J. Gallagher and S. A. Moszkowski, Phys. Rev. 111. 129 
(1958). ‘ 
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Level Structure of Eu'®’+ 
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Gamma rays in Eu! following the decay of Sm'** and Gd! have been studied using coincidence and 
angular correlation methods. Results for the strong transitions are in agreement with the decay scheme 
given by McCutchen. Measurements were made of spectra of gamma rays in coincidence with the x-ray, 
70-kev, and the 97-kev and 103-kev transitions in the decay of Gd'**, and with eight energy regions in the 
decay of Sm", A number of new, weak transitions were observed in the decay of Sm", and a consistent 
decay scheme is proposed. Directional correlation measurements were made on the 70 kev—103 kev cascade 
from the decay of Sm" and from the decay of Gd'*8, Possible spin assignments are discussed 


I. INTRODUCTION 


HE beta decay of the 47-hour Sm'®* to Eu'® and 

the electron capture decay of the 225-day Gd'* 
to Eu’ have been studied by a number of investi- 
gators.’ Figure 1 shows the decay scheme given by 
McCutchen.' 
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There is general agreement about the levels at 84 key, 
97 kev, 103 kev, 172 kev, and 187 kev. The 70-kev 
gamma ray has been observed in coincidence with the 
103-kev gamma ray in the decay” of Sm!'® and in the 
decay! of Gd'**; both transitions®® are M1+£2. The 
97-kev gamma ray was first observed by Church and 
Goldhaber'® by means of internal conversion measure- 
ments on Gd'**, This transition'*!* is strongly fed in 
the decay of Gd'*. Recently, Walters ef al.'® observed 
a 97-kev transition with a bent-crystal spectrometer in 
the Sm'** decay with an intensity of less than 5% of the 
103-kev gamma ray. The levels at 84 kev and 187 key, 
and the corresponding gamma transitions have been 
observed by Coulomb excitation.2**8 

The energies of the strong beta components in the 
Sm!** decay have been measured as 803 kev, 698 kev, 
and 640 kev.!:#-!91.3 The 698-kev beta transition has 
been observed in coincidence with the 103-kev gamma 
ray, and the 640-kev beta ray has been observed in 
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Fic. 1. Decay scheme of Sm" and Gd", due to McCutchen.! 
The energies are in kev. The numbers after the intensities are log 


ft values. 


coincidence with gamma transitions of 70 kev, 103 
kev, and 173 kev.*:5:° 

The half-life of the 103-kev level has been measured 
as 4X10- sec,'®4 and the 173-kev level has a half-life 
of 0.14 10-* sec.* McGowan*® observed that the 97-kev 
gamma ray is in prompt coincidence with the K-capture 
x-rays from Gd'**, Vergnes™ obtained a half-life of 
<19~ sec for this level. 

There has been uncertainty over the positions in the 
decay scheme of the 535-kev and 605-kev transitions 
from the Sm'** decay. Dubey ef al.'"° and McCutchen! 
observed that the 103-kev transition and probably the 
70-kev transition are in coincidence with the 535-kev 
transition. The 103-kev transition was observed to be 
in coincidence with the 605-kev transition by Dubey 
et al” 

Some disagreement also exists over the internal con- 
version coefficients and the relative intensities of the 
transitions. Thus, the present coincidence and angular 
correlation measurements were undertaken in order to 
resolve some of the previous uncertainties and to study 
the level structure more completely. 


Il. EXPERIMENTAL PROCEDURE 


Samples of very pure, natural samarium oxide were 
dissolved in nitric acid and irradiated in a flux of 2X10" 
neutrons/cm? sec for periods of seven hours in the Ford 
Nuclear Reactor. Measurements were taken within a 
period of three and ten days after irradiation. This 
allowed the 22-minute Sm'®> and 9.3-hour Eu!" to 
decay. Immediately after irradiation the 842-kev 
gamma ray in Eu!” had an intensity of about one-half 
of the 610-kev transition in Sm'*, The half-life of Sm'* 
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was followed for 32 days, and only these short-lived 
impurities were observed. 

A sample of gadolinium oxide enriched to 36.2% in 
Gd!® was irradiated for 64 hours in the Ford Nuclear 
Reactor. Measurements were begun 36 days after the 
completion of irradiation in order to allow the short- 
lived Gd activities to decay. The only observed im- 
purities were Eu'® and Tb’. The 244-kev gamma ray 
in Eu! and the 298-kev gamma ray in Tb'® each had 
an intensity of about 8% of the 173-kev transition in 
Gd'®, 

A conventional fast-slow coincidence circuit with a 
resolving time of 30 millimicroseconds was used in the 
coincidence measurements. Pulses coincident with 
gamma rays in a selected energy range were fed through 
a linear gate and recorded on a 256-channel analyzer. 
The detectors in all cases were 2-in. by 2-in. NalI(TI) 
crystals mounted on RCA-6342A_ phototubes. A 
Compton shield of 6.4-mm thick lead surrounded by 
0.8-mm Cd and 0.4-mm Cu was placed between the 
detectors in the coincidence measurements. Beta shields 
of 6.5-mm Teflon were used in front of the crystals, 
unless otherwise noted. 

All of the transitions observed in the Sm!® coincidence 
measurements decayed with the proper half-life. In all 
cases the accidental spectra were small and were sub- 
tracted from the curves shown. The x-ray, 81-kev, 
160-kev, and 355-kev gamma rays in Ba'®* and the 
511-kev transition from Na® were used in calibrating 
the energy in the coincidence measurements. 

A fast-slow coincidence circuit with a resolving time 
of 20 millimicroseconds was used in the directional 
correlation measurements. Differential analyzers pro- 
vided energy selection, and lateral lead shields were 
used to prevent counter-to-counter scattering. Data 
were taken in a double quadrant sequence at seven 
angles in each quadrant. The real coincidence rate was 
corrected for electronic drift. After making a least 
squares fit,”® the expansion coefficients were normalized 
and corrected for finite resolution.™ 


Ill. RESULTS FOR Sm" DECAY 
Gamma-Ray Spectra 


Figure 2 shows gamma-ray spectra from the Sm! 
decay as recorded on a 256-channel analyzer. The spec- 
trum shown in Fig. 2(A) was taken with a Teflon beta 
shield ; a weak source was used at 64 cm from the crystal 
in order to avoid accidental and real summing of gamma 
rays in the region of 173 kev. A weaker source at 100 cm 
from the crystal showed the 173-kev transition better 
resolved. In order to obtain better statistics on the high- 
energy radiations, the spectrum shown in Fig. 2(B) was 
taken with a strong source at 5.7 cm from the crystal 


2M. E. Rose, Phys. Rev. 91, 610 (1953). 

*®R. G. Arns, R. E. Sund, and M. L. Wiedenbeck, University 
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with suitable absorbers. Spectra of Na® and Cs'*? were 
taken with the same geometry and absorbers used for 
Sm'® in Fig. 2(A) and 2(B). From these data the 
photoelectric and Compton distributions were deter- 
mined for the gamma rays which are in the regions of 
530 kev and 610 kev. 

The theoretical internal bremsstrahlung was calcu- 
lated in order to determine its effect in the region above 
173 kev, where the gamma transitions are very weak. 
The result is shown in Fig. 2(A). 

Both spectra in Fig. 2 indicate a transition of about 
458 kev in addition to the gamma transitions previously 
reported. 

The iodine x-ray escape peak from the 103-kev 
gamma ray is in the region of the 70-kev transition. In 
order to determine the intensity of the escape peak, 
spectra of the 103-kev transition in Se were taken 


after the weak transitions in the 18-minute Se had 
decayed for about 200 minutes. The Se used for irradia- 
tion was enriched to 97% in Se®. After subtracting the 
very weak Compton distribution due to high-energy 
radiations, these spectra were compared with Sm* 
spectra taken with the same geometry and at the same 
time as the Se*!™ spectra. A frontal shield of 6.5 mm 
Teflon was used in all cases. The spectra are shown i 
Fig. 3. Corrections were made for absorption, crystd! 
efficiency, and iodine x-ray escape. The relative inten- 
sity of the 70-kev gamma ray to the 103-kev gammi 
ray was calculated to be 0.12+0.03 and 0,130.03 at 
source to crystal distances of 2.54 cm and 10.2 cm, 


respectively. 
Background was subtracted from all spectra. All 
parts of the Sm'®* spectra decayed with a 47-hout 


half-life. 
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Coincidence Measurements 

Figure 4 illustrates the spectrum of gamma rays in 
coincidence with the 103-kev transition (89-kev to 
| 116-kev range) from Sm'*, The decreased intensity 
| ratio of the 535-kev transition to the 610-kev transition 
| incomparison with the singles spectrum indicates that 
there is another transition near 535 kev whose intensity 
} is 30410% of the combined intensity. This coincidence 
run was repeated with the gain of the multichannel 
analyzer raised. The resulting data, shown in Fig. 5, 

were used to calculate ax for the 70-kev gamma ray. 
The spectrum of gamma rays coincident with the 
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Fic. 4. Gamma rays in coincidence with 103-kev gamma ray 
(89-kev to 116-kev range) in decay of Sm'%, 
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173-kev gamma ray (166-kev to 191-kev range) is shown 
in Fig. 6. Shielding was used in front of both crystals to 
attenuate the low-energy radiations. Coincidences are 
shown with gamma rays of 154 kev, 352 kev, and 422 
kev. The possibility of the 154-kev transition coming 
from summing of low-energy transitions was eliminated 
due to the small number of coincidences at low energies. 
As will be seen below, this gamma ray along with the 
peak at 525 kev are mostly due tu interference. 
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Fic. 5. Gamma rays in coincidence with 103-kev 
gamma ray in decay of Sm", 
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cm Cd on the crystal feeding the multichannel analyzer and of 1 the ¢ 


0.084 cm Pb, 0.013 cm W, 0.076 g/cm? Ce, and 0.081 cm Cd on the the ‘ — idenc e between the 97-kev and 610-kev trang- then 
crystal feeding the discriminator was used. tions. The 352-kev and 422-kev coincidences with th 








458-kev gamma ray are weak transitions at 67 kev ang 
possibly at 154 kev, the 458-kev transition feeds tht 
ground state. The energy sum of 458 kev and 67 ke 
agrees with the proposed level at 525 kev. The slit 
enhancement near 70 kev on the spectrum showilg 
coincidences with the 500-kev to 540-kev region can be 


173-kev transition support the levels at 525 key pee - 
The spectra of coincidences with the 500-kev to 595 kev, respectively. The proposed 525-kev transitin 500- 
540-kev range and with the 612-kev to 665-kev range 525- 
are shown in Fig. 7. These spectra were taken consecu- 7 — 525- 
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be in coincidence with the 535-kev transition. A weak [ l kev, 
coincidence at 154 kev is also shown. No 70-kev coinci- > 800 | elec 
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Fic. 7. Curve I is the spectrum of coincidences with the 500-kev 


to 540-kev region in decay of Sm!*. Curve II is the spectrum of 
coincidences with the 612-kev to 665-kev region in decay of Sm'®. 





1€ X-fay 


€Ctrum 
ion, 

| COinc. 
kev 4; 
iced jp 
| and t 


10, The 
91 key, 
Pe wit} 
On the 
03-key 
med by 
trang. 
ith the 
eV and 
Nsition 


CUSSEL 
of the 


trans 
coinc- 
is not 
ly, the 
nsition 
re not 
ved in 
s from 
amma 
th the 
sy and 
ds the 
7 kev 
slight 
owing 


-an be 


LEVEL 


attributed to coincidences with the tail of the 458-kev 
gamma ray. 

The spectrum of coincidences with the 52-kev to 
68-kev region support the conclusion that the 458-kev 
gamma ray is in coincidence with the 67-kev gamma 
ray. The other peaks on this spectrum are mainly due 
to coincidences with the 70-kev gamma ray and with 
the iodine x-ray escape peak of the 103-kev transition. 

The position of the 154-kev transition in the decay 
scheme is supported by the coincidence with the 173-kev 
transition, 458-kev transition, 525-kev transition, and 
possibly with the 67 -kev transition. It is very unlikely 
that the 154-kev transition feeds the 638-kev level and 
the corresponding 535-kev transition, since a level would 
then exist at 792 kev. Only 803 kev are available be- 
tween the ground states of Sm‘ and Eu’, Thus the 
coincidences between the 154-kev gamma ray and the 
500-kev to 540-kev region support the existence of a 
525-kev gamma ray. The small number of counts at 
525-kev on the spectrum of coincidences with the 173- 
kev transition (166-kev to 191-kev region) are due to 
coincidences with the tail of the 154-kev gamma ray. 

The weak gamma transitions of 75.4 kev and 89.5 kev 
from the de-excitation of the 173-kev level and at 14.1 
kev, 19.8 kev, and 83.4 kev were observed in conversion 
electron spectra of Gd'* by Graham ef al.”> Joshi et al." 
and Marty’* state that the 83-kev level is possibly 
weakly excited in the decay of Sm!*, 

The energies of the levels below 173 kev and of the 
corresponding transitions shown in Fig. 10 are from the 
internal conversion data on Gd!*8 by Graham ef al. 
Similarly, the multipolarities shown were determined 
by Graham ef al. from experimental L subshell ratios. 
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Fic. 9. Spectrum of gamma rays in coincidence with the 52-kev 
to 68-kev range in decay of Sm', A 0.122-cm Cd absorber was 
used in front of the crystal feeding the multichannel analyzer; 
0.076 g/cm* of Ce was used in front of the crystal feeding the 
discriminator. 
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The value of ax for the 70-kev transition was calcu- 
lated from the x-ray and 70-kev intensities on the 
spectra of coincidences with the 103-kev transition. 
Corrections were made for absorption, crystal efficiency, 
iodine x-ray escape, and x-ray fluorescence yield. A 
value of 4.4+0.3 was determined. 

Using the ax value for the 70-kev transition and the 
singles spectrum, the value of ax for the 103-kev transi- 
tion was calculated to be 1.14++0.11. This is a mean for 
calculations from two spectra at source to crystal dis- 
tances of 2.54 cm and 10.2 cm. The weak transitions 
have a negligible effect on these calculations. 

The value of ax for the 103-kev gamma ray was also 
determined from the x-ray and 103-kev intensities on 
the spectra of coincidences with the 535-kev transition. 
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TABLE I. Measured values of ax for 70-kev, 97-kev, and 103-kev transitions in Eu'®™, 








Transitions 
Isotope 
Author and year 70 kev 97 kev 103 kev used Reference 
Siegbahn, 1952 0.65 Sm'3 og 
Graham and Walker, 1954 5.7+1.0 Sms 4 
Lee and Katz, 1954 0.62+0.15 Sm1s3 5 
McGowan, 1954 3.8+0.2 1.14+0.20 Sm!53 6 
Marty, 1955 1.2 +0.1 Sms 
Dubey et al., 1956 4.4+0.4 1.19+0.15 Sm153 10 
Joshi et al., 1957 3.541.4 0.69+0.08 Sms 11 
Cohen et al., 1955 1.2 Gd! 17 
Bhattacherjee and Raman, 1956 0.67+0.12 Gd! 18 
Bisi et al., 1956 0.70+0.03 Gd! 19 
Gupta and Jha, 1956 0.61+0.03 Gdiss 0 
Marty and Vergnes, 1956 0.3 +0.1 Gdis 1 
Joshi and Subba Rao, 1957 0.15+0.04 Gdl5s 2? 
McCutchen, 1958 <0.4 Gdi5s 1 
Present measurement 4.4+0.3 1.16+0.08 Sm} 








* Based on ag _,,, =0.69. 


The resulting ax is 1.18+0.09. The value of ax for the 
103-kev transition determined from the above two 
methods is 1.16-+0.08. 

The ax for the 97-kev gamma ray can be similarly 
calculated from the spectra of coincidences with the 
610-kev transition (612-kev to 665-kev range). In 
addition to the previously mentioned corrections, the 
presence of the tail of the 535-kev transition in the 
612-kev to 665-kev range was taken into consideration. 
The calculated value for ax is 0.36_0.7+°. 

The data of various investigators on values of ax for 
the 70-kev, 97-kev, and 103-kev transitions are shown 
in Table I. The ax measurements listed in the table for 
the 103-kev transition in the Gd! decay were computed 
assuming that there is no 97-kev gamma ray. Since 
both the 97-kev and 103-kev transitions are strong in 
the Gd'®* decay, the measurements fall between the 
actual values of ax for the 97-kev and 103-kev transi- 
tions. No previous direct determination has been made 
for ax in the 97-kev transition. However, the present 
value of 0.36_0.07+° agrees with the previous calcula- 
tions made from ax for the 103-kev gamma ray and from 
the relative intensities of the 97-kev and 103-kev con- 
version electrons and gamma rays in the Gd! decay. 

Table II gives the theoretical K-shell internal con- 
version coefficients from the tables of Sliv and Band* 
for the 70-kev, 97-kev, and 103-kev transitions. The 
experimental ax=0.36_0.07*°™ for the 97-kev gamma 
ray shows that this transition is predominantly £1. 
Measurements of the K/L ratio**® and of the LZ sub- 
shell ratios*® are less conclusive, but are in agreement 
with this result. 

Graham ef al.* have used L-subshell ratios to deter- 
mine that the 70-kev gamma ray is 98.2% M1+1.8% 
E2 and that the 103-kev gamma ray is 98.4% M1 


31L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICC KL, issued 
by Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) ]. 


0.36_.o7*? 


+1.6% E2. The experimental values of K/L ratios** 
and of ax agree with these assignments. 

The total internal conversion coefficients for the 
70-kev, 97-kev, and 103-kev transitions were calculated 
to be 5.10.5, 0.41_0.0,4°, and 1.38+0.11, respec: 
tively. The contributions from the L conversion 
coefficients were obtained from the data of Sliv and 
Band.” 

The relative intensities of the gamma rays from the 
decay of Sm'* are shown in Table III. The intensities 
of the gamma rays at 70 kev, 103 kev, 173 kev, 422 key, 
458 kev, 525 kev plus 535 kev, and 610 kev were com- 
puted from the singles spectra. Corrections were made 
for crystal efficiency and photofraction, iodine x-tay 
escape, and absorption. The 352-kev gamma ray inten 


sity was determined from its relative intensity to the ) 


422-kev transition on the spectrum of coincidences with 
the 173-kev gamma ray. 

The 67-kev gamma ray intensity was calculated from 
the ratio of the 67-kev and 103-kev intensities on the 
spectrum of coincidences with the 445-kev to 475-ker 
region. Use was made of the fact that the 535-kev trans- 
tion feeds the 103-kev level and that about 40% of the 
total counts in the 445-kev to 475-kev region are due to 
the Compton of the 535-kev gamma ray. In a sim 
manner the 154-kev gamma ray intensity was calculated 
from the spectra of coincidences with the 525-kev trans: 
tion (500-kev to 540-kev region). A small correction 
was made to the 154-kev gamma ray intensity 
account for the de-excitation of the 525-kev level 
the 352-kev and 67-kev transitions, in addition to the 
525-kev transition. Because of the branching ratie 
much of the 154-kev gamma ray observed on the spect 
of coincidences with the 166-kev to 191-kev region cat 
be attributed to coincidences with the Compton of the 
525-kev transition. 

The intensity limit for the 97-kev gamma ray shows 
in Table III is from the measurements with a bet 
crystal spectrometer by Walters ef al." 
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TaBLe II. K-shell internal conversion coefficients 


Theoretical values* 





. -ray Experimental 

a value Fl £2 Mi M2 

i : 
kev 4440.3 063 28 44 ~« SI 
why Olas 02% 12 #17°« 15 
103 kev 023 11 14 12 


1.16+0.08 


———____—_—_- == 


s See reference 31. 


Very weak transitions of 14 kev, 19.8 kev, 75 kev, 
and 89 kev have been observed in the Gd! decay.”® 
Since the levels which feed these gamma rays are excited 
in the decay of both Gd'* and Sm", these weak transi- 
tions also occur in the decay of Sm’, The 83.4-kev 
gamma ray is less than 4% of the 103-kev gamma ray 
intensity in the Sm'* decay.’*"" These gamma rays 
were not within the limits of observation of the present 
research, and are therefore not included in the table. 

In computing the transition intensity for the 173-kev 
transition, the theoretical value of a was determined 
from the tables of Sliv and Band," using a multiple 
mixture” of 63% M1+37% E2. 

The beta transition feeding the ground state has an 
intensity of 20% and an energy of 803 kev.4:5.8-10.11,13 
The intensities and energies of the remaining beta 
transitions have been determined from the gamma-ray 
intensities and energies. The log ft values have been 
computed using these values. 


Directional Correlation Measurements 


The directional correlation for the 70 kev—103 kev 
cascade was measured by accepting pulses in the energy 
range from 70 kev to 115 kev in both differential 
analyzers. After correcting for finite resolution, the 
expansion coefficients from the measurements of the 
Sm'* decay were found to be A.=0.005-+0.007 and 
Ay=—0.007+0.011. The results for the Gd! decay are 
A,=0.006+0.010 and A4= —0.007+0.016. Very dilute 
solutions were used in making both measurements. 

The ground-state spin®: of Eu'®* has been measured 
to be 3. The deformation parameter of 0.30 results jn 
an assignment™ to Nilsson orbit 27, which has a spin of 
it. The spin*® of Sm'** has been determined as 3. This 
is presumably the Nilsson*™ orbit 52, which is the 
expected ground state for N=91 near a deformation 
of 0.25. Alaga*® has used selection: rules for large nuclear 
deformations in analyzing the beta transition between 
the Sm‘ and Eu'* ground states. The log ft value of 
13 indicates that the transition is hindered first for- 


me E. Mack, Revs. Modern Phys. 22, 64 (1950). 


A988) Bleaney and W. Low, Proc. Phys. Soc. (London) A68, 55 


uses R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 


SA. Cabe: E. Lipw rs — 
Re. ils, 233 (1960) orth, R. Marrus, and J. Winocur, Phys. 


G. Alaga, Phys. Rev. 100, 432 (1955). 
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TABLE LIL. Relative intensities of the gamma transitions from 
decay of Sm", (The intensities have been normalized to the 103- 
kev transition. The errors on the intensities for the 67-kev, 154- 
kev, 173-kev, 352-kev, and 422-kev gamma rays are large.) 








Gamma-ray Transition 

E, (kev) intensity a intensity 

67 0.07 

70 130+20 5.1 +0.5 330-50 

97 <50 

103 1000 1.38+0.11 1000 

154 0.07 

173 1.8 0.35 1.0 

352 0.24 

422 0.16 

458 0.5 +0.2 

525 1.3 +0.5 

535 3.5 +0.5 

610 1.1 +0.4 


bidden. This is in agreement with the spin and parity 
assignments. 

The 83-kev and 191-kev levels observed in Coulomb 
excitation have been assigned spins***8 of $+ and 
9/2+, respectively, on the basis of the gamma-ray 
multipolarities and the weakness of the beta transitions 
feeding these levels from Sm", 

The M1-+-E2 nature® of the 103-kev gamma ray 
indicates that the spin of the 103-kev level is 3+, $+, 
or 3+. Since the beta transition feeding the 103-kev 
level is first forbidden, the spin is further limited to 
$+ or §+. 

The M1+£2 multipolarity*® of the 70-kev, 89-kev, 
and 173-kev gamma rays allows spins of 3+ or 3+ for 
the 173-kev level. The log ff value of 6.9 for the beta 
transition feeding the 173-kev level indicates that the 
spin of this level is }+-. 

In interpreting the angular correlation data, the 
multipolarities*® of 98.2% M1+1.8% E2 for the 70-kev 
gamma ray and 98.4% M1+1.6% £2 for the 103-kev 
transition were used. A reasonable error limit of +1% 
for the quadrupole contents of both gamma rays was 
used in making the analysis. The A» versus Q (quad- 
rupole content) curve for a spin } intermediate state 
and spin 3 ground state has a value of zero at Q=0.008. 
Therefore, the experimental A,=0.005 +0.007 for the 
cascade agrees with the spin assignments of $ and $ for 
the 103-kev level and ground state, respectively. In 
this case, the angular correlation does not limit the spin 
of the 173-kev level. Therefore the previously con- 
cluded value of $+ for this level is allowed. 

One spin sequence which is consistent with previous 
experimental data, but unlikely, is ($+, §+, $+) for 
the 173-kev, 103-kev, and ground-state levels. This 
sequence is ruled out by the angular correlation results. 

Therefore, the only sequence allowed by experimental 
data for the levels at 173 kev, 103 kev, and the ground 
state is ($+, 3+, $+). 

Since the 97-kev gamma ray is £1, possible spins for 
the 97-kev level are 3—, §—, or }—. The weakness of 
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Fic. 11. Curve I is scintillation spectrum of gamma rays in 
decay of Gd"**. The peak at 12 kev is due to theiodine x-ray escape 
for the Eu x ray. Curve II is the scintillation spectrum of gamma 
rays from decay of Se*!. The energy axis in curve II is shifted so 
that the peaks in the region of 100 kev in the Sm'® and Gd!® 
spectra correspond. Both spectra were taken at a source to crystal 
distance of 2.54 cm. 


the 97-kev gamma ray from the Sm'* decay and the 
strong intensities of the 97-kev and 103-kev transitions 
from the Gd'® decay indicate that the 97-kev level has 
spin $— or possibly $—. 

The beta transitions feeding the high energy levels 
have log ft values which are first forbidden and first 
forbidden unique. This information and the relative 
gamma-ray intensities suggest the spin assignments 
shown in Fig. 10 for the high-energy states. 
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Fic. 12. Scintillation spectrum of gamma rays in decay of Gd!®. 
The spectrum was taken with the Gd!® source at 5.7 cm from the 
crystal and with absorbers of 0.084 cm Pb, 0.013 cm W, and 0.203 
cm Cd. A small contribution from Eu'® and Tb’ impurities was 
subtracted to obtain the spectrum. 
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Lee and Katz® observed an internal conversion line 
for the 535-kev transition. A re-interpretation of thei 
data for ax results in a high order of multipolarity 
(M3, M4, E4) for the 535-kev transition,!8 However 
Marty® was not able to observe any internal Conversion 
electrons for the 535-kev transition in the presence of the 
beta rays. The magnitude of the internal conyersig 
coefficient should be rechecked. 


IV. RESULTS FOR Gd'* DECAY 
Gamma-Ray Spectra 


Figure 11, Curve I shows the gamma-ray spectrum 
from the Gd'® decay. This spectrum was taken at the 
same time and with the same geometry and absorber 
as the Se*'™ and Sm’ spectra shown in Fig. 3. A cop. 
parison of Gd'* and Sm'® spectra indicates the presence 
of a strong 97-kev gamma ray in the Gd'® decay, in 
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Fic. 13. Spectrum of gamma rays in coincidence with 90-ker 
to 111-kev region in decay of Gd'®. 


addition to the 103-kev gamma ray and a weak 704ker 
gamma ray. The peak at 142 kev in the Gd™® spectrum 
is due to the x ray summing with the gamma myst 
the 100-kev region. 

Curve II of Fig. 11 is the Se*!™ spectrum with tl 
energy axis shifted so that the peaks in the 1004 
region correspond in the Se®!™ and Gd!® spectra. The 
very weak Compton distribution from_high-enem 
transitions was subtracted to obtain the Se*™ spectrum 
shown. After making corrections for absorption, crys 
efficiency, and iodine x-ray escape, the relative intens! 
of the 70-kev gamma ray to the 97-kev and 10346 
gamma rays was calculated to be 0.04-£0.02 for a sou 
to crystal distance of 2.54 cm. The same result ws 
obtained for a source to crystal distance of 10.2 cm. 

Figure 12 shows the gamma ray spectrum taken wi 
a strong source and suitable absorbers. From Fig. , 
and Fig. 2(B) the ratio of the 173-kev gamma My 0 
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the gamma rays in the 100-kev region in the Gd'* decay 
compared to the same ratio in the Sm'* decay is 
0,3740.18. This agrees with 0.32+0.18, which is the 
corresponding ratio for the 70-kev gamma ray and the 
gamma rays in the 100-kev region. 


Coincidence Measurements 


The spectrum of gamma rays in coincidence with the 
97-kev and 103-kev transitions (90-kev to 111-kev 
range) is shown in Fig. 13. Peaks are shown at the 
xray and at 70 kev. The x-ray coincidence is mainly 
from the K-capture x ray preceding the 97-kev and 
103-kev transitions. The small peak at 103 kev is due 
to coincidences with the tail of the 70-kev transition. 

Figure 14(A) illustrates the spectra of gamma rays 
in coincidence with the x ray (36-kev to 46-kev range) 
in the decay of Sm'** and Gd'**, Peaks are shown at the 
xray, 70 kev, and 103 kev for the Sm" decay, and at 
the x ray, 70 kev, 97 kev, and 103 kev for the Gd'® 
decay. 

The spectra of gamma rays coincident with the 70-kev 
transition (70-kev to 80-kev range) in the decay of 
Sm'* and Gd'® are shown in Fig. 14(B). Peaks are 


eT 





Intensity 
Author ratio Method Reference 
Marty and Vergnes 1.05 +0.35 Decomposing 21 
scintillation 
spectrum 
0.9 +0.2 Intensity ratios 21 
in spectra of 
; Sm! and Gd!8 
Joshi and Subba Rao 1+0.1 External conver- 22 
sion spectrum 
McCutchen 1.74 Xenon counter i 
p ae spectrum 
resent determination 0.81 0.09.17 Internal conversion 


coefficients and 
electron intensity 
ratio 





ENERGY (kev) 


shown at the x-ray, 70 kev, and 103 kev in both cases. 
The peaks at 70 kev are due to coincidences with the 
iodine x-ray escape peak of the 103-kev transition. The 
large x-ray intensity on the Gd'®* spectrum is mainly 
due to K-capture x-ray coincidences with the escape 
peaks of the 97-kev and 103-kev gamma rays. 

The coincidence measurements on the Gd! decay 
agree with the previous results!.> for the level structure 
in Eu'®, as shown in Fig. 10. 

The 97-kev to 103-kev gamma-ray intensity ratio 
was computed from the K-shell internal conversion 
coefficients and the intensities of the K-shell internal 
conversion electrons of these transitions. Graham et al.” 
found the ratio of the K-shell electrons for the 97-kev 
and 103-kev transitions to be 0.253. The ratio of the 
97-kev to 103-kev gamma-ray intensities computed in 
this way is 0.81_0.o9**”..A comparison with previously 
determined ratios is shown in Table IV. In these deter- 
minations the 97-kev and 103-kev gamma rays are 
weakly resolved in both the external conversion” and 
xenon counter! spectra. These two spectra! each had 
approximately 135 counts at their maxima. 

The relative intensities of the gamma rays from the 
decay of Gd! are shown in Table V. The ratio of the 
70-kev gamma ray to 97-kev and 103-kev gamma rays 
was computed from the singles spectra. The 173-kev 
intensity was determined from the 70-kev intensity in 


TABLE V. Relative intensities of the gamma transitions from 
decay of Gd", (The intensities have been normalized to the 103- 
kev transition. The errors for the 173-kev transition are large.) 








Gamma-ray Transition 
E, (kev) intensity a intensity 
70 73437 5.1 +0.5 187+83 
97 810_99*!” 0.41_o. 03+? 482_;,+% 
103 1000 1.38+0.11 1000 
173 1.0 0.35 0.6 
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UND AND 
Gd! decay and the 173-kev to 70-kev gamma-ray 
intensity ratio in Sm'® decay. 

The 14-kev, 19.8-kev, 75.4-kev, and 89.5-kev transi- 
tions have intensities which range from about 0.2% to 
0.7% of the 103-kev transition intensity, and the inten- 
sity of the 83-kev transition is about 1.7% of the 103- 
kev transition intensity.2° These gamma rays are not 
included in the table, since they were not within the 
limits of observation of the present research. 

The decay energy between Gd'* and Eu'® has been 
calculated by several investigators from the experi- 
mental ratio of Z to K capture. The various values 
obtained for the total disintegration energy range from 
186 kev to 225 kev.'**! Due to the simplified decay 
schemes assumed in these determinations and the 
nature of the calculations, the errors are expected to be 
large. Using similar techniques, the values calculated 
for the intensity of the transition to the ground state 
of Eu’ vary from 0% to 25%.!"-” 

The electron capture intensities and log ft values 
shown in Fig. 10 for the Gd'* decay were computed on 
the basis that the transition to the Eu'® ground state 
has an energy of 210 kev and an intensity of 10%. The 
gamma-ray energies and intensities were used in these 
determinations. 

V. DISCUSSION 

The nuclear deformation changes from 0.16 to 0.30 in 
going from ¢3Eusgs!* to 63Eugo'™. Mottelson and Nilsson” 
attribute this change to the existence of two minima in 
the curve of nuclear energy as a function of deformation. 
At neutron number V =88 the energy minimum corre- 
sponding to the smaller deformation has a value less 
than the other energy minimum; at V=90 the opposite 
effect takes place. For N=90 excited intrinsic states 
corresponding to the minimum at small deformations 
may exist. Transitions involving a large change in the 


= B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 


M. 





L. WIEDENBECK 
nuclear shape would be expected to have a diminishej 
transition probability. 

Mottelson and Nilsson*’ suggest that in Eyl# th 


ground state, 103-kev level, and 173-kev level cor. | 


spond to the larger deformation (~0.3) and that th 
97-kev level has the smaller deformation. The 8+ love 
at 103 kev may be assigned to Nilsson* orbit 33 The 
state at 97 kev has been assigned a spin of }— or §~ op 
the basis of experimental data. This state Possibly 
corresponds to Nilsson*:* orbit 36 with spin §-, Ty 
weakness of the beta ray feeding the 97-kev in the Sms 
decay may be due to the large change in nuclear shane 
in such a transition.* 

The 83-kev and 191-kev levels are rotational excita. 
tions®* of the ground state with the expected spin valu 
of $+ and 9/2+, respectively. 

Several authors**:*? have suggested that the 173-key 
state (3+) is a rotational level associated with the }+ 
103-kev state in an effort to explain the high intensity 
of the 70-kev gamma ray relative to the 173-kev gamm, 
ray. However, Graham ef al.*® have shown that th 
experimental reduced transition probabilities do net 
agree with the theoretical reduced transition probe 
bilities for rotational states based on the proposed k 
value of 3 for the 103-kev and 173-kev levels. 

The ground-state spin of Gd'® has not been measured. 
The log ft values for the Gd'®* decay feeding the 97-ker 
and 103-kev levels indicate that Gd'®* has a spin of} 
or §. The deformation of Gd'®* is uncertain, but may k 
small.*”7 Nilsson orbit 57 with a spin of $+ is a possible 
assignment.*:*” In this case the log ft value would ind- 
cate a spin of }— for the 97-kev state and the transition 
to this level would be hindered first forbidden, according 
to the selection rules of Alaga.**-*? The transitions to the 
ground state, 103-kev state, and 173-kev state would 
be hindered allowed.*? Retardation effects may als 
exist due to changes in the nuclear deformation. 


38 K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 
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The yield of gamma rays resulting from Coulomb excitation of states in Th* and U** with protons of 4 
to 6-Mev energy have been measured. Gamma rays of 790-, 740-, and 613-kev energy from Th™ and of 
1,02-Mev energy from U8 are observed. For Th*, the variation in gamma-ray yields with proton energy, 
the results from gamma-ray angular distributions, and the linear polarization measurements are consistent 
with the direct excitation of a 2+ state at 790-kev which decays by means of £2 radiation to the /=0+ 
and 2+ members of the ground-state rotational band. In view of the recent results from internal conversion 
electron measurements at Rice University, the 613-kev gamma ray is interpreted to be a transition from a 
2+ 8-vibrational state at 773 kev to the 4+ state at 163 kev. An interpretation of the observed gamma-ray 
yields is carried out taking a y-vibrational state at 790 kev and a 8-vibrational state at 773 kev. The B(£2). 
of the 2+ state at 50 kev in Th is about 150 times the single-particle estimate. The B(£2)q of the vibra- 
tional states in Th™ and U™* are between 2 and 4 times the single-particle estimate. Combining Bernstein’s 
relative internal conversion electron yields with our gamma-ray data, a value of (82) X 10™ for the strength 


parameter p is obtained for the £0 transition between the 2+ 


in Th, 


I. INTRODUCTION 


ARLY work with the Coulomb excitation process 

showed that states at 50' and 760° kev are 
excited in Th. The reduced electric quadrupole 
iransition probability, B(/:2), extracted from the 
Coulomb excitation cross section for excitation of the 
700-key state was about 4 times larger than the 
Weisskopf single-particle estimate. Moore ef al.* 
observed internal conversion electrons corresponding 
to a transition energy of 719 kev when Th*” was 
bombarded with 4.8-Mev protons. If these internal 
conversion electrons are attributed to an /:2 transition, 
the B(E2) deduced from their observed cross section 
is about 10 times larger than the result obtained from 
our gamma-ray data. 

We have made additional studies of Coulomb ex- 
citation of states in Th?” with protons and a@ particles.‘ 
Gamma rays of 790, 740, and 613 kev are observed 
when Th” is bombarded with 4.0- to 6.0-Mev protons. 
The composite peak in the pulse-height spectrum of 
the gamma radiation, which identified the 
i0-kev transition in the earlier measurements,” is 
now attributed to transitions of (790410) kev and 
408) kev. Both the variation in gamma-ray yields 


was as 


with proton energy and the results from the angular 
distribution of the gamma rays were consistent with 
the direct excitation of a 2+ state at 790 kev which 
decays by means of £2 radiation to 7=0+ and 2+ 
members of the ground-state rotational band. The 
energy of the 613-kev transition was about 12 kev too 
small to correspond to the 2+ — 4+ transition. The 
angular distribution of the 740-kev gamma rays could, 


_—_e-_-__— 


o- M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
a H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 

I ~. S. Moore, C. M. Class, F. W. Prosser, and J. P. Schiffer, 
bull. Am. Phys. Soc. 1, 88 (1956). : 

‘ °F. K. McGowan and P. H. Stelson Bull. Am. Phys. Soc. 2, 

407 (1957), : : 


state at 773 kev and the 2+ state at 50 kev 


however, be fitted by £2/M1=0.18+0.04 (decay by 
predominantly M1 radiation). It seemed likely that 
the 2+ excitation at 790 kev in Th*” corresponded to 
a vibrational excitation of a spheroidal nucleus. In this 
connection, we were inclined to exclude the interpre- 
tation of decay by predominantly M1 radiation because 
M1 radiation is forbidden in the decay of vibrational 
excitations.® 

Recently, Bernstein® measured the relative yields of 
internal conversion electrons of three transitions (795, 
733, and 615 kev with an accuracy of +10 kev) from 
Coulomb excitation of Th”. Bernstein observed about 
7 times too many internal conversion electrons in the 
K shell for the 733-kev transition if this transition is 
interpreted as £2 radiation. However, this excess of 
internal conversion electrons could nearly be accounted 
for if the decay is predominantly by M1 radiation 
(8;*/a,*=4.5). An alternative explanation for the 
excess of internal conversion electrons in the 740-kev 
transition is that the 0 mode competes with the £2 
mode in the 2+ — 2+ transition. There is an objection 
to this latter explanation if the 613 kev is not associated 
with the decay of the 790-kev state. In this case, the 
2+ level at 790 kev is probably a y-vibrational ex- 
citation and a possible 40 mode in the 2+ — 2+ decay 
is less probable.’ 

The group at Rice University have remeasured the 
internal conversion electrons from Coulomb excitation 
of states in Th*” with improved resolution.’ In addition 
to the intense transition of 723+4 kev, a weak tran- 
sition is observed at 740 kev in the internal conversion 

5 See, e.g., the review paper by K. Alder, A. Bohr, T. Huus, B. 
Mottelson, and A. Winther, Revs. Modern Phys. 28, 432 (1956). 

6 FE. M. Bernstein, Bull. Am. Phys. Soc. 4, 9 (1959) and (private 
communication), 1957. 

7A. S. Reiner, Ph.D. thesis, University of Amsterdam, 1958 
(unpublished). 

8D. H. Rester, F. E. Durham, and C. M. Class, Bull. Am. Phys. 
Soc. 4, 98 (1959); F. E. Durham, D. H. Rester, and C. M. Class, 
Bull. Am. Phys. Soc. 5, 110 (1960); F. E. Durham, D. H. Rester, 
and C. M. Class, Phys. Rev. Letters 5, 202 (1960). 
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Fic. 1. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of Th™. 


electron spectrum. The intense electron transition is 
attributed to an £0 transition from a 2+ 6-vibrational 
excitation at 773 kev to the 2+ state at 50 kev. With 
this evidence, the 613-kev transition, observed in the 
gamma-ray measurements, is probably associated with 
the decay of the 773-kev state and corresponds to the 
2+ -—> 4+ transition. 

In this paper we wish to report the results of gamma- 
ray measurements from Coulomb excitation of Th™ 
and U8, A discussion of the results in conjunction 
with internal conversion electron data is given. 


Il. EXPERIMENTAL PROCEDURE 


The projectiles used for effecting Coulomb excitation 
were variable-energy protons and singly- and doubly- 
ionized helium ions accelerated by the 5.5-Mv ORNL 
electrostatic generator. The target support arrangement 
and methods of measuring yields, angular distributions, 
and linear polarization of the gamma-rays have already 
been described." The thorium target was prepared 
from a 0.003-inch foil’ which was spotwelded onto 
0.005-inch Ni. The U** target was prepared from 
metallic disks 0.018-inch thick." 


A. Gamma-Ray Spectra 


A typical pulse-height spectrum of the gamma 
radiation taken with a 3- X3-in. Nal scintillation 


9 P. H. Stelson and F. K. McGowan, Phys. Rev. 110, 489 (1958). 

1F. K. McGowan and P. H. Stelson, Phys. Rev. 106, 522 
(1957). 

"F, K. McGowan and P. H. Stelson, Phys. Rev. 109, 901 
(1958). 

2 The thorium foils were obtained from the Metallurgy Division 
of the Oak Ridge National Laboratory. 

8 The U*8 disks were obtained from the Metallurgy Division 
of the Argonne National Laboratory. 
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spectrometer is shown in Fig. 1 for 5.0-Mey proton 
incident on Th*. The gamma rays of (61344) | 
(740+8), and (790+10) kev are due to excitation ; 





Th™. The peak at 760 pulse-height units is much ty 
wide for a single gamma ray. From a knowledge of i}, 
resolution of our detector and from the spectra of the 
gamma rays in the angular distribution measuremen; 
the peak has been decomposed into two peaks at 14 
and 790 kev. To avoid inaccuracy resulting from gigh 
variations in the gain of the spectrometer with changes 
in the counting rate, the spectrum of gamma rays was 
also taken simultaneously with sources of Be? and 2p 
to obtain the energy calibration. From the recent work 
by the group at Rice University mentioned in See, | 
we now know that the composite peak is probably dy 
to four gamma rays of 723, 740, 773, and 790 key 
However, in this section the analysis of the measure. 
ments is based on the excitation of a single state y 
790 kev because these results were obtained betwee 
two and three years ago.‘ An analysis of the results in 
conjunction with the recent internal conversion electro 
data is deferred to Sec. ITT. 

In addition to pulses from gamma rays resulting 
from Coulomb excitation, the spectrum contains pul 
from (a) the local background, (b) the gamma ny 
from proton bremsstrahlung, and (c) the gamma ray 
from nuclear reactions in the light element target 
impurities. The peaks at 525 and 1050 pulse-height 
units are not associated with excitation in Th® but 
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Fic. 3. Differential pulse-height spectrum of the gamma radiation for proton bombardment of U**. 


depend to a certain extent on the surface condition of 
the target. 

Figure 2 is a pulse-height spectrum of the gamma 
radiation when Th” is bombarded with 4.044-Mev He 
ions. The (50+3) kev gamma ray is attributed to 
Coulomb excitation of the 2+ state of the ground-state 
rotational band. The K x rays result from the stopping 
of the @ particles in the target. 

In Table I we have listed the gamma-ray yields from 
Coulomb excitation of states in Th” with protons and 
«particles incident on a thick target. 

A pulse-height spectrum of the gamma radiation 
taken with a 3- X3-inch Nal scintillation spectrometer 
's shown in Fig. 3 for 6.0-Mev protons incident on 
um. The peak at (1.02+0.2) Mev is due to Coulomb 
excitation of a state in U8, As is well known, gamma 
rays from nuclear reactions produced by bombardment 
of low-Z target impurities cause troublesome inter- 


ference in Coulomb excitation experiments. Several 
targets of U*8 from various sources were studied for 
Coulomb excitation of U**. With exception of the 
sample from Argonne National Laboratory, the gamma 
rays from Coulomb excitation were completely obscured 
by low-Z impurities. For example, one sample contained 
by weight 200 ppm Si, 13 ppm Al, 60 ppm Fe, and N 
(amount not known), which gave rise to the following 
troublesome gamma rays: Si**(p,p’) 1.78 Mev, Al?’(p,p’) 
0.842, 1.013, and 2.19 Mev, Al’"(py) 1.37 Mev, 
FeS(p,p’) 0.845 Mev, and N(9,p’) 2.31 Mev. The 
sample of U** from Argonne contained 10 ppm Si, 
7 ppm Al, 12 ppm Fe, and 13 ppm N. In addition to 
the gamma rays shown in Fig. 3 the spectrum also 
contained strong lines corresponding to y rays or 1.37, 
1.78, and 2.31 Mev. Below bombarding energies of 5 
Mev the gamma radiation from Coulomb excitation 
of U** was completely obscured by the 1.013-Mev 
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F. K. McGOWAN AND P. H. STELSON 
TaBLe I. Yield of gamma rays obtained from Coulomb excitation of states in Th 
The evaluation of the integral is given in units of kev mg/cm?. 
Yield of y’s f Es go Em) E'dE 
E,(Mev) E, (kev) per pcoul Excitations/ucoul . dE/dpx B(E2)exe(emié 
6.0 790 (4.96+0.60) x 104 14.40 104 9.50 104 2.00x10-« 
740 (6.83+0.82) x 104 
613 (2.34+0.70) x 104 
5.5 790 (2.47+0.30) x 104 7.76X 104 5.36X 104 1.91X10-« 
740 (3.89+0.47) x 104 
613 (1.26+0.33) 104 
5.0 790 (1.5340.18) « 104 4.33 104 2.62X 104 2.18 10-# 
740 (2.05+0.25) x 104 
613 (6.65+ 1.73) K 10° 
4.5 790 (6.64+0.80) X 10° 1.85 104 1.09 104 2.25 10-# 
740 (8.56+ 1.03) < 10° 
613 (3.00+0.78) x 10° 
4.0 790 (2.18+0.26) K 108 5.99 108 3.31 10 2.38X 10-8 
740 (2.69+0.32) « 10° 
613 (1.01+0.26) x 10° 
4.044" 50 (1.04+0.12) x 104 3.28 X 10° 1.71 104 6.31 10-8 





* a particles. 


gamma ray from Al?’(p,p’). In order to remove the 
contribution of the 1.013-Mev gamma ray from the 
spectrum, the yields from Al and U8 were measured 
as function of proton energy from 3.0 to 6.0 Mev. In 
Table II we have listed the yields of gamma rays from 
Coulomb excitation of U8. The yields could have been 
studied over a wider range of proton energy if the 
impurity content of the U** had been an order of 
magnitude less for Al and N. Since the excitation in 
U*8 is probably analogous to that observed in Th”, 
we have taken the excitation energy to be 1.04+0.02 
Mev for the 2+ state which decays by £2 radiation to 
I=0+ and 2+ members of the ground-state rotational 
band. 


B. Gamma-Ray Angular Distributions 


The angular distributions of the 790-, 740-, and 613- 
kev gamma rays from Coulomb excitation of Th?” were 
measured with respect to the incident proton beam on 
a thick target of Th at E,=5.0 Mev. A typical pulse- 
height spectrum of the gamma rays taken at 6=90° 
and 0° is shown in Fig. 4. The fact that the 790-kev 
gamma-ray distribution is peaked in the forward 
direction suggests immediately the direct excitation of 
a 2+ state at 790 kev. If the nuclear excitation were 
electric dipole Coulomb excitation, the 790-kev gamma- 


ray distribution 
position of the 
spectrum of the 


would have been peaked at 90°, Ty 
composite peak in the _pulse-heigh 
gamma rays at 6=90° is determing 
primarily by the 740-kev transition. In Table II» 
have listed the observed angular distribution coef. 
cients (A,a,G,) for the composite correlation involving 
the 740- and 790-kev gamma rays for several measur. 
ments at £,=5.0 Mev. The errors quoted for thes 
coefficients in Table III include the standard deviation 
to be expected from the finite number of counts collectei 
and a decentering error. The coefficients for Ws 
were deduced from 0.59 W (@)740= W (®)composite 0s! 
W (@)790, where W (@)7z90 is the distribution function for 
the transition sequence 0(£2)2(£2)0 and 0.59 and 041 
are the relative intensities (areas) of the full enemy 
peaks of the 740- and 790-kev gamma rays, respectively 
in the pulse-height spectrum. The thick-target partic 
parameters, (d2G2),=0.89 (asG4),=0.07, were 
obtained from curves in a previous paper." Since the 
coefficient of P4(cos@) is relatively small in the composite 
correlation, we have not used this coefficient in deducng 
a value for E2/M1 for the 2(£2+M1)2 transition 0 
740 kev. The values of 6=(E2/M1)? were obtaine! 
from the A, given in column 5 of Table ITI. The anguat 
distribution of the 740-kev gamma rays can be fitted by 
F2/M1=0.18+0.04 (decay by predominantly Mf 
radiation) or by £2/M1> 10°. Since it seemed likely 


and 


TABLE II. Yield of gamma rays from Coulomb excitation of the 1.04-Mev state in U™8, 


ead ———— 














Yield of +’s Excitations { "Fs go(Emi)EGE ae 
E,(Mev) ___ per peoul per pcoul Jo dE/dpx €B(E2)exe(cm'e)” 
6.0 (3,000.60) x 10* 3.03 X 104 3.62X 104 11.8X10% 
5.5 (1.10-+0.38) x 104 1.11 104 1.68X 104 9.3X107 
5.0 (4.7+1.4) K 108 4.75X 108 6.37 X 108 10.5X 10 
— ——— eee —<————— 
* «is the fraction of the excitations which decay through the 2+ —0+ and 2+ — 2+ transitions which were observed in the gamma-ray spectrum 
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COULOMB EXCITATION OF STATES IN Th?*? AND U?#* 1807 

shat the 2+ excitation at 790 kev in Th” corresponded 10° 1 

a vibrational excitation of a spheroidal nucleus, we OCH ARTES oR RI 7,232 mien 
vere inclined to exclude the interpretation of decay by _ et i Cotstn "| 
oedominantly M1 radiation for the 740-kev transition | a he tO cm acts 
because M1 radiation is forbidden in the decay of i) aman T t 730 | 
vibrational excitations. ° Za a t | - aon) GORD SERCRS, een 
ae of the recent internal conversion electron | pom | | : piety | 
ta.’ the 613-kev transition could be interpreted as . ee | ee | ) | 

i £2 transition from the 2+ state at 773 kev to the . * rs “ | = a 

j4 state of the ground-state rotational band. To test 3 ia 4 | ;o | | | 

this point we measured the angular distribution of the 3 ' el 2 | a, | | 

(13-kev gamma rays and found the distribution to be ie “i | i : 

isotropic to within +4%. For the conditions of our “7 eee wie: . —¥ RMN : rer ers 
axperiment, we should have observed an anisotropy of = PRE, Se MEER Ge orca ent ween 
13%. However, we could have missed detecting an ® l ea 20% Tf cy oe | 
uisotropy of this magnitude because the background e 2S eee + 2 | ft, 
ysociated with the gross intensity under the 613-kev ee | _B sngatagen i 
full-energy peak was about 60% and we took the back- | | hy Bs 

sound to be isotropic. — ——++ t + 

Since the evidence for the assignment of the 613-kev | 

mamma ray to the 2—> 4 transition was somewhat in 2+ + ' — 

doubt, we examined other possible interpretations, 
Excitation of a 1— state with K=O at 663 kev would | 
count for the nearly isotropic distribution of the Ps ; 
(13-kev gamma rays but there is no evidence for a 500 600 700 800 900 1000 1100 1200 


(63-kev transition in the gamma-ray spectra of the 
angular distribution measurements. In addition the 
yield of 613-kev gamma rays increases too rapidly with 
the bombarding energy for the excitation of a state at 
(63 kev. In fact, the yield of 613-kev gamma rays 
agrees better with the #2 excitation of a state near 
190 kev. 

After the completion of these measurements,‘ 
Bernstein measured the relative yields of internal 
conversion electrons of three transitions (795, 733, 
and 615 kev) from Coulomb excitation of Th”. Bern- 
tein observed about 7 times too many internal con- 
version electrons in the AK shell for the 733410 kev 
transition if this transition is interpreted as /2 radi- 
ation. These electrons from the 733-kev transition are 
probably to be identified with the internal conversion 
dectrons from the 7234 kev transition observed by 
the group at Rice University.’ The excess of internal 
wnversion electrons in the K shell observed by Bern- 
sein could nearly be accounted for if the decay is 
predominantly by M1 radiation because the ratio of 


PULSE HEIGHT 


Fic. 4. Pulse-height spectrum of the gamma rays from Th? taken 
at 6=0° and 90° with respect to the incident proton beam. 


internal conversion coefficients By*¥/as* is 4.5.4 In 
view Bernstein’s results, we have measured the 
linear polarization-direction correlation of the 740-kev 
gamma rays to remove the ambiguity in the inter- 
pretation of the gamma-ray distribution data. 


of 


C. Polarization-Direction Correlation 


Biedenharn and Rose'® have expressed in a con- 
venient form the polarization-direction correlation with 
polarization of the mixed radiation being measured. 


M4 See, e.g., M. E. Rose, Internal Conversion Coefficients (North- 
Holland Publisking Company, Amsterdam, 1958) or L. A. Sliv 
and I. M. Band, Leningrad Physico-Technical Institute Reports, 
Part I, 1956; Part II, 1958 [translation: Reports 57ICC K1 and 
S8ICC L1, issued by Physics Department, University of Illinois, 
Urbana, Illinois (unpublished) J. 

'®L. C. Biedenharn and M. F. Rose, Revs. Modern Phys. 25, 
729 (1953). 


‘ABLE IIT. Proton-gamma angular distribution coefficients observed at E»=5.0 Mev for the composite correlation involving the 740- 


W (0) composite W (0) 740 


AraxG, 


and 790-kev gamma rays. The coefficients for W (6)740 were deduced from 0.59 W (6)740 = W (@)composite—0.41 W (0) 790. 


aR A 4asGy4 A 2d2Ge A 4asGy4 A 2 A 4 é= (E2/M1)4 a 
0,0860.008 0.029+0.010) —0.076 0.006 —0.085 —0.08 —0.46 or —83 
hirnye — (0.032+0.010) —0.065 0.001 —0.073 —0.02 —0.44 or >100 
meee - (0.029-+0.012) —0.015 0.006 —0.017 —().09 —0.35 or 12 
aan — (0.047+0.015) 0.047 —0.023 0.053 0.33 0.41 or 33 
. 50.009 ~ (0.042+0.012) —0.078 —0.015 0.087 0.21 —0.47 or —70 
-107+0.008 — (0.023+0.008) — 0.039 0.016 0.044 —0.23 —0.39 or 23 

—=====_» _ 


* For the definition of 3, see L. C. Biedenharn and 





M. E. Rose, Revs. Modern Phys. 


25, 729 (1953). 
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The correlation function has for a gamma-gamma 
cascade the form 


W (0,6) =W1t+8Wir4 26Wins, 


where 6 is (E2/M1)*. W;, Wi, and Wry are the 
polarization-direction correlation functions for pure 
24 pole-pure 2”* pole, pure 2” pole-pure 2/*+' pole, 
and the interference term, respectively. @ is the angle 
between direction of polarization and the normal to 
the plane defined by the directions of propagation of 
the two gamma rays in cascade and @ is the angle 
between the directions of propagation of the two 
gamma rays. For gamma rays following Coulomb 
excitation, one replaces A, appearing in the correlation 
functions above by A,a, where a, is the particle parame- 
ter that enters in the Coulomb excitation process, and 
one takes L,;=2 (electric quadrupole excitation). 

Our polarimeter, which is based on the Compton 
scattering mechanism, has been described in a previous 
paper." The polarimeter is arranged so that @=90°. 
We measure NV,,/N,, the ratio of the coincidence rate 
for the position when the detector of the Compton 
scattered photons is in the plane of the two gamma 
rays to the coincidence rate for the perpendicular 
position. The ratio of the linear polarization intensities 
of the gamma ray is given by P= W (90°,90°)/W (90°,0°) 
and is connected to the ratio N,;,/N, by the relation 


Nu /Ni=(P+R)/(PR+1), 


where R is the sensitivity of the polarimeter. The 
polarimeter has been calibrated previously for gamma- 
ray energies of 200 to 500 kev by the use of known 
polarizations of gamma rays from Coulomb excitation." 
For the measurements discussed in this paper, we have 
used the known polarization of the 803-kev gamma ray 
from Coulomb excitation of the 2+ state in Pb*® to 
calibrate the polarimeter. To assure that the axis of 
rotation of the detector passed through the target, the 
following alignment procedure was used. First, the 
location of the proton beam on the target was deter- 
mined. Then a source of Nb®*(765 kev) of the same 
area as the beam was placed on the target at this 
position. The axis of rotation was adjusted until the 
coincidence counting rates showed that N,,/N, did 
not differ from unity by more than 0.5%. For 5-Mev 
protons incident on a target of lead containing 88% 
Pb”, the measured value of N,,/N, is 0.611+0.031. 
This value for V;,/N, leads to an experimental value 
for R of 2.76+0.49. 


TABLE IV. Summary of the quantities obtained from B(E2)exe for Th. The values for B(£2) are in units cme. The B(E2)ex t0™ | 
790-kev state does not include the transitions resulting in the decay by the ZO mode. 


McGOWAN AND P. H. 


STELSON 


We observed the composite linear polarizatigy, ? 
direction correlation of the 790- and 740-key pro 
rays from Th with 5-Mev protons. The values ofp 
(6=2/2) with weighting factors of 0.41 and 0.59 fy 
the 790- and 740-kev transitions, respectively, x 
2.49+0.04 for 6= — (0.42+0.05), 1.22 for 5=10 1 
for 6=—10, and 1.26 for |6| 2107. The result of the | 
measurement is N,,/N,=0.886+0.025 and this leat 
to an experimental value for P(@=2/2)=1,2949; 
This result is consistent with the assignment #> 10 
the 740-kev transition. 


III. REDUCED TRANSITION PROBABILITIES 


The total internal conversion coefficient, a7, must 
known in order to relate the cross sections to the o}. 
served gamma-ray yields. For this purpose the cag. 
lations of Rose and of Sliv and Band have been used 
For the K and L shells, these calculations include th 
effect of the finite size of the nucleus. In the case 9 
the M shell, the unscreened calculations by Rose hay 
been used together with an empirical screening facte 
(M se/Munse) of 0.6. For the V and O shells we have ue 
a (N+0)/L ratio of 0.06. Column 6 of Table IV lixs 
the ar’s for E2 transitions. To avoid confusion th 
reduced transition probabilities for excitation and fx 
decay are written as B(E2).x. and B(E2)4. Numerial 
values of the theoretical thick target integral, which { 
relates the cross section to the thick target yield o 
gamma rays, are listed in Tables I and II. In columé 
of Table IV, we have taken B(F2),, to be equal t 
(1/42) | 3R? |? where R= 1.2 10-4! cm.'* The B(E)), 
for the 790-kev state in Table IV does not induk 
transitions from the decay of this state by the £0 mot 
Comparing the relative internal conversion electm 
yields with our gamma-ray yields for the 790- and 7# 
kev transitions, Bernstein obtains for the 740-ke 
transition a K-shell internal conversion coefficient ¢ 
(8.8+4)x10~. If this contribution to the decays 
included in the yields for excitation of the 7%4e 
state, the B(E2)xe for the 790-kev state should & 
increased by 3.7% in Table IV. 

The evidence for excitation of the 6- and 7-vibr- 
tional states in Th” seems fairly firm. As a result we 
have attempted an analysis of the gamma-ray data 
conjunction with the internal conversion electron data 
An analysis of the composite peak at 740 to 790 kevi 
the gamma-ray spectrum into 4 gamma-ray peaks 4 








16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physis 
(John Wiley & Sons, Inc., New York, 1952), Chap. XII. 








E,(kev) B(E2)exeX 10" Transition 
50+3 63_,*” 2—0 
790+ 10 2.18+0.25 2-0 
740+8 Sunt 
61346 2—4 


= — a —- = — a | 
B(E2)ax 10" aT B(E2)4/B(Bn 
12.6 316 149 
0.44+0.05 1.59 10-2 5.1 
0.82+0.19 1.8410 9. 
0.72+0.22 2.72X10* 8.9 
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COULOMB EXCITATION OF 


TABLE V. Summary of the transition intensities fc 


STATES 


IN Th?3? 238 1809 


AND U 


or the B- and y-vibrational excitations in Th®™ 


deduced from the gamma ray and the internal conversion electron data, 
Transitions per Excitation Excitations per B(E2)excX 10” 
E,(Mev) E,(kev) peoul energy (kev) peoul (cme?) 

6.0 790 2.09X 104 790 6.03 X 104 0.84 
740 3.94X 104 

77 2.95 X 104 773 8.97 X 104 1.17 
723 3.62 104 
613 2.40X 104 

5.5 790 0.93 X 104 790 3.26X 104 0.80 
: 740 2.33X 108 

773 1.58 X 104 773 4.83X 104 1.11 
723 1.96 104 
613 1.29 104 

5.0 790 7.1 X10" 790 1.94X 104 0.98 
740 1.23 104 

773 8.39X 10% 773 2.55 104 1.18 
723 10.33 X 108 
613 6.83 X 108 

4.5 790 2.97 K 10° 790 7.81X 10° 0.94 
740 4.84X 10° 

773 3.78 X 108 773 1.15X 104 1.27 
723 4.66 10° 
613 3.08 X 10° 

4.0 790 0.93 X 10° 790 2.36X 108 0.94 
740 1.43 10° 

773 1.28X 10° 773 3.89 108 1.38 
723 1.57 X 10° 
613 1.04X 10° 

723, 740, 773, and 790 kev would be quite arbitrary respectively, is given in Table V. We have neglected 


with the resolution available from a scintillation spec- 
trometer. We have instead taken an indirect approach 
as follows. The position of the 4-+ state of the ground- 
state rotational band in Th*” is now known to be at 
16342 kev from the multiple Coulomb excitation data 
by Stephens ef al.’ The 613-kev transition in our 
gamma-ray spectrum is identified with the 2+ — 4+ 
transition between the states at 773 and 163 kev. With 
the assumption that the relative reduced transition 
probabilities for the 8-vibrational excitation are given 
correctly by the collective model, 


BL E2, 2(8) — 2]/ BLE2, 2(8) — 0]=1.43 
and 


BLE2, 2(8) > 4]/B[E2, 2(8) > 0]=2.57 


the intensities of the 773- and 723-kev transitions are 
deduced from a knowledge of the intensities of the 
613-kev transition given in Table I. This decom- 
position of the transition intensities for the B- and 
y-Vibrational excitations in Th” at 773 and 790 kev, 





"F.S. Stephens, R. M. Diamond, and I. Perlman, Phys. Rev. 
Letters 3, 435 (1959). 


TABLE VI. Summary of quantities obtained from B 


any contribution of the 2— 4 transition in the decay 
of the y-vibrational excitation because this transition 
is predicted to be weak by the collective model, 


B[E2, 2(y) 41 BLE2, 2(y) > 0]=0.07. 


The low-lying states and transitions observed in the 
Coulomb excitation of Th*” are shown in Fig. 5. 

The excess of internal conversion electrons observed 
from Coulomb excitation of the vibrational states in 
Th” may be interpreted in terms of an £0 mode which 
competes with the £2 decay in the 2+ — 2+ tran- 
sition from the 6-vibrational excitation at 773 kev. 
The K-shell internal conversion coefficient quoted 
above from Bernstein’s data, when reinterpreted in 
terms of the transition intensities in Table V, leads to 
a value of (1.7+0.8)X10" for electric-monopole 
conversion in the A shell. The transition probability 
T (£2) for the 723 kev 2+ — 2+ transition is (8.4+2.1) 
X10" sec". The value of the dimensionless strength 
parameter,'® p, which contains the £0 nuclear matrix 
elements, deduced from these data is (8+2)1i0™. 





18 EF. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 


(E2)exc. The values for B(£2) are in units cm‘e?. 








___ Nucleus E, (kev) B(E2)excX 10% Transition B(E2)aX 10% B(E2)a/B(E2)ap 
Th 790 9.0+2.3 2-0 1.8+0.5 21 
740 2-2 4.6+1.6 5.5 
773 12.2+2.4 20 2.4+0.5 2.8 
723 2—2 
. 610 2-4 
Us 1040 16.443.1 20 3.340.6 3.7 


ee 
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Fic. 5. Energy-level diagram of transitions observed from 
Coulomb excitation of Th”. The rotational energy-level scheme 
for the ground-state band is taken from F. S. Stephens, R. M. 
Diamond, and I. Perlman, Phys. Rev. Letters 3, 435 (1959). 


Reiner has made a calculation of the strength parameter 
p for the case of 8-vibrational excitation in strongly 
deformed nuclei.’ The monopole matrix element con- 
tains a parameter #/2(B,C2)', the zero-point amplitude 
in the harmonic approximation. A value for the zero- 
point amplitude was determined from the B(£2)ex¢ of 
the vibrational state in Th given in Table IV. In 
addition, the nuclear deformation 8B) was taken to be 
equal to 0.245. The result was p~5X10~'. This result 
must be scaled down slightly in view of the analysis of 
the data from Th with the 6-vibrational excitation 
at 773 kev. Also, the B(£2)x. of the 2+ rotational 
state of the ground band corresponds to a value of 
Bo=0.209. The net result is p~3.4X10~'. A direct 
measurement of the lifetime for the decay of the 2+ 
state at 50 kev in Th® by Bell et al.’ yields B(E2)ecx- 
= (8.50+0.37)X10~* e’cm* which corresponds to 
8o=0.242. The resulting p value is then 4.0107. The 
predicted values are considerably larger than the experi- 
mental result. Reiner has, however, pointed out a 
difficulty in transforming the monopole operator into 
collective variables. This point could leave room for 
some disagreement between theory and experiment for 
collective transitions. 

Our B(E2).x. for the 2+ state at 50 kev in Th” is 
about 34% smaller than the B(£2).x¢ deduced from the 
measured lifetime’ for decay of the first rotational 
state. In the analysis of the gamma-ray yields with 
a-particle bombardment, we stand that there was 
no oxygen in the target. If our target in the Coulomb 


1 R. E. Bell, S. Bjornholm, and J. Severiens, Bull. Am. Phys. 
Soc. 5, 338 (1960). 
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excitation measurements had been ThOs, 


: : We could 
account for this discrepancy. 


| This explanation seems 
rather unlikely because we were using metallic foil 
rR 


and the surface was ee before e 
The error in the B(£2), 
does, however, 


ach measurement 
: . for the first rotational state 
contain a possible error due to the 
surface condition of the thorium target. 

From the knowledge of both the position and qh 
B(E2)exe for a vibrational state, one can deduce the 
vibrational parameters B; and C2, where By is the mn 
transport associated with the vibrational motion and 
Cy represents the effective surface 
8-vibrational state we have 


tension. For the 


E3=h(Cs/Bs)! and BLE2, 2(8) +0] 


1/3 a 
( ZR — 
5\4ar 2(BxC; 


We take £s=0.723 Mev, BLE2, 2(8) — 0]=24x 194 
cm‘e?, and R=1.2X10 vty cm. The values obtained | 
are Cg=420 Mev and Bg/Birro:=22. The value for 
Birrot 1S 1.57K10-" Mev se 
Birrot= (3/89) AM R?. 

lor the y-vibrational state we use’ 


which is obtained from 


E,=n(C,/B,)' and BLE2, 2(y) 0) 


(eV)? h 


167 2(B,C,)! 
We take /£,=0.740 Mev, Qo=9.2X10-™ cm? and 
BLE2, 2(y) + 0]=1.8X 10-" cmte?. The Qo is deduced 
from the measured lifetime for decay of the first 1o- 
tational state. The values obtained are C,=35 Mev 
and #?/B,=0.016 Mev. 


Tamura and Udagawa™ have 
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Fic. 6. Energy-level diagré im of transitions observed Irom 
Coulomb excitation of U*8. The rotational energy-level scheme 
for the ground state band | is taken from F. S. Stephens, R. M 
Diamond, and I. Perlman, Phys. Rev. Letters 3, 435 (1959). 


2 T. Tamura and T. Udagawa, Nuclear Phys. 16, 460 (190). 
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COULOMB EXCITATION 


suggested that h?/ B,==3h?/9, where 9 is the moment 


CO the | 
| transition. The 2+ — 4+ transition of 892 kev could 


and th 
luce the 
he Mass 
ion and 
For the 


h 
By) 
X 10-8 
btained 
lue for 
d from 


3,C,)! 


? and 
duced 
st ro- 
) Mev 


have 


0). 


of inertia. For Th” we have 3f2/3=0.050 Mev which 
is 3 times larger than #?/B,.”! 

We have taken the excitation in U** to be a 8 
vibration because internal conversion electrons have 
heen observed from the £0 mode in the 2+ — 2+ 


have escaped detect ion in our gamma-ray measurements 
because such a transition would have been obscured by 
the 842-kev transition from the Al’ impurity.” The 
values obtained for the vibrational parameters are 
(,=451 Mev and Bg ‘Birrot= 11.9. The low-lying states 
and transitions observed in the Coulomb excitation of 
[8 are shown in Fig. 6. 

The energies of the states in the ground-state ro- 
tational band of Th*™ have been fitted to the expression 
£,=Al(U+1)+BP +1)", where the second term is 
a correction attributed to the rotation-vibration inter- 
action” The value obtained for B is —1.210- kev. 
An estimate of B can also be extracted from the known 





1 Note added in proof. B. L. Birbrair, L. K. Peker, and L. A. 
Sliv, Soviet Phys.-JETP 9, 566 (1959) and J. Exptl. Theoret. 
Phys. (U.S.S.R.) 36, 803 (1959) have obtained an expression for 
BLE2, 2(y) +0] based on a Hamiltonian for y vibrations which 
isnot the same as that used by Tamura and Udagawa. The reduced 
transition probability from the 2+ vy vibrational state to the 
ground state is B(E2,2(y) +0]= (3Z,R?)?(60?/5)[#/(ByC,)*] 
and the energy of the first y vibrational level is £,(2+) =hw,+h/9. 
In this case the values obtained are C,=72 Mev and #?/B, 
=0,0083 Mev for Th®. 

2B. Elbek, F. S. Stephens, and R. M. Diamond, Proceedings 
of Second Conference on Reactions between Complex Nuclei, 
Gatlinburg, Tennessee, May, 1960 (unpublished). 

% We have included the contribution from the decay mode by 
the 2+ — 4+ transition to the intensity of the 2+ §-vibrational 
excitation on the assumption that the relative reduced transition 
probabilities for a 8-vibrational excitation are given correctly by 
the collective model. 
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locations of the 8- and y-vibrational states by the use 
of the expression B=—}é[3/Eg+1/E,], where 
e=h’/d. The value obtained is —1.7X10~ kev. This 
value is about 42% larger than the required value. 

According to the strong coupling collective model 
the branching ratio, B(E£2,2— 2)/B(£2,2—0), for 
the decay of a 2+ vibrational state to the 2+ and 0+ 
levels of the ground-state rotational band is 1.43.° 
Observed value for the decay of the y-vibrationai state 
at 790 kev is 2.61.1. 

As an alternative description, the 790-kev state in 
Th?” is identified with the second 2+ state of the 
rotational band of an axially asymmetric nucleus.” 
The energy ratio, £2(2’+-)/#£,(2+-)= 15.8, corresponds 
to a value of y=10°. According to Davydov and 
Filippov, the ratio of the reduced transition proba- 
bilities B( #2, 2’ 0)/B(E£2,2-+0) for the decay of 
the second and first 2+ states to the ground state is 
2.88 10~°. The experimental value is (1.4+0.4)x10~. 

The above discussion of the determination of the 
values of B(£2)cxe assumed that the observed y-ray 
yields resulted solely from Coulomb excitation. The 
Cross section, Geomp, for formation of the compound 
nucleus from estimates based on barrier penetrabilities!® 
is one to two orders of magnitude smaller than the 
cross section for Coulomb excitation of Th”. Estimates 
of [o(p,p’) Jeomp for medium weight nuclei® indicated 
that [o(p,p’) Jeomp is much less than geomp. These esti- 
mates suggest that compound nucleus inelastic scat- 
tering would not introduce appreciable error in the 
determination of Coulomb excitation cross sections. 

4 A. S. Davydov and G. F. Filippov, Nuclear Phys. 8, 237 
(1958). 
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Magnetic Resonance Determination of the Nuclear Moment of 
Tantalum-181 in KTaO,+ 
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The nuclear magnetic moment of Ta'*' is found from the nuclear magnetic resonance of Ta'*! in KTaO, 
The uncorrected value of the moment is 2.340+0.001 nm. Consideration of diamagnetic shielding effects 
and a possible second order paramagnetic correction leads to the estimated value of x= 2.35+-0.01 nm. 





INTRODUCTION 


N recent years considerable interest has been shown 

in a precise determination of the ground-state 
nuclear magnetic moment yw of trantalum-181 (Ta'*') 
both for its application to the solid state’? and for 
its importance in the theory of nuclear structure.* The 
observation of the nuclear magnetic resonance of 
Ta'* in potassium tantalate, KTaO;3, which was 
briefly reported earlier,‘ permits a much more precise 
value of the ground-state nuclear magnetic moment of 
Ta!*! to be obtained than was previously available from 
optical data. Although Ta'*' has a 100% natural 
isotopic abundance and a nuclear gyromagnetic ratio 
almost as large as that of deuterium, the broadening of 
the resonance line due to the interaction between the 
exceptionally large electric quadrupole moment of 
Ta'*' and internal electric field gradients may be the 
reason that its resonance had not been previously 
observed. In the specimens of KTaO; investigated here, 
the cubic environment of the tantalum was sufficiently 
perfect so that the resonance of the Ta'*' was not 
“washed out” by random quadrupole interactions. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The nuclear magnetic resonances were observed by 
means of nuclear induction using a Varian wide-line 
nuclear magnetic resonance spectrometer, and a 
Varian electronically regulated electromagnet having 
12-inch diameter poles and a 1.75-inch gap. Frequency 
determinations were made using a U. S. Navy Type 
LM-7 frequency meter calibrated with its internal 
crystal which was checked against the National Bureau 
of Standards radio station WWV. The magnetic field 
was measured with a gaussmeter of the Pound-Watkins 
type using the lithium-7 nuclear magnetic resonance in 


+ Supported in part by the Department of Defense. 

1H. C. Torrey, Suppl. Nuovo cimento 9, 95 (1958). 

2. Apgar, Ph.D. thesis, Rutgers University, 1957 (un- 
published). 

3A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 

4L. H. Bennett and J. I. Budnick, Bull. Am. Phys. Soc. 4, 
417 (1959). 


a sealed probe placed near the spectrometer probe. Both 
the absorption and the dispersion modes were observed. 
The amplitude of the modulation field was less than 
one-half the linewidth in every case. The center of 
the resonance was determined by adjusting the magnetic 
field to the maximum value of the observed derivative 
of the dispersion. Repeated measurements of the center 
of the resonances agreed within one gauss or less, All 
measurements reported made 
temperature. 

The magnetic resonances were observed in KTa0; 
which has the cubic perovskite structure shown in 
Fig. 1. KTaO has a ferroelectric Curie point’ at 13.2°K. 
Higher Curie points have been reported, but these were 
due to Na impurities.® 

The specimen used for the measurements on which 
the value of the magnetic moment is deduced was 
composed of many very small colorless crystals of 
KTaO3, which were grown from a melt consisting of a 
mixture of TasOs and K,COs3. Spectroscopic examina- 
tion of this specimen revealed between 0.01 and 0.1% 
each of calcium and aluminum impurities. All other 
impurities totalled under 0.02°;. 

Typical recorder traces of the absorption and disper- 
sion derivatives of the nuclear magnetic resonance of 
Ta'*! in KTaO; are shown in Fig. 2. The line width is 
roughly 10 gauss corresponding to a “spin-spin” 
interaction time, 7:=10-* second. Noting the near 
equality of the amplitude of the traces, it is concluded 
that the approximately 4 gauss intensity of rf field does 
not cause appreciable saturation. This leads to a value 
of the spin lattice relaxation time, 7), of about 10 
second. It is understood that the values of 7; and 7; 
quoted here may be off by as much as an order df 
magnitude. 

The magnetic resonance of Ta'*! 
in a single crystal of KTaO; which was blue in color, 
indicating an oxygen deficiency. The signal to noise was 


here were at room 


was also observed 


too poor to make accurate measurements but a change 
in linewidth was noted as the crystal was rotated in the 


‘B. T. Matthias, Phys. Rev. 75, 1771 (1949); J. K. Hulm, 
B. T. Matthias, and E. A. Long, Phys. Rev. 79, 885 (1950). 
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Fic. 1. Crystal structure (cubic perovskite) of KTaQs. 








magnetic field. This linewidth anisotropy is attributed 
to an orientation dependent strain in the crystal. 

No resonance could be observed in a sample of 
NaTaO;, which was composed of many very small 
colorless crystals. NaTaO 3 is ferroelectric at room 
temperature’ and has orthorhombic symmetry. Cotts 
and Knight’ observed the nuclear magnetic resonance 
of Nb* in a single crystal of tetragonal KNbOs, but 
the quadrupole moment of Ta’! is at least an order of 
magnitude larger than that of Nb** whereas Nb** has 
twice the magnetic moment of Ta'*'; thus, it is not 
surprising that the resonance is broadened beyond 
observation by the quadrupolar interaction in the 
NaTaO; polycrystalline sample. The ferroelectric 
Curie point of NaTaQOs is reported to be 475°C and is 
thought to be cubic above that temperature. The 
resonance may be observable in polycrystalline NaTaO3 
above the Curie point. 

The frequency of'the center of the Ta'*! magnetic 
resonance in KTaO z was measured as a function of 
magnetic field. The experimental data are shown in 
Table I along with the calculated values of the uncor- 
rected nuclear magnetic moment, assuming the nuclear 
spin J =. 

There does not appear to be any systematic field 
dependence of the nuclear magnetic moment, thus 
ruling out possible second order quadrupole shifts of 
the resonance. The uncorrected value for the magnetic 
moment of Ta'*! obtained as the average of these 
values is 


u(Ta’®") = 2.340+0.001 nm. 


DISCUSSION 


The uncertainty shown in the observed magnetic 
moment represents the precision in locating the center 
of the broad resonance. The value of the magnetic 
moment can differ from the observed resonance value 
due to the magnetic properties of the sample, quad- 
rupole effects, and “chemical shifts.” 

The addition of paramagnetic ions to a solution in 
order to broaden the resonance leads to shifts in the 





*W. Kinzig, Advances in Solid-State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, New York, 1957), Vol. 4, p. 1. 
R. M. Cotts and W. D. Knight, Phys. Rev. 96, 1285 (1954). 
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Fic. 2. Recorder traces of the dispersion (below) and absorption 
(above) derivatives of the nuclear magnetic resonance of Ta!® 
in KTaOs. 


resonance frequency. Similarly the gross magnetic 
properties of the sample in the case of a solid may shift 
the resonance. The magnetic susceptibility of the 
KTaO; was measured by the Gouy method by Dr. G. 
Candella of the National Bureau of Standards, and 
found to be —0.1310-® cgs and is independent of 
magnetic field. Thus, we do not expect an appreciable 
shift from this cause. 

As mentioned above, any quadrupole shift is ruled 
out by noting that the apparent moment is independent 
of magnetic field. However, chemical shifts are propor- 
tional to the magnetic field and hence cannot be 
measured by varying the field. The ‘chemical shift” 
arises from a magnetic shielding by the electrons of the 
atomic nuclei. Diamagnetic shielding causes the 
measured moment to appear to be smaller than it 
actually is. In the case of tantalum the observed value 
of the moment must be multiplied*® by 1.0086 to 
correct for the diamagnetic shielding effect. Saha and 
Das® indicate that there is an uncertainty in this 
correction factor of 0.06%. 

In addition to the diamagnetic contribution to the 
chemical shift there is a paramagnetic contribution 
1958), Kopferman, Nuclear Moments (Academic Press, New York, 

58). 


9A. K. Saha and T. P. Das, Nuclear Induction (Saha Institute 
of Nuclear Physics, Calcutta, India, 1957). 
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which was first pointed out by Ramsey.” This contribu- 
tion corresponds to the second order, temperature- 
independent paramagnetism which Van Vleck showed 
is expected in molecules having low-lying excited states. 
The theoretical evaluation of the shift expected from 
second order paramagnetism is very difficult, and has 
only been accomplished in a few simple cases. It is 
likely to be of the same order of magnitude as the 
diamagnetic shift, especially in the lighter elements. 
The paramagnetic contribution is, of course, in the 
opposite sense to the diamagnetic shift. Even if the 
resonance is at the same frequency in a number of 
different compounds, the shift may be present, leading 
Saha and Das to point out that the accuracy usually 
claimed for magnetic moments based on nuclear 
resonance measurements may not always be justified. 

In the present case we state the moment corrected 
for the diamagnetic shift but with a possible error due 
to second order paramagnetic effects equal to the 
diamagnetic shift as 


u(Ta!™) =2.35+0.01 nm. 


Prior to the work reported here, the ground-state 
nuclear magnetic moment of Ta'*! was known only from 
optical hyperfine structure (hfs) measurements. Brown 
and Tomboulian™ measured the hfs of Ta 1 and as- 
suming L—S coupling obtained the hyperfine coupling 
constant a(s)=0.405 cm~!. They then used the Goud- 
smit formula and obtained a magnetic moment of 1.9 
nuclear magnetons (nm). Taking into account the 
finite size of the nucleus then increased this value to 
2.1 nm within an estimated uncertainty of 20%. 

Recently, Murakawa™ re-evaluated the magnetic 
moment of Ta'*! using the experimental value for the 
hyperfine coupling constant of the 5d*6s 5/, level of 
Ta um given by Brown and Tomboulian. Taking into 
account the work of Trees, Cahill, and Rabinowitz," 
which showed that the Ta 1m level is not appreciably 
perturbed, Murakawa obtained »=2.4+0.2 nm. 

Our value of the moment lends support to the 
calculations of Murakawa. In turn, the higher precision 
of our moment makes possible an improved calculation" 
of the screening correction of the 5d electron of the 
5d*6s? level of Ta 1. 

An accurate value of the nuclear magnetic moment 
has importance to the theory of nuclear structure. 
Tantalum is_ particularly because its 
nucleus is strongly deformed and because a large 
amount of work has been done on the rotational 
spectrum of Ta'*', It is to be expected that the single- 


interesting 





1 N. F. Ramsey, Phys. Rev. 78, 699 (1950). 
uB. M. Brown and D. H. Tomboulian, Phys. Rev. 88, 1158 
1952). 
2K. Murakawa, Phys. Rev. 110, 393 (1958). 
%R. E. Trees, W. F. Cahill, and P. Rabinowitz, J. Research 
Natl. Bur. Standards 55, 335 (1955). 
4K. Murakawa (private communication). 
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particle model of the nucleus would be inappropriate 
for strongly deformed nuclei. Bohr and Mottelson' 
have treated the nuclear core on the basis of a Unified 
model. The nuclear gyromagnetic ratio of an Odd-mass 
nucleus is treated as arising in part from the collectiye 
motion of the entire nucleus (gr) and in part from the 
odd-particle motion (gg). For strongly deformed nucle; 
such. as Ta'*', the ground-state magnetic moment 
can be expressed in a simple manner by the strong. 
coupling approximation of the unified model, as 
I 
u=——(I gor gr). 
I+1 


Since the nucleus of Ta!* is deformed, the approxima- 
tion for a uniformly charged nucleus ge=Z/Ax04 
is not likely to hold. 

The value of (go—gr)* can be found from a study of 
the y radiation emitted from the excited nuclear 
rotational levels due to Coulomb excitation. Angular 
correlation measurements for the transitions (11/2 
— 9/2-—+7/2) for Ta'*' determine that (go—gp) has 
the same sign as the quadrupole moment, which js 
positive. Using a reliable average value'>"* for go-pp 
= (0.43 and the optically determined value of u=2.1 nm, 
gr is found to be 0.26 and gog=0.69. The same value for 
the difference ga—gr when used with the newly deter- 
mined value of w=2.35 nm yields values of gr=0.34 
and ge=0.77. The increase of 12% in the value of the 
moment raises gr by 31%. The higher value for gp is 
not inconsistent with Gauvin’s recent theory" of 
heavily deformed nuclei. 

An accurate value for the magnetic moment of Ta'*is 
necessary in studies of the translational diffusion of 
protons in tantalum hydride.'* Tantalum offers a good 
test for the application of the Torrey theory of transla- 
tional diffusion which could enable one to deduce the 
interstitial positions of the protons from spin lattice 
relaxation measurements on the proton system. The 
theoretical estimate of the proton spin-lattice relaxation 
time is very sensitive to the value of the tantalum 
momentum since the large moment of the Ta'*' produces 
about 3 of the total relaxation of the proton spin. In 
concentrated hydrides of tantalum the new higher 
value of the Ta moment does not provide good agree- 
ment between theory and experiment for the two 
possible interstitial positions considered by Torrey. 
A study of dilute hydrides in this system would be 
most interesting, in order to clarify the source of this 
disagreement and to better decide between the possible 
proton sites. 








16 F. K. McGowan and P. H. Stelson, Phys. Rev. 109, I 
(1958). 

16 EF. A. Wolicki, L. W. 
238 (1957). 

17R. H. Davis, A. S. Divatia, D. A. Lind, and R. D. Moffat, 
Phys. Rev. 103, 1801 (1956) 

18M. Martin, P. Marmier, and J. de Boer, Helv. Phys. Acta 31, 
435 (1958). 

# J. N. L. Gauvin, Nuclear Phys. 8, 213 (1958). 


Fagg, and E. H. Geer, Phys. Rev. 105, 
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Decay of Ag'™ and Levels in Pd'™}* 


H. Nutieyt anp J. B. GERHART 
University of Washington, Seattle, Washington 
(Received July 18, 1960) 


The radioactive decay of the isomers of Ag! has been investigated using scintillation spectrometers and 
a magnetic beta-ray spectrometer. Half-lives of (6641) and (29.8+0.5) minutes were determined for the 
spin 5 and spin 2 isomers, respectively. Conversion electrons corresponding to 15 gamma rays assigned to 
Pd! were observed. Two allowed positron transitions were detected: one of end-point energy (990+ 10) 
kev from the spin 5 isomer of Ag"; and the other of end-point energy (2705+ 15) kev from the spin 2 isomer. 
Gamma-gainma and beta-gamma coincidences were observed. The experimental data together with data 
obtained by other investigators is used to determine the spins and parities of the low-lying excited states 


of Pdi, 


INCE 1939 the neutron-deficient isotopes of silver 

have been the subject of many experimental in- 
vestigations.'~* Because similar radiations and similar 
half-lives occur in the decays of these isotopes it has 
been difficult to assign the observed gamma and beta 
rays unambiguously to the silver isotopes of mass 
numbers 102, 103, and 104. The tentative assignment 
by Reynolds ef al.° of two spin 2 activities to Ag’ with 
half-lives approximately one hour and one-half hour, 
respectively, stimulated the present work and also con- 
current investigations in other laboratories. Ewbank 
é al.,° combining experimental excitation curves with 
atomic beam measurements, showed that one of the 
spin 2 activities assigned by Reynolds ef al.5 to Ag! 
should be assigned instead to Ag"? and that Ag has 





_t This work was supported in part by the U. S. Atomic Energy 
Commission. j 
*A preliminary account of this work was presented at the 1960 
Spring Meeting of the American Physical Society [Bull. Am. 
Phys. Soc. 5, 240 (1960)]. The material in this article is taken in 
part from a thesis submitted by H. Nutley in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy at the 
( niversity of Washington. 

_tNow at U. S. Army Security Agency Training Center and 
School, Fort Devens, Massachusetts. 

: l. Enns, Phys. Rev. 56, 872 (1939). 

‘ W. L. Bendel, F. J. Shore, H. N. Brown, and R. A. Becker, 
Phys. Rey. 90, 888 (1953). 

‘3. C. Halder and E. O. Wiig, Phys. Rev. 94, 1713 (1954). 

iF. A. Johnson, Can. J. Phys. 33, 841 (1955). 
F J. B. Reynolds, R. E. Christensen, D. R. Hamilton, W. H. 
ooke, and H. H. Stroke, Phys. Rev. 109, 465 (1958). 
Sh W. B. Ewbank, L. L. Marino, W. A. Nierenberg, H. A. 
“ugart, and H. B. Silsbee, Phys. Rev. 115, 614 (1959). 

s... K. Girgis and R. van Lieshout, Nuclear Phys. 13, 493 
1959); 13, 509 (1959). 
O. Ames, A. M. Bernstein, M. H. Brennen, R. A. Haberstroh, 

and D. R. Hamilton, Phys. Rev. 118, 1599 (1960). 


spin 5 and spin 2 isomers. Girgis and van Lieshout,’ 
using scintillation spectrometers, identified 10 gamma 
rays following the decay of the Ag’ spin 5 isomer and 
positrons from the decay of the Ag’ spin 2 isomer. 
Using these data they have proposed a level scheme for 
Pd. Ames et al.§ demonstrated that the spin 2 level 
in Ag" lies above the spin 5 level. 

In the work described here Ag’ was studied using 
both scintillation spectrometers and a magnetic beta- 
ray spectrometer. We observed conversion electrons 
corresponding to all 10 gamma rays observed by Girgis 
and van Lieshout’ and in addition, conversion electrons 
corresponding to several other gamma rays in Pd" were 
observed. The 2.7-Mev positron transition from the 
spin 2 isomer of Ag'* detected previously by Johnson‘ 
and by Girgis and van Lieshout’ was observed. A pre- 
viosuly unknown 990-kev positron transition from the 
spin 5 isomer was discovered. Beta-gamma and gamma- 
gamma coincidences were obtained to confirm certain 
features of the Pd'* level scheme proposed by Girgis 
and van Lieshout.’ By combining our data with those 
from other investigations we have confirmed the level 
order proposed by Girgis and van Lieshout and are 
able to make specific spin and parity assignments to the 
levels of Pd’. The latter assignments differ somewhat 
from those suggested by Girgis and van Lieshout. 


EXPERIMENTAL MEASUREMENTS 


Ag"* was produced by the reaction Rh'(a,3n)Ag™ 
using 38-Mev alpha particles (degraded from the 42- 
Mev alpha beam of the University of Washington 
cyclotron.) We chose this bombarding energy to obtain 
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TaBLe I. Data on gamma rays from Ag™, 











: Relative Relative 
Gamma-ray energies conversion gamma-ray 
Present Girgis and electron intensity Calculated 
work van Lieshout” intensity Girgis and gamma-ray 
kev kev Present work van Lieshout’ intensity®* 
116+3¢ 10 
167+4 6+1.8 
262+3 19+2.9 2.5+0.4 
35543 6.0+0.6 1.9+0.2 
44343 7.340.7 3.4+0.3 
478+8 2.7+0.8 1.9+0.6 
556+3 55545 100 100 100 
621+4° 4.3+0.4 
74747 745+ 10 4+2 20+-6 2.2+1.1 
76744 780410 36.7+1.0 57+8 82+3 
854+5 860+ 10 6.7+0.3 15+2 18+0.7 
93845 93545 10.3+0.4 3545 37242 
1026+7° 1.2+0.2 
1074+7° 0.9+0.2 
126347 1260+ 10 0.9+0.2 4.0+1.0 7.2+1.4 
1343+8 1340+ 10 1.6+0.2 10.0+1.5 14.342.0 
1529+8 1540+ 10 1.0+0.2 8.3+1.0 7.542.3 
162348 1640+15 0.7340.14 9.0+1.5 5.5+1.1 
1806+10 1810415 0.6340.13 8+1 9.0+1.8 








* Calculated from the observed conversion electron intensities, the spin 
and parity assignments of our proposed Pd'™ level scheme, and theoretical 
conversion coefficients. 

> See reference 7. 

© Not assigned to the decay of Ag'™. 


the maximum yield of the Ag™ activity.** Most of our 
data were taken using a 0.0002-inch rhodium target 
foil as a source without any separation of the Ag 
activity from the foil. However, chemical separations 
were performed to identify the activity, and a few 
measurements were made with thin sources evaporated 
from the target foils. We estimate that when equilibrium 
is established with the bombarding alpha particle beam 
this method of Ag'™ production populates the spin 5 
and 2 states approximately in the ratio 12 to 1. This is 
in agreement with the results of Ewbank et al.® 

Conversion electrons from the decay of Ag were 
observed using a uniform-field solenoidal beta-ray spec- 
trometer” operated with momentum resolution 2.5%. 
Table I summarizes these data. The decay of the con- 
version lines was used to determine a half-life of (66+ 1) 
minutes for the Ag™ spin 5 isomer. 

A single positron spectrum was observed in the mag- 
netic spectrometer corresponding to the decay of the 
Ag™ spin 2 isomer (see Fig. 1). This spectrum, whose 
end-point energy was found to be (2705+15) kev, had 
an allowed shape in the positron energy range above 
1.6 Mev. Using positrons of energy 1.8 Mev the half-life 
of the spin 2 isomer was determined to be (29.8-++0.5) 
minutes. For this transition we obtain log ft=4.7. We 
found no evidence for a 1.9-Mev positron branch re- 
ported earlier,’ our data being consistent with an in- 
tensity for such a branch of less than 5% of the principal 
branch. 

As noted above, the Rh'(a,3n)Ag™ reaction popu- 


* Some measurements were made using sources produced with 
other alpha particle bombarding energies. 
” F, H. Schmidt, Rev. Sci. Instr. 23, 361 (1952). 
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lates the spin 5 isomer of Ag'* more strongly than the 
spin 2 isomer. The spin 5 isomer, however, decays pri. 
marily by K capture, so that the positrons from this 
decay have an intensity in freshly prepared sourogs 
which is only comparable with the intensity of the more 
energetic positrons from the spin 2 isomer. To obserye 
the positrons from the 66-minute spin 5 iscmer withoy: 
interference from positrons from the 29.8-minute spin 
2 isomer thin evaporated sources were prepared and 
aged 5 or more hours before their positron spectra were 
observed. When 38-Mev a@ particles were used tp 
produce such sources, two positron spectra were ob- 
served with end points (990+10) kev and (134541 
kev, respectively. Both had half-lives of about one hour. 
We suspected that the higher energy transition was the 
same as the 1.3-Mev transition observed by Wiig and 
Halder* and assigned by them to the decay of Ags 
[which could be produced in our source by the (a4n 
reaction on Rh" ]. To confirm this we prepared sources 
with 32-Mev @ particles whose energy is less than the 
threshold for the (a,42) reaction. These sources ex- 
hibited only a single positron spectrum (see Fig. 2 
with allowed shape and end-point energy (99410 
kev. This transition, which we assign to Ag™, has 
log ft=5.25. 

Nal(TI1) scintillation spectrometers and a conven- 
tional fast-slow coincidence circuit were used to obtain 
coincidences between the more intense Ag™ gamma 
rays. We found the 767-, 854-, and 938-kev gamma rays 
to be in coincidence with the 556-kev gamma ray; the 
556-, 854-, and 938-kev gamma rays with the 767-kev 
gamma ray; and the 556- and 767-kev gamma rays 
with the 938-kev gamma ray. With a stilbene scintilla- 
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DECAY OF Ag'** AND LEVELS IN Pd!°®6 1817 
D the tion spectrometer to detect positrons we observed co- a 
Pt incidences between positrons of greater than 1.5-Mev a mr 
this energy from the spin 2 isomer of Ag’ and 556-kev 
urces gamma rays, but not with the 767-, 854-, or 938-kev 
= gamma rays. 
eT VE 
hout LEVELS IN Pd! P 
hr Conversion electrons corresponding to all of the 10 B+, 990 KEV 
” gamma rays assigned by Girgis and van Lieshout’ to LOG ft = 4.7 
Me the decay of Ag were observed, though slightly dif- ty° SO.0 Mite 
"3 ferent gamma-ray energies were obtained in some ove 
. instances (see Table I). Conversion electrons corre- 2178 a 
=" sponding to 167- and 262-kev gamma rays tentatively 2079 3} E 2 
= ssi he decay of Ag'® by Ames ef a/. were ob- — 
5 the assigned to the decay gi by were ok i812 
ee served but we assign these to crossover transitions in e a| 3 
Ai the Pd™ level scheme. In addition, we assign conversion ae + 
vn electrons corresponding to gamma rays of 355, 443, and p+, 2705 KEV 
vd 478 kev to the Pd’ level scheme. The 116-kev gamma | 2 a of LOG ft #5.25 
the ray we observed we assign to the decay of Ag" as do " c Pa ts 66 MIN 
pA other investigators.”‘* We cannot fit the weak 621-, 
‘" 1026-, and 1074-kev gamma rays into the Pd'™ scheme 556 -° 2+ 
+10 and they may arise from the decay of Ag’ though we 33 8 
cs could not confirm this supposition. 5 + 
7 From our experimentally determined gamma-ray . O+ 
‘ali energies we can construct a number of possible level Pq'°* 
‘ain schemes for Pd'. Figure 3 shows the level scheme which on 
my we adopt. It is the same as that proposed by Girgis and Fic. 3. Proposed decay scheme of Ag™. 
ae van Lieshout’ except that the energy values assigned 
va to the various levels are based on our data and that the experimental uncertainty with the values predicted 
a spin and parity assignments for several levels are dif- from this level scheme. Any other satisfactory level 
bea ferent. Our observed gamma-ray energies agree within scheme based on our data would require additional 
“4 levels. In the absence of further data we prefer to choose 
lla oes this most economic scheme. . whe 
| % KURIE PLOT 7 rhe assignment of the 2705-kev positron transition 
7 “a from the Ag™ spin 2 isomer to the 556-kev state of 
Agi G6-Milt POSITRONS Pd™ is suggested by the fact that the spin of the 556- 
| - 4 kev level is known"':” to be 2. Consequently this would 
be the normal decay route. Our beta-gamma coincidence 
a 7 data confirm this supposition. mt 
: E,= 32 MEV The assignment of the 990-kev positron transition 
**o from the spin 5 isomer of Ag to the 2258-kev level in 
bg 4 Pd'™ is necessary since, as Ames ef al.* have shown, this 
] zu,| ‘°° isomer lies below the spin 2 isomer. Its assignment to a 
possible higher state in Pd'* would require reversal of 
| r 4 the Ag’ level order. Its assignment to a lower level in 
Pd' would make the energy separation of the two Ag 
a fo levels so great that the spin 2 level of Ag'* would decay 
1 ' predominantly by a gamma transition to the spin 5 
pon | level instead of by positron emission. The fact that the 
| - °o, | 4  990-kev positron transition to the 2258-kev level of 
| =e oa eee Pd™ is allowed in character, and that there is no evi- 
| ae ee Tose | oF dence for higher energy positron transitions to the 
Qu 05 10 is 2079- and 2178-kev levels in Pd makes it very unlikely 
E, (MEV) that these three levels have the same spin as was 
Ag alam plots"of the positron spectrum of 66-min Ag™. 4G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
sition Y Tve was made with a source produced with 32-Mev (1956). 


2P. H. Stelson and F. K. McGowan, Phys. Rev. 110, 489 


— and does not exhibit the 1.345-Mev positron spectrum 
: (1958). 


of Ag! 
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NUTLEY AND 
suggested by Girgis and van Lieshout.’ This evidence 
limits the choice of spin for the 2258-kev level to 4, 5 
or 6 and for the 2079- and 2178-kev levels to less than 
4 or more than 6. On the basis of the decay scheme 
adopted our data indicates that the spin 5 and spin 2 
levels in Ag differ in energy by less than 20 kev. 

The ground state of Pd' is 0* since this is an even- 
even nucleus. The 556-kev excited state was shown to 
be 2+ by Coulomb excitation." Since the 556-kev 
gamma ray is known to be from an £2 transition, we 
used our relative conversion electron intensities and 
Girgis and van Lieshout’s’ relative gamma-ray intensi- 
ties (in combination with the theoretical conversion 
coefficient for the 556-kev gamma ray) to determine 
conversion coefficients for the other gamma rays. From 
these conversion coefficients and the relative gamma-ray 
intensities we were able to make the spin and parity 
assignments indicated in Fig. 3. These assignments are 
the only ones compatible with all the available data 
and with the energy level scheme adopted. 

Very recently Bunker and Starner have reported 
the results of their angular correlation measurements 
on the 1.24- and 0.56-Mev Pd’ gamma rays following 
the decay of Rh'. There is no doubt that the 0.56-Mev 
gamma ray is the same as the 556-kev gamma _ray ob- 
served in the Ag decay. The angular correlation meas- 
urements indicate, however, that the 1.24-Mev gamma 
ray originates in a O0* state of Pd'*. This conclusion is 
also confirmed by the absence of a 1.8-Mev cross-over 
transition in the Rh' decay. On the other hand, both 
our data and that of Girgis and van Lieshout’ on the 
Ag™ decay exhibit a 1.8-Mev gamma ray of greater 
intensity than the 1.2-Mev gamma ray. These different 
observations are compatible if we assume there are two 
levels of Pd' at about 1.8 Mev. The level populated in 
the decay of Rh™ is 0+. The level populated in the 
Ag™ decay is 2+. The fact that the 0* level is not ob- 
served in the Ag decay is compatible with the decay 
scheme shown in Fig. 3. 


18M. E. Bunker and J. W. Starner, Bull. Am. Phys. Soc. 5, 253 
(1960). 
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DISCUSSION 


) bis have been rag cme to account for 
the frequent occurence of the spin and parity se 

Gr 2. 7 for the lowest levels a bowen 2 be 
most recent study of these levels, a survey by Van 
Patter of 55 known examples in nuclei with 4>% 
concludes that the asymmetric rotor model developed 
by Davydov and Filippov'® provides the best descrip. 
tion of these nonspherical nuclei. What is known of th 
3 lowest levels of Pd'” is in good agreement with this 
conclusion. Experimentally, less is known of the higher 
levels in even-even nuclei. Often the third excited state 
is a 4* level and most theoretical treatments have pre. 
dicted the existence of 4* levels in this region. In this 
respect Pd'* appears to be somewhat unusual, since 
any 4* level of less than 2-Mev excitation should have 
been populated by beta decay from the 5+ isomer of 
ae. 

As discussed earlier, there apparently is a 0* level in 
Pd’ at about 1.8 Mev. There could also be 0+ levels 
in the range from 2 to 2.2 Mev near the 2+, 3+, and # 
levels. Such levels would not be strongly populated by 
the Ag! decay and consequently would remain up. 
detected. The absence of low-lying spin 1 levels, and the 
fact that the lowest spin 3 level lies so high are in good 
agreement with theoretical predictions for even-even 
nuclei.'® 
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The proton-proton rotation parameter R has been measured at a laboratory energy of 140.5 Mev over 
a range of scattering angles 62 by means of a triple-scattering experiment. The following values were ob- 


tained: @2(lab)=15°, —0.252+0.030; 20°, —0.227-+0.028; 


35°, —0.151+0.055; 40°, —0.047-+0.080. 


INTRODUCTION 


HIS experiment continues the program of meas- 

uring p—p scattering parameters at 140 Mev. 
The cross section and polarization! and the depolariza- 
tion parameter D® have already been measured. The R 
parameter, introduced by Wolfenstein,’ measures the 
rotation of the polarization of a transversely polarized 
proton beam. 

The experiment can most readily be described by 
reference to Fig. 1. A proton beam having its polariza- 
tion vertical passes through a solenoid magnet (P). The 
polarization precesses 90° about the direction of motion, 
so that on leaving the solenoid the beam has a polariza- 
tion P; in the horizontal plane and perpendicular to the 
direction of motion. The beam strikes a liquid hydrogen 
target (2), and particles scattered through an angle 62 
in the horizontal plane, defined by counters A, B, then 
strike the analyzing scatterer (3). Particles scattered 
through an angle @3 in the vertical plane containing the 
line from the hydrogen target to the analyzing scatterer 
are detected by the counter telescopes CD or EF. The 
angle 6; of these telescopes can be reversed in sign; we 
denote by U and D, respectively, the up and down 
positions. The direction of the current through the 
solenoid, and hence the sign of the incident polarization 
P;, can be reversed; we denote the two possibilities by 
N (for normal) and R (for reversed). 

Let I(kym) be the rate of fourfold coincidences 
(ABCD or ABEF) for counter telescope position k and 
solenoid current direction m, where & is either U or D, 
and m is either V or R. We then define 


I(D,N)+1(U,R)—I(U,N)—I(D,R) 
C33>= —— ——— — —., 
1(D,N)+1(U,R)+1(U,N)+1(D,R) 


lhe product of incident polarization and analyzing 
power, P;P3, is measured following the same convention 
,* Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

| National Science Foundation predoctoral fellow. 

; Province of Quebec scholar. 

"J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and Richard 
Wilson, Ann, Phys. 5, 229 (1958). 
-— F. Hwang, T. R. Ophel, E. H. Thorndike, and Richard 

ilson, Phys. Rev. 119, 352 (1960). 
Pin Wolfenstein, Annual Review of Nuclear Science (Annual 
eviews, Inc., Palo Alto, 1956), Vol. 6, p. 43. 


25°, —0.2714+0.035; 30°, —0.146+0.037; 


as to solenoid current direction and telescope position. 
(The current leads to the solenoid were so connected 
as to give a positive P,P.) Then R is defined* by the 
equation 

C3e— P;P3R. (2) 


The solenoid magnet was not essential to the experi- 
ment. In its absence, the measurement would be per- 
formed by having the hydrogen scattering in a vertical 
plane, and the analyzing scattering in a plane tilted with 
respect to both vertical and horizontal. The apparatus 
would be rotated through 90° about the incident beam. 
The use of a solenoid makes the design and operation 
of the scattering table much simpler. It further elimi- 
nates many types of systematic errors, as discussed 
jater. 

The present Article describes the experiment in less 
detail than Thorndike.‘ 


EXPERIMENTAL PROCEDURE 
The Beam 


The beam used for this experiment was the polarized 
proton beam of the Harvard synchrocyclotron.® It 
passes through the solenoid magnet (P), and is defined 
by the slits (G), 13 in. wide by 2 in. high. The beam 
energy is 1443 Mev and the polarization is 65%. With 
the solenoid off, there is a linear energy variation across 
the width of the beam of 542 Mev/in., the south side 
having the higher energy. 

While the beam passes through the solenoid, its 
polarization precesses about the magnetic field,® through 
an angle roughly proportional to 1/+/£. The solenoid 
field was kept within 1% of the value which rotates the 
polarization of a 147-Mev beam through 90°, and a 
1443 Mev beam through 903°. 

In addition to the desired effect of rotating the polari- 
zation of the beam, the solenoid has the undesired effect 
of changing the direction and intensity distribution of 
the beam, with a resulting change in the zero position 
of the analyzing scattering angle @;. As calculated in 
reference 4 the transverse momentum given to a proton 

4E. H. Thorndike, Ph.D. thesis, Harvard University, 1960 
(unpublished). 

> Calame et al., Nuclear Instr. 1, 169 (1956). 

6H. Mendlowitz and K. M. Case, Phys. Rev. 97, 33 (1955). 
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Fic. 1. Scale drawing of the experimental arrangement for 
R(140 Mev) showing: (2) hydrogen target, (3) analyzing scatterer, 
(A-F) scintillation counters, (G) main defining slits, (J) anti- 
scattering slits, (K) copper absorbers, (L) iron shielding, (M) ion 
chamber, (N) Faraday cup, and (P) solenoid magnet. 


by the fringing field at the entrance to the solenoid has 
its direction rotated within the solenoid such that the 
point of arrival of the proton at the end of the solenoid 
has been rotated by 16.1° about the solenoid axis, as 
compared to its point of arrival with the field off. This 
rotation is in the same sense as that of the polarization, 
and the two will be reversed together. That this rotation 
will cause a change in the intensity distribution of the 
beam defined by the main slits can be seen by reference 
to Fig. 2. If the solenoid is off, the edge of the beam is 
vertical, and outside the region defined by the slits. If 
the solenoid is on, the edge cuts either the upper or lower 
corner of the region defined by the slits, and hence 
reduces the beam intensity in that region. If the main 
slits are moved too far from the beam edge in an attempt 
to reduce this effect, the average beam energy and 
polarization are reduced. 

If the mean direction of the beam through the 
solenoid is not parallel to the axis, but rather has a 
component normal to it and in a horizontal plane, this 
component will be bent up for one solenoid current 
direction and down for the other, causing the beam to 
rise or fall. 

The momentum transferred to the beam by the 
entrance and exit fringing fields will not in general 
cancel, and the residual momentum may be in the 
vertical direction. 


The Target Chamber 


The liquid hydrogen target (2), 4 in. in diameter by 
54 in. high, was made of 0.002 in. thick beryllium 
copper. That portion of the circumference through 
which the incident beam did not pass was surrounded 
by an aluminum heat shield, 0.003 in. thick. For that 
portion of the circumference through which the incident 
beam did pass, the heat shield was 0.00025 in. thick. 

The exit window of the target vacuum chamber was 
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made from 0.007 in. thick Mylar, which wrinkled when 
the target chamber was evacuated such that its effective 
thickness was increased by 25%. The intersection of 
this exit window with the beam could be “seen” by the 
AB telescope, and hence contributed background 
counts. 

Adjustable antiscattering slits (J) prevented par- 
ticles scattered from the main slits and ion chamber 
from striking counters A or B, and prevented particles 
scattered from the entrance window to the target 
vacuum chamber from striking counter B, though some 
may have struck A. The slit on the side to which the 
scattered beam was to be observed was positioned, 
experimentally, to give minimum background without 
reducing the intensity of the incident beam appreciably, 
The slit on the opposite side was moved away from the 
beam as far as possible, to minimize the number of 
particles scattered off it into the counters. 


The Scattering Table 


The superstructure of the scattering table (not shown 
in Fig.1) was two aluminum channels, parallel to the 
twice scattered beam (the line 2,4,B). One channel 
defined a horizontal plane 24 in. below the twice scat- 
tered beam; the other, a vertical plane 24 in. away from 
the twice scattered beam and on the side away from the 
direct (once scattered) beam. This superstructure 
mounted on a base which pivoted in a ball and socket 
beneath the hydrogen target. The assembly could be 
set at a desired angle from a nominal zero angle by 
means of a bar, and could be levelled by screw 
adjustments. 

The counters A-F were attached, directly or in- 
directly, to the two aluminum channels. 

Telescopes CD and EF were each attached to arms 
which pivoted about an axis mounted on the vertical 
channel and perpendicular to it. 

The telescopes could be both moved away from the 
vertical channel and levelled. A transit mounted at the 
end of the horizontal channel away from the 6 pivot 
was adjusted to sweep in the vertical plane containing 
the twice scattered beam. Using this transit, the tele- 
scopes were moved away from the vertical channel until 
the centers of their scintillators lay in this plane. 

The dimensions of the counters A-F are given it 
Table I. Counter B was defining counter for all particles 
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Fic. 2. Sketch showing intersection of beam with defining = 
for three solenoid current conditions: reversed, off, normal. The 
angle of rotation of the beam has been exaggerated. 





~ = = 





when 
Ctive 
Nn of 
y the 
ound 


par- 
mber 
‘icles 
irget 
ome 
| the 
ned, 
out 
bly. 
the 


r ol 


own 
the 
nel 
Cat- 
rom 
the 
ure 
ket 

be 

by 
ew 





1€ 


PROTON-PROTON 


TABLE I. Dimensions of the scintillation counters. 


—————— 





—_—_—————— 
Counter Height (in.) Width (in.) Thickness (in.) 
—- 33 os 
B 2 2 33 
C,E 2 6 } 
DF 33 8 i6 





scattered from the hydrogen target. Counter A served 
to insure that the particles did in fact come from the 
general area of the target. Counters C, E were the de- 
fining counters for all particles scattered from the 
analyzing scatterer. Counters D and F were present so 
that discrimination against low energy particles could 
be obtained by placing copper absorbers (K) between 
Cand D and between # and F. A range curve was taken 
with @; equal to zero, and the absorber used for the e3, 
measurement chosen to be less than the value at the 
knee of the range curve by an amount slightly more 
than the loss in range due to scattering at the value of 
9, used for the es, mieasurement, namely 15°. 

Counters C, D, FE, and F were shielded from air- 
scattered protons from the direct beam by shielding 
(L) shown in Fig. 1. The analyzing scatterer, placed 
immediately after counter B, had a cross sectional area 
large compared to B. The scatterer was carbon, } in. 
thick for 4. from 15° to 30°, 2 in. thick for @.=35°, and 
} in. thick for 6.=40°. 

Figure 1 shows the scattering table as it was used for 
9, scatterings to the south. For scatterings to the north, 
the scattering table was “‘reflected”’ about the vertical 
plane containing the twice scattered beam. 


Electronic Circuitry 


Counters A-F were made from Pilot B plastic scin- 
tillators, connected by short light pipes to 6810A photo- 
tubes. The outputs of these counters were fed into a 
multichannel coincidence circuit, whose operation is 
described in reference 4. 

Coincidences selected and counted were AB, CD, EF, 
ABCD, ABEF, BCD, BEF. Random coincidences were 


Taste II, Magnitude of background and random coincidence 
subtractions relative to corrected counting rate. 








Background 





Random coincidences 

62 ABCD ABEF ABCD ABEF 
15° North 0.5% 0.6% 9.0% 9.5% 

S 0.6 0.9 9.4 8.7 
20° N 0.4 0.9 4.0 4.0 
w S 0.6 13 3.3 3.3 
25° N 0.4 0.8 1.8 1.6 

S 0.7 1.5 2.4 2.9 
30° N 0.4 2.0 2.7 2.8 
- 0.8 4.0 2.1 2.2 
35° N 0.6 2.1 3.0 2.5 

S 0.8 3.7 23 2.2 
40° N 0.8 3.0 2.2 2.8 

S 1.1 6.0 2.4 22 
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studied by delaying the appropriate signals by twice 
the period of the cyclotron rf. The only significant 
random background was AB in random coincidence 
with CD or EF. Its magnitude is listed in Table IT. 

An ionization chamber (M) and a Faraday cup (NV) 
were used as beam monitors. The ratio of the two 
monitors depended on the solenoid current direction, 
varying as much as 2% from normal to reversed. This 
causes no error in R because solenoid directions are 
averaged over. If one sums over solenoid directions, the 
short term differences (within a given e3;, measurement) 
averaged 0.2%. The long term differences (from és 
measurement to background measurement) averaged 
23%. 


Alignment 


The critical alignment is that for the zero position of 
6;. All other alignments produce negligible errors by 
comparison, as detailed in reference 4. The 63 zero 
changed when the solenoid was reversed. Rather than 
try to align separately for solenoid normal and solenoid 
reversed, it was decided to align with the solenoid off, 
measure the shift in alignment caused by the solenoid, 
and correct for it. This was done at every 62 angle. 

The alignment was changed by the electromagnetic 
effects described earlier; in addition, polarization effects 
at the hydrogen scattering coupled with the finite size 
of the beam at the hydrogen target and of counter B 
would cause changes in beam direction and intensity 
distribution at the analyzing scatterer, and hence in 
the 63 alignment, when the solenoid was reversed. For 
the “normal” solenoid current direction, particles 
scattered at the hydrogen target would prefer to scatter 
down; for the “reversed” direction, they would prefer 
to scatter up. This shift in zero position on reversing 
the solenoid is proportional to P;P2(62)/sin@.; at @2= 15° 
it was calculated to be 0.1°. 

In an attempt to reduce the change in alignment, the 
vertical opening of the main slits was reduced, the 
horizontal positioning of the main slits was varied, and 
the path of the beam through the solenoid was varied 
both by rotating the solenoid in a horizontal plane and 
by moving the quadrapole focusing magnets in a hori- 
zontal plane. A systematic and detailed study was not 
made. As the main slits were moved from south to north, 
the change in alignment decreased at an average rate 
of 0.16° per inch, in qualitative agreement with the 
effect illustrated in Fig. 2. A reduction of the vertical 
slit opening from 2 in. to 1} in. decreased the change in 
alignment from 0.17° to 0.14°; for some effects it should 
decrease the change in the ratio 1: (2)?, for others, there 
should be no decrease. Varying the path of the beam 
through the solenoid caused small inconsistent changes, 
suggesting that the electromagnetic deflections tended 
to cancel each other. 

These and other alignment effects could be qualita- 
tively explained, and the change in alignment was of the 
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same order as predicted. Time prevented detailed 
quantitative checks. 

As shown in reference 4, the error. in e3, from mis- 
alignment is very nearly equal to the first moment, M, 
of the twice scattered beam times the fractional change 
in counting rate between 0;=14° and 6;=16°, (1/c) 
X (do /dé), for analyzing scattering at 6;= 15°. A meas- 
urement of misalignment must thus approximate M. 

The misalignments were measured by sweeping the 
CD and FEF telescopes through small @; in one degree 
steps, detecting the twice scattered beam by quadruple 
coincidences. A pair of such beam profiles for the EF 
telescope, with the solenoid normal and reversed, 
shown in Fig. 3. Note the shift in profile position with 
solenoid direction. 

The profiles were analyzed in two ways. The first 
moment fA (@;)0;d0; was approximated by 


AOo=>- A (05;)05:, (3) 


summing in one-degree steps. [A (63) is the quadruple 
coincidence rate at the angle 63. ] For the CD telescope, 
n=8°; for the EF telescope, n=7°. The magnitude of 
the sum was less than that of the integral, but by not 
more than 6% for CD, and not more than 3% for EF. 

A misalignment by the “slope method” was calcu- 
lated by the expression: 


2. 1(:,D)—A (0;,U) | 
Ad, (6;) = 


A(6;-1,D) +A (0,-1,U)—A @ix1,D)— A 6:41,U) 


(4) 


It was found that A® could be approximated by an 
average of A@, over 0;=4° and 5° for CD, and over 3° 
and 4° for EF. The former was low by (23+3)%; the 
latter was high by (1145)% 

Since the “slope method” required only half as many 
alignment points to be taken, it was used for most 
measurements. The misalignments inferred from it dif- 
fered systematically from the first moments by not 
more than 10%, and the two telescopes differed in oppo- 
site directions, such that their weighted average was in 
error by not more than 4%. The systematic error of 
10% of the alignment correction term listed in Table VI 
includes this error plus those from the approximation 
of the alignment correction term by (M)(1/c) (do/d@). 

In addition to the systematic errors mentioned above, 
three random errors in 6; alignment were included; one 
from counting statistics, one from reproducibility (} of 
the deviation from the mean), and a 10% error to in- 
clude dead time, monitoring, movements of the beam, 
and other small effects. In most cases this general error 
was dominant. 
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Miscellaneous Procedures 


Background from protons scattered by nuclej other 
than hydrogen was measured by evacuating the hy- 
drogen target and increasing the copper absorbers ; in 
the CD and EF teles« opes to compensate for the change 
in energy due to the absence of hydrogen. The back. 
ground measurement at 6.= 15° immediately followed 
the e3, measurement at @.= 15°, since at that angle the 
background was largest. 

The P,P; measurement differed from that for a D 
measurement*” only in the ways which the e3, measure. 
ment differed from the e;, measurement for D27 The 
energy shim was, on some occasions, checked for all 
three solenoid conditions. The @; alignment was made 
with solenoid off, and misalignment with solenoid on 
was measured. The P,P; asymmetry was measured by 
alternately reversing solenoid current and counter con- 
figuration. Since the 6; misalignment need not be meas- 
ured as accurately for the ?;P; measurement as for the 
€3. Measurement, a more abbreviated pereacens profile 
was frequently taken, and the misalignment inferred 
from an equation similar to that for Aé@,. Usually, a 
two-angle profile was taken before the P,P measure- 
ment and a one angle check at its conclusion. 

For the measurements at 62=north 20° and 35° the 
coincidence circuit was malfunctioning, and BCD and 
BEF triples were used in place of quadruple coinc- 
dences, with a slight resultant increase in background. 
The counting statistics for the runs at south angles 
were appreciably better than those for the runs at north 
angles. 











Fic. 3. Profiles of the twice-scattered beam taken with the EF 
— for solenoid normal and reversed, at 62 = 25° north. 


5. a. Thorndike and T. R. Ophel. Phvs. Rev. 119 362 | (1960). 
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TABLE III. Random errors in R from various sources. 
Ce P,P; (1/a)(do/d@) 
Oe Stat Align Stat Align Stat Monitor Total 
15° North 0.036 0.009 0.008 0.001 0.007 0.002 0.038 
South 0.029 0.017 0.008 0.002 0.013 0.002 0.037 
0° N 0.038 0.006 0.010 0.002 0.008 0.002 0.040 
S 0.030 0.007 0.008 0.002 0.009 0.002 0.034 
25° N 0.050 0.030 0.017 0.003 0.019 0.003 0.064 
S 0.031 0.008 0.009 0.002 0.013 0.003 0.036 
9° N 0.058 0.012 0.011 0.002 0.012 0.003 0.061 
S 0.038 0.010 0.008 0.001 0.010 0.003 0.043 
35° N 0.106 0.012 0.005 0.000 0.017 0.005 0.108 
S 0.051 0.016 0.017 0.003 0.015 0.005 0.059 
40° N 0.218 0.022 0.075 0.004 0.049 0.008 0.237 
S 0.074 0.006 0.002 0.000 0.023 0.008 0.079 


ANALYSIS AND RESULTS 
Scattering Energy and Angle 


The mean energy of the hydrogen scattering was 
determined to be 140.5+1.0 Mev from the range curves 
taken in copper at each 62. As for the D measurements,?"? 
all energy measurements are based on the polyethylene 
range curves of Rich and Madey® and the copper range 
curves of Aron, Hoffman, and Williams,’ with ranges 
lowered by 1% to give agreement with the polyethylene 
curve, based on a comparison at 140 Mev. The stated 
error does not include the uncertainty of these range- 
energy relations, but rather indicates the deviation of 
the various measurements from the mean. The energy 
scale is thus consistent with those for other measure- 
ments in this laboratory.!* Use of Sternheimer’s new 
relation” would lower the energy 1% if his CH curve 
is used, and not at all if the Cu curve is used. The energy 
varied with the solenoid by not more than 3 Mev. 
Normal averaged higher than reversed by } Mev. 

The energy resolution was determined by the energy 
lost by the beam in traversing the target (8 Mev) and 
the linear energy variation across the beam at the main 
slit (7 Mev). The rms deviation of the scattering 
energy was calculated from these figures to be +3 Mev. 

A knowledge of the beam polarization was not needed 
for this experiment, and hence no measurements of 
beam polarization were performed. An extrapolation of 
the measurements of others to the slit positions used 
here suggests a polarization of 0.65+0.04. 

The angular resolution of the hydrogen scattering 

varied from +1.6° rms at @.=15°, to +2.0° rms at 
= 40°. 
The angular resolution of the analyzing scattering 
is relevant only to higher order alignment corrections. 
It was measured to be +3.4° rms for A BCD, and +2.6° 
rms for ABEF., 





*M. Rich and R. Madey, University of California Radiation 

Laboratory Report UCRL-2301, 1954 (unpublished). 

RS A. Aron, B. G. Hoffman, and F. C. Williams, Atomic 

Energy Commission Report, AECU-663, 1949 (unpublished). 
“R. Sternheimer, Phys. Rev. 115, 137 (1959). 


Combination of Measurements 


The e3, measurements for ABCD and ABEF were 
combined, weighting by the square of the reciprocal of 
the (combined statistical and alignment) error. The 
P,P; measurements for both counters were combined, 
weighting both equally so that monitoring errors-would 
cancel. Errors in R from e3, counting statistics, és. 
alignment, P;Psstatistics, P)P; alignment, (1/0) (do/d8) 
statistics, and monitoring, were calculated, and are 
listed in Table III. The measurements for 6. north and 
6. south were combined, weighting by the square of 
the reciprocal of P;P;AR, where AR is obtained by com- 
bining the errors mentioned in the preceding sentence. 
(If AR alone were used, the results would be biased 
towards higher values of P1P3.) 


Corrections 


The magnitude of the correction for 6; misalignment 
can be inferred from the systematic error of 10% of the 
correction listed in Table VI. It was always in such 
direction as to make R more negative. 

Since the energy of second and third scatterings was 
different during background and hydrogen runs, a small 
correction to the measured background was needed.?:7 
The correction is shown in Table IV. There is an addi- 
tional uncertainty in this correction as compared to that 
of references 2,7 arising from the lack of knowledge of 
the values of R for elastic scattering, as compared with 
the knowledge of D and P». 


TaBLe IV. Corrections to R from variation in energy across 
defining slits, and from energy difference between background 
and hydrogen measurements. 











02 5R(slit energy) 5R(background energy) 
15° —0.009 —0.009 

20° —0.009 —0.001 

3° —0.010 

30° —0.010 

35° —0.015 

40° —0.011 
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TABLE V. Errors in R systematic from north 62 to south @2. 

















0, AR (shim) AR(background energy) 
| ag 0.006 0.003 
20° 0.005 0.002 
a 0.007 0.002 
30° 0.005 0.002 
35° 0.004 0.004 
40° 0.002 0.004 





As in references 2,7, a correction to R for the variation 
in energy across the main defining slits is required. It 
was assumed that with the solenoid off there was a 52 
Mev/inch variation in energy across the slits horizon- 
tally, that the solenoid rotated this variation 16° out 
of the horizontal, and that the beam had diverged, 
preserving its energy variation, to 3 in. high at the 
hydrogen target. The correction was made using the 
values of (1/c)(do/d@) from Table VII, and an energy 
dependence of analyzing scattering cross section from 
data of Gerstein" and Dickson and Salter.” In addition 
to the 40% error from uncertainty of the energy varia- 
tion with solenoid off, a 30% error has been included 
for additional uncertainty of the energy variation at 
the hydrogen target with the solenoid on. The telescope 
absorbers were chosen as in reference 7 so that no error 
arises from a combination of excessive absorber and this 
energy change. 


Errors 


The e3, measurement may be thought of as an up- 
down asymmetry averaged, with appropriate choice of 


1G, Gerstein, J. Niederer, and K. Strauch, Phys. Rev. 108, 427 
(1957). See also G. L. Gerstein, private communication to 

>. F. Hwang. 

12 J. M. Dickson and D. C. Salter, Nuovo cimento 6, 235 (1957). 
See also measurements of J. M. Dickson, B. Rose, and D. C. Salter, 
reported by A. E. Taylor, Reports on Progress in Physics (The 
Physical Society, London, 1957), Vol. 20, p. 125. 
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signs, over both solenoid directions, or as a normal. 
reversed asymmetry averaged over both counter posi- 
tions. To the extent that a spurious as ymmetry from 
one reversal is not in any way coupled to an asymmetry 
from the other reversal, the spurious asymmetry cancels 
in the averaging process and introduces no error in ¢,,, 

The error introduced by any mechanical up-down 
asymmetry, such as nonuniformity of the scintillation 
counters, cancels on averaging over solenoid directions, 
It seemed desirable to show that any up-down asym. 
metries were small even though they canceled upon 
averaging. Thus up-down asymmetries were measured 
with the solenoid off for hydrogen scattering at 6.=north 

5° (+0.013+0.010), and for the PiP; configuration 

shimmed for 25° with the analyzing scatterer in place 
(—0.008+0.008), and with the analyzing scatterer 
removed (—0.011+0.027). 

The monitoring efficiency, the scattering angle 4, 
and the average beam energy, change on solenoid’ te. 
versal ; resulting errors cancel in measuring the up-down 
asymmetry. 

The most important possible source of error that is 
systematic as 4 is varied is an alignment of the angle 
6; which changes with solenoid direction. It is believed 
that the alignment procedure is adequate; a 10% error 
in the alignment correction is included in Table VI. 
Also systematic as 4 is varied is the correction for 
energy variation acress the main slit. Errors which are 
systematic from @, north to @. south but independent 
as the magnitude of @. is changed include that from in- 
correct energy shimming for P,P; (and consequent in- 
correct value) for which +1 Mev was allowed, and the 
correction to the background for the energy difference. 
These are listed in Table V. 


Results 


The final values of R with their “‘total errors,” a 
quadratic combination of all random and systematic 


TABLE VI. Final values of R(140 Mev). 


esenniie errors 





AR AR AR AR Weighting 

02 R random 10% align slit total factor 

15° North —0.235 - _ 0.007 ; 0.479 
South —0.268 0.015 0.52 
combined —0.252 0.027 0.011 0.005 0.030 

20° N —0.202 0.007 = 
S —0.242 0.009 607 
comb —0.227 0.027 0.008 0.004 0.028 

25° N —0.390 0.016 = 
S —0.229 0.012 J 
comb —0.271 0.032 0.013 0.005 0.035 

30° N —0.161 0.009 = 
S —0.139 0.008 657 
comb —0.146 0.035 0.009 0.005 0.037 

= N —0.044 0.009 par 
S —0.198 0.014 0 
comb —0.151 0.053 0.012 0.007 0.055 . 

40° N —0.249 0.019 0.197 
S +0.003 0.011 0.803 
comb —0.047 0.079 0.012 0.006 0.080 
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Fic. 4. R(140 Mev) for proton-proton scattering vs laboratory 
scattering angle 62. Shown also are the measurements of Bird, 
et al. at 142 Mev. 


errors, are plotted against lab scattering angle in Fig. 4 
and listed in Table VI. Shown also are the measure- 
ments of Bird et al.* at 142 Mev. 

Quantities characterizing the analyzing scattering, 
namely P,P;, (1/0)(do/d@), and the mean energy of 
analyzing scattering £3, are listed in Table VII. P3 is 
plotted vs E; in Fig. 5 (P; was taken as 0.65), Shown 
also in this figure are the P; values from D(98 Mev)? 
and from D(142 Mev),? and the polarization measure- 
ments of Dickson and Salter.” (1/c)(do/d@) is plotted 
vs E; in Fig. 6. Shown also are values for D(98 Mev)? 
and D(142 Mev),? and from measurements of Gerstein" 
and of Dickson and Salter.” 

Two measurements of R have not been included in 
these results. A measurement at 6.=south 25° gave a 
value of —0.272+-0.036 for R (error random only). Had 
it been included with the other two measurements, the 
final value of R would have become more negative by 


TaBLe VII. Quantities characterizing the analyzing scattering. 











ROTATION 


65 P,P (1/0) (do /dé) EB; 
15° North 0.265+0.010 0.151+0.016 117.1 
South 0.262+0.009 0.178+0.016 117.4 
combined 0.264+0.007 0.165+0.011 117.3 
20° N 0.237+0.012 0.130+0.015 108.3 
S 0.225+0.008 0.158+0.015 108.5 
cas comb 0.230+0.007 0.147+0.011 108.4 
a N 0.165+0.008 0.137+-0.017 97.7 
S 0.172+0.007 0.127+0.014 97.9 
: comb 0.170+0.006 0.129+0.011 97.8 
30° N 0.126+0.009 0.104+0.013 85.5 
S 0.131+0.008 0.109+0.013 86.6 
i comb 0.129+0.006 0.107+0.010 86.2 
35 N 0.072+0.012 0.076+0.014 73.9 
S 0.087 +0.008 0.125+0.013 73.4 
, comb 0.083+0.007 0.110+0.010 73.6 
40 N 0.038+0.012 0.057+0.015 61.7 
5 0.056+0.009 0.071+0.015 60.1 
comb 0.053 +90.007 0.068+-0.012 60.4 


Pe: L. Bird, D. N, Edwards, B. Rose, A. E. Taylor, and E. Wood, 
Phys. Rev. Letters 4, 302 (1960). 
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0.0003, or 1% of the stated total error. The ABEF 
counts did not seem internally consistent during this 
measurement. For one solenoid direction and counter 
position, the counts of the four sets averaged 806, but 
included one set of 710. 

A measurement at 6.=north 40° gave a value of 
+0.061+0.230 for R. Had it been included with the 
other two measurements, the final value of R would 
have become more positive by 0.018, or 22% of the 
stated total error. This measurement was made when 
the A counter was not functioning; the background was 
50% higher than for the other north 40° measurement. 
The antiscattering slit was very close to the unscattered 
beam, and may have been contributing low-energy 
counts. The es, measurements for the two counters 
differed by 2.4 standard deviations. The (1/0) (do/d@) 
measurements differed by 3.5 standard deviations; that 
for the EF telescope (0.186++0.027) seemed high com- 
pared to other values as shown in Fig. 6. 

Although no major error in experimental procedure 
or functioning of apparatus during the two measure- 
ments was discovered, it was decided to exclude them 
from the final results, since they seemed not internally 
consistent, and since their exclusion caused only small 
changes in the final results. 


Consistency 


The measurements of ¢3,, PiP3, and (1/c)(do/dé@) 
from the CD telescope were compared with those from 
the EF telescope. For e3,, three out of twelve measure- 
ments differed by more than one standard deviation; 
for P,P3, four out of twelve measurements so differed ; 
for (1/c)(do/d@) seven out of twelve measurements so 
differed. All measurements differed by less than two 
standard deviations. 
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Fic. 5. Analyzing power P; vs mean energy of analyzing scat- 
tering /;, from the experiments measuring R(140 Mev), 
D(98 Mev),’? and D(142 Mev).? Polarization measurements of 
Dickson and Salter” are also shown. The analyzing scattering 
angle @; is 15°. 
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Fic. 6. (1/0)(do/d@) vs the mean energy of analyzing scattering 
E;, from the experiments measuring R(140 Mev), D(98 Mev),? 
and D(142 Mev).? Measurements of Gerstein" and of Dickson 
and Salter” are also shown. The analyzing scattering angle @; is 
15° 


The measurement of R, P,P3, and (1/c)(do/dé) from 
6. north were compared with those from 62 south. For 
R, three out of six measurements differed by more than 
one standard deviation; the measurements at 6.= 25° 
differed by 2.2 standard deviations. For P,P, two out 
of six measurements differed by more than one standard 
deviation; none differed by more than two standard 
deviations. For (1/0)(do/d@) three out of six measure- 
ments differed by more than one standard deviation; 
at 6.=35°, the measurements differed by 2.6 standard 
deviations. 

The four partial asymmetries were compared for both 
€3, measurements and P,P; measurements. For P,P; 
there were neither up-down nor normal-reversed asym- 
metries that were statistically significant. The differ- 
ences P:P3y—PP3r and P\P3y—PP3p differed from zero 
by more than two standard deviations on one occasion 
out of 48 comparisons. (The subscripts V, R, U, D 
indicate the parameter not varied.) 

For é3,, the value of ey-er for north 62 suggest an 
admixture of A (see reference 4); if one assumes the 
value of A predicted by Gammel and Thaler," then the 
longitudinal component of polarization Pxo9 equals 


4 J. L. Gammel and R. M. Thaler, Phys. Rev. 108, 163 (1957). 
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0.13. For south @, there is no evidence for a nonzero 
value of Pxo. (This can be explained in terms of the 
main slit defining a different portion of the beam 
The values of ev-ep for south 6, suggest a monitoring 
variation, normal to reversed, of 1.6%. There js ts 
evidence for such a variation at north 6, again explica- 
ble in terms of slit positioning. The asymmetry differ. 
ences éy—er and ey—ep are nonetheless greater than 2eT0 
by more than two standard deviations on only three 
out of 48 occasions. : ‘ 
In summary, all variations are quite compatible with 
statistical expectations or explicable in terms of , 
definite (nonerror producing) effect such as longituding| 
polarization. 


DISCUSSION 


The values of R reported here are in agreement with 
those of Bird ef al.," as can be seen from Fig. 4, 

The values of P; from R(140 Mev), D(98 Mey)? 
and D(142 Mev)? agree well with each other, and quite 
satisfactorily with the measurements of Dickson and 
Salter,” considering the finite angular resolution and 
poor discrimination against inelastic scattering of the 
first three measurements. 

Values of (1/0) (do/d6) vary smoothly with energy in 
reasonable agreement with the values of others.274 
The 6:=35° measurement, at E3;=74 Mev, seems 
perhaps two standard deviations above the smooth 
curve suggested by the other points. It was at this angle 
that the north and south measurements agreed poorly 
(see section “Consistency”’). If the value of (1/c) (do/d 
suggested by the smooth curve had been used for the 
misalignment correction, R at would have been 
more positive by 0.025, or 45% of the total error. 


2=0 
JOD 
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Radioactive Decay of Tm'’™ and Tm’” 
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Erbium oxide enriched to 35.1% and 14.1% in the mass numbers 164 and 162, respectively, were irradiated 
with 6-Mev protons. Activities decaying by electron capture with half-lives of (2.04+0.10) minutes and 
(7744) minutes were produced and are assigned to Tm'* and Tm!'®, respectively, by the identification 
of the erbium K x ray, comparison with the activities produced by similar proton irradiations of each of 
the other enriched isotopes of erbium, and by the existence in the 2.04-minute activity of a prominent 
gamma ray with the energy of the first excited level in Er'™ determined from the decay of Ho'*. The gamma- 
ray spectrum of Tm'™ consists of only the erbium K x ray, a gamma ray of 91 kev, and annihilation radi- 
ation; and that of Tm!®, of the erbium K x ray and gamma rays of 102 and 236 kev. The three radiations 
observed in the decay of Tm'® are all in coincidence. Energy level schemes for the decay of these two new 
activities are proposed and branching ratios are estimated from relative intensities. 





EXPERIMENTAL RESULTS 


LL of the enriched isotopes of erbium have been 

irradiated with 6-Mev protons. The well known 
activities of Tm'”, Tm!', Tm!*, and Tm!® were 
produced from the enriched erbium isotopes with the 
same mass numbers by (p,7) reactions. The irradiated 
samples of erbium oxide enriched in the mass numbers 
164 and 162 contained two activities‘differing from the 
other known thulium activities. Table I lists the 
percentages of erbium isotopes in the samples used. 
The activity resulting from the irradiation of enriched 
erbium 164 clearly showed a 2-minute component, and 
that of enriched erbium 162, a 77-minute component. 
The x ray in these activities was shown to be the K 
x ray of erbium by comparison with known erbium K 
x rays. The 2-minute activity exhibited a prominent 
gamma ray of 91 kev which is the same as the energy 
of the first excited level of erbium 164 determined by a 
study of the activity of Ho! by Brown and Becker.! 
It is assumed that these two new activities also resulted 
from (pn) reactions with the enriched isotopes. For 
these reasons, the 2-minute activity is assigned to Tm! 
and the 77-minute activity is assigned to Tm!®, 

The half-lives of Tm'* and Tm! are (2.04+0.10) 
minutes and (77-4) minutes, respectively, as measured 
by following the decay of the individual K x rays, 
gamma rays, and annihilation radiation with a 100- 
channel scintillation spectrometer. The 2.04-minute 
value was obtained by the subtraction of a base line 


TaBLe I. Composition of the enriched erbium oxide samples. 

















Enriched Percentages of erbium isotopes* 
erbium Natural comprising enriched samples 
isotope —_ percentages 162 164 166 167 168 170 
164 1.56 <0.2 351 474 98 62 15 
162 0.136 14.1 90 400 17.1 146 5.2 
*Supplied by the Stable Isotopes Division of Oak Ridge National 


Laboratory. 


'H. N. Brown and R. A. Becker, Phys. Rev. 96, 1372 (1954). 


due to the longer lived thulium activities in the sample 
as shown in Fig. 1. 

The low-energy portion of the gamma-ray spectrum 
of Tm!* is shown in Fig. 2. Only the erbium K x ray, 
a prominent gamma ray of (91+2) kev, and annihila- 
tion radiation were observed on the 2.04-minute half- 
life in the range 0 to 3000 kev. The relative numbers 
of K x rays, 91-kev gamma rays, and annihilation 
radiation photons are 100:13.5:176, respectively. The 
relative number of positrons can be obtained by 
dividing the number of counts in the spectral distri- 
bution of the annihilation radiation by two. The factor 
of two was confirmed with Na”. An unsuccessful 
attempt was made to measure the energy of the 
positron in the 2-minute activity of Tm’ by the 
method of plastic scintillation spectrometry. 

The observed gamma-ray spectrum of Tm!®™ consists 
of the erbium K x ray and gamma rays of (1022) and 
(236+4) kev. No other gamma rays with energies 
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Fic. 1. Decay curves for Tm'™ obtained with a 100-channel 
analyzer. A similar curve for the annihilation radiation yielded 
the value of 2.04 minutes. The curve for the K x ray has been 
plotted one decade low. The base line for the A x ray is due to 
the K x ray in the 7.7-hour Tm" activity and that for the 91-kev 
gamma ray is the channel number where the gamma ray existed. 
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Fig. 2. Gamma-ray 
spectrum of Tm!" 
obtained with a 13 
X2 inch Na(TI) 
crystal and a 100- 
channel analyzer. 


between 0 and 3000 kev were’ observed on the 77- 
minute half-life. The presence of the 112-minute posi- 
tron activity of F'* prevented positive observation of 
positrons in the 77-minute activity. The relative 
numbers of the radiations observed in the spectrum of 
Tm!” are approximately 100:20:10=K x ray:102y: 
2367. Gamma-gamma coincidence measurements were 
performed with a circuit of resolving time 27= 1.5 usec. 
All three observed radiations are in coincidence. 


DISCUSSION 


Figures 3 and 4 show proposed decay schemes for 
Tm'™ and Tm'®, The 91-kev gamma ray observed in 
Tm'™ probably depopulates the first ground-state 
rotational level of Er’ and is therefore assumed to be 
E2. The first rotational level of Er'® has not been 
established by Coulomb excitation but is expected to 
occur at about 100 kev. The 102-kev gamma ray of 
Tm'®™ probably depopulates this level and is also 


TM 


69 


4 
(2.04 MIN) 





/ 
/ 
/ 
i, 
| # 





/ 
/ 
/ 


/ 


/ 


/ 





/ 


EC 50% 
et 50% 


me Gham 


Yi 


3% 





fF 


a 
— 
164 

eaX® 


0 


=" 


O+ 


Fic. 3. Proposed energy level scheme for the decay of Tm'™ 
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assumed to be of #2 character. Because the 236-key 
gamma ray is in coincidence with the 102, a level at 
338 kev is implied. Because the energy ratio of these 
two levels is that common for the first two rotational 
levels in even-even nuclei, the level at 338 kev is given 
the spin assignment 4+. The relative numbers of 91- 
102-, and 236-kev transitions shown in Figs. 3 and 4 
were obtained by correcting the observed relative 
numbers of gamma rays for internal conversion using 
the data displayed in Table II.” 

The rotational spin assignments for the low lying 
levels in Er'® and Er'® and the branching ratios shown 
in Figs. 3 and 4 suggest possible spin assignments of 
1— and 3— for Tm'* and Tm'®, respectively. The 
decay scheme for Tm'™ as presented in Fig. 4 accounts 
for the relative number of K x rays observed within 
the experimental error which in this case is larger than 
for Tm!™ because of the lower enrichment of Er'®. If 
L capture is ignored in the case of Tm'™, there is little 
or no evidence of an electron capture transition to the 
ground state of Er'®. However, if L capture is signil- 
cant, the possibility of such a transition does exist. If 
the choice of 3 for the spin of Tm'® is correct, then this 
ground-state decay has AJ=3 and must then compete 
with two transitions for which AJ= 1. The ground-state 
transition is then probably highly retarded and is not 
shown in Fig. 4. 


= ? : s - 

TABLE II. Internal conversion coefficient data for the Ff) 
transitions of 91, 102, and 236 kev in erbium. The a’s are Irom 
reference 2. 


ee 


N; N, N./Nx 


a Lu) a(M) 


E, a(K) a(L) a(Lr) 

91 1.28 0.120 1.05 1.05 1.10 5.60 4.37 
102 1.00 0.004 0.606 0.591 0.615 3.91 39 
236 «©00.100 «0.011. Ss:0.014.Ss«0.010) «0.016 s-1.15 ths 


2M. E. Rose, Internal Conversion Coefficients (North Hollane 
Publishing Company, Amsterdam, 1958). 
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RADIOACTIVE 


In the decay of both Tm'** and Tm'** to the even- 
even isotopes of Er'®® and Er'®, highly populated 
members of a K=2+ vibrational band are observed.’ 


gal 
3K. P. Jacob, J. W. Mihelich, B. Harmatz, and T. H. Handley, 
Phys. Rev. 117, 1102 (1960); R. G. Wilson and M. L. Pool, 


Phys. Rev. 119, 262 (1960). 
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OF Tm'** AND Tm'*** 1829 
These levels are characteristically found at 750 to 
1000 kev and decay to the levels of the ground-state 
rotational band by the emission of gamma rays of 600 
to 900 kev. No gamma rays in this energy range were 
observed with the scintillation spectrometer following 


the decay of either Tm'™ or Tm'™®™. 
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Measurements of Spatial Asymmetries in the Decay of Polarized Neutrons* 


M. T. Burcy, V. E. Kroun,t T. B. Novey, anp G. R. RInco 
Argonne National Laboratory, Argonne, Illinois 


AND 


V. L. TELEGDI 
University of Chicago, Chicago, Illinois 
(Received July 22, 1960) 


A series of experiments has been carried out to examine the spatial symmetry properties of the beta 
decay of the free neutron. Measurements of angular distributions of the electrons and protons coming 
from the decay of polarized neutrons have shown that the correlation coefficient between the directions of 
electron momentum and neutron spin is —0.11--0.02 and that between the antineutrino momentum and 
the neutron spin is 0.88-+0.15. The coefficient of the term proportional to the scalar triple product of 
antineutrino momentum, electron momentum, and neutron spin (which is not invariant under time reversal) 
is 0.04-0.05. All these results are consistent with the A —V theory of beta decay. Details of measurement 
techniques and the method of producing a beam of polarized neutrons are given. 


I. INTRODUCTION 


ESIDES the decay rate \ and the spectrum NV (p,), 
the fundamental process of beta decay, 


n— ptet+i, (1) 


is further characterized by certain angular correlations 
(asymmetries) between such physically observable 
quantities as the spins and momenta of the particles 
involved. A complete theory of beta decay should 
predict all of these observable effects quantitatively. 
Conversely, the empirical knowledge of all such 
correlations (in addition to that of the decay rate and 
of the spectrum) should specify, and possibly over- 
determine, all the free parameters of the theory (i.e., 
the so-called coupling constants). The fact that the 
neutron undergoing beta decay is, in most experiments, 
embedded in nuclear matter should not affect this 
statement. However in order to interpret such experi- 
ments, one must have a valid description of nuclear 
structure. Lacking this knowledge, further free param- 
eters (i.e., the nuclear matrix elements) appear in the 
theoretical predictions for the observable effects, 
without essentially increasing the number of experi- 
mentally observable quantities. 

. At the time of the discovery of the breakdown of 
Invariance under space inversion (P) and charge 





.* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Presently at Ramo-Wooldridge, Canoga Park, California. 


conjugation (C) in weak interactions,! Robson and 
others? had already shown that measurements on the 
decay of free neutrons are experimentally feasible. 
We therefore decided to investigate in this process 
those asymmetries which arise from the failure of P 
and C invariance, and also a particular asymmetry 
which could arise* if time-reversal invariance (7) also 
failed in beta decay. 

The probability of emission of electrons and anti- 
neutrinos from polarized nuclei is given by Jackson, 
Treiman, and Wyld* as 
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1C. S. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes, and 
R. P. Hudson, Phys. Rev. 105, 1413 (1957); R. L. Garwin, L. M. 
Lederman, and M. Weinrich, Phys. Rev. 105, 1416 (1957); J. I. 
Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957). 

2J. M. Robson, Phys. Rev. 83, 349 (1951); A. H. Snell, F. 
Pleasonton, and R. V. McCord, Phys. Rev. 78, 310 (1950). 

3 J. D. Jackson, S. B. Treiman, and H. W. Wyld, Phys. Rev. 
106, 517 (1957). 
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°0. i 
Fierz interference terms 


For the case of the neutron, J(J+1)—3((J-j)”) 
we assume the absence of 
(b=0) then this becomes 


pps (J) p. 
w=N(E)E} 1+¢ 1. 
| E.E; i 
J) p> (J) pe Ps) 
+8—:-—+D—-—xX— (3) 
in, sk w@ 


Thus w depends upon the solid angles for the detection 
of the particles involved, their energies, and the 
direction and magnitude of neutron polarization. By 
judicious selection of the experimental arrangement, 
the contribution of each term may be isolated. The 
term proportional to p,- ps has been studied previously‘ 
and, although very difficult to measure, was known to 
be small. 

The three terms suggest three experiments 
requiring polarized neutrons: 


last 


(1) The electron up-down asymmetry, of the form 
1+ @((J)/J)- (p./E-). 

(2) The antineutrino up-down asymmetry, of the form 
1+ @8((J)/J)-(ps/E3). 


(3) The neutron-electron-antineutrino correlation, of 
the form 


14+ D((J)/J)- (p-X ps/E-E;). 


The scalar product of observables entering the first two 
correlations is obviously odd under space inversion, 
while the triple product in the last one is odd under 
time reversal. The coefficients @, ®, and D depend 
bilinearly on the free parameters of the theory; their 
dependence has been given by Jackson, Treiman, and 
Wyld,‘ and by other authors.° 

All three correlations involve the neutron spin, i.e., 
are observed only in the decay of polarized neutrons. 
A method developed several years ago in this labora- 
tory® enabled us to obtain an intense beam of almost 
completely polarized thermal neutrons under very 
favorable background conditions. The methods used in 
producing and analyzing this beam, as well as other 
experimental matters common to all three asymmetry 
measurements, will be described in Sec. II. Sections 
III, IV, and V cover experimental matters specific to 
each of the three correlation experiments. In Sec. VI, 
we discuss the consequences of our results for the theory 
of beta decay. While this work was in progress or 

‘J. M. Robson, Can. J. Phys. 36, 1450 (1958); Yu. V. Tre- 
bukhovskii, V. V. Vladimirskii, V. K. Grigoriev, and V. A. 
Ergakov, J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1314 (1959) 
[translation : Soviet Phys.—JETP 36(9), 931 (1959) ]. 

5M. E. Ebel and G. Feldman, Nuclear Phys. 4, 213 (1957); 
K’. Alder, B. Stech, and A. Winther, Phys. Rev. 107, 728 (1957). 

®M. Hamermesh, Phys. Rev. 75, 1766 (1949); D. J. Hughes 
and M. T. Burgy, Phys. Rev. 81, 498 (1951). 
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available only in preliminary form,’ many experimen! 
on complex nuclei were carried out. These corroborgy, 
or amplify the conclusions that may be drawn fro: 
our results. 


Il. APPARATUS 
A. Cobalt-Iron Mirror 


The experimental arrangements in these measy 
ments were generally as shown in Fig. 1. The neutrons 
used were obtained from the Argonne Research Reactor 
CP-5, in a beam from a collimator 853 in, long, 8 in 


high, and } 


in. wide. After leaving the collimator thy 
beam was polarized by reflection® from a mirror of 
95% Co and 5% Fe alloy? magnetized in a vertic 
direction by a field of roughly 250 oe. To make this 
mirror, the Co-Fe alloy was cast and then rolled into, 
sheet about 0.025 in. thick. Pieces of this sheet wer 
silver soldered onto ten copper blocks 5 in. square and 
1 in. 
which the Co-Fe surfaces were ground and then polished 
to a flatness of about 3 fringes. The copper blocks wer 
then mounted on 


thick in a controlled-atmosphere furnace, after 


a long aluminum bar with their 
surfaces in the same plane to an accuracy of about 
0.001 in. to make a mirror 5 in. high and 50 in. long 
The reflectivity of this mirror appears to be about } 
for neutrons of less than the critical velocity and it 
does not add appreciably to the divergence of the beam. 

The beam from the reactor struck the mirror ata 
grazing angle of about 8 min and then entered a vacuum 
chamber through the shields shown in the figure. 
Brass blocks, 1 ft long, were placed about } in. from 
the mirror face at the center and outer end. The effective 
collimation of the beam was determined by the inner 
end of the collimator in the reactor (} in. wide) and by 
the mirror. The brass and lead shields, however, served 
to reduce stray radiation. As a special precaution 
against gamma rays from neutron capture, the parts 
of the shield near the beam in the vacuum chamber 
were made of a lead alloy containing 0.5% Li by 
weight. The shielding proved to be quite effective a 
judged by the fact that the gamma-ray level in the 
beam in the chamber was lower than 100 mr/hr. 

The reflected beam contained a total of about 5X10 
neutrons/sec spread over an area about 8 in. high and 
1 in. wide at the point where the neutron decays wert 
observed. 

The polarization of the neutron beam was measured 
by reflection from a second Co-Fe mirror magnetized 


7M. T. Burgy, V. E. Krohn, T. B. Novey, G. R. Ringo, ao 
V. L. Telegdi, Phys. Rev. Letters 1, 502 (1958); M. T. Burgy, 
V. E. Krohn, T. B. Novey, G. R. Ringo, and V. L. Telegd, 
Phys. Rev. 110, 1214 (1958). a. 

§ FE. J. Konopinski, in Annual Reviews of Nuclear Physics, edited 
by E. Segré and I. C. Schiff (Annual Reviews Inc., Palo Alto, 
California, 1959), Vol. 9, p. 99. : 

* The 5% Fe gives an alloy which has a cubic structure and 
magnetically much softer than Co. The added iron does not 
seriously affect the index of refraction for neutrons of either spit 
state. 
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Fic. 1. Horizontal section through center of the apparatus for the study of the decay of polarized neutrons. 


in the same direction as the first. This analyzer was 
placed between the vacuum chamber and the monitor. 
The measurements of the polarization were made by 
recording the intensity of the doubly reflected beam 
with and without an unmagnetized steel sheet about 
(,01 in, thick placed in the beam between the polarizer 
and analyzer. The sheet, which completely depolarized 
the beam owing to random precessions in its disoriented 
domains, would reduce the intensity of the second 
reflection by 50% if polarizer and analyzer were perfect. 
It actually reduced the intensity by about 43%, which 
would indicate about 75% polarization. Since the 
polarizing and analyzing mirrors were essentially 
identical and in a similar magnetic environment, it is 
believed that they share the blame for the imperfection 
of polarization. Hence the beam in between them is 
believed to have a polarization of 87% with an uncer- 
tainty of +7% which is intended to cover the reason- 
able range of failure of the assumption of equal imper- 
fection in polarizer and analyzer. The other sources of 
error in the polarization measurement are relatively 
small. When measurements of polarization were not in 
progress, the analyzer was removed since it would have 
added to the background in the measurements of 
neutron decay. 

In the measurements of polarization and during the 
decay measurements, it was necessary to have a 
magnetic guide field of about 2-5 gauss to preserve the 
magnitude and direction of polarization. This guide 
held was supplied by a magnetic condenser consisting 
of two plates, about > in. thick and 2 ft wide, running 
the full length of the vacuum chamber just outside its 
walls, These were excited by four small coils on two 
yokes. In practice it was not always necessary to 
energize the coils continuously since residual fields were 


sometimes sufficient. The plates used as the poles in the 
magnetic condenser had holes for the various detectors, 
pumping lines, ion gauge, etc. These did not significantly 
perturb the field in the chamber. 


B. Vacuum Chamber 


The vacuum chamber in which the neutron decays 
were observed was fabricated of 1-in. aluminum plates 
welded together, except for the end plates which were 
made of 1-in. copper to simplify the construction of the 
thin copper windows. The end plates, the detectors, and 
several other openings in the chamber were sealed with 
O rings lubricated with Apeizon 7. The system was 
pumped by a 6-in. oil diffusion pump. In the line 
between the chamber and the pump there was a trap 
cooled with liquid nitrogen. A pressure of about 10~® 
mm of Hg was usually maintained in the chamber and, 
in spite of the possible sources of organic contaminants 
present, the electron multiplier of the proton detector 
did not show appreciable deterioration in a few months 
except on the rare occasions when the trap or pump 


failed. 
C. Proton Detector 


The neutron decays were detected by coincidences 
between a proton detector and an electron detector, 
with an appropriate time delay requirement corre- 
sponding to the flight time of the proton. This is the 
method which had proved quite successful in reducing 
background in earlier studies of the neutron lifetime.* 

The protons to be detected were accelerated (to 
energies of 5 to 10 kev) toward an electron-multiplier 
system which amplified the secondary electron current 
emitted when a proton struck a silver-magnesium 
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surface which served as the cathode of the system. This 
cathode and the first three dynodes of the multiplier 
were tapered so that the area of the opening to each 
stage (and the exit of the previous stage) was about 
one third as large as the opening of the previous stage. 
The entrance to the cathode was 6 in. square and the 


exit from the third dynode was 3 


two-step process." 


proton detector is shown in Fig. 2. 


In our early experiments, the proton detector was 
placed relatively far away from the beam in order to 
reduce the general background. The protons were 
focussed onto this detector by an electrostatic lens 
between the detector and the beam. We belatedly 
realized, however, that a large fraction of the protons 
missed the detector owing to the component of their 
recoil velocity normal to the accelerating field. It was, 
of course, the ratio of the accelerating potential to the 








Fic. 2. Special silver-magnesium dynodes of the proton detector. 
These precede a commercial dynode structure which faces the 


§ in. X % in. exit. 


10 Paul Rappaport, J. Appl. Phys. 25, 288 (1954). 
u K. Koyama and R, E. Connally, Rev. Sci. Instr. 28, 833 


(1957). 
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s in. square. Each 
entrance was covered by a grid of 0.005-in. stainless 
steel wire. After assembly on lavite (Lava A) supports, 
the cathode and three dynodes were oxidized in a 
A ten-stage commercial dynode 
structure (Dumont type 6292) was used in series with 
the special stages just described. Such structures were 
used in their standard glass envelopes after removal of 
the cathode end." They were sealed to the main 
vacuum system by an O ring which slipped over the 
envelopes. The system was operated at 3000 to 4000 
volts, half of which was between the fourth dynode 
(first commercial dynode) and the cathode. The latter 
was grounded to the vacuum tank. A sketch of the 
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recoil energy which determined this loss and the acce 
ating voltage was limited by the rapid rise in bac kgrour 
at accelerating voltages higher than 10 kev. In Order 
avoid the loss of protons from this source, the detector | 
described above was built and mounted in the posit 
shown, relatively near the beam. Fortunately. 
background was not excessive in this position: in j 
the ratio of number of observed neutron decays 
background counts was higher than in the ¢arle 
arrangement. 


D. Electron Detector 


The detector for beta particles was a scintillator, 5} 
in diameter and 0.2 in. thick, consisting of a mosaic ¢ 
16 matched 14-in. square anthracene crystals cemented 
to each other and to a }-in. Lucite backing with ; 
cold-setting epoxy resin and trimmed to approximate) 
circular shape. 





The Lucite backing was cemented to a Lucite lig 
pipe, 6 in. longX5 in. in diameter, which in tum wa 
cemented to a 5-in. Dumont photomultiplier, type 
6364. The light pipe allowed the photomultiplier to b 
mounted in a 


region where it could be adequate 


protected from the guide field with mw metal and itm 
shields. 
The energy resolution of the anthracene mosaic w: 


initially 17% for Cs"? electrons, but subsequent 
reduction in the uniformity of the photosurface wor 
Nevertheless, the signal-to-nois 
ratio in the energy window was better for this crystal 


ened the resolution. 


than for the p! istic scintillator tried. 

The 8-detector system could be mounted either o 
top of the vacuum chamber so as to look down at the 
narrow edge of the beam, or at the side of the tanks 
as to look at the width of the beam. In either position 


the geometrical efficiency was about 3%. 


E. Electronics 


A schematic diagram of the electronic system ’ 
shown in Fig. 3. The heart of the system is a sequent 
sensitive time-overlap circuit (time converter)” utiliang 
2-usec pulses from trigger pairs actuated by fast pulses 
from the detectors. The output of this circuit is linearly 
proportional to the' overlap of the trigger pulses, aid 
is sent to a 256-channel analyzer if the electron pus 
preceeds the proton pulse by at least 0.02 psec. h 
addition, selection of pulse sizes is made by singe 
channel pulse-height analyzers which analyze “sow 
pulses from the detectors. The 256-channel analyze 
is gated by coincidence of these single- hannel analyzets 
In the 256-channel analyzer, the output of the over 
circuit can be stored in one set of 128 channels if there 
is an ‘“‘overcount”’ pulse from one of the analyzers ax 
in' the other set of 128 if there is not. The analyze 
which controls this selection can be chosen for ¢ } 
particular experiment. This ‘overcount” pulse 


2 Designed by R. Epstein of this laboratory. 
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Fic. 3. Schematic diagram of 
electronic circuits. 
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emitted from either single-channel analyzer when a 
pulse exceeds the upper edge of its window. This 
allows breaking up either detector spectrum into two 
parts, 

The results of a typical good 24-hr run are shown in 
Fig. 4. Prompt coincidences from background photons 
give maximum pulse-height corresponding to maximum 
pulse overlap. Increasing delay of the pulse from the 
proton detector is measured to the right from the 
prompt peak. The neutron peak appears at a delay of 
about 0.1 usec, which is the expected drift time of the 
protons to the detector. The flat distribution is the 
accidental background. 


Il. CORRELATION OF ANTINEUTRINO MOMENTUM 
AND NEUTRON SPIN 

This correlation is measured by observing the direc- 
tion of the recoil protons relative to the direction of 
neutron spin for an electron momentum normal to the 
spin, The experimental arrangement used is illustrated 
in Fig, 5, a vertical cross section of the system. For this 
measurement the neutrons were polarized in the vertical 
direction. Consider for definiteness the case in which 
the neutron spins are pointing upward. In this case, 
if the antineutrino is emitted along the spin direction, 
the recoil proton receives a downward component of 
momentum and may be passed by the slits. When the 
neutron spins are reversed, the protons associated with 
antineutrinos emitted parallel to the spin are discrimi- 
nated against by the slits. Thus, from the change in 
concidence rate with the two opposite neutron polar- 
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izations, the sign and magnitude of the correlation 
coefficient ® between the antineutrino momentum and 
the neutron spin can be obtained. 

In practice, two measurements with reversed neutron 
polarization are not compared directly with each other 
since they involve a reversal of the magnetic fields 
which could conceivably affect the efficiencies of the 
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Fic. 4. Record of stored pulse-height spectrum from a typical 
run of about 8 hr in the experiment to measure @, the coefficient 
of the correlation between the spin direction and the direction of 
electron emission. About 100 channels are shown. 
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Fic. 5. Detector arrangement for measurement of the correlation 
@® between the directions of neutron spin and antineutrino 
momentum, 


detectors. Instead, one compares measurements with a 
polarized and an unpolarized beam. The depolarization 
(as mentioned earlier) is achieved by inserting a steel 
sheet about 0.01 in. thick in the beam at a point at 
which the magnetic field is less than 100 gauss. Such a 
sheet appears to have no appreciable effect on the 
magnetic fields near the detectors and hence makes an 
ideal depolarizer. Such polarized-depolarized sequences 
were performed with both field (spin) directions, and 
the total effect was taken as the algebraic sum of these 
two differences. 

The results of this experiment are shown in Table I, 
in which @ is the usual correlation coefficient of the 
cosine of the angle between the directions of interest. 
The errors given in the first line are statistical, while 
those in the last lines include an allowance for the 
estimated uncertainty in the correction factors. 

There is a possibility that the slits may have a finite 
reflectivity for protons; if so this would reduce the 
observed value of the asymmetry. The value of @ 
reported here thus constitutes a lower bound. 

In practice, the idealized considerations given in the 
introductory paragraph of this section do not apply to 
the geometry used. We therefore had to compute a 
geometrical correction factor. The procedure for this 
calculation, performed numerically on a computer, 
was as follows. 

For a given position of decay in the beam region, 
given electron energy, and given electron direction, we 
calculated the number of antineutrinos that would 
yield protons of the proper trajectory to pass the slits 
and hit the detector. This was done for an isotropic 
distribution of antineutrinos and for one varying with 
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cos@s,p,, the same number of cases being considered jp 
each distribution. The computation was then repeated 
for a series of possible electron directions (the spacing 
of the directions being varied to reflect the ol 
anisotropy in the directions of emission of electrons 
relative to the spin direction) in order to perform a 
integration over the surface of the electron detecto, 
The entire calculation was then repeated for a series ¢ 
decay positions in the beam. By averaging over the 
cross section of the beam, one obtains the countins 
rates to be expected for a fixed electron energy, Thi 
calculation was performed for eight equally spaced 
electron energies from 150 to 650 kev. The results were 
then averaged over the two parts of the beta spectrum 
accepted by the detector (150-350 kev and 350-74 
kev), account being taken of the resolution of the 
scintillator and the beta spectrum. 

The geometrical correction factor was obtained fro 
the values calculated for the number of protons detected 
from the isotropic and from the cos@y,»p, distributions 
It is, in fact, the ratio of the two numbers. The nume-. 
ical integrations involved in these calculations ar 
reliable to a few percent. The calculated values of 6,,, 
are shown in Table I as a function of electron energ 
The final ®.xp is not much affected by the poor energ 
resolution in the 150-350-kev region as the correctio 
does not vary rapidly in this region. In the higher 
energy region the resolution correction is more reliably 


made and hence the resolution of the scintillator doe | 


not introduce a serious error although the correction 
is more strongly energy dependent here. The quoted 
uncertainty in the anisotropy coefficient ® includes a 
generous allowance for possible uncertainties in the 
correction factors. 


IV. CORRELATION OF BETA-PARTICLE MOMENTUM 
AND NEUTRON SPIN 


The arrangements for this experiment differed from 
that described in the preceding section in two important 
respects. First, the proton slits were removed, and 
second, the guide field and thus the direction of neutron 
polarization was turned horizontal. With this oriente 
tion of the neutron polarization, the observed strong 
correlation between the neutron spin and the protot 
recoil had a comparatively small effect on the relative 
efficiency with which protons were collected in the two 


TABLE I. Results of measurements on the correlation betwet 


the momentum of the antineutrino and the neutron sp, 
w=1+@(P;/E;)-((J)/J) 
— . —$——— 
Beta energy group 150-350 kev 350-780 kes 
Observed ® 0.36+0.04 0.55408 
Geometrical correction factor 2.00+0.06 2.4040.) 
Correction factor for imper ay, 
fections of polarization 1.15+0.1 1.154 A 
@ 0.83+0.25 0.9140. 


Average @& 0.88+0.15 
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Fic. 6. Detector arrangement for the measurement of the 
correlation D between the directions of neutron spin and electron 
momentum. 


neutron spin directions used (toward and away from 
the beta counter). Figure 6 shows a cross section 
through the beam and vacuum tank with this arrange- 
ment in place. 

It proved to be quite simple to rotate the plane of the 
polarized neutrons after they left the polarizing mirror. 
It was sufficient to provide a horizontal guide field by 
means of a magnetic condenser as mentioned before. 
The plates of this condenser ran the full length of the 
vacuum chamber. This left a rather short transition 
region in which the neutron spins were turned 90° since 
the vertical field of the polarizer was extended along 
the beam to within about 4 in. of the vacuum chamber 
by inserting steel plates 3 in. thick by 6 in. wide (across 
the beam) above and below the beam. When the 
polarization of the beam was measured, the field of the 
analyzer was made vertical and the latter was placed 
about as far away from the guide-field plates as the 
polarizer so that the neutron spins rotated back to the 
vertical as they traversed the space from guide to 
analyzer. The results of the polarization measurement 
with this arrangement were the same as with the fields 
vertical between analyzer and polarizer. 

_ Asmall correction to the results of this measurement 
isnecessary because of an effect of the strong correlation 
B between antineutrino momentum and neutron spin. 
This effect arises as follows. Recause of the ® corre- 
lation, neutrons with their spins pointed toward the 
beta detector tend to give protons whose recoil direction 
saway from the beta counter. Thus, these protons will 
travel to the proton counter slightly faster on the 
average than those coming from neutrons oriented 
oppositely. (They travel only slightly faster because 
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the proton recoil energy is, on the average, only a few 
percent of the accelerating potential applied by the 
grids.) Since both groups of protons receive the same 
component of recoil momentum perpendicular to the 
accelerating field, the faster moving ones are less apt 
to be deflected enough to miss the proton detector and 
hence will be collected more efficiently. 

The actual corrections were made by the following 
numerical calculation performed on a computer. For 
each position from which the decay of a neutron in the 
beam could be detected, the trajectory of the recoil 
proton was calculated for each of several representative 
directions of emission of the electron and of the anti- 
neutrino. The fraction that missed the proton detector 
was computed by integrating over the sensitive volume, 
the range of angles over which the beta rays were 
detectable, and the known distribution of directions of 
emission of antineutrinos. As expected, the correction 
for the difference in collection efficiency for the two 
directions of polarization turned out to be smaller than 
the statistical uncertainty in the measurement. 

In addition to this correction for the effects of ®, 
a further correction is of course necessary for the direct 
effect of the finite size of the electron detector in 
reducing measured anisotropies. The results of this 
experiment, together with all pertinent corrections, are 
collected in Table II. 


V. TEST OF INVARIANCE UNDER 
TIME REVERSAL 


This test was performed by looking for a preference 
of the antineutrino emission for one side or other of 
the plane determined by the directions of electron 
momentum and neutron spin, i.e., the term proportional 
to (J): (p-X ps). The experimental arrangements were 
those used in measuring the correlation of the anti- 
neutrino momentum and the neutron spin (Fig. 5), 
with one change. The proton slits were rotated 90° 
about an axis running from the center of the beta 
counter to the center of the proton counter. The slits 
thus discriminated between protons moving with a 
component of momentum parallel or antiparallel to the 
direction of the neutron beam, a direction perpendicular 
to both (J) and p,. The measurement as usual consisted 


TABLE II. Results of the measurement on the correlation 
between the momentum of the beta particle and the neutron spin; 
w=1+ @(p./E,.)-((J)/J). 


Beta energy group 150-780 kev 


Observed @ —0.066+0.010 
Correction factor for contribution from 

correlation of neutron spin and proton 

momentum (antineutrino asymmetry) 1.12 +0.03 
Correction factor for imperfections of 

polarization 1.19 +0.1 


Geometrical correction factor 1.07 +0.02 
Correction factor for beta velocity, c/# 1.20 +0.06 
@ -0.114+0.019 
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TABLE ITI. Results of measurements on the correlation between 
antineutrino momentum );, electron momentum Pes and neutron 
spin, (J); 


Pp. rj 
w=1+D—-—x— 
J E, Es; 


150-650 kev 


Beta energy group 


Observed asymmetry 


—0.015+0.019 
Geometrical correction factor 17 +0.3 
Correction factor for imperfection of polarization 1.15 +0.1 
Correction factor for beta velocity, c/d 1.25 +0.07 


LD 0.04 +0.05 


of a comparison of the delayed coincidence counting 
rates with polarized and unpolarized neutron beams. 
These measurements were also made with the fields, 
and hence polarization of the neutrons, reversed. The 
observed asymmetry given in Table III is the average 
of all these measurements, with due account taken of 
signs. 

The correction of these results for the effects of finite 
dimensions of the apparatus and imperfections of 
polarization was very similar to that for the measure- 
ments of ®. The calculation of the correction factor 
proceeds exactly as in the antineutrino case except that 
the effect of the @ correlation must be included. These 
calculations indicate that, because of the effect of @ 
on the D correction factor, the latter is about 20% 
less than in the ® experiment. 

The electron and antineutrino asymmetries will 
contribute to the apparent three-vector term if the 
average angle between the neutron spin and the 
direction of emission of the detected electrons is not 90°, 
or if the plane of the proton slits is not parallel to the 
direction of neutron spin. The latter effect is more 
serious as the neutrino asymmetry coefficient is ten 
times as large as that for the electron. The effect will 
enter roughly as the sine of the angle of deviation from 
the parallel situation, so that a deviation of 1° will 
change D by +0.008. The apparatus was carefully 
lined up so this uncertainty in angle is about 1° or less. 

There was also a correction for the average p./E=0/c 
of the beta spectrum. Applying all these corrections to 
the experimental result, we obtain the result given in 
the last line of Table III. This value of D indicates 
that there is no significant failure of invariance under 
time reversal. 


VI. DISCUSSION 


Since the neutron is one of the simplest entities 
showing 8 decay, it would be quite interesting to try 
to determine all the fundamental parameters of 8 
decay by the use of data from the neutron decay only. 
Unfortunately, the present accuracy and completeness 
of the data do not make this practicable. It is therefore 
necessary to use data from other forms of 8 decay and 
assumptions about the character of the decay. The 
customary approach starts from the angular distribu- 
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TABLE IV, Predicted values for @ and @. 


re 
Combination 
of coupling 
coefficients S+1 S-7 V+A Vaid En 
@ —1 -0.10 1 —0.10 Oh 
@ —(0.10 1 0.10 +1 4 8 


tion expression, Eq. (2), given by Jackson, Treimay 
and Wyld,’ in the derivation of which it was assumed 
that special relativity applies to the description ¢ 
electrons and antineutrinos and that only a point 
interaction is involved. Now the results of measur. 
ments on the longitudinal polarization of electrons and 
positrons (which give agreement with a polarization 
equal to v/c) and the absence of Fierz terms (as shown 
best by ratios of A capture to positron emission) show 
that S= —S’, V=V’, T T’ and A=A’, The expre. 
sions for the asymmetry coefficients then become 


—2 Re(|T\?+ A ST*+ V A*) 
Q= 
V 2+ | S\2+3! T)2+3/ A)? 
—2 Re(|7 {1 °—S7T*+VA*) 
yy 
V |\?+/S$/2?+3/7 3|A 
2 Im(ST*— V A*) 
D 


(We use T where Jackson, Treiman, and Wyld use Cy, 
A for C4, etc.) Complex coupling coefficients allow for 
the possibility of failure of invariance under time 
reversal. On the of our measurement of 9, 
however, it seems reasonable to take all coefficients as 
real. Such and @®, calculated for four 
possible combinations of coupling coefficients, are given 
in Table IV. In calculating this table, the ratio of 
Gamow-Teller to Fermi matrix elements, |GT|*/|F’ 
was taken 1.42, the result inferred from the 
measured lifetime of the neutron™ and from the / 
value of O"” 

Obviously other linear combinations of these coefhi- 
cients are conceivable and the table serves chiefly! 
illustrate the sensitivity of these calculations of @ aut 
® to changes in the assumed mixture."* However, if wt 
assume that any of the coupling coefficients is eithe 


basis 


values of @ 


to be 


completely absent or else present in nearly the same 
strength (absolute value) as any other, then the 4-! 


18 A. Sosnovskii, P. Spivak, Yu. Prokofiev, T. Kutikov, an¢ 
Yu. Dobrinin, Nuclear Phys. 10, 395 (1959). Re 

'4 It should be noted that under the conditions S=—S’, J =I, 
A=A’', T=—T", the occurrence of only V and A implies the 
emission of a right-handed antineutrino and of only S$ and T the 
emission of a left-handed antineutrino; whereas a muxture @ 
these pairs, such as V+-T7 or S+ V+7+A would imply a mixe’ 
handedness. See, for example, M. Gell-Mann and A. H. Rosenfeld, 
Annual Reviews of Nuclear Science (Annual Reviews, Inc., Pal 
Alto, California, 1957), Vol. 7, p. 407. 
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combination is the only one that agrees with these 
experiments. 

The value |G7'|?/|# |?=1.550.1 obtained from our 
value of @ is in reasonable agreement with that obtained 
‘om the neutron lifetime but is not in agreement with 
the value (1.16+0.05) obtained"® from ft values of the 
nirror nuclei O'8, F!’, and Ca®. 

It may be of more than academic interest to relax the 
assumption that there are no small terms in the inter- 
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action and attempt to use the data from this experiment 
to put rough limits on these small contributions. If the 
substitutions 


a=|S|/|V|, S=e@V?; b=|T|/|A|, T?=8A?; 
Re(ST*)=|S||T| cos$sr=ab|V||A| cosdsr; 
Re(VA*)= | V| |A | cosy a, 

















are made in Eqs. (4), the values of |A|/|V| obtained 
from the first two are 


|A| @(1+<a’) 

\V| —(abcosdsr+cosdy 4)+[ (ab cospsr+cosdy 4)?— @(1-+a?) (1+082)(2+3@) }! 
and 
7 Al @(1+a?) 








respectively. The equation for D yields 


, , [V| 
ab sinésr—singya= ae a 


Now we may see what ranges of a, b, dsr, and ¢va 
will give reasonable values of |A|/|V| and of 


|GT| (T?+A?)! (—) = 


iF} (e+yy \ite/ |v] 











, 





under the boundary conditions that a and 6 are smaller 
than unity and ¢sr and @¢y, are not far from 180,° i.e., 
the interaction is predominantly A—V. This assump- 
tion means that cosp=—1 so that the calculations 
involving @ and ®& are not very sensitive to variations 
ind. 

In Figs. 7-9 are shown the ranges of values of 
GT|/|F| obtained for the experimental ranges of @ 
and ® for the three sets of assumptions given in the 
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Fic. 7. The range of |G7T|/|F| obtained for the experimental 


range in the coefficients @ and ® under the assumptions shown. 


*0.C. Kistner and B. M. Rustad, Phys. Rev. 114, 1329 (1959). 
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figures. In Fig. 10 are shown the ranges of values of ¢ 
obtained for the experimental range of D under the 
four sets of assumptions shown. In calculating Fig. 10, 
|GT|/|F| was assumed to be 1.25 but the calculation 
is not at all sensitive to this assumption. From this 
figure we conclude that the possible phase deviation 
from 180° is little affected by the various types of 
contributions of S and V considered. Conversely, the 
cosines of possible phase angles are nearly +1 so that 
a small breakdown of time reversal in this region would 
not greatly affect the earlier analysis which involved 
@ and @. Thus the assumption of ¢=z seems adequate. 
Other sets of assumptions are of course possible but a 
more exhaustive analysis of the possibilities should 
probably await more precise data on @, ®, and 9D. 
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Fic. 8. The range of |G7|/|F| obtained for the experimental 
range in the coefficients @ and ® under the assumptions shown. 
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Fic. 9. The range of |G7|/|F| obtained for the experimental 
range in the coefficients @ and ® under the assumptions shown. 


In conclusion, the following statements can reason- 
ably be made about the nature of the beta decay of 
the neutron: 


a. The parity operation is not an invariant operation 
in neutron decay. 

b. The time reversal operation is an invariant oper- 
ation in neutron decay or, more precisely, the relative 
phase angle between the interaction amplitudes of the 
vector and axial vector types is 175°+10°. 

c. The vector and axial vector types‘of interaction 
predominate with a probable maximum contribution of 
about 30% of scalar and tensor type of coupling. 

d. The vector and axial vector types of interaction 
contribute in the ratio A?/V?=1.55+0.1 or |A|/|V| 
= 1.25+0.05. 

e. The antineutrino is right handed; the direction of 
spin lies along the direction of momentum. 
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range in @ya obtained for the experimental 
range of coefficient D. 


These conclusions are also consistent with the resuli 


reported by Clark and Robson!® although their accy. 


racies do not appear to be as good as those we | 
claimed for our experiments. 
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The gamma transitions following the decay of 2.6-hour Ni®*, have been studied by coincidence scintillation 
spectrometry. Gamma rays of energies 0.37, 0.51, 0.61, 0.77, 0.85, 0.95, 1.11, 1.48, 1.62, and 1.72 Mev having 
the intensity of 55, 1.5, 0.6, ~1, ~0.6, ~0.3, 140, 290, 10, and 6 per thousand disintegrations, respectively, 
are emitted in this decay. The gamma-gamma coincidence study is consistent with energy levels of Cu® 
at 0.77, 1.11, 1.48, 1.62, and 1.72 Mev. The angular correlation of 0.37- and 1.11-Mev gamma rays suggests 
the spin assignment of 3 for the 1.11-Mev level and } or } for the 1.48-Mev level. Both the gamma transitions 


are mixtures of £2 and 1. 


INTRODUCTION 


HE energy levels of Cu® have been studied by 
inelastic scattering of protons'? and by Coulomb 

excitation.’ The levels below 2 Mev, observed by (p,p’) 
reactions and located at 0.770, 1.114, 1.482, 1.623, and 
1,725 Mev, are shown in Fig. 1. By Coulomb excitation 
only two levels at 0.815 and 1.150 Mev are reported.’ 
Considering the possible errors in the measurements of 
the energies of the gamma rays emitted after Coulomb 
excitation, it seems reasonable to conclude that the 
0,815- and 1.150-Mev levels are the same as the 0.770- 
and 1.114-Mev levels observed in (p,p’) reaction. 

Siegbahn and Ghosh‘ have reported three beta groups 
of end-point energies 2.1, 1.01, and 0.62 Mev, feeding 
to the ground, 1.11- and 1.48-Mev levels, respectively. 
The 1.48-Mev level is reported to decay through a 
0.37-1.11 Mev gamma-ray cascade and a crossover 
transition. Using anthracene crystals as gamma de- 
tectors, Wiedling and Carlsson® reported an asymmetry 
of 19% in the angular correlation of the 0.37- and 1.11- 
Mev gamma rays and suggested a spin assignment of 
} and 3 for the 1.11- and 1.48-Mev levels. Recently the 
angular correlation of this gamma-ray cascade has been 
studied by Hartmann and Asplund,® and they suggest 
the spin value of 3 for both the levels. Lawson and 
Uretsky’ have presented a theoretical treatment of the 
levels of Cu®® and predicted the spin sequence of 3, 3, 
}, and 3 for the 0.77-, 1.11-, 1.48-, and 1.62-Mev levels. 

In view of the large decay energy of 2.1 Mev, the 
26-hour Ni® has been sudied to determine the extent 
to which the levels reported by (p,p’) reaction and 
Coulomb excitation are excited in its decay. The angular 
correlation measurements were made to determine the 
possibility of M1 and E2 admixture in the gamma 
transitions and to establish, if possible, the spin sequence 
of the two levels involved. 

'M. Mazari, W. W. Buechner, and R. P. de Figueiredo, Phys. 
Rey. 108, 373 (1957), F 

*R.R. Spencer, G. C. Phillips, and T. E. Young, Phys. Rev. 
108, 69 (1957). 
wos Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
Kk Siegbahn and A. Ghosh, Phys. Rev. 76, 307 (1949). 
x ns and A. Carlsson, Phys. Rev. 83, 181 (1951). 
“5B, mann and I. Asplund, Arkiv Fysik 13, 339 (1958). 
'R. D. Lawson and J. L. Uretsky, Phys. Rev. 108, 1300 (1957). 


EXPERIMENTAL PROCEDURE 


Various samples of 99.9% purity of nickel, in the 
form of metallic powder, oxide, and sulphate, were 
irradiated for a period of four to five hours in the Apsara 
reactor (Trombay). The active material was then chem- 
ically purified to remove the traces of Mn*® and also 
Co*’ formed by the (7,p) reaction on Ni®®. 

The gamma-ray spectrum from a purified sample of 
Ni® as observed by a 4-in. diameterX4-in. thick 
Nal(TI) crystal scintillation spectrometer, is shown in 
Fig. 2. In addition to the prominent full energy peaks 
at 0.37, 1.11, and 1.48 Mev, there are indications for 
the presence of 0.51-, 0.61-, 1.62-, and 1.72-Mev gamma- 
ray peaks. The high-energy tail beyond 1.48-Mev peak 
is shown to be composed of the last two gamma rays. 
These energy values are taken from (p,p’) measure- 
ments. The small peak at 0.51 Mev persists with almost 
the same relative intensity with respect to 0.37-Mev 
gamma ray when the source to crystal distance is 
changed. The probability of pair production by the 
intense 1.48-Mev gamma ray in the aluminum which 
is a part of the crystal assembly is about 10-5. If the 
1.48-Mev gamma ray is absorbed in the crystal through 
a pair production process and both the annihilation 
quanta escape through the crystal, it will produce pulses 
corresponding to 0.46 Mev but the probability for such 
a process is less than 10~*. These observations rule out 
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Fic. 1. Level scheme for the excited states of Cu® nucleus. The 
percentage of beta groups are followed by log ft values given in 
parenthesis. Intense gamma transitions are shown by thick lines 
and unobserved transitions are shown by dotted lines. 
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Fic. 2. Gamma spectrum of Ni®, viewed by 4-in. diameter 
<4in. thick NaI(T]) crystal from a distance of 10 cm along its 
axis. 


the possibility of 0.51-Mev peak originating from such 
secondary processes, including the coincidence pile-up 
of 0.37-Mev gamma ray and the back-scattered quanta 
of 1.11-Mev gamma ray. The presence of 0.51-Mev 
gamma ray is Seothen confirmed in coincidence measure- 
ments. The spectrum shown in the figure was recorded 
keeping the source at a distance of 10 cm from the 
crystal surface, corresponding to a coincidence pile-up 
factor of 1.5% for the detection of 1.11-Mev gamma ray 
with its full energy peak, and in coincidence with any 
of the gamma ray feeding that level. The pulses at 
1.62 and 1.72 Mev could arise, in principle, due to the 
simultaneous detection of 0.51- and 0.61-Mev gamma 
rays along with the 1.11-Mev gamma which, as will be 
seen later, is in coincidence with both. However, the 
intensities of the 1.62- and 1.72-Mev radiations are even 
larger than the 0.51- and 0.61-Mev gamma radiations, 
and hence could not arise due to such a piling-up process 
alone. 


GAMMA-GAMMA COINCIDENCE STUDY 


The coincidence measurements were made with two 
scintillation spectrometers, having 1.75-in. diameter X 2- 
in. thick NaI(Tl) crystals as gamma detectors. They 
were operated with the standard fast slow coincidence 
technique having a resolving time 2r=4X 10-5 second. 
The full energy peak of a gamma ray was selected in 
one detector with a single-channel pulse-height an- 
alyzer, and the gamma-ray spectrum in coincidence 
with it, in the other detector, was observed on a Getti 
type® twenty-channel analyzer built here. 

From energy considerations of the various gamma 
rays and the suggested level scheme,!' shown in Fig. 1, 
it is expected that in addition to the 0.37-Mev gamma 
ray originating from 1.48-Mev level, the 0.51- and 0.61- 
Mev gamma rays originating from the 1.62- and 1.72- 
Mev levels may also feed the 1.11-Mev level. To es- 


8 E. Gatti, Nuovo cimento 5, 748 (1957). 


GUNYE 


AND SARAF 


tablish this, the gamma-ray spectrum in COINCIden ee 
with 1.11-Mev gamma ray was studied, The typ 
Nal(TI) crystal detectors viewed the source at Teh 


angle to each other and a shield of one -centimeter thic 
lead was interposed in between the two crystals tj 
avoid any scattered photons from one crystal entering 
the other. The coincidence spectrum thus observed i 
shown in Fig. 3. It shows that 0.51- and 0.61-Mey 
gamma rays are in coincidence with 1.11-Mey gamm, 
ryt and they are presumably emitted from 1.62. an 
1.72-Mev levels, respectively. It may be mentioned thy 
inner and external bremsstrahlung associated with th 
1-Mev beta group feeding the 1.11-Mev level js alg 
contributing a intensity coincidenc 
background to the obsrevations shown in Fig, 3 
The gamma-ray spectrum shown in Fig, 2 ek not 
indicate an obvious presence of 0.77-Mev gamma ny 
corresponding to the de-excitation of 0.77-Mev level 
The peak would not show up if the population of the 
level is less than a percent. To look for any weak gamma 
transitions feeding that level, one channel of the coip. 
cidence spectrometer was fixed to accept pulses corres. 
ponding to 0.77-Mev gamma energy and the puly. 
height spectrum observed in coincidence, in the othe 
channel, was recorded. Since the expected gamma tran- 
sistors are likely to be very weak, the two detector 
were kept in head on position to improve the coincidence 
counting efficiency. The detectors looked at the soure 
through a wide-angle cone of lead, having a half ange 
of 80° and the apex had an opening of one-centimeter 
diameter. The observations showed the presence o 
0.85- and 0.95-Mev gamma rays. These could originate 
from the 1.62- and 1.72-Mev levels and feeding the 
0.77-Mev level. The coincidence spectrum below 
kev was rendered complex due to the presence of varieus 
pile-up pulses for which the above arrangement is rather 
favorable. Unfortunately, due to low intensity of the 
expected gamma transitions, it was not possible to us 
right-angle geometry or to do absorption experiments 
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Fic. 3. Pulse-height distribution of gamma spectrum 
in coincidence with 1.11-Mev gamma ray. 
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y TRANSITIONS 


Taste I. Intensities of beta and gamma transitions 
in the decay of Ni*. 


————— 





Energies of 
associated 
gamma rays 
Mev 


Photons per 
thousand 
disinte- 
grations 


Intensities 
beta groups 
per thousand 
disintegrations 


Max. 
energies of 
beta groups 

Mev 


Log ft 





1.72 6 
0.95 ~“~.2 
0.61 0.6 


0.38 7 ae 


1.62 11 
0.85 ~0.5 
0.51 1.5 


~6 


0.48 13 


1.48 280 
0.71 «0.2 
0.37 60 


0.62 340 


130 
«0.1 


1,01 70 


~A~.7 








Thus, it has not been possible to conclude about the 
presence of 0.71-Mev gamma ray expected to be emitted 
from the 1.48-Mev level. However, there seems to be 
little doubt about the presence of 0.85- and 0.95-Mev 
gamma transitions, since no combination of coincidence 
pile-up could explain the peaks in this energy region. 
An attempt was made to look for the transition from 
1.11-Mev level to the 0.77-Mev level in the decay of 
Zn, Here the presence of annihilation radiation was 
giving coincidences between pulses corresponding to 
0.68-and 0.34-Mev energy through back-scattering proc- 
ess, On the basis of these observations, it has been 
estimated that the transitions to the 0.77-Mev state 
from the 1.11- and 1.48-Mev levels could have a branch- 
ing less than 10-* of that of the transitions to the ground 
state. The intensities of the various beta and gamma 
transitions obtained from the above measurements are 
shown in Table I. The intensity of the beta transition 
going to the ground state is taken from the measure- 
ments of Siegbahn and Ghosh.‘ 


GAMMA-GAMMA ANGULAR CORRELATION 
The angular correlation apparatus is the same used 
in coincidence measurements. The NalI(TI) crystals, 
used as gamma detectors, were surrounded with lead 
cones having conical apertures of half-angle of 8°. The 
coincidence circuit had single-channel pulse-height an- 
alyzers looking into the detector pulses. The coincidence 
rate was recorded at every angle for five minutes, each 
observation being preceded by a similar one at 90°. 
After subtracting the chance coincidences, the asym- 
metry W(6)/W (90°) was determined at six angles at 
an interval of 15°. This ratio was suitably corrected 
for the decay of the source during the time of each set 
of observations. The ratio of true to random coincidences 
was generally better than ten. The values of the asym- 
metry ratio at various angles are shown in Fig. 4 along 
with its least-squares fit curve. The correlation function 
is found to be, 
W(6)=1+ (0.185+0.055) Ps(cos@) 
+ (0.028-40.015) P,(cosd), 


FOLLOWING 


DECAY OF Ni*s 1841 
which when corrected for the angular resolution of the 


detectors, gives 


W (6) = 1+ (0.190-40.055) Ps(cos@) 
+ (0.031-+0.015) P,(cosé). 


DISCUSSION OF RESULTS 


The level scheme for Cu® obtained from (p,p’) re- 
action is in full agreement with the present gamma- 
gamma coincidence study. The ground-state spin of 
Cu® is measured’ to be 3. On the basis of shell-model 
considerations, the spin of Ni® is presumably } and 
odd parity. The log ft values of the beta transitions 
to the 1.11- and 1.48-Mev levels, are 4.9 and 6.3, 
respectively. Hence, they are of allowed nature. The 
possible spin values of the two states could be 3, 3, or 
3 with odd parity. Thus, there are nine spin sequences 
possible for the two excited states involved in the present 
correlation study. It is not possible to obtain the meas- 
ured correlation function with pure multipole gamma 
transitions, in any of the above nine spin sequences. 
The data were therefore analyzed considering mixtures 
of £2 and M1 in both the transitions. It is found that 
with suitable E2—M1 admixtures in both the transi- 
tions only two spin sequences, namely $—$—} and 
3—§-—%, can give the observed correlation function. 
The possible admixtures are shown in Table II. 

The spin sequetice of 3—3—# for the 1.48, 1.11 Mev 
and ground state, as suggested by Hartmann and As- 
plund® does not fit in with these measurements. With 
this spin sequence, 1.11-Mev transition is pure £2 and 
the 0.37-Mev transition could be a mixture of E2 and 
M1. For this spin sequence to be compatible with the 
observed experimental value of the coefficient of P2(cos@) 
in the angular correlation function, the value of the 
coefficient of P,4(cos@) term should lie between 0 to 
0.007 or between 0.07 to 0.12. These values are very 
much outside the limits of experimentally measured 
value of 0.031+0.015 for the coefficient of P,4(cos@). 
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Fic. 4. The asymmetry parameter W(@)/W (90°) at various 
angles and the least-squares fit curve of the form, W(@) 
= 1+0.195 cos’é+-0.130 cos#. 


9 J. E. Meck, Revs. Modern Phys. 22, 64 (1950). 








Taste II. Nature of the 0.37- and 1.11-Mev gamma transitions, 
with the probable spin values for the 1.48- and 1.11-Mev levels, 


obtained from the angular correlation study. 


Spins of the levels at Nature of the Nature of the 


1.48 1.11 0 0.37-Mevy transition 1.11-Mev transition 


Mev _ Mev Mev limits of £2/M1 limits of £2/M1 


Z § 3 10 to 39 0.1 to 





1.2 
03 to 14 » to 50 

28 to 0.2 to 1.2 

0.3 to 1.5 2... 25 

3 5 3 12 to27 0.02 to 0.11 
0.02 to 0.11 12 to 27 

0.3 to 33 0.1 to 0.3 
0.1 to 0.3 0.3 to 33 


The Coulomb excitation of 0.77-Mev level is only 
five times faster than the estimates for single-particle 
excitation*® and also that the shell model predicts a P; 
state for the 29th proton in Cu® above the ground of 
P;, it is probable that the 0.77-Mev level is of P; 
configuration. The spin value }~ is also supported by 
the absence of any observed beta transition from Ni® 
or Zn®, both of them having probable spin values of 
§-. The spin 3 is expected from Lawson and Uretsky’s 
calculations.’ 

The values of the K-conversion coefficients for the 
0.37-, 1.11-, and 1.48-Mev transitions are rather in- 
sensitive to the admixture of M1 and £2 and therefore 
incapable of discriminating”® between the two possible 
spin sequences given in Table II. The character of the 
0.71-Mev transition from the 1.48-Mev state to the 





10 A. Ajzenberg-Selove, Suppl. Nuovo cimento 4, 2 (1956). 


1842 JAMBUNATHAN, G 


0.77-Mev level, would be MS or M1, cg ending wp 
the spin assignment of § or 3 for the 1.48- Mev st 
suggested by the angular correlation measurements ‘t 
the basis of Weisskopf’s lifetime formula, the j Intensity 
ratio for the 0.71- 
be of the order of 10-8 or 107 
spin values. Unfortunately no conclusive results coy 
be obtained about the intensity of 0.71-Mey oak 
ray. However, the spin sequence predicted by Lawyp 
7 would favor the spin value 3 : 
The transition from 1.11- to 0.77-Mey] 
would be £2 for the proposed spin values. On the bags 
of Weisskopf’s lifetime formula, the intensity of 03 
Mev gamma ray should be about 0.3% of that of Ll. 
Mev transition. Since the Coulomb excitation of {1}. 
Mev level is 40 times faster than the estimates for singl. 
particle excitation, ’ 
configuration than the P, level at 0.77 Mev. This woul 
retard the 0.34-Mev transition and the upper limit 
, shown in Table I, would not be inconsistey 
with the proposed spin values. 


a 
—— 


and 1.48-Mev gamma rays shoal 
depending upon the ty | 


The observed transition 


also consistent 1e spin 3 for the 1.62-Mev lev 


proposed by Lawson and Uretsky.? 
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m the toy | Yiterbium oxide enriched to 93.8% in the mass number 171 and 949 (7/2) kev account for thirty of thirty-one transitions 
ults coy was irradiated with 6-Mev protons. An activity decaying by _ reported for this activity. Transition probabilities and branching 
‘V gamma electron capture with a half-life of (8.28+0.04) days was produced ratios for the electron capture decay have been calculated. 


y Lawes and its assignment to Lu'” confirmed by the identification of the Eighty-four percent of the disintegrations of the 7/2+ [404] 
; i vtterbium K x ray and by comparison with the activities produced —_ ground state of Lu'” occur to the 7/2— [514] state at 835 kev 
the Lip by similar proton irradiations of each of the other enriched in Yb'”. The previously reported 600-day activity of Lu” was 
Mev ler isotopes of vtterbium. The radiations observed in this activity not found. An energy level scheme for the decay of Lu'® (1.5 days) 
| the basis were the L ‘and K x rays of ytterbium and gamma rays with as reported by other workers is proposed with levels in Yb'® at 


y of 034 energies of 72-76, 66847, 740+3, and 84148 kev. Because 0 G/2+- (633), 24.2 (1/2— [521]), 70.9 (9/24 7/2), 87.0 
t of Lf neither particle nor annihilation radiation exists in this activity, (3/2— 1/2), 99.3 (5/2— 1/2), 161.7 (11/2+ 7/2), 191 4.3/2— 
cae the mode of decay is solely by electron capture to Yb'.Gamma- —__[512]), 244.0 (7/2— 1/2), 264.5 (9/2— 1/2), 278.7 (7/2— 5/2), 
n of Lt gamma coincidence measurements were performed for the ob- 389.7 (9/2— 5/2), 523.1 (11/2— 5/2), 570.5 (5/2+ [642)]), 
for sing. served radiations. An energy level scheme has been constructed 648.2 (7/2— [514]), 962.2, 1451.6 (9/2+ [624]), 1456 (9/2), 
Cifferent for the decay of Lu'”™ using the results of the gamma-gamma and 1465 (9/2) kev and with less certainty, at 488.9 (11/2— 1/2), 
coincidence measurements, an energy analysis of the conversion 798, 870, 953, and 973 kev. This scheme accounts for 53 observed 


his would : , og : se 
‘: electron data, and calculations of transitions intensities for various __ transitions following the decay of Lu'®. The ground state of 


; limit a trial multipole orders. Levels in Yb'™ at 0 (1/2— [521]), 66.7 Lu'® is probably the 9/2 [514] orbital also assigned to the 
Onsistent (3/2— 1/2), 75.9 (5/2— 1/2), 95.1 (7/24 [633] r>10-* sec), ground state of Lu'”. This scheme is based upon an energy 
Tansition 122.4 (5/2— [512]), 167.3 (9/24 7/2), 208.1 (7/2— 5/2), 230.5 analysis of the reported transitions, intensity calculations for 
r level js (7/2— 1/2), 246.5 (9/2— 1/2), 317.3 (9/2— 5/2), (350), 835 various trial multipole orders, and analogy with the scheme 
fey ie 7/2— [514]), 862 (possibly 5/24 [642]), 935 (9/2+ [624]), proposed for Yb". 

INTRODUCTION Dmitriev, and Preobrazhenskii.® Conflicts are evident 
t for his WO activities decaying by electron capture with between the reported prin electron and gamma- 
ait half-lives of (8,5-+-0.2) days and ~600 days have TAY spectra. In some cases difficulty was encountered 
re me assigned to Lu’ by Wilkinson and Hicks.! because of the coexistence of the 7-day Lu'” with the 

’ = : ’ : c ‘ a 171 yy orca ore : se = 

ntaining Coulomb excitation experiments by Elbek, Nielsen, 8-day Lu ~ this a - witen enriched 
Dr. R and Olesen* have led to the assignment of levels at 67 isotopes of Yb!" and Yb!” were irradiated with protons, 


it was possible to examine separately the gamma-ray 
1/2, measured by Cooke and Park.’ The 67-kev level spectra of Lu'™ and Lu!®”. grees good with the 
has also been observed by Smith e# al.‘ following the COnTerEs electron Spectrum of Lu which was also 
&- decay of Tm. 2 obtained with enriched isotopes and reported by 
‘ Harmatz, Handley, and Mihelich.’ 


and 76 kev in Yb!" which has a ground-state spin of 
’ g 


Several references exist concerning the conversion 
electron spectrum®~? and one concerning the gamma-ray EXPERIMENTAL RESULTS 
spectrum’ of the 8-day Lu’. The half-life has been 


. nes : tterbi cide enric 93.8% i 71 mass 
reported as 8.1 days’ and two conflicting partial energy Ytterbium oxide enriched to 93.87% in the 17% — 
: number was irradiated with 6-Mev protons. The 
; gees composition of the remaining portion in percents is: 
Handley, and Mihelich? and by Gromov, Dzhelepov ew Te a - “— aon 
> ’ ’ PV, 0.05 Yb'*8, 0.04 Yb'”, 3.4 Yb!”, 0.93 Yb!"5, 1.17 Yb!7, 


1G, Wiki dH. G. Hicks, Phys. Rev. 81, 540 (1951) and 0.23 Yb'"6, The atomic number of the resulting 
3. Wilkinson and H. G. Hicks, Phys. Rev. 81, 540 (1951). activity wae determine , identificati . 
*B. Elbek, K. G. Nielsen, and M. C. Olesen, Phys. Rev. 108, @Ctivity was determined by the identification of the 


levels schemes for Yb'”! have been proposed by Harmatz, 


whey ak: Se ytterbium K x ray which was compared with the known 
182 (1986) and J. G. Park, Proc. Phys. Soc. (London) A69, - K x Tays of europium, terbium, thulium, ytterbium, 
‘W. G. Smith, R. L. Robinson, J. H. Hamilton, and L. M,  /utetium, and tantalum emitted from radioactive Gd", 
a Phys. Rev. 107, 1314 (1957). _  Dy'®, Yb'®, Tm'”, Hf'®, and W'*'!, respectively. Ion- 
a et ee ee & Bh ae bie a ond exchange separation was deemed unnecessary. = 
(1957) [translation: Bull. Acad. Sciences U. S. S. R. 21, 942 In order to determine the mass number of the activity, 
(1957) } similar proton irradiations were performed on each of 


*V. M. Kel’man, R. Ya. Metskhvarishvili, B. K. Preobraz- the other stable enriched isotope f vtterbi and 
henskii, V. A. Romanov, and V. V. Tuchkevich, Zhur. Eksp. i 1e other stable enriched isotopes of ytterbium anc 


Teoret. Fiz. 35, 1309 (1958) [translation: Soviet Phys—JETP the resulting activities intercompared. The well-known 


35(8), 914 (1959) ] . ie : i _ ne on 
(9), 59) J. activities of Lu!76 Lu! Lu!. ; ? we _ 
'B. Harmatz, T. H. Handley, and J, W. Mihelich, Phys. Rev. activities 0 Lu'’®, Lu’, Lu’, and Lu!” were produced 


IM, 1082 (1959), *K. Ia. Gromov, B. S. Dzhelepov, A. G. Dmitriev, and B. K. 

A. I. Lebedev, A. N. Silant’ev, and I. A. Iutlandov, Izvest.  Preobrazhenskii, Izvest. Akad. Nauk S. S. S. R. Ser. Fiz. 21, 1573 
Akad. Nauk S. S. S. R. Ser. Fiz. 22, 839 (1958) [translation: (1957) (translation: Bull. Acad. Sciences U. S. S. R. 21, 1562 
Bull. Acad. Sciences U. S. S. R. 22, 833 (1958) ]. (1957) ]. 
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by the irradiation of Yb'*, Yb'%, Yb!” and Yb!”, 


respectively, with no evidence of reactions other than 


(p,m). The activity produced by the irradiation of 


enriched Yb'” was different from all of these activities. 
A small amount of the activity of Lu!” was observed 
with the activity of Lu'” and is attributed to the 3.4% 
of Yb!” existing with the enriched Yb!”. 

The half-life of Lu'” is (8.28+-0.04) days as measured 
by following the straight-line decay of the strongest 
gamma ray, 740 kev, for over seven half-lives with a 
100-channel scintillation spectrometer. The assignment 
of the 8.3-day activity to Lu'” is therefore confirmed. 
One sample of enriched Yb" was irradiated with 
6-Mev protons for a long period of time in an attempt 
to build up any long half-life Lu'” activity which might 
exist. The gamma-ray spectrum of this sample after 
320 days of decay can be entirely accounted for by the 
spectrum of the long-lived Lu'”*, which was produced 
by a (p,m) reaction with the 0.93% Yb!” existing with 
the enriched Yb'". No long half-life gamma activity of 
Lu!” exists with an intensity greater than 10-7 that of 
the 8-day activity. The long half-life activity previously 
assigned to Lu'” is best attributed to an impurity. 

The Z and K x rays of ytterbium were detected in 
the activity of Lu'™ with a Geiger tube used with 
aluminum and beryllium absorbers. By use of the 
scintillation spectrometer, gamma rays of 72-76, 668 
+7, 740+3, and 841+8 kev in addition to the ytter- 
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Fic. 1. Gamma-ray spectrum of 8.28-day Lu!”!. 
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rasB_e I. Data concert ing the transitions in Ypia 
following the decay of Lu”, 


Con ; Gamma- Transition 
> version Re ason ; Tay probabil 
Tran electron met for intensity — (per 10 
sition __refer- Multipole M.O (this disinte 
energy ences order choice work) _gratione 

(9.2) W1+2) a i 7 
(16.0)4 W1+£2) a O08 
19.2 7 El b 93. 
aaa 7 F1(+M2) a 06 
46.5 7 W1+£2(25%) ( 0.84 
$5.7 56,7 W1+42(2%) ( 40 
66.7 5, 6,7 M1+-£2(39%) b 3? 
72.2 5,6,7 M1+E2(8% c,d] 1.2) 178 

l 1) 5.5 43 
75.9 5,6,7 k2 b | (4.3) 68 
85.7 xe 7 W1+E2 a 35 
91.4 5,6,7 U2 a 0.9 
109.2 7 Wi+F2 Cc 18 
142 7 3 
154.6 7 Wi+2 ) 0.15 
163.8 7 FE2 ) 0.64 
170.6 7 2 D 0,05 
183 7 A)05 
194.9 7 E2 ( 03 
499 7 <1 
518 6,7 W1i+E2(10%) ca 0.7 
627 6,7 W1+#2(10%) ca 15 
668 6,7 h1+M2(50%) 1, « 10 125 
689 6,7 F1+M2 08 
713 6, 7 1+#2(10%) c,a 21 
740 6,7 L£1+M2(38%) d, « 50 68 
768 6,7 Wi+E2 u 2.0 
782 6,7 Wi+E2 caf “* 2.6 
786 7 01 
795 7 <0.1 
827 7 k1+M2) a <0.1 
841 a Wi- k2 15%) d, « 5 "68 
854 6,7 W1+ £2(20%) ( 1.1 
K x ray 100(107)' 140 
* Implied by level schen 
b See reference 7. 
© Required by intensity calculations and by fit with conversion electro 
data. 
4 Required by gamma-ray data. 
¢ Observed only in coincidence measurements. 
f Corrected for fluorescence [A. H. Wapstra, G. J. Nijgh, and R. Van 
Lieshout, Nuclear Spectroscopy Tables (North-Holland Publishing Com 
pany, Amsterdam, 1959 


bium K x ray were found as shown in Fig. 1. A peak 
at 112 kev was shown by absorption measurements to 
be the sum peak of two coincident K x rays. No gamma 
ray with an energy greater than 860 kev exists in the 
activity of Lu'”' in an amount greater than 0.1% a 
that of the 740-kev gamma ray. This upper limit ism 
agreement with the conversion electron data of reference 
7 and in conflict with the previously reported gamm:- 
ray spectrum.’ The gamma-ray spectrum of Lu'® has 
already been reported.” It is now clear in nearly al 
cases which of the transitions reported in references 5 
and 6 belong to the individual activities of Lu™ and 
Lu’, 

No evidence of positron radiation was found in the 
activity of Lu'” by the method of plastic scintillation 
spectrometry, by the use of a Geiger tube with alumr 
num and beryllium absorbers, nor by a search lo 
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oR. G Pool, Phys. Rev. 118, 1067 (190). 
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annihilation radiation in the gamma-ray spectrum. 
Therefore, the mode of decay is solely by electron 
capture to Yb!" 

The transitions in Yb!” following the decay of Lu!” 
are listed in Table I with the appropriate conversion 
electron references from which the transition energies 
are obtained. In the fifth column are presented the 
relative numbers of counts under the spectral distri- 
butions corrected for crystal efficiency of the observed 
gamma rays. These intensities were obtained with a 
3X3-inch shielded NaI(Tl) crystal. The multipole 
orders in the third column are those used together with 
the conversion electron data of reference 7, the gamma- 
ray intensities of column five, and the internal conver- 
sion coefficients calculated by Rose," to calculate the 
relative transition intensities which appear in the last 
column of Table I. These latter intensities have been 
normalized to read in percentages of disintegrations 
according to the decay scheme to be proposed. The 
multipole orders have been chosen for the reasons 
presented in the fourth column of Table I and will be 
discussed in some detail together with the level scheme 
in the Discussion. 

Table II is a presentation of the coincidence infor- 
mation obtained for the activity of Lu'” with a coinci- 
dence circuit of resolving time 2r=1.5 usec. Figure 2 





"M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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TasBLe II. Gamma-gamma coincidence information 


for the activity of Lu’. 











768, 
K xray 72-76 2Kx 668 740 782 841 
K x ray yes yes yes yes yes yes 
2 K xrays yes yes w yes no yes no 
yes yes yes no no no 
740 yes no no no no no 
841 yes no no no no no 





shows the gamma-ray spectrum in coincidence with two 
coincident AK x rays. The upper curve is the noncoinci- 
dence spectrum. This coincidence spectrum is inter- 
preted to mean that the 668-kev gamma ray and 
possibly either or both of the 768- and 782-kev gamma 
rays are in coincidence with at least one highly K- 
converted low-energy transition in addition to the K 
x ray resulting from preceding K capture; and that the 
740- and 841-kev gamma rays are in coincidence with 
no more than one K x ray. The 668-kev gamma ray, 
as shown in Fig. 3, is in coincidence with the 72—76-kev 
peak but the 740-kev is not. Nothing but the single 
K x ray is in coincidence with the 740-kev gamma ray. 


DISCUSSION 


A ground state (K=1/2) rotational band which is 
consistent with the results of the Coulomb excitation 
experiments? has been formulated for Yb'” by Harmatz 
et al.? The scheme presented in reference 9 is not 
considered here because it differs from the results of 
the Coulomb excitation experiments and contains a 
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Fic. 3. Low-energy gamma-gamma coincidence spectra 
for the activity of Lu, 
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crucial transition, 90.6 kev, which has been shown in 
these investigations” to belong to the 7-day activity 
of Lu'”, The former ground-state band has been used 
as the basis for the proposed energy level scheme of 
Yb'” shown in Fig. 4. This scheme has been constructed 
with the aid of the coincidence information for the 
gamma rays of Lu’ described in the Experimental 
Results, from an energy analysis of the reported tran- 
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sitions,’ and from the results of « alculations 
intensities for various trial multipole 
for all of the observed transitions, 
probabilities listed in the las 
also shown in Fig, 


of transition 
orders assumed 
The transition 
t column of Table I are 
4. These figures have been used to 
calculate the branc hing ratios of electron Capture from 
Lu’ to the levels of Yb!7! and are shown in Fig, 4 
The relative number of K x rays corrected for fluo. 
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rescence accounts for about 957% of the electron capture 
transitions after subtraction of K x rays from K 
conversion of the transitions in Yb". L capture 
probably accounts for the remaining disintegrations. 
Intrinsic orbital assignments have been made for the 
levels of Yb!” where appropriate, following the system 
of Mottelson and Nilsson” and are shown in Fig. 4. 
A discussion of some of the details of the level scheme 
for Yb!” is given below. 

As seen in Fig. 1, the gamma-ray spectrum of Lu!” 
is dominated by the transitions of 740, 668, 841, and 
72-76 kev in addition to the K x ray. The energy 
difference between the 740- and 668-kev transitions is 
72 kev and a 72-kev transition is observed in both the 
conversion electron? and gamma-ray spectra. The 
interpretations given above for the results of the 
gamma-gamma coincidence measurements require that 
the 72-kev transition is highly A converted and that 
the 740- and 841-kev transitions are not in coincidence 
with the 72-kev, while the 668- and either or both of 
the 768- and 782-kev transitions are in coincidence with 
the 72-kev transition. An energy analysis of the tran- 
sitions shows that the 841- and 768-kev transitions 
differ by about 72 kev and that if the 854-kev transition 
is combined with the 782-kev, three pairs of transitions 
can be matched with the 72-kev transition in a manner 
which explains the results of the coincidence measure- 
ments. The coincidence measurements also imply that 
these six transitions are not in coincidence with the 
76-kev transition to the ground state of Yb!” within 
the instrumental resolving time. A low-lying isomeric 
state (7/2+ [633 ]) is expected” to exist in Yb!”, If 
this state is placed at 95 kev, the strong 19-kev #17 
and the weaker 91-kev transitions serve as the link 
between the ground-state band and these three pairs of 
transitions. Some of the isomerism of the 95-kev level 
is removed by the occurrence at lower energy of the 
second and third members of the ground-state band 
but enough hinderance is apparently provided by the 
difference in K of three units to make the lifetime of 
the 95-kev level longer than 10-5 second. 

The establishment of the 7/2+ [633] orbital at 95 
kev implies levels at 167 kev depopulated by the 72- 
and 91-kev transitions and at 835, 935, and 949 kev 
which lead to the three pairs of high-energy transitions 
differing by 72 kev. It is instructive to note at this 
point that these three high-energy levels are also 
depopulated by transitions to other levels according to 
the scheme of Fig. 4. 

Because the energy of the 72-kev transition is typical 
of rotational transitions in this region, the possibility 
that the 167-kev level is the 9/2 rotational state 
associated with the 7/2 [633] orbital at 95 kev is 
considered, The 72-kev transition would then be 
M1+E2. Internal conversion data for the transition of 





_*B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab 
Selskab, Mat.-Fys. Medd. 1, No. 8 (1989). 


OF Lu!?! 1847 
72 kev in Yb" is displayed in Table III. A mixture of 
92% M1 and 8% E2 provides an excellent fit for the 
data of Table III while no mixture of £1+M2 can 
account for the relative numbers of observed Li; and 
Ly conversion electrons. Pure £1 involves a 50% error 
in these numbers. Two other arguments against an 
assignment of £1 for the 72-kev transition exist. As 
shown in Table II, the calculated relative number of 
72-kev transitions when added to the corresponding 
number of 740-kev transitions yields a number of 
populations of the 95-kev level which is 20% greater 
than can be carried away by both of the 67- and 76-kev 
transitions to the ground state. Trial multipole order 
calculations for the intensities of the transitions of 740, 
668, and 841 kev when combined with the corresponding 
gamma-ray intensities, lead to the conclusion that the 
740- and 668-kev transitions are £1+M2 and the 
841-kev transition is 41+ £2. The conclusion that the 
668- and 740-kev transitions are both of the same 
multipole order indicates that the 72-kev transition is 
M1i+£2. As discussed by others,’ another weaker 
rotational band with K=5/2 and composed of the 
transitions of 86, 109, and 195 kev, probably exists in 
Yb", The three remaining low-energy transitions of 
Lu'”, 27, 46.5, and 55.7 kev,’ serve to link this band 
with the two other bands as shown in Fig. 4. The 
multipole order admixtures given in Table I for the 
transitions of 45.6 and 55.7 kev provide excellent fits 
with the relative numbers of L conversion electrons,’ 
while no mixtures of £1+M2 are satisfactory. The 
parity of this band, the ground state of which is at 
122 kev, is therefore odd. The 5/2— [512] orbital, 
which is the ground state of Yb!”, is expected to occur 
in Yb!" and has been assigned to the level at 122 kev. 
Three transitions, all originating from the previously 
established level at 835 kev with negative parity, serve 
to populate the three states of this A=5/2 band. The 
implied multipole orders of these three transitions are 
M1+ £2. When trial multipole order intensity calcu- 
lations are made for these three transitions, it is found 
that mixtures of about 10% E2 with 90% M1 provide 
the number of populations of this band which are 
carried away by the three transitions which depopulate 
the 122-kev ground state. Any appropriate mixtures of 
F1+M2 result in more populations of this band than 
are carried away. 


TABLE IIT. Internal conversion data for the transition of 72.2 kev 
in Yb!"! following the decay of 8.28-day Lu™. 





Number of 
Internal conversion coefficients* 


conversion 

Shell Fl E2 M1 M2 electrons” 
_K 0.554 152 632 599 »50 
Li 0.0540 0.167 0.799 15.7 90 
Lu 0.0176 32.77 0.0653 1.63 30 
Lin 0.0219 2.87 0.0102 4.34 22 





® See reference 11. 
b See reference 7. 
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Fic. 5. Proposed energy level scheme for the decay of Lu'®™. 
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TABLE IV. Data concerning transitions in Yb'® 


following the decay of Li 


1169. 


DECAY 


Con 
version Reason 
electron for - " 
Transition _refer- Multipole M.O. lrransition>& 
energy ences order choice intensity 
(12.3) (M1+ £2) a < 6" 
0.5)" (M1+ £2) a < 28 
04.2 6,7 h3 c 23*(>>11 calc.) 
62.8 6,7 M1+£2(18%) c 18 
70.9 6,7 M1+£2( 32%) a 32 
75.0 7 E2 c 5.3 
87.4 6,7 M1+2(7 a 24 
90.8 7 11+ £2(6° BY a 4.0 
92.1 7 M1 a, d 2.0 
104.4 7 M1 a,d aa 
110.9 6,7 M1+£2(10%) a 8.0 
133.5 7 M1+ (£2) a 0.6 
144.6 7 M1+-(E2) c 1.3 
157.0 6,7 E2 c 2.9 
161.7 7 E2 c 0.6 
165.2 6,7 E2 Cc 42 
167.2 7 2 a 0.4 
191.4 6,7 HA d 36 
198.3 7 k2 i 0.9 
244.4(244.9) 7 E2 ( 0.08 
259 7 W1+E2 a 0.90 
292 6,7 F1+M2 a 3.8 
370 6,7 V1+2 a 1.9 
379 6,7 E1+M2 a 16.5 
44 7 M1-+ £2 u 0.50 
457 6,7 W1+2 n 1.5 
471 7 k1+M2 a 4.0 
484 7 k1+M2 a 2.0 
489 7 Wi+k2 a 0.26 
349 7 M1+#2 a 0.71 
377 7 F1+M2 a 5.1 
648 7 k1+M2 a ie 
881 7 2 a 1.0 
890) 7 W1+#2 a 1.8 
962 7 W1+ #2 a 7.4 
1062 7 k1+M2 a 7.1 
1173 7 k1+M2 a 3.6 
1187 (2) 7 k£1-4-M2 a 9.2 
1207 7 k1+M2 a 1.6 
1290 7 W1i+k2 a 1.0 
1380 7 M1+£2 a 1.5 


* Implied by level scheme and consistent with conversion electron data. 
>All unstated multipole order admixtures are arbitrarily chosen as 70% 
dipole and 30% quadrupole for intensity calculations. 


* See reference 7, 
Required by trial multipole order intensity calculations. 
* Per 100 disintegrations if electron capture to ground state is negligible. 


It is now evident that there exists a negative parity 
level at 835 kev in Yb!"! which is highly populated by 
the electron capture decay of Lu!” to which has been 
assigned the 7/2+ [404] orbital.2 The 7/2— [514] 
orbital is expected” to occur at a higher energy in Yb!”, 
This orbital has been assigned to the 835-kev level 
because it is consistent with the high population by 
electron capture from Lu!” and accounts well for the 
mode of depopulation of this level. Tentative assign- 
ments for the levels at 935 and 949 kev are shown in 
Fig. 4 and less certain levels at 862 and 350 kev have 
been Suggested in order to account for the remaining 
transitions reported for Lu'7!.7 

According to the scheme of Fig. 4, the primary mode 
of decay of Lu!” is by electron capture to the 835-kev 
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level of Yb'”, which is depopulated by a strong 740-kev 
gamma ray which places the system in a spin 7/2 
semi-isomeric state 95 kev 
state of Yb'”'. This state at 95 kev is depopulated by a 
strong 19-kev radiation which leads to the two ground- 
state transitions at 67 and 76 kev. A strong 9-kev 
radiation is then implied but has not yet been observed 
unless it is the “poorly discernible” 11-kev transition 
mentioned in reference 9. 

A proposed level scheme for Yb'®, which has been 
constructed with the aid a previously proposed 
partial scheme,’ an energy analysis of the transitions 
reported for the activity of Lu'®,’ intensity calculations 
for various trial multipole orders assumed for the 
transitions, and from analogy — the scheme proposed 
for Yb’, is presented in Fig. 5. This scheme accounts 
for 53 of the transitions ere ed following the decay 
of Lu'®, Information concerning the transitions in 
Yb'® for which multipole order choices have been made 
is displayed in Table IV. As for Yb'”, where the 
admixture percentages could not be calculated from 
the conversion electron data, the percentage of quadra- 
pole radiation was arbitrarily assumed to be 30% for 
the calculations. The multipole order choices are based 
upon assignments to some of the levels in Yb!® of 
intrinsic orbitals and their rotational states according 
to the system of Mottelson and Nilsson.” Some of the 
multipole orders are assigned in reference 7. Because 
intrinsic level assignments could be made with some 
degree of certainty for only some of the levels proposed 
in Yb'®, Tabie IV contains only a partial list of the 


above the spin 1/2 ground 


TABLE V. Energy ratios for rotational bands in the rare-earth 
region. All energies, Z, are in kev. 

Kr i K +2/ Ex +1 Nucleus Ex +1 Ex +2 
3/2 2.400 calculated 
3/2-—8 2.43 Gdlss 60 146 
3/2+ 2.40 Tbs 65 156 
3/2—8 2.40 Gd}? 54.5 131.0 
3/2+ 2.37 Tb!57 60.8 143.9 
3/2+8 2.37 Tb'# 58.0 137.5 
3/2+ 2.37 Tbs 57 135 
3/2- 2.44 W's 83 203 
5/2 2.286 calculated 
§/2- 2.27 Dy" 77.5 175.6 
§/2-—* 2.29 Dy! 74 170 
5/2 2.27 Yb! 87.4 198.3 
5/2-— 2.27 Yb™ 85.7 194.9 
5/2—-8 2.28 Yb!3 78.7 179.5 
5/2- 2.28 Hf!75 81.6 186.0 
§/2+ 2.27 Rel8s 114.4 259.8 
5/2+8 2.29 Rel85 125 286 
5/2+ 2.25 Re!87 134 301 
7/2 2.222 calculated 
7/2-—8 2.21 Ho!® 94.8 210 
7/2+8 2.21 Er'67 78 172 
7/2+ 2.28 Yb 70.9 161.7 
7/2+8 2.21 Lul?s 113.8 251.1 
7/2--8 2.21 Hf'7 113.0 249.7 
7/2+8 2.21 Ta!® 136 301 
9/2 2.182 calculated 
9/2+8 2.17 Hf! 121 262 


* Measured. 
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transitions reported for the activity of Lu'®. Intensity 
calculations assuming both M1+#2 and E£1+M2 
admixtures for the other transitions shown in Fig. 5 
have been made, however, and rough estimates of the 
relative population of the unassigned levels have been 
made. From all of the calculations, branching ratios for 
the electron capture decay of Lu'® have been estimated 
and are shown in Fig. 5. Electron capture to the ground 
state of Yb'® has been assumed negligible for this 
calculation. If this mode of decay is significant, then 
all of the other relative intensities must be adjusted 
for it. However, the positions and calculated intensities 
of the higher energy radiations imply that little if any 
electron capture occurs to the members of the three 
low-lying rotational bands. K-electron capture cannot 
occur to the K= 1,2 band and the intensities calculated 
for the transitions populating the members of this band 
account well for the intensities of the transitions internal 
to this band. 

The ground state of Lu'® is expected to be either the 
7/2+ [404] orbital or the 9/2— [514] orbital, both of 
which occur as ground and first excited states of other 
lutetium isotopes. The three rotational bands in Yb'”! 
exhibit the spin 9/2 state and the 7/2— [404] orbital 
has been chosen for the ground state of Lu'”. The same 
three rotational bands in Yb'® exhibit the spin 11/2 
member. The choice of the 9/2— [514] orbital for the 
ground state of Lu'®® therefore seems better. Levels in 
Yb! with probable spins of 9/2 are populated directly 
by electron capture which favors this choice for Lu'®. 
The 1.5-day half-life of Lu'® which is six mass numbers 
from the stability line, may be an indication of the 
higher spin ground state. 

If the ground state of Lu'® is the 9/2— [514] orbital 
and if there does exist a 798-kev level in Yb'® which is 
depopulated as shown in Fig. 5, then this level at 798 
kev could be the 11/2— [505] orbital specifically 
discussed by Mottelson and Nilsson.” These authors 
feel that this orbital should be populated in this region 
if conditions permit. The population of this orbital by 
the electron capture decay of Lu'® would be an allowed 
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transition and would involve no asymptotic quanty 
number changes greater than one unit. This level 
seen to be depopulated by a rather strong trangitj 
to the 161.7-kev level with spin 11/2, the highest sp 
and highest K level of lower energy. A second weale 
transition occurs, as might be expected, to the wg 
rotational level. 
During the work on the construction of the ley 
schemes for Yb'”! and Yb'®, a possible method for; 
in the determination of the rotational structure d 
nuclei in this region was investigated. The resylts 
the investigation are presented below. The metho 
involves the use of the theoretical formula for ty 
rotational energies, E«({J(J+1)—K(K+1)] for 5 
> 1/2. The formula for K=1/2 and a discussion of th 
fit of experimental data with the predictions of th 
formula are given by Harmatz eé al.” and will noth 
discussed here. The above formula predicts ratios fy 
the energies of rotational levels which are not ven 
different for different values of K. However, as see 
in Table V, the experimental energy ratios seem tok 
consistent enough to determine the value of K fora 
pair of rotational transitions in spite of the sma 
differences. The experimental data of Table V is take 
from references 7 and 12 and from the Nuclear Researd 
Council Data Sheets. Only one exception is seen; the 
7/2+ band in Yb!®, which fits better the A =5/2 rati 
The 7/2+ [633] assignment is fairly certain for thi 
band, however, because of the spins of other nude 





with 99 neutrons and because of the well-studied decay | 


of Yb!® (see reference 12). 
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Elastic Scattering of Protons by He’ and of Neutrons by H 


M. I. Aut, A. Hossain, M. Istam, AND A. Q. SARKER* 
Department of Physics, University of Dacca, East Pakistan 
(Received August 11, 1958; revised manuscript received February 26, 1960) 


The differential scattering cross sections for the elastic scattering of protons by He’ and of neutrons by 
H? were calculated at the center-of-mass energies 7.31, 6.45, 3.72, and 10.72 Mev, respectively, on the basis 
of nuclear shell model with the spin orbit interaction term. The calculations were made with a square well 
potential and the effect of changing the shape of the well illustrated. The calculated cross sections with the 
square well potential were found to be in better agreement in the backward direction with the measured 
cross sections than those with shaped potential well. The polarization of the scattered particles has been 
calculated so that the double scattering experiments will test the theory. 


INTRODUCTION cated by the success of the j-j coupling model of 
avers « ave nse ‘ silecs 9 
WAN! has theoretically investigated the scattering Mayer* and Haxel, Jensen, and Suess. 


of neutrons by H* and of protons by He’ in the 


energy range 2.5-14 Mev using Wheeler’s resonating THEORY 
group structure method. Experiments on the elastic Let kp and k be the direction of incidence and that 


scattering of protons by He’ have been done by Lov- of scattering of a particle beam. If the vector n be the 
berg? Sweetman,* Famularo et al.,* and of neutrons by normal to the plane in which scattering occurs, defined 
H® by Coon et al.5 The work of Swan is extensive, but 4, 
the agreement of the calculated cross sections with kX ky= nF? sind, (1) 
the experimentally observed values is not good. 

In view of the importance of the p-He* and n-H’, we then the differential scattering cross section bee the 

. . > > 0 
decided to make a phenomenological approach to the — incident beam of pole irization P; can be written as 
problem. We have considered He* and H® as single {*B+B*A 

. . =e ee ° d > d 
bodies with definite radii. A formula for the nuclear o(6)=(AA*+ BBY)! 1 P;-n}, (2) 
radius of the form | AA*+ BB* | 

where 


R= (0.70+1.264 ')X 10-" cm 


x 


A(0)=k7 ¥ {(/+1) exp(i67*) sind? 


} 


was used throughout the numerical computations, 
following a suggestion by Weisskopf.6 Then one has 
only’ a two-body scattering problem to deal with, ‘ 

instead of the more complicated one-body-three-body — (gy — p45 {exp (id;+) sind! 

scattering problem that has been considered by Swan. I=) 

We have assumed that when the incident nucleon —exp(id;-) sind;-} P/’ (cos) sind, 
iters the target nucleus, it behaves as if it is in an 

average potential well, as has been done by Feshbach, 6,*+ being the total phase shift for 7=/+ 4, and 6; that 
Porter, and Weisskopf.?7 We have taken the potential for j=/—%, P:(cos6) the Legendre polynomial of order 
depth to be real since the possibility of a reaction in J, and P}!(cos8) its derivative with respect to its 
p-He® and n-H® scattering is small. Further, we have argument. 

cons sidered a a strong spin- -orbit coupling whic h is indi- The polarization of the scattered beam is given by 


+1 exp(i5;-) sind;-} Pi(cos6), 


7 AA*P;+(AB*+BA*)n+i(A*B—B*A)P;Xn4+ BB* (2P;-nn—P,) ‘i 
AA*+BB*+(A*B+B*A)Py-n 


If the incident beam be unpolarized, this last equation reduces to 


acts A B*+B. a 

* Now at the Department of Physics, U niversity of Rajshahi. P= ——n= P(6)n. (4) 

'P. Swan, Proc. Phys. Soc. (London) A66, 740 (1953). is *.BBY 

*R. H. Lovberg, Phys. Rev. 103, 1393 ( 1956). 

°D.R. Sweetman, Phil. Mag. 46, 358 (1955). ; , . , ee Fe 

*K. F. Famularo, R. J. S. Brown, H. D. Holmgren, and T. F. Thus, in this case, the resulting polarization is directed 
traton, Phys. Rev. 93, 928 (A) (1954). along the normal to the scattering plane and is de- 
Re f | H. Coon, C. K. Bockelman, and H. H. Barschall, Phys. — = 

r 81, 33 asst) 8M. G. Mayer, Phys. Rev. 78, 16, 22 (1950). 

V. Weisskopf aor communication). 9Q. Haxel, J. H. D. Jensen, and H. E. Suess, Phys. Rev. 75, 
% "H. Feshbach, C. E. Porter and, V. F. Weisskopf, Phys. Rev. 1766 (1949). 

166 (1953); 96, 448 (1954). 10 J. V. Lepore, Phys. Rev. 79, 134 (1950). 
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pendent upon the interference between the two parts 


of the scattered wave. 
We have taken the spin-orbit interaction term to be! 
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Fic. 2. p-He’ scattering, Ep=9.75 Mev. Comparison of our 
results with those of Swan.! 


1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 


where yu is the mass of the # meson and M that of t] 
. ue 

nucleon. 
Assuming that dV/dr exists only at the surface oj 
the nucleus and that a nucleon has uniform probability 


to be anywhere within the nucleus, we get 


(- —) 1AV 4rrAr 3AV 
rdrJ a vr Ar én . a” 


We have taken AV equal to the drop of potenti, 
from 90% of its maximum value to 10% of its valy 
1.e., AV=0.8V where V is the potential to which , 
nucleon is subjected as it moves from outside to insid 
of the nucleus. 
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Fic. 3. Polarization of protons scattered by He. E,=9.75 Mev 


The spin-orbit interaction energy now comes out t 
be 


(1.28V/R?)(1-S), 


where B= ??/2uMc, and R is the radius of the nucleus 

If now D is the depth of the square well nuclear 
potential, then the effective potential depth for a 
nucleon, when spin-orbit interaction is taken 
account, is 


D+ (1.28V/R?)(1-S), 8 


where V=D+Z'e/R, and Z’e/R is the height of the 
Coulomb barrier for the proton. 

If we assume that D is the depth of the square we 
which is the best approximation to the diffuse surlact 
potential well, {—V/[1+exp(r—R)/d]}, in the least- 
square sense, then it can be shown that 


V=Vol1+ed/R}, 
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Fic. 4. p-He® scattering, Eo.m.=6.45 Mev. Comparison of our 
angular distribution with those of Swan. The experimental results 
are of Sweetman (private communication). 


where Vop=D+Z'e/R and e=1—In2. Solving the 
radial wave equation both for the square well and the 
diffuse surface potential it can be shown that the 
logarithmic derivative for the diffuse surface potential is 


2m a 
fon =) far— ae VoedR ’ ( 10) 
| hi? 


where fyq is the logarithmic derivative for square well. 
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Fic. 6. p-He' scattering, E..m.=3.72 Mev. The experimental 
results are of Sweetman.’ 


The positive sign is to be taken when f,, is real and the 
negative sign when f,, is imaginary. 

When the spin-orbit interaction is taken into account, 
we have, instead of (10), the expression 
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are those of Coon et al. 


NUMERICAL RESULTS AND GENERAL 
DISCUSSION 


The numerical results are given in Figs. 1-9. Rea- 
sonably good agreement with the angular distribution 
data can be obtained. The polarization of the scattered 
nucleon calculated on this basis is also shown in the 
figures. Experiments on the polarization of nucleons in 
p-He® and n-H? scattering now can provide a test of 
the theory. 

In these calculations we have disregarded the spin 
of the target nucleus. There is no compelling @ priori 
reason for this assumption. The double scattering 
experiments should test whether this assumption is 
physically meaningful. 


The effect of usin: well of 


considered. As usual the 
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square well depth of 30 Mev. This dependence of the 
depth of the potential 
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noted in many other optical model analyses of scattering 


data. 
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Coulomb Dissociation of Beam Particles* 


M. L. Goop Ano W. D. WALKER 
University of Wisconsin, Madison, Wisconsin 
(Received May 26, 1960) 


The possibility of the dissociation of beam particles by the Coulomb field of the nucleus is discussed. The 
process is very similar in nature to the well-known electromagnetic processes of pair production and brems- 


strahlung. Analogous processes might be (a) r*+zN4 


>p+n+zN4, and (b) p+r2N4 — p+7°+2N". 


These processes will probably have a sizeable cross section for occurrence at energies greater than 74 Bey for 
(a) and 14 Bev for (b) if Pb is used as the target material. The useful feature of this sort of reaction is that in 
essence one can do photoproduction experiments on unstable particle targets. (Piccioni has pointed out the 
possibility of disintegrating + mesons.) Cross section estimates for dissociation can be made using the 


Weizsicker-Williams approach. 


T is possible to change the mass state of a particle 

only as the result of an interaction with another 
particle. As the momentum of a particle is raised, its 
energy will differ only very little from that of a more 
massive particle of the same momentum. Consider 
particles of masses M and M*. Their energies at a 
momentum P are given by (??+M?)! and (??+M*)}. 
If the momentum P>>M, M* then the difference be- 
tween their energies is (M**— M*)/2P. The theoretical 
consequence of this result is that a particle of mass M 
can make a virtual transition into a state of mass M* 
and then can stay in that state a time of the order of 
2P/(M*"—M?*) (setting #=c=1). Obviously as P be- 
comes larger and larger the time gets stretched out, and 
virtual states corresponding to more massive systems 
can live a relatively long time. Another way of consider- 
ing this is in the rest system of the particle of mass M. 
The virtual state can exist a time of the order of 
1/(M*—M). In a Lorentz frame in which the particle is 
in motion this time is then stretched by the Lorentz 
time dilation. 

One can hope to observe the intermediate state 
directly by “bumping” the object up onto the energy or 
mass shell by giving the particle a small longitudinal 
kick. The momentum which needs be transferred is just 
(M*— M*)/2P«<(M*—M) so that the struck particle, 
if it is massive, absorbs virtually no energy in the proc- 
ess. It is possible for the momentum transfer to be 
accomplished by a Coulomb field. This picture describes 
what happens for example in bremsstrahlung or pair 
production. In those cases the intermediate states are 
e—e+y and y — e++e-. The consequences of the long 
lifetime of the intermediate state have been explored 
quite thoroughly in the case of the photon-electron 
system in a series of papers.'? In these papers coherence 
_* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by the Research Committee of the Uni- 
versity of Wisconsin with funds provided by the Wisconsin Alumni 
Research Foundation. 

Redan Agana summary by E. L. Feinberg and I. Ia. 
lrancuk, Suppl. Nuovo cimento 3, 652 (1956). At least a 
partial list of papers having to do with the physical consequences 
of long-lived intermediate states in electrodynamic processes are 
Me) E. J. Williams, Kgl. Danske Videnskab. Selskab, 
118 +o ee ira 4 — none eae 7, 
. «. D. Landau and I. Ia. Pomerancuk, Doklady 


effects extending over many atomic diameters are pre- 
dicted; there has been considerable experimental veri- 
fication of these results.’ 

The main point of this note is that the same sort of 
analysis can be done for other elementary particles. 
Consider, for example, the - — p+n. If the energy of 
the is sufficiently high, then the intermediate state 
will propagate for distances the order of 10~ centimeter 
and thus can be brought to life with a relatively small 
longitudinal kick (~20 Mev/c) in the Coulomb 
field. Then one can observe a reaction of the type 
x +zN4-—>p+n+zN4. In Table I is given a list of 
reactions that might conceivably be studied by means of 
this Coulomb scattering process.* 

Table I is not intended to be a comprehensive list, but 
merely to show the possible richness of this mode of 
approach to high-energy physics. 

Physically, what the process amounts to is photodis- 
sociation of beam particles, as may be seen by the 
Weizsiicker-Williams approach. The advantage is that 
Akad. Nauk S.S.S.R. 92, 535 (1953); Doklady Akad. Nauk 
S.S.S.R. 92, 735 (1953). (d) M. L. Ter-Mikaeljan, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 25, 289 (1954); J. Exptl. Theoret. Phys. 
(U.S.S.R.) 25, 296 (1954). (e) A. B. Migdal, Doklady Akad. Nauk 
S.S.S.R. 96, 49 (1954); Doklady Akad. Nauk S.S.S.R. 105, 77 
(1955); J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 633 (1957) [trans- 
lation: Soviet Phys. JETP 5, 527 (1957) ]. (f) H. Uberall, Phys. 
Rev. 103, 1055 (1956); 107, 223 (1957). (g) F. J. Dyson and H. 
Uberall, Phys. Rev. 99, 604 (1955). (h) A. B. Migdal and N. M. 
Polievktov-Nikoladze, Doklady Akad. Nauk S.S.S.R. 105, 233 
(1955). 

2 The possibility of photodisintegration of nuclei has been con- 
sidered by: (a) S. M. Dancoff, Phys. Rev. 72, 1017 (1947). (b) M. 
Ia. Kobiashvili, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1505 
(1957) (translation: Soviet Phys-JETP 6, 1162 (1958) ]. 

3 (a) T. G. Volkonskaia, I. P. Ivanenko and G. A. Timofeev, J. 
Exptl. Theoret. Phys. (U.S.S.R.) 35, 293 (1958) [translation: 
Soviet Phys-JETP 8, 202 (1959). (b) O. R. Frisch and D. H. 
Olson, Phys. Rev. Letters 3, 141 (1959). (c) G. Bologna, G. 
Diambrini and G. P. Murtas, Phys. Rev. Letters 4, 134 (1960). 
(d) A. N. Saxena, Phys. Rev. Letters 4, 311 (1960). 

4 The table includes cases in which apparently parity, angular 
momentum, and isotopic spin are not conserved. The reason for 
this is that the orbital angular momentum can change as a result 
of the longitudinal kick in the Coulomb field. The most probable 
impact parameter for a change of momentum q is given by g=1/r. 
Thus it may be seen that |qXr| +1 which means that the orbital 
angular momentum can change by 1 (or more) unit. This angular 
momentum goes into the products. This result is well known in the 
case of bremsstrahlung and pair production [F. J. Dyson and K. 
McVoy, Phys. Rev. 106, 1360 (1957) ]. In the case of photon 
reactions it is well known that isotopic spin can be changed. 
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TABLE I. Possible reactions. 


Threshold in Threshold 





carbon in Pb 

Reaction in Bev in Bev 

(1) r— 2x 0.500 £2 

(2)"—->39 _ 1.3 3.3 
(3) r> K+K 8 21 
(4) r+ K+K+-r 11 27 
(5) rt pt+n 29 74 
(6) + =+A° 45 114 

(7) K—> K+ 1.3 3.3 

(8) K—> K+2x 3.0 8.0 
(9) K>K+K+K 17 43 
(10) K+ 5-+n 39 100 
(11) K+ — E-+<9 54 138 
(12) pt — Br+yp 8 22 

(13) pt— xt+y 0.18 0.32 
(14) pf n+n*)\ (in 3, 3 state) 5.4 14 

\o P+r | 

(15) p—> A°+-Kt 14 38 


unstable particles can be used as the target, as Piccioni 
has pointed out.® 

The thresholds in Table I were computed by figuring 
the most energetic photon to be found in the field of the 
nucleus (i.e., g=1/roA'm,/A!) and then using the 
formula g= (M**— M*)/2p. The threshold energies also 
mean that the M* is equal to the mass of the products. 
Thus to get reasonable yields from a given reaction, 
experiments should be done at the order of 1.5 to 2 
times the threshold energies. By using photoproduction 
cross sections with the Weizsicker-Williams method one 
can estimate yields. The formula is 


3 Kmax dK ym, 
o=— we f o,— hh, 
2 Kth K 


(1) 


where 7,= photoproduction cross section for the process 
considered, K,,=the photon threshold for whatever 
process is being discussed, and K max= maximum photon 
energy available in the Coulomb field. 

For an incoming proton we have calculated the cross 
section for single pion production (reaction 14) in the 





5 The possibility of reaction No. 1 was first suggested by O. 
Piccioni at the Ninth Annual International Conference on High- 
Energy Physics, Kiev, 1959 (to be published). The cross section 
for this reaction may be quite large if indeed there is a resonance 
in the 7=1, J=1 system as suggested by W. R. Frazer and J. R. 
Fulco, Phys. Rev. Letters 2, 365 (1959). 
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TABLE IT. Photodisintegration of protons on lead 


E in Bev 50 
o in mb 6.9 


100 
10.0 


200 


500 10 
13.0 


18.0 


Coulomb field. If one added in addition the cross secs; 
for multiple and strange particle reactions the cy 
section will be increased by ~20%. The results x 
shown in Table II. 

This calculation is admittedly rough and only , 
exercise as one would probably not gain much » 
insight by studying photopion production in this faship 
since a, is already known for this process. The caleyi 
tions are, however, important in obtaining a feeling (jy 
what energies are necessary before such experimey: 
become feasible and useful. One can estimate the cn 
section of any of these strong reactions roughly by usa 
oy=e"/m*, where m is the mass of the lightest produc 
Substituting this in (1) gives 


3 Zé} 
a In 
4r m? 


2(P/m,) 4 





C(M min*/m,)?— (M/m,)*]A! 


where M*=rest energy of the products, i.e., energy 
products=y*M*, y*=1/(1—8**)!; Muin*=rest mast 
of the products. 

Detailed calculations have also been done on reaction 
(5) and (12).° In the case of reaction (5) there is: 
question of the effect of strong final-state interaction 
For this reason we do not publish the results. In th 
process x —> p+n [reaction (5) ] if the nucleon-an 
nucleon pair had very small relative energy (i 
M*=2Xnucleon mass) then the nucleons would pr 
sumably usually annihilate. Thus it is possible that wht 
would be found would be a bump in the measured I 
spectrum for the 7 meson. 

In the case of transitions involving weak interaction 
(i.e., wt — Bt+y), we know of no such complicatit 
effect. Since the vector boson Bt (if it exists) woll 
presumably not have strong interactions. 

In conclusion reactions of the type discussed m 
provide a very useful tool for probing into the structur 
of fundamental particles. 


6M. Ebel and W. D. Walker (to be published) 
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PHYSICAL REVIEW 


as the initial particle; i.e., the same spin, isotopic spin, 


in the preceding paper, and has the same effective energy threshold. 





7 ‘HE phenomenon of diffraction scattering from 
nuclei is well known and well understood. We 
wish to point out here that a similar phenomenon 


VOLUME 120, NUMBER 5 DECEMBER 1, 1960 
Diffraction Dissociation of Beam Particles* 
M. L. Goop AnD W. D. WALKER 
University of Wisconsin, Madison, Wisconsin 
(Received May 26, 1960) 
A phenomenon is predicted in which a high-energy particle beam undergoing diffraction scattering from a 
nucleus will acquire components corresponding to various products of the virtual dissociations of the incident 
particle, as p>» A+K* or x > p-+n. These diffraction-produced systems would have a characteristic 
extremely narrow distribution in transverse momentum, and would have all the same quantum numbers 
and parity. The process is related to that discussed 
have then a threshold 
M*?— VM 
« P.»=————A}. (2) 


should exist also, in which the diffracted or “shadow- 
scattered” wave acquires a component corresponding 
to dissociation products of the incident particle. The 
phenomenon is associated only with high energies of 
the incident particle.' 

First we must establish that this is energetically 
possible. Suppose we have an incident particle A (rest 
mass M, momentum P) and consider the dissociation 
4— B+C. Let the energy of B+C in the rest frame 
of B+C be M*. We wish to consider a reaction in which 
the nucleus is left intact, and in its ground state. The 
nucleus will take up momentum q and essentially no 
energy. The requirement of energy and momentum 
conservation is then, for small transverse momenta, 


qi= (M*—M?*)/2p, (1) 


where qj; is the component of q in the beam direction. 
q may be very much less then m,/A}, thus justifying 
the assumption that the nucleus can hang together. We 


* Supported in part by the U. S. Atomic Energy Commission 
and in part by the Research Committee of the University of 
Wisconsin with funds provided by the Wisconsin Alumni Research 
Foundation. 

‘An extensive literature exists on this subject also. The best 
summary is that of E. L. Feinberg and I. Ia. Pomerancuk, Suppl. 
Nuovo cimento III, 652 (1956), in which it is noted that diffraction 
dissociation has probably been observed in the case of the deuteron 
LG. P. Milburn, W. Birnbaum, W. E. Crandall, and D. S. 
Schechter, Phys. Rev. 95, 1268 (1954)]. 

One class of calculations have to do with the diffraction disinte- 
gration of light nuclei: (a) R. J. Glauber, Phys. Rev. 99, 1515 
1955); (b) E. L. Feinberg, J. Exptl. Theoret. Phys. (U.S.S.R.) 
29, 115 (1955) [translation: Soviet Phys.-JETP 2, 58 (1956). 
¢) A. I. Akhiezer and A. G. Sitenko, Phys. Rev. 106, 1236 (1957). 
4) A. I. Akhiezer and A. G. Sitenko, Doklady Akad. Nauk 
S.S.S.R. 107, 385 (1956) [translation: Soviet Phys. Doklady 1, 
180 (1956)]; J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 794 (1957) 
[translation : Soviet Phys.-JETP 5, 652 (1957)]. (e) A. G. 
Sitenko and Ia. A. Berezhnoi, J. Exptl. Theoret. Phys. (U.S.S.R.) 
35, 1289 (1958) [translation: Soviet Phys.-JETP 8, 899 (1958) ]. 
‘t) J. S. Blair, Nuclear Phys. 6, 348 (1958). (g) G. P. Milburn, 
W. Birnbaum, W. E. Crandall, and D. Schechter, Phys. Rev. 95, 
1268 (1954). 

Another class of calculation has to do with electromagnetic 
radiation during diffraction scattering or electromagnetic inter- 
es plus diffraction scattering: (a) J. A. Vdovin, thesis, 
won 1955 (unpublished); (b) E. M. Rabinovich, J. Exptl. 
rheoret.. Phys. (U.S.S.R.) 32, 1563 (1957) [translation: Soviet 
Phys.-JETP 5, 1272 (1957). 
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We note that this is the same as the threshold for 
electromagnetic production by Coulomb field of the 
same nucleus.? The reaction, 


A+ (nucleus) — B+C-+ (nucleus in ground state), (3) 


is thus energetically possible if the beam energy is high 
enough. 

The next question is whether the reaction actually 
happens. We do not know how to calculate its rate, in 
general, as the strong interactions are complicated, and 
as this is a many-body problem. 

What we will do instead is to present a physical 
argument which shows how such reactions would be 
brought about, and makes apparent some interesting 
properties they would have. 

First we point out that the sort of phenomenon that 
we are discussing is really quite familiar in systems 
where energy degeneracies exist. The best example has 
to do with optics. First of all, we have the phenomenon 
of diffraction scattering by an opaque disk. Suppose, 
however, the disk is a piece of polaroid. The light 
whose plane of polarization is at right angles to 
the preferred axis is completely absorbed and the light 
whose plane of polarization is parallel to the axis is 
passed without attenuation. If unpolarized light were 
incident on such a disk, then a diffraction pattern 
would result in which the scattered light wave had its 
plane of polarization perpendicular to the axis of the 
polaroid. 

Thus by absorbing a particular component of the 
wave, a scattering of this component of the wave 
results. 

If the incident light were plane polarized in say the 
X direction and the polaroid axis was at 45° to the X 
axis, then the diffraction scattered wave would have in 
it polarization components both along the X and the 
V axes. 

2M. L. Good and W. D. Walker, preceding paper [Phys. Rev. 
120, 1855 (1960). 
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The polarization component along the Y axis repre- 
sents a component of the elastically diffracted wave 
which was not present in the incident wave, and may be 
regarded as the production of a new state by diffraction. 

The various @,—62 regeneration phenomena can also 
be understood from this point of view. The wave func- 
tion of the 4, is |@2.)=(1/v2)(|@)—|6)). In this case a 
nucleus plays the part of the analyzer. The outgoing 
wave has an amplitude 

(1/v2)(n,.!0)—n_!6)). 


When this is reresolved into |@,;) and 6:) components, 
one finds an outgoing |6,) wave of amplitude 3(n,—n_) 
=3$(A4,—A_), where A, and A_ are the scattering 
amplitudes in the positive and negative strangeness 
states. Thus even in the case of a purely absorptive 
process (,, n— real and less than 1) the |@;) component 
may be “diffracted into existence.’’ This process has 
recently been observed.’ Since the mass difference 
between |@;) and 6.) is small, the amount of momentum 
absorbed by the nucleus is very small. 

We now consider our nuclear reaction (3). First let 
us inquire whether the state B+C of mass (or proper 
energy) M* may be regarded as degenerate with the 
incident particle state, A. If the difference in frequency 
between B+C and A, times the time of passage through 
the nucleus, is small compared to unity, then they are 
for all paractical purposes degenerate. The condition 
for this is 


(y*M*—yM)A*/m,<1. 


If we take y*8*M*= p=~78M, this becomes p>fin(M*), 
with P., given by (2). 

Thus for p>P1,(M*), the state of mass M* may be 
regarded as degenerate with the state of mass M, and 
we may expect phenomena involving M* to exist 
similar to those we have just discussed for polarized 
light and for the 6,-@ system. 

Let us now consider the incident particle to be a 
nucleon, for definiteness. It is a “dressed” or real 
nucleon, |N), in contradistinction to the “bare” 
nucleon, | V). Now we may expand any state in terms 
of any complete set of states. For example, we could 
expand |) in terms of the states of “bare” particles: 


N)=>; ay;| B;) 


B;)=|N), |Nx), |N2m), ---, |AK), where the 
|B;) are all the one, two, or more particle states (of 
“bare” nucleons and “bare” pions) with the same 
quantum numbers as the nucleon, i.e., the same charge, 
strangeness=0, intrinsic angular momentum=J =}, 
etc.* 


3F. Muller e al., Phys. Rev. Letters 4, 418 (1960). 

4 The summation over 7 includes an integration over continuous 
variables, where called for. For instance, the bare states | Nz) 
may be described by their (unperturbed) c.m. energy Mo*. The 
summation includes a term fdM*p(M o*)a(Mo*)| Nx(Mo*)), 
where p is an appropriate density of states. Also presumably the 
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There is another complete set also, composed of al! 
the ‘“‘dressed” particles. We can for instance, 
any of the B; in terms of these: 


B; = 2% a; ¥ D 


expand 


(4 
where the |D,) are all “dressed” states of the same 
quantum numbers as | B;) and therefore as |), The 
“dressed”’ set is a somewhat preferred one, as these are 
the eigenstates of the free particle Hamiltonian. 

We now consider the case where p>P,(M*) for the 
final state M* of interest. We are then justified i 
neglecting mass differences in discussing the behavior 
of the nucleon wave as it penetrates the nucleus, We 
may therefore expand the state N) into an appropriate 
complete set, and expect that the different terms in the 
expansion will be attenuated separately in passing 
through the nucleus. The set we want is clearly neither 
the bare-particle set | B;) nor the dressed-particle set 
| D;) but some third set, comprised of just those linear 
combinations of bare particle states which are th 


it 
i)» The 
C,) have the property that each is attenuated witha 
simple 

nucleus. 


eigenstates inside nuclear matter. Call this set |( 


exponential dependence in traversing t 


The formulation of the problem is now simple. The 
incident wave is 


I e*ziN e >i cni|C,). 
After traversing the nucleus, the transmitted wave is® 
‘4 bb CNiN: ( 
where 
UT) 


The scattered wave is the difference between / 


and |T) 
5 I)\—|7 


[This is evaluated “just behind the nucleus” (s=0 
and hence shows no coordinate dependence. | 

The wave |S) then propagates out with a diffraction 
angular distribution. But |S$ 
longer a pure nucleon state; rather the projection: 
(D;|S) represent the amplitude in |S) of the various 
two-or-more-particle states |D;) of real particles of the 
V). |S) may be written as 


is now in general no 


same quantum numbers as | N 
S) >i ¢vi(1—n,) C, 
(1—4)|N)+30; (4—nvewni' Ci), 
where the first term is the scattered nucleon wave ané 
the second represents the diffraction produced particles, 
i.e., not states involving only single nucleons. The 
amplitude for the diffraction produced particles 


values of the coefficients depend on the momentum. The meats 
of writing such an expansion in a covariant fashion is unknown 
to the authors. 

6 There are of course many 
nuclear disruptions occur. These events are not the ones we a 
talking about. Each of th as wavelets is the transmitted 
wave, as measured in those events in which no nuclear excitatio 
takes place 
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proportional to the difference between the absorption, 
7, for the nucleon and some other state. 

Only if the |C,) are all attenuated in the same amount, 
7 is the scattered wave |S) a pure |) wave. In other 
words, the diffraction-scattered wave has in it dissocia- 
tion products of the incident particle. 

This way of looking at it makes it seem likely that 
reactions of this general type are not rare. If, however, 
1:=0 for all i (complete absorption), then |7)=0, and 

§)=|J), so that the scattered wave is entirely com- 
posed of real nucleons. The elastic cross section is then 
rR’, the familiar case of the black sphere. Our effect 
is therefore one of semitransparent nuclei, and so light 
nuclei would seem to give the highest yield. 

The sort of argument made for the diffraction 
reactions would seem to apply roughly up to M* such 
that (M*—M?)/2p=m,/A!, above which the “re- 
generated” components D;) would oscillate with 
respect to the incident wave on the way through the 
nucleus. The increments to |D,) will have the phase of 
the incident wave, and so above this limiting value of 
M*, successive increments to |D;) would be out of 
phase with each other, and no appreciable | D,) ampli- 
tude would develop. 

We now discuss other properties of the reaction. The 
above treatment makes the following points obvious: 

(1) The outgoing wave |S) and its real-particle 
projections (D;|S) have the angular dependence 
characteristic of diffraction scattering, since they are 
produced by differential absorption of the incident 
beam. What is meant by this is the following: one 
measures the momentum of each outgoing particle, and 
constructs, for each event, the vector sum of these 
momenta. The distribution in angle of this vector 
with respect to the incident beam should be that of a 
diffraction scattering. Since at high energy the diffrac- 
tion pattern is very narrow, this represents a distinctive 
feature of the reaction, and could be used to identify it. 

(2) The outgoing wave of other than incident 
particles will consist of two- (or more)-body systems 
having the same quantum numbers as the incident 
particle, ie., the same charge, strangeness, nucleon 
number, isotopic spin, intrinsic angular momentum, 
and parity. Thus if V + \+-7 is observed in this way, 
the outgoing V+ system will be ina T=3, J=} state, 
ot + parity, ie, a Py; state. The implications 
of these rules are numerous. To give some examples, 
 — K*+K° if observed in this way, would establish 
different parity for the K+ and K®, With a polarized 
proton beam, p—> A+K+ would yield A’s of polari- 
zation (+) the proton polarization for (+) parity of 
the K* (for those events in which the plane contain- 
ing the A and K+ lies perpendicular to the proton 
polarization). 

We should add a word of caution concerning possible 
confusion arising in the interpretation of experiments. 
Consider the process mentioned above, r+ > K++K°. 
The virtual process r+ —> K++K°+2° would occur if 
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K+ and K° have the same parity. One might imagine a 
Chew-Low or Barshay type process in which the virtual 
7 is swallowed by the nucleus, with a small momentum 
transfer. This however would change the parity of the 
nucleus and not leave it in its ground state. To be able 
to discriminate against such a possibility, one should 
choose a nucleus in the experiment with no low-lying 
opposite-parity states (He‘,C”). The possibility of 
leaving the parent nucleus in an excited state must 
always be reckoned with. If we look at the data on 
p-nucleus scattering of Gerstein, Niederer, and Strauch,® 
we estimate that the contamination of such processes 
might be 5-10% of the elastic diffraction process. The 
experimental resolution is very important in such 
considerations. 

Similarly, it does not violate any selection rules to 
have the orbital angular momentum of the beam 
particle relative to the nucleus change by one unit, the 
nucleus remain in its ground state, and the parity and 
spin of the state of mass M* differ from that of the 
incident particle. We feel that such processes would be 
rare, for the following reason: 

The orbital angular momentum change may be 
written as 


Al<qiR, 
M*—M?\ A‘ pu(M*) 
2p mM, p 
If 
p>pu(M"*), 
then 


Al<1. 


If the pertinent R is the radius of a nucleon, Al is even 
smaller. 

The amplitude for particles created in this way would 
be coherent with, and could interfere with, the ampli- 
tude for the same states created by the intercession of 
the Coulomb field.? The Coulomb effect would be small 
in the light nuclei which are useful for the diffraction 
process, however. 

In order to make an estimate of the cross section for 
such a process we have assumed a specific model for the 
meson. The basic thing used is that the amplitude for 
the conversion process is always proportional to the 
difference between the scattering amplitudes in the 
“bare” state and the “bare” state of mass M*. One 
can then construct imaginary potentials to describe 
the shadow scattering for ‘‘bare’’ states of mass M and 
M*. The parameters appearing in the potential will 
be the opacity of the nucleus, the size of the nucleus, 
the momentum and the momentum _ transfer. 
The particular form used in our calculations was 
V i= B;/(q¢+qe), where go=m,/A}, q=Pi— Pe. 


® G. Gerstein, J. Niederer, and K. Strauch, Phys. Rev. 108, 427 
(1957). 
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The conversion process then goes on in this imaginary 
potential (V..— V w+). Again the conversion comes as a 
result of a small longitudinal kick in the pseudopotential 
field. We assume that x mesons are coupled to bosons 
of mass M* which represents a 3-meson intermediate 
state through a term in the Hamiltonian of the form, 


ES (M*)¢u+*o,dM*, 


ous*=¢,' (i.e., M* — 3m). 


Using this interaction, we compute the following cross 
section for r+nucleus— M*+nucleus. 


dM* 4(M@®— M2) 


do la ileal (“)| qo’p(M*)o, 
(q 24.42) (2m)® 


Ox 


where o,=the cross section for diffraction scattering of 
a “bare” m meson by the nucleus (assuming o,>o.:-), 
om+=the cross section for diffraction scattering of the 
“bare” state of mass M*, q,,=(M*—M?)/2p, and 
p(M*)=covariant density of states in the M* center-of- 
mass system (i.e., between M* and M*+dM*) 

In order to get an estimate of a cross section, one 
must make an assumption at this point. We assume that 
the cross section for “bare” and “dressed” states are 
approximately the same. One sees that the process is 
fairly likely until g)\2>qo. Again this means that the 
process is likely only as long as the intermediate state 
of mass M* can live a distance the order of the radius 
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of the nucleus, A!/m,. When q\;>>m,/A}, then so much 
momentum must be transferred that the collision Point 
is localized well inside the nucleus and consequent} 
will very likely disrupt the nucleus. 

Note added in proof. R. F. Sawyer has pointed out ay 
exception to our argument concerning quantum num. 
bers. Nuclei are not in eigenstates of G conjugation, 
since charge conjugation (which produces anti-nucle 
is a part of the G operation. This means that the ¢ 
quantum number of the beam particle need not 
conserved in a diffraction production process, 

In a similar way, in the diffraction production of 4, 
from a beam of @2’s, the PC quantum number of the 
beam particle does change (from —1 to +1), asa conse. 
quence of the fact that the nucleus is not in an eigen. 
state of PC. 

Then the diffraction production + — mm is allowed 
regardless of whether » is even or odd (i.e., regard- 
less of G conjugation), with the single exception that 
4 — 2m is forbidden by angular momentum and parity 
considerations. 
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Pair production in high-energy electron-electron collisions is studied with special attention given to pion 
pair production. A method of calculation is formulated which yields results with reasonable directness in the 
relativistic limit. The orders of magnitude of counting rates for various experimental settings are ascertained. 
A complete result is obtained for the case in which two pions emerge with equal energies and opposite 


momenta. 





I. INTRODUCTION 
XPERIMENTS in which oppositely directed beams 
of electrons clash and interact over long periods of 
time are now in preparation.! These beams will permit 








* Alfred P. Sloan Reseasch Fellow on leave from the University 
of California, Berkeley, California. 

1G. K. O’Neill and E. J. Woods, Phys. Rev. 115, 659 
(1959); Barber, Richter, Panofsky, O’Neill, and Gittelman, 
High-Energy Physics Laboratory, Stanford University Report, 
June, 1959 (unpublished). W. K. Panofsky, Fourth Annual Inter- 


measurements of electron-electron (Mller) scattering 
at center-of-mass energies of 500 Mev or more. Cross 
sections for pion and muon pair production are of the 
order of (a/x)? relative to the Mller cross section, 
though they may be greatly enhanced in certain casts. 
Such processes furnish the opportunity—albeit, a tf 


national Conference on High-Energy Nuclear Physics, 1959 RA 
published). Similar projects have been undertaken at MUR: 
(Midwestern Universities Research Association). 
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PARTICLE CREATION IN 


mote one at the present time —to study electromagnetic 
form factors and Compton (two-photon) interactions 
of the produced particles uncomplicated by the presence 
of nucleons. This would be particularly interesting in 
the case of pions, inasmuch as it would provide the 
most direct means of studying some effects of the pion- 
pion strong interaction recently proposed and discussed 
by many authors.” 

‘In this paper, we study the characteristics of pair 
productions which accompany highly relativistic elec- 
tron collisions with the following aims: (a) to formulate 
a method of calculation which yields results with 
reasonable directness in the relativistic limit; (b) to 
appreciate the orders of magnitude of counting rates 
for various experimental arrangements and so to deter- 
mine which lines of investigation are most feasible. 

As a result of such analysis, we can point to two 
types of experiments which appear to be more prac- 
ticable than others. One case is treated semiquantita- 
tively; in the other, which corresponds to the most 
obvious and simple experimental setting, the complete 
result is obtained. The discussion cites only pion pro- 
duction explicitly, but the qualitative considerations 
apply equally well to muon or, for that matter, electron 
production. 

We remark first that the Mller cross section is in- 
finite in the forward direction because of the infinite 
range of the Coulomb force, or equivalently stated, be- 
cause of the singularity in the propagator for the ex- 
changed photon. An echo of this feature is found in 
pair creations where many of the beam electrons 
are deviated less than about 10-* radian from their 
original directions, at the relevant incident energies, 
owing to the “nearly singular” nature of certain 
photon propagators. These electrons move with con- 
siderably reduced energy and increased path curvature 
in the magnetic field that guides the beam and hence 
might be experimentally observable. In virtue of this 
forward concentration of electrons, a measurement 
which counts one meson of a produced pair and one 
forwardly scattered electron in coincidence may be of 
special interest. The counting rate is then proportional 
to the meson phase-space factor, but is independent of 
the electron detector’s angular resolution provided the 
latter is somewhat larger than 10-* radian and much 
less than one radian. If all electron energies were 
accepted in this hypothetical measurement,* the prin- 





*W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 
(1959), and Phys. Rev. 117, 1609 (1960); F. Bonsignori and F. 
Selleri, Nuovo cimento 15, 465 (1960); I. Derado, Nuovo cimento 
15, 853 (1960); M. Gourdin and A. Martin, Nuovo cimento 16, 
8 (1960); F. Cerulus, Nuovo cimento 14, 827 (1959). For in- 
vestigation of pion-pion interaction through high-energy (‘‘clash- 
ing beams”) electron-electron and electron-positron collision ex- 
Ce: L. M. Brown and F. Calogero, Phys. Rev. Letters 4, 
y (1960), and Phys. Rev. (to be published); N. Cabibbo and 

Catto, Phys. Rev. Letters 4, 313 (1960). 

. ‘Otherwise, in estimating the order of magnitude of the count- 
fn rate, one should include another factor which accounts for the 
taction of electrons actually counted. 
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Fic. 1. One-photon (‘‘odd’’) interactions for pair production 
in electron-electron collisions. 


cipal contribution to the cross section would differ from 
the Mdller (wide-angle) cross section by a factor propor- 
tional to the fractional energy resolution‘ of the pion 
counter, a (small) factor of (a/7)?, and a (large) factor 
which is the logarithm of a dimensionless ratio of the 
order of 10°. Besides, the cross section is multiplied by a 
(possibly large) factor due to strong interaction between 
the produced pions. The basis of this estimate is dis- 
cussed. more fully in Sec. 3. 

Pair production in electron-electron collisions may be 
considered, in the first perturbative approximation, to 
take place through two distinct processes, namely 
through one-photon interactions, Fig. 1, and two- 
photon interactions, Fig. 2. These two modes of pro- 
duction are physically distinguishable: In the first case 
the two produced pions are in a pure /=1, T=1 state; 
in the second case the state of the produced pions is a 
superposition of even angular momentum states. The 
effect of strong pion-pion interaction will also intervene 
differently in the two cases. In the first case it is com- 
pletely described by the electromagnetic pion form 
factor, which is supposed, according to recent sug- 
gestions,” to have a resonant behavior just in the energy 
region of present interest. In the second case the effect 
of strong interactions intervenes through the modifica- 
tion of the Compton (two-photon) pion process. 

The experiment described above would count pions 
arising from both modes of production, and would also 
“integrate” over one pion. Therefore, one would measure 
an admixture of both strong-interaction effects, inte- 
grated over a whole energy region. 

An experiment which is instead sensitive only to the 
two-photon interaction and capable of giving informa- 

‘ The cross section is also proportional to the angular resolution 
of the pion counter but a corresponding factor appears in the 
Mller cross section. 
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tion on strong-interaction effects not integrated over 
energy is achieved by counting in coincidence a pro- 
duced pair with zero total momentum. Such mesons 
are mostly produced in collisions which rescatter both 
of the electrons into their forward directions. We 
find that the counting rate, although somewhat less 
than that described above for the first experiment 
(because of the smaller fraction of pion phase space 
accepted) is much greater than the rate for a two-pion 
coincidence experiment recording mesons at arbitrary 
angles. The calculation for this case is given in full in 
Sec. 4. 


2. BASIC FORMULAS AND DISCUSSION 
OF THE METHOD 


We consider the creation of a pion pair with four- 
momenta 41, g2 in a collision between electrons with 
initial momenta /;, pf, and final momenta 3, ps4, re- 
spectively. In the clashing beam experiment, the center- 
of-mass and laboratory frames are the same. The 


energies and three-momenta are labeled as follows: 
pi=(E; p), po=(E; —p), ps=(E’; p’), pa=(E"; —p"), 
m= (w';q’), g2=(w’; —q” 


pi=pr=pi=pr=m, gi=qe=p. 


Let n,n’, n” be unit vectors in the directions of 
p, p’, p’. The components of any vector a parallel to 
and transverse to n, the beam direction, will be called 
a, and a, respectively. We use 6’, ¢’, and x«’=cos@’ to 
denote the spherical coordinates of n’ relative to n, and 
0”, ¢’, x"’=cosé” for the coordinates of n” relative to 
n. W hen p, 4’, q”’, n’ are specified, all other variables are 
determined by conservation laws and mass shell rela- 
tions. Production probabilities are therefore propor- 
tional to dq’dq” sin6’dé’d¢’. 

Figures 1 and 2 picture the processes of interest. 
In the rest system of the meson pair, reversal of the 
sign of meson charge means interchange of mesons. 
Matrix elements for Fig. 1 are linear in meson charge 
while those for Fig. 2 are quadratic. Thus, the mesons 
of Fig. 1 emerge in a relative odd angular momentum 
state; we term these processes “odd.” The processes of 
Fig. 2, for the analogous reason, will be called “even.” 
In odd processes, pion-pion interactions are summarized 
by a pion electromagnetic form factor ef (qi:+q2) at the 
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Fic. 2. Two-photon (‘‘even’’) interactions for pair production 
in electron-electron collisions. The third diagram is present only 
in boson production. 
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creation vertex. We shall not attempt to indicate ex. 
plicitly the role played by strong pion interactions ; in 
even processes, though the possibility of large effects 
should be kept in mind. 

Interference between even and odd processes adds t to 
the cross section a term which is odd under Change of 
sign of meson charge. Hence, an experiment which does 
not distinguish between positive and negative mesons 
encounters no interference of this type. 

Set ki= pi-— ps, ko= po— ps, Qr2=Gitqe, 


mentum transfers of the “‘first”’ electron, 


for the mo- 
“second” elec. 


tron, and meson line, respectively, and define “Dolari- 
zation” vectors 
, 9 , 1 
=k, “(P3|\Vul Pi)» Cx A Pa\ Vz 2), 
; (24 
Ju=Qi2 “(G1—- Ge) uy 


which are true polarization vectors supplemented by 
photon propagator factors for notational convenience. 
The matrix of Yn positive-energy 
states of unspecified spin are two-dimensional spin 
operators. With all four-spinors normalized to u*y=1, 


elements between 


we have, for the first electron (oe, is the Pauli spin 
operator), 
(ps| vo! pi) = {1+ (E+m)(E’+m)“p- p’ 
+i(E+m)(E’+m)—(e1- p’X p)} 
X[4EE'(E+m)(E’ +m)", (22a 
(ps ¥| pid = {(E’+m)—'p’+ (E+m)-'p 
tio, XL (+m) p’— (E+m)"p)}} 
X[4EE' (E+m)(b’+m)*) (2.2b 
The formulas for (py y, fp») are inferred from (2.2) by 
replacing p, p’, /’, 0, with —p, —p”, £”, and . 


The matrix element Mo for odd processes, exclusive 


of factors of charge, 27,7, is the sum of four parts as 
illustrated in Fig. 1 
Mo=(M.4+Mit+M.4Ma)F(qitq@), (28 
where 
M, (Ps ye" Ly (ps— ke —m | ley f pi . (2.44 
M. vf Ly (pi-— ke) —m | ye" | pr (2.4b 
M,, Ma=M,,M., respectively, but with pio? 
ps pa, hic he, oe”. 
The matrix element M, for even processes !s 
M,.= e, ey {26,4 [(q1 —k,)? a 
XK (2qithi)y(2924 ko),4 [(q2—- i?—p | ' 
X (2¢24 ko) y(2githi)s} (2. 


= {e’e” +4 (eq) (eq) L(i— ki? -—w 7} 
+ {91 q}, 
since e’k, =e" ko=0. 
The cross section o(q’,g’) for pair production, 
summed a, final electron states, is determined by the 
usual rules’ (.§ denotes average over initial and sum 


5 See, for. example, J. M. Jauch and F. 
Photons and Electrons (Addison-W esley 
Reading, Massachusetts, 1955), Chap. 8-6. 
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PARTICLE CREATION IN 
over final electron spins) : 

dp’ 
dE 
X S| MotM,|*dn’. 


io(ga’)= (a/2n)(E/P)dq'dq” f (p'2/a'e"” 


(2.6) 


In this description of the cross section, we have not 
included any exchange terms. Later, we shall observe 
that exchange terms do not contribute in the rela- 
tivistic limit to the two types of experiments described 
in the introduction. 

The computational labor required to evaluate cross 
sections such as (2.6) is often prohibitively great, unless 
the work is arranged wisely. If, for example, the sums 
over the spins described by e’, e”’ were performed by 
the trace method, the calculator would be disconcerted 
to find most of his labor spent on terms which mutually 
cancel at a late stage of the calculation. In fact, when 
the contributions are ordered with respect to their 
magnitude in the relativistic limit (all energies>m), 
§|Mo\* vanishes to order m? and S|M,|* vanishes to 
order m*, 

These cancellations occur because, in the relativistic 
limit, major parts of the polarizations (p3| 7, p:), 
(ps|Yu| Po) are proportional to (ps— p1)y, (Ps— po)y, Te- 
spectively. In other words, the photons exchanged by 
the electrons are largely “‘longitudinal.”” We are then 
forewarned of the cancellations by the principle of 
gauge invariance which tells us that completely “longi- 
tudinal” photons produce no physical effect. 

In our approach the “longitudinal” parts of the 
polarizations are identified and treated separately. The 
leading contributions to the matrix elements and spin 
sums in the relativistic limit may then be ascertained 
with comparative ease. The “longitudinal” contribu- 
tions, though of lesser magnitude than might have been 
originally anticipated, are not ignorable and must be 
taken into account in the calculation. 

In the relativistic limit, the denominators of e’, e’”’ are 


?=(pi—ps)*=—2EE'(1+<'—2'), —(2.9a) 
ki?= (po— ps)’= —2EE"(1+e"—x"),  (2.9b) 
where 
, iw(E-EF) 1 m?(E—E")? 
ie , € = (2.10) 
2 EE” 2 EE” 


For E2500 Mev, ¢’ and e” are typically of the order of 
10-* and are of interest only for x’~1, «”~1. 
We define auxiliary symbols 6’, 8”’: 


S'=(E+E’)/(E—E’), B"=(E+E")/(E—E”). (2.11) 


Let (2.2a), (2.2b), and k; be expanded in powers of m 
and compared. Note that we can ignore m relative to 
E,E » but cannot ignore m relative to E sind’, E(1—x’), 
¢tc., since the denominator dictates x’~1. We find 


=e +L/+C'hi, (2.12) 
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where 
e,'= —[4EF"F(1+¢—2’) 

X {6’n'+i0:X[m/—n(2e’)* }},,  (2.13a) 
L,=—[4E(E-E') }}{1+2'+i(e:-n'Xn)}, — (2.13b) 
L, = [4F(E— EF’) }°(1+i(1+2’) (o,-n’X n)| n,'|-2} n,’ 

—[4EE’ > ioiXn, (2.13c) 
C’=[2kX(E-E) 4 +2/+i(er-n’/Xn)}. —— (2.13d) 


The formula for e” is obtained by replacing n, n’, §’, 
C’, «, with —n, —n”, 6”, C”, on, etc. The vector 
n,’ contains a factor of sin6’. Notice that siné@’ 
X (1+ ¢’—2’)— and (¢)!(1+¢«’—x’)“ both attain maxi- 
mum values of the order of (e’)~?. Thus, whenever 
divided by powers of (1+¢’—x’), a factor of sin@’ is 
essentially equivalent to a factor of (¢’)! for purposes 
of estimating magnitude. 

Equation (2.12) expresses e’ as the sum of a “‘con- 
centrated” part e,’ containing a denominator nearly 
singular at x’=1, and a “diffuse” part without a de- 
nominator. The concentrated part describes processes 
in which the first electron is rescattered predominantly 
without change of direction. For most of these elec- 
trons, the angle of deviation 6’ from their forward 
direction is restricted by 1—cos#’ Se’; that is, 


a <(e)'= 10°, (2.14) 


The “longitudinal” term in (2.12), although it has a 
denominator of &,;? buried in the definition of C’, must 
be classified as diffuse because in working out the full 
matrix element, a compensating factor of k;? emerges 
in the numerator. Thus, if (2.12) and its counterpart 
for e’’ are used in (2.4), (2.5), the portion of M, de- 
pendent on C’ and C”’ is 


(ke — kiqi){ —~ 2C’k?? (q”’ ~ e,””)+2C"k.?(q’ : e,’) 


+O'C"'hPk2} + (ic q2); (2.15) 
and the part of M,+M, dependent on C”’ is 
(ko? + 2piko) (ke? — 2pske) 4C"' he? (yf) 
X (pit ps)u(Git qe). (2.16) 


3. ORDERS OF MAGNITUDE OF COUNTING RATES FOR 
VARIOUS EXPERIMENTAL ARRANGEMENTS 


In view of the foregoing, it is natural to set 


o(q’,q’’)=op(q',q”")+oc(q',q")+ecc(q’,q”), (2.17) 


thus distinguishing between parts of o(q’,q’’) of type D 
(diffuse), type C (one electron concentrated in forward 
direction), and type CC (both electrons concentrated). 

The D part of o(q’,q’”’) is obtained by using only the 
diffuse terms of e’,e”. The final electrons have no 
strongly preferred directions. This part is the most 
laborious to calculate; exchange terms contribute and 
the dependence of the matrix elements on 6’, ¢’ renders 
the integration over dn’ in (2.6) compiex. The D part is 
also comparatively difficult to observe. The counting 
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rate depends on the amount of phase space—dimension- 
lessly expressed as (dq’/w’) (dq’’/w’’) (dQ’/42r) (dQ /4r)— 
that the counters envelop. The rate is then much less 
than the rate for measurements alluded to in the intro- 
duction and discussed below which depend on fewer 
differential factors. 

When calculating concentrated parts of o(q’,q’’), we 
observe that the integral over dn’ of (1+¢’—2x’)* is 
much larger than the integral of (1+ «’—x’)- because 
é’K1. Therefore, we select only the terms with the most 
factors of the “nearly” singular denominator. One 
consequence is that exchange terms are ignorable. 

The C part of o(q’,q’’) has the same order of magni- 
tude as ap(q’,q’’) from which it may be distinguished, 
however, by using a counter to catch the forward elec- 
tron, in coincidence with the meson counters. If the 
aperture of the electron counter is larger than 6’= (e’)# 
«10 radian and much less than one radian, a negli- 
gible amount of diffuse production is counted and a 
negligible amount of concentrated production is omitted 
by this triple coincidence experiment. If we omit the 
second meson counter, thus integrating over (dq’’/w’’) 
X (d2”/4m) without losing control of the experiment, a 
physically interesting quantity is obtained at a much 
higher counting rate. The estimate given in the intro- 
duction is easily obtained from the above formulas, 
keeping also in mind the considerations given after 
formula (2.13). 

Finally, the CC part of o(q’,q’’) is obtained by using 
the concentrated parts e,’ and e,”, and corresponds to 
both electrons being rescattered in their forward direc- 
tions. This also forces the meson pair to appear with 
zero transverse momentum. The special case in which 
the meson pair has zero total momentum is considered 
in detail in the following section. 


4. PRODUCTION OF PIONS WITH 
OPPOSITE MOMENTA 


Setting q’=q’’ we obtain the special case in which the 
pions possess equal energy and emerge in opposite 
directions. The final electrons likewise have opposite 
momenta, p’= p’’. The notation can be simplified some- 
what. Because doubly primed variables are now equal 
to their singly primed counterparts, we put E= E’= E”, 
n’=n”, and drop primes on other variables. (Excep- 
tion: the space parts of e’,e”’ are opposite. Put 
e= e,’= | e,’’.) 

The total matrix element for odd processes vanishes 
identically (not merely in the relativistic limit) in this 
case. This can be proved as follows*: M, is a Lorentz 
invariant function of 1, po, ps, ps, and f which we 
write M,=M(1234f). Then M,=M(2143f). Now, f, 
= (91—92)n/(¢it92)? is a vector without a time com- 
ponent, and M, depends linearly on f. Under a spatial 
reflection, M, is invariant, but p; and f» are inter- 
changed, p3; and #, are interchanged, and f changes 


6 This proof is due to L. M. Brown. 
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sign. Therefore, 
M.= —M(2143/)=—M,,. 


Similarly, M.=—M4a. Hence, Mo: 
=0, as asserted. 

Therefore the production in this case arises only from 
even processes. The CC part of the cross Section, in 
virtue of its greater number of nearly singular de. 
nominators dominates the C and D parts. Thus, ye 
replace e’,e” with e,, —e., respectively, in (2; 
Furthermore, the meson propagator may be evaluates 
at @=0: 

[(ki-q 


— 2w(w— q:) ; 


?— pu? }| po 
then 

M.={e.?—[w(w—g.) }'2(q- e,)*}4 

=2{e,?— 


( qo —q) 
[w*—q.* }-'2(q- e1)°}. (41 
When e,, taken from (2.13a), is inserted in (4.1), ye 
obtain an equation of the form 
M.=}(EE)(1+e—x)” 

xX {X+ ie; ° X:+ igs: X, 
where X is a dyadic in three dimensions. Then 
S|M,|?= 4 (EE)“(1+¢e—x)“ 

x {X°+XP+X.2+traceXX"}, (43 
where the superscript T denotes transpose. To calculate 
the ‘‘X’s,” choose the azimuth ¢(=¢’=¢") so that 


n,’-q= | q.| sin? cosg. Use the abbreviations 


me X-a}, (4.2 


S=2q,7(w’— q,”) 


a=n’Xn, (4.54 

b=n,’— (2e)!n, (4,5b 

c= bX (q./! q.!). (4.5¢ 
Therefore, by (2.13a), (4.1), and (4.2), 

X= sin’6(1—s cos?¢), (4.60 

X:= X,=[(2¢)!a—s sind cos¢e ], (4.6 


X= Ib’— aa— bb—sce 
Noting that a- b=c- b=0, we have 
traceX X7= a‘— 2a’b?+ 2b 
+2s[(a-c)?—b’e?]+s*et. (4! 
After a*, b*, etc. are expressed in terms of 8, ¢, ¢ aud 
the integration over ¢ is carried out, we have 


(1 is the unit dyadic). (46 


Qn) [ Xde=ptsin'e(1—s +- 35?), (4.84 


(2m) [ (X44 X,*)dg=8? sin’0 
X [4e(1—s+4s 


(2n)-* f trX X7do= (sin'0+4e sin?0+8e’) 
x (1—s+4s%)—}s? sins. (Ae 


Mo+MotMAy, 


l= 2q.?(u2+q,?), (44) | 


2)425? sin], (4.80) | 
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When (4.8) and (4.3) are used in (2.6) and the in- 
tegration is performed, we obtain the final result, which 


can be expressed in the form 
ia(q, —@) = (a4/2xm?) (dq'/4ru*)(dq"/4r*)Q, (4.9) 


where 
Q= [Ew(u?+- q) | {eo (E+E) (ut+ q.') 
+4§ FE? (2u'+ q.') } ; 


Consider now the cross section occ(q’,q’’) as a func- 
tion of (q’—q’’): with g.’=q.". Equation (4.9) is its 
value for (q’—q’’),=0. The cross section is strongly 

a. ° , ” . . 
peaked about this value and if (q’—q’”), differs only 
lightly from zero, drops to a negligible value compared 
with its peak value. This is because, when both elec- 
trons are well concentrated in their forward directions, 
the transverse component of the meson-pair momentum 
must be concentrated about zero. 

We are therefore led to consider the following type of 
experiment. Let one counter record all mesons with 
momentum between q and q+dq’. Let a second counter, 
placed in coincidence, record mesons of momentum q”, 
where g,’ is between —g, and —g,+dq,", and with 
q:” such that 


(4.10) 


0< | (q—q”),|/2E<p. (4.11) 
Here, p should be large compared with 10~* and small 
compared with unity—say, p~ 10-*. The characteristics 
(energy and angular resolution) of the counters will 
imply some relations between dq’, dg,”’, and p, but for 
simplicity in this discussion, we assume they can be 
chosen independently. In any case (see below) the 
cross section depends weakly on the resolution factor p. 
Define 


1 


docc(q,q”’) | 
iscola)= [ - —dq,""| 


1 ~ ” 
las —qu""| < 2Ep dq. 





(4.12) 


las” =a: 


With p>10~*, essentially all pairs produced (with 
, i ° “— . . 

zz ~Q) in CC processes will be counted with cross 

section dece(q). The counting rate for C or D processes 

will be supplied with an additional (very small) factor 

of p. Thus the experiment really measures only doce q). 


The evaluation of (4.12) is examined in the Appendix. 
The result is 


doce(q) = (a*/2xE2) (dq/4aw*) (dg.""/w)f(q,E), (4.13) 
where 


f(4,E) = (wW+q2)*[Apt+ B(u'+qu')], (4.14) 


and 


C 
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Note that the cross section depends weakly on the 
angle at which the pions are produced relative to the 
beam direction. 
The ratio R of the counting rate of this experiment 
to that of a 90° Mller scattering experiment,’ for 
equal angular apertures of the counters, is given by 


a fd dq,” 2 
R= (=)( : )C) f(q,E). (4.16) 
182? \w w w 


For p=3X 10-2, E=500 Mev, w= 300 and 400 Mev we 
get R=5X10-°(dq/w) (dq,""/w) and R=2X10-*(dq/w) 
X (dq./w), respectively, for mesons emitted transverse 
to the beam direction. The true rate of reaction might 
turn out to be much larger, thereby revealing the effect 
of strong pion-pion interactions. 
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APPENDIX 


The calculation of decc(q’,q”) in the neighborhood 
of q’=q’’=q follows the line laid out in Sec. 4, but 
with some attention to the distinction between singly 
primed and doubly primed variables. To obtain (4.12), 
we may, however, set g.’=q.’. We define E=E 
—4(w'+w") which coincides, in the zero-momentum 
case, with the definition of Sec. 4. Further, let A 
= (2E)“(q’—q”):. The conservation laws applied to 
m? tell us that 


(A.1a) 
(A.1b) 


p: (p’— p”)=0, 
E"—E'=2(E-E’), 
E'= (1+n'- A)" E(1— 42)—3(E(1— a2) Pm? (A.1c) 


The only point of difficulty in the calculation, and 
the only one we discuss in detail, relates to the angular 
integrals which are of the general type 


f sin"#’ cos?¢’ sin"0” cos*g”’ky*ks-*dn’.  (A.2) 


The coefficient of a factor like (A.2) may be evaluated 
at q’=q’’=q, i.e., at the peak value of the cross section, 
but the integrals (A.2), since they define the shape of 
the peak, must be treated more carefully. We consider, 
first of all, those integrals without a dependence on 
¢’, ¢” in the numerator. These may be reduced to the 


7 The comparison is here made with Born approximation Mller 
scattering, without taking into account radiative corrections. 
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basic forms 


m=1,2, (A.3a) 


Tamm f beth tde’ n=1,2; 
and 


1-f sind’ sin@’’k,~*k.—‘dn’. (A.3b) 


To arrive at (4.13), one must then compute the two- 
dimensional integrals [A has only transverse compo- 
nents and dA= (2E)~*dq,"" |, 


Jun= f Ind, s=f Id&. (AA) 
|Al<e |Al<e 


We make use of the well-known formula 


l 
(ab)'= f [a+s(b—a) HAs, (A.5a) 
0 
and the related formulas 
1 
(ab?)“'= f Cats(0-0) -822dz, (A.5b) 
1 
(a*b*)— -f [a+s(b—a) }-62(1—s)dz, (A.5c) 


obtainable from (A.5a) by differentiation with respect 
to a, b. 

With the substitutions a=k,?, b=k.? we”infer, by 
(A.1), 
a+2(b—a) 

= 2{ EE’— p- p’—m?+2LE(E”— E’)+p- (p’— p’”) }} 


=2EE(1+n’-A)“[B—n’-A]+2m°C, (A.6) 
where 
A= (1— A*)n—2z2A, (A.7a) 
B= (1— A*)+2z2A?, (A.7b) 
C=[2E(1— A*)}"En’- (A—224+n) 
+[2E(1+n’-A)}'E(1—A*)—1. (A.7c) 
Furthermore, 
B’= A?+-42(1—2) A?(1— A’). (A.8) 


Because of (A.6), (A.7), the J’s are nearly singular 
when n’ is in the direction A and A? is very small. As 
the C term is signifi.ant only in this case, we evaluate 
it for A=0, n’=n, obtaining 


mC= EE. 


Moreover, |A|<p<<1 in (A.4), so A? is ignorable 
relative to unity. We may also replace the factor 
(1+n’- A) by unity in (A.6) as it ultimately yields" A? 
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corrections only. Therefore, by 


B=[A?+42(1—:2) A? ]! 


(A.8), 
A+2z(1—2) a? 


(A9 
Therefore, by (A.5c) 
Jua= f d& fas [aw 
Al<p 0 
X[A—n’- A+22(1—2)A?+e}“ 
 (2EE)—62(1—2) 
1 
= [af dA[ 22(1—2)A*+e}° 
*¢@ A p 
x (EE)~“laz(1—2 
= we 2(2EB) al 
Similarly, (A.5b) and (A.5a) lead to 
— 77" l 
Jes=Si2= ~ f c2e( —ep*}'dz 
4(EE)* ee 
Tr 2p 
- in( ), 
8(EE)%e € 
(AI 


Pcs 


ae l 1 1 
: = [ as( T ) Inf 1 +22(1—2)p €] 
4(EE)?. 0 Z l—z 


7 ve 
T* dz 

= [ Inf 1+22(1—z)p?/e]. 
2(EE)*J5 2 


Since ¢€/p? is small, 


1+-22(1—2)p?/e= (14-012) (1+):2), 
where 
b= (¢° e)[ 1+ (1+2.« p’)*] =~ 2p*/e, 
bo= (p?/€)[ 1— (1+2¢€/p?)!] 


Consequently® 


i 1 dz 2p" 
Jia= —f jin—s)-+in( 14 :)| 
2(EE)*Jo 2 € 
id wr 2p7\" 
=——_ |- + (in ) 
2(EE)*L 6 2 € 


Using these methods, one may also demonstrate that 
sind’ sin@” in (A.3b) can be approximated by sin’, tt 
ducing (A.3b) to integrals of type (A.3a), and that 
occurrences of ¢’, gy” in (A.2) may be averaged (with 
g’=¢") as in Sec. 4, Eq. (4.8). , 

The only serious obstacles to the calculation a 
docc(q) are now overcome. The result is given in (4.15 
of the text. 


(A.12 


8 See, for example, H. B. Dwight, Tables of Integrais and a 
Mathematical Data (The Macmillan Company, New York, 19% 
pp. 137 and 201 
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High-Energy Pion-Nucleus Scattering* 


Mirza A. Bagi BEct 
Department of Mathematical Physics, The University of Birmingham, Birmingham, England 
(Received July 18, 1960) 


It is suggested that an inconsistency in the customary treatment of Pauli principle effects is responsible 
for the discrepancy between the experimentally observed scattering cross sections of high-energy pions on 
nuclei and the values calculated from twe-body amplitudes in the impulse approximation. The effect con- 
sidered, and briefly discussed within the framework of a ¢-matrix theory, is the inverse eclipse effect noted 
by Glauber. Results are stated for the optical potential and the effective cross section and numerical values 


are quoted for negative pions on C¥. 


I. INTRODUCTION 


N discussing their data on high-energy pion-nucleus 
scattering, Cronin, Cool, and Abashian,' presented 
an optical-model analysis based on the following well- 
known expression for the optical potential (in suitable 


' ynits) 


Vo= (24/FEx)(pf(0)). (1.1) 


f, is the energy of the incident pion and /(O) the 
forward pion-nucleon amplitude, both in the laboratory 
frame. Also, p is the nucleon density and the brackets 
lenote an average over isobaric spin.? The real part of 
{(0) was determined from the imaginary part by use 
of the ordinary dispersion relation and the density 
function used was, apart from a small difference 
accountable in terms of finite-range effects, consistent 
with the electron scattering data. These authors noted 
that while they could fit the absorption cross sections, 
the calculated diffraction cross sections were 20-30% 
smaller than the measured values.! 

It is difficult to say how seriously one should treat 
this discrepancy; however, it does not seem entirely 
uninteresting to see if it can be resolved by using a more 
refined connection between the optical potential and the 
two-body scattering amplitudes than is afforded by 
Eq. (1). This is the primary motivation for the present 
paper. It is hoped that the mechanism we suggest will 
serve to draw attention to the physical consequences of 
a phenomenon noticed before but regarded more or less 
a8 4 curiosity, namely, the anomalous action of the 
Pauli principle effect at high energies. By this we imply 
that the Pauli principle becomes responsible for an 
actual increase in the “effective” cross section per 
aucleon,* contrary to what one expects on usual phase- 
space considerations.‘ We mention at this point that the 

* Part of this work was done when the author was a guest of 


the Brookhaven National Laboratory. 


_t Present address: Brookhaven National Laboratory, Upton, 
New York. , 


wh ‘es Cronin, R. Cool, and A. Abashian, Phys. Rev. 107, 1121 
Rev, 101, 891 (ibeg) Frank, J. Gammel, and K. Watson, Phys. 
Pye Glauber, mimeographed notes of lectures delivered at 
a ae for Theoretical Phy sics, University of 
Publish , — [Lectures in 7 heoretical Physics (Interscience 
ublishers, New York, 1958), Vol. 1, p. 315]. 

See, for example, M. L. Goldberger, Phys. Rev. 74, 1269 


two effects considered in this paper, viz., (a) Pauli 
principle, (b) real absorption by pairs of nucleons, were 
in fact noted in reference 1. However, it was assumed 
that only the imaginary part of Vo was affected and was 
reduced by the Pauli principle. The enhancement due to 
real absorption was thereby cancelled, the two effects 
being of roughly the same magnitude; hence, the use of 
Eq. (1) was considered justifiable. 


2. THEORY OF THE PAULI PRINCIPLE EFFECT 


The usual treatments follow the intuitive notions of 
Goldberger* visualizing the nucleus as a Fermi gas at 
zero temperature in which the incident particle scatters 
off each nucleon separately ; the effect of other nucleons 
being simply to restrict the available phase space for 
the struck nucleon. Since no account is taken of double 
(or higher order multiple) scattering, the above picture 
is strietly valid only in the limit of extreme dilution— 
when the Pauli principle is in any case irrelevant. 

Our purpose in this section is twofold; first, to outline 
a consistent description of the Pauli principle effect in 
which the role of double scattering is directly manifest 
and the connection with Goldberger’s intuitive ap- 
proach immediately established; second, to obtain an 
expression for the optical potential seen by high-energy 
negative pions. To these ends we use (with minor modi- 
fications) Watson’s /-matrix formalism.® The advantages 
of this procedure are well known. While in this paper 
we simply take note of the approximation under which 
the results reduce to those obtainable in a semiclassical 
context,*® inconsistencies arising from a fundamental 
limitation of the semiclassical formalism are neverthe- 
less clearly underlined. Quantitative treatment of the 
corrections involved will be given in a paper on “‘off- 
shell scattering” in course of preparation. 

An existing discussion® which in some respects comes 
close to the present one is, however, incomplete and 
contains some errors. 

For any projectile incident on a target nucleus of 
mass number A, the optical potential (defined so as to 
(1948). When the incident particle is not a nucleon, the relevant 
modification is given, for example, by R. M. Sternheimer, Phys. 
Rev. 106, 1027 (1957). 

5K. M. Watson, Phys. Rev. 105, 1388 (1957), and earlier 
references cited therein. 

®K. M. Watson, Revs. Modern Phys. 30, 565 (1958). 
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simulate the elastic scattering) may be written as 
Vo= —(0|6|0), (2.1) 
where |0) is the nuclear ground state and, to order 1/A, 


A 
6=>0 Ti+ d TiPGTat+:--. 


l=1 l#m 


(2.2) 


In this equation G=(Ey+Ep+ie—Ky—Kp)", Ky 
the Hamiltonian for the target nucleus, 3p for the 
incident particle, Ey and Ep being the respective eigen- 
values in the initial state. The interaction, py, is pre- 
sumed to be a sum of the two-body interactions alone, 


A 
I py= > V1, (2.3) 
I= 
and the 7; are defined by 
T = 0;(1—G2,)1. (2.4) 


P is a projection operator defined by 
P=1—|0)(0). 


Equation (2.1) differs from the corresponding expression 
derived by Watson,’ in that it involves only free propa- 
gators.’ Its proof is straightforward and will not be con- 
sidered here. 

We wish to express @ in terms of two-body collision 
operators defined by 


ty(21)=0,(1—gm), 


(2.5) 
g;™= (2, +E ptie—3KHp—X)) .. 


For an independent particle nucleus (i.e., containing 
Pauli principle correlations only) this can be accom- 
plished exactly up to the second term in Eq. (2.2), pro- 
vided one does not antisymmetrize the nuclear states 
in the spectral resolution of G.* Denoting the single- 
particle states by |a;), one gets after some routine 


algebra 
D1 (0| 71} 0)= Lor (ai| tr |x), 


D (0| TiPGT | 0)= —Xir (eer| Qigiti|exr), 


lAm 


(2.6) 
(2.7) 


where z; implicit on the right-hand side is to be identified 
with E(qa;), the energy of the single-particle state | az); 
Q, is a projection operator annihilating |a;) as well as 
all unoccupied states. Equation (2.7) gives the Pauli 
principle correction to the optical potential which thus 
arises as a pure double scattering effect. It is evident 
that both the real and imaginary parts of Vo are af- 
fected; furthermore, since ImV» can be interpreted in 


7In analogy to the nomenclature in perturbation theory one 
may refer to Eq. (2.1) as the Rayleigh-Schrédinger expansion for 
the optical potential; Watson’s result being then the Brillouin- 
Wigner expansion. 

§ Of course we have the freedom to define G either in terms of 
a complete set of projection operators or the restricted set which 
defines the space of antisymmetric eigenfunctions. See W. Toboc- 
man, Phys. Rev. 107, 203 (1957). 
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terms of effective cross sections (Sec. 3), it is clear that 


. ; he pre 
these cross sections are not necessarily smaller than the ae 
free cross sections. ial be 

momer 


Consideration of the effective cross sections SETVES | 


° ee ° . ‘ aborat 
clarify the limit in which Goldberger’s picture is cong. | 


os h The 
ent and exactly valid. For the effective cross section iy | imagin 
this picture is 4 he 
pairs 
2r model 
=—Lix Ls,0| (8,k| (a) |x, ko) |? portiol 
vA ’ : ; terium 
X6(E(a)— E(8)+ Ep(ko)— Ep(k)), (5 
where kp and »v are the momentum and the velocity 
the incident particle and a, 8 enumerate the occupied | the pr 
and unoccupied nucleon states, respectively, It is ag | ence 1 


to verify that if | f) is any nuclear state, (2.8) isidentig Sim 
to 


tion t 

Zema‘ 

2x 7 Faith, 
6=— Die Les| (fk D2 T1|0,ko) |? eh 

0 from 

X5(E;— Eot+Ep(k)—Ep(ke)), (29) | overi 

a (we 

and thus, as one would naturally expect, gives the cms orojet 

section in the impulse approximation. The total nudes | while 

cross section 6A can, however, be obtained directly, | f, an 


and with proper cognizance of multiple scattering fron yell, 


the total collision operator }°; Ti+ DovmTGTat — gill 
by using the optical theorem. in ref 


Equation (2.9) and hence (2.8) are then seen tole | trivia 
correct (to second order in T matrices) only if T)=T7j.} auth 
This condition is exactly satisfied only in the Bon | refer 
approximation.’ It 

To go back to our discussion of the optical potential, | princ 
we note that if the de Broglie wavelength of the inciden } studi 
particle is small compared to the free path betwen} Th 


successive scatterings, we may put each scattering what 
the energy shell®"® and write, to second order in tk _ tived 
t matrices, jectil 
, oe this. 
—J o= > Kar ty @}) Ay 
+i9r > (ay t06 (Ei +Ep- 5Ci—HKp)ty| a). (2.10 “we 
Explicit evaluation of (2.10) is easy for a Fermi gs scat 


model of the nucleus. Without further ado we quotetlt Eq, 


result for the case of negative pions, hpa 
2m Qe 1 - 
Vo=—(pofitpnfe)—i leak rey ft - 
E, kE, 5 furt 
its 1 

5K mn —K rat 
+ sacle 2 fs? | + Pn K raft] Hite (2.11 neg 
4K r;? abs 
the 


where p, and p, are the proton and neutron densities; 
Kr, and Kr,, the Fermi momenta, respectively. The u 
quantities fi, fo, and f; are the forward amplitudes lo 5 
9 See K. A. Brueckner, Phys. Rev. 89, 834 (1953). rect 
1” The intermediate state is visualized as long-lived compart | ever 


to a period of the incident wave (but short-lived compared (04 | for 
period of the bound nucleon). 





HIGH-ENERGY PION-NUCLEUS SCATTERING 


Clear tha he processes 7 (p,p)x-, w (n,n)w-, and ~(p,n)x°, re- 





T than the gectively. These amplitudes (as well as k and E,, the 
nomentum and energy of the incident pion) are in the 
S Serves i) | ,horatory frame. 
i$ consis. | The third term added on is the enhancement in the 
Section iy | imaginary part of Vo due to true absorption by nucleon 
waits (p-m or p—p). In the semiphenomenological 
nodel of Brueckner, Serber, and Watson," 6, is pro- 
ortional to va, the absorption cross section in deu- 
rium, We may write it in the form 
)), (28 
O.= (2m/Ex)pp(Tkoa/4m), (2.12) 
elocity 
-Occupie! | the proportionality factor T being inferred as in refer- 
It is easy ence 1. 
identi) Similar results for AV pp, the Pauli principle correc- 
tion to Vo, are quoted by Watson” and Watson and 
Zemach."* These results do not agree in detail with ours ; 
they lead to AVp,»~(/(0) and hence, as is obvious 
irom an inspection of (2.10), are not properly averaged 
}), (29) | over isobaric spin. Correct evaluation leads, of course, to 
a (weighted) average of the form (f(0)*) and thus for 
the cross projectiles such as pions (or antinucleons) the result, 
i nuclea | while independent of any direct interference between 
directly fvand fs, involves the charge-exchange amplitude as 
‘ing from well. In the limit f:—> fe, the result we quote for AVp, 
Tat still disagrees, in numerical factors, with those quoted 
in references 6 and 13. This disagreement is, however, 
en tok trivial; it is due to approximate evaluations, by these 
T\=T).} authors, of the correlation integral R, (as defined in 
he Bor | reference 13). 

_|  Ithas been indicated before that the effect of Pauli 
otentia, principle correlations on the optical potential was first 
incident } studied by Glauber on semiclassical considerations. 
betweet The multiple scattering nature of the effect is some- 
ering ot what concealed in Glauber’s deduction. The result de- 
tin tht rived, is for the simple case of a nonrelativistic pro- 

jectile, devoid of spin and isobaric spin; our result, in 

this limit, is in explicit agreement. 
(2.0 Apart from the central approximation k>ke 
(te=Kry or Kr), which permits us to define the 
‘Tm g8 scattering amplitude at energy E,, the derivation of 
uote tt Eq. (2.11) entails the additional approximation 
kya, a being the range of the pion-nucleon inter- 
action. It is this approximation which permits us to 
express AVp, in terms of forward amplitudes alone; 
furthermore, if kra~1, the concept of “free path” loses 
iis meaning and “off-shell scattering” can no longer be 
(21!) neglected. What we wish to emphasize is that in the 
absence of an unambiguous procedure for calculating 
ati: the off-shell contribution, it is not possible to obtain a 

} 
/ 

4 my (se R. Serber, and K. M. Watson, Phys. Rev. 
| ae nat svteance 6 cited above. The correlation cor- 
ompart’ | ever, identical with that in Eq. (2 oy vb edhgerd sdb leet 
red toa tq. (2.9) and thus of dubious value 





we ging the pair correlation function at high energies. 
- M. Watson and C. Zemach, Nuovo cimento 10, 452 (1958). 
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Fic. 1. Total cross sections for pion-nucleon scattering averaged 
over isobaric spin. The dashed curve shows the free ¢ inferred from 
the measurements of Cool, Piccioni, and Clark; the continuous 
curve shows the effective ¢ in carbon. 


consistent generalization of the correlation correction 
to the optical potential for arbitrary values of ka." 

We add a few words about the applicability of Eq. 
(2.11) to the realistic case of a finite nonuniform nucleus. 
For the first term the appropriate generalization is well 
known; the result remains unchanged except that pp, 
and p» are now functions of position. However, the de- 
pendence on only forward scattering does not arise 
naturally as in the case of nuclear matter, it arises on 
separate incorporation of the physical hypothesis of 
predominantly forward scattering. The terms thereby 
neglected are of order a*/R?®, R being the nuclear radius. 
The generalized form of the second term is quite tedious, 
for purposes of explicit evaluations; however, it seems 
a good approximation to use it as it stands; it varies 
as p*/*, hence the predominant contribution comes from 
regions of high density where the characteristics of 
nuclear matter most closely obtain. 


3. EFFECTIVE CROSS SECTIONS 


We define fi’ and /2’, the effective forward amplitudes 
for pion-nucleon scattering in the nucleus, by writing 
Eq. (2.11) as 

Vo= (20/Ex)Lppfi't+pnfe'], (3.1) 


whence 


fia fri po 
=fi-i 
1 1 Sk | 1 





SK ri2—Kr,* 
fe] 


koa 
+ir—, (3.2) 
4Kr;? 4a 


; Kr? 
fe =fr-t 





fi. (3.3) 


5 
The effective cross section per nucleon is then defined by 
C ieff= (4r/k) Imf,’; 1=1, z (3.4) 


In the high-energy region where the imaginary parts 
of the forward amplitude are greater than the real parts, 
the Pauli principle will enhance the cross sections; the 
effective (~,p) cross section is thus substantially larger 
than the free cross section. Average effective cross 
sections (for negative pions in C") are plotted in Fig. 1. 

4 Semiclassical treatment of finite range [Eq. (268) of reference 
3] suffers from just this defect even though it is claimed that the 


treatment is valid for arbitrary ratios of a to the correlation length 
(~1/kr). The difficulty is pronounced for antinucleons. 
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TABLE I. Parameters and cross sections for 0.97-Bev pions on 
carbon. The letters in parentheses indicate the density distribution 
(modified Gaussian and tapered Fermi). 


Computed value Computed value 
using free using effective 


Quantity amplitudes amplitudes Experiment 
¢ 0.10 0.08 
ao (mb) 34 41 .* 
ga (mb) 232 (MG) 256 (MG) 252+13 
244 (TF) see 
ap (mb) 67 (MG) 84 (MG) 78+21 
61 (TF) tee 


4. ABSORPTION AND DIFFRACTION CROSS 
SECTIONS OF x ON C® 


For calculational purposes we rewrite (2.11) in the 
form 


Vo= (k/2E,) p(t) ((+2a)6. (4.1) 


¢ is, of course, the ratio of the real to imaginary part 
and ¢@ is the average effective cross section defined in 
the previous section. The appropriate formulas connect- 
ing these parameters with o4 and op are quoted, for 
example, in reference 1 and need not be reproduced here. 
To determine ¢ and @ we require first the amplitudes 
fi and fe. The imaginary parts of these amplitudes are 
direct observables; the real parts have been calculated 
by Sternheimer.'® We used the values given by Cool, 
Piccioni, and Clark.'*® Secondly, we need to know the 
Fermi momentum Kr=Kry=Krn. This was evalu- 
ated in a uniform model in which the effective nuclear 
radius can be expressed as R= r,A! fermi, so that 


K p= (9x/8)}(1/r) (fermi). (4.2) 


Thirdly, we require the values of I and a,. In accord- 
ance with the value quoted in reference 1, we took 
I'= 10. The cross section o, can be deduced by detailed 
balancing from that for the production reaction 
p+p— x*+d. The data upon this reaction are still 
quite crude. From the work of Block et al. (3-Bev 
protons), Cronin ef al.! deduced ¢,0-5 mb for 1.37- 
Bev pions. From the recent work of Batson ef al." 
(0.97-Bev protons), we find o,= (0.44+0.22) mb for 
0.32-Bev pions. Ignoring any possible resonances, we 


TABLE II. Diffraction cross sections of pions on carbon 
at various energies. 


Kinetic energy 


Computed Computed 
in lab frame 


Cronin et al. present work Experiment 


(Mev) (mb) (mb) (mb) 
600 45 60 70+16 
800 60 81 99+ 19 
970 61 84 78+21 

1000 ons 87 vee 
1200 59 79 105422 


1° R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 

1% R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082 
(1956). 

7A. P. Batson e¢ al., Proc. Roy. Soc. (London) A251, 218 
(1959). 
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took ¢,=0.5 mb over the entire energy range (0,6 i, 
Ve \“s ) 

Bev). 
Finally, the density distribution chosen'8 


124 


Was 


p(£)=po(1+ $£/a*) exp(— #/a?) 


po= 1/3 (av 7)’, 


with the radial parameter a= 1.732 f, this value Deine 
6% larger than the value a= 1.635 f for electron my 
tering. [This takes some account of the finite range; 
the pion-nucleon interaction (vide supra).] The cm 
sponding fo is 1.41 f."* 

We have summarized in Table I the values of 4, 
parameters ¢ and ¢ and the calculated and obser 
a4 and op at 970 Mev. For purposes of comparison a) H 
for gauging the importance of the correction tems; 


(2.11), we also quote the values of these entities with | ment), 

















benefit of these corrections. Since we chose a differ: | effects 
density distribution, the computed values of Croningg | theore 
ie Seletaceleese { electro 

‘= eee ee -— en oe . 
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(BEV) In 
Fic. 2. Absorption and diffraction cross sections of negatir order 


pions on carbon. The experimental points are those of Crom 


Cool, and Abashian and the dotted curves indicate their themti 
cal analysis. The dashed curves are the results of an analysis wy | 
a modified Gaussian density distribution but using the same valts 
of ¢ and a; while in the continuous curves the effective values 
defined in the text, are used. 
are also listed. While the extremely neat agreement: 
this particular energy is fortuitous, it is obvious im 
an inspection of Fig. 2 that the agreement in the enlit 
energy range of (0.6 to 1.2 Bev) can be described 
Phe x pm ° ° aa ba uC 
satisfactory. The diffraction cross sections are ~9 
larger than the computed values of Cronin ef al. (Tabi 
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Spin-Orbit Correlations in »y—e and e-—e~ Scattering 


The imaginary part of the fourth order matrix element for the electromagnetic scattering of two fermions 


gives rise to a small dependence of the cross section on the quantity s-p: Xk, where s and p; are the spin 


and momenta of one of the initial particles, and k; the momentum of the same particle after scattering. 


The resulting angular asymmetry can probably be measured. The effect does not occur in the lowest order 


represent real particles. Hence only angular integrals 
are involved, and no ultraviolet divergences appear. 
That the result must also be free of infrared divergences, 
follows from the following argument. In the calculation 
of the sixth order scattering cross section, diagrams of 
the type of Fig. 2 serve to eliminate the infrared 


(0.6 tol? 
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| dectrons, # mesons, or positrons by atomic electrons. 
We have calculated the influence of the polarization of 
one of the initial particles on the total differential cross 
ection for u—e and e~—e™ scattering.’ 

The lowest order of scattering does not give any 
pin-momentum correlation, as will be shown. A fourth 
order calculation is therefore necessary, but only the 
imaginary part of the fourth order matrix element 
contributes to the lowest nonvanishing order of the 
spin dependence. In fourth order pure ~—e and e —e 
scattering, only the diagrams of Fig. 1 have imaginary 
parts. We calculate the spin dependence of the inter- 
ference of these diagrams with the second order scat- 
tering diagrams. The contribution to the cross section 
is of order e®, while the main part of the cross section 

| isof order et. 
| Inthe calculation of the imaginary part of the fourth 
order diagrams of Fig. 1, the intermediate fermion lines 


la 4) (3)\4) 
AA) of ko ky 


% 92 4 Se 92 
, : J 
/*1 P2 P, P 
Ai) 5 é od 
(a) (b) 


Fic. 1. For distinguishable particles the graph 1(a) is the 
only one that contributes to the spin-orbit force. For identical 
particles graph 1(b) must be taken into account as well. Notation: 
h=(iZi,p1), p2o= (iE, —p,). The other two pairs of momenta 
have the same energies, but space parts qi, —q: and k, ,—ki, 
respectively. The particle whose spin is analyzed is that with 
momentum p,. For identical particles we write E)= E2= EL. 
aii 

* Permanent address: Physics. Department, Syracuse Uni- 
versity, Syracuse, New York. Supported in part by the Air Force 
Office of Scientific Research. 

Fresent address: Physics Department, University of Pennsy]- 
vania, Philadelphia, Pennsylvania. 

‘Results for Bhabha scattering will 


. soon be reported by C. 
Fronsdal and B. Jakéic. 


divergences. However, these diagrams have no imagi- 
nary parts, and hence do not contribute to the spin 
dependence of the cross section. 

The influence of the field of the nucleus has not been 
considered quantitatively, and our results do not 
therefore apply directly to the case of scattering of an 
unpolarized beam by magnetized iron. For the scat- 
tering of a polarized beam by hydrogen, however, the 
effect of the Coulomb field is negligible. The argument 
for neglecting the rescattering by the nucleus, such as 
in the diagram of Fig. 3, is as follows. The matrix 
element is of order e*, and the contribution to the cross 
section will therefore be of order e*, except for inter- 
ference with the lowest order scattering diagram. 
Clearly such interference takes place only for vanishing 
momentum transfer to the nucleus. In this case, 
however, the scattering by the nucleus is completely 
spin independent. 

II 


We shall sketch the calculation for the case of 
distinguishable particles, using unitarity to calculate 
the imaginary part of the fourth order scattering 


Fic. 2. Graphs of this kind are 
important for the sixth order cross * 
section, as they help eliminate the 
infrared divergences. The corre 
sponding amplitudes are real, 
however, and do not contribute to 
the spin-orbit correlations. 


f 


/ 


Fic. 3. Rescattering by the 
nucleus is important for heavy 
nuclei, but has no bearings on our 
results in the case of hydrogen. 
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amplitude.? For definiteness we shall compute the 
correction to the scattering cross section due to the 
polarization of one of the initial particles. 

The second and fourth order matrix elements are 


defined as follows: 
S=14+iM.4+iMe+:::, 


where M, and M, are of orders e? and é, 
The “polarization” is defined by 


tr Mte-sM | 
tr MIM] 


respectively. 


Here o and s are the spin matrices and spin direction 
of one of the particles. The meaning of the matrix 
multiplication and the relation of P to the cross section 
will be explained below. It is well known that P vanishes 
when M is Hermitian or anti-Hermitian. Hence 


tr[ReMte-s ImM | 
tr[MtM] 


P=2 





The unitarity of the S matrix, i.e., the condition 
S'*S=SSt=1, 
being an identity in e, gives 
M:—M,'=0, M2'M2+i(M.—M,')=0. 
Hence, to lowest nonvanishing order, 
tr[M;te-s ImM, | 
MMs] 


ImM, = 4M2'M2. 





In order to evaluate the matrix product in (2), we need 
M, between the initial state and some intermediate 
state and M,* between the intermediate state and the 
final state. Referring to Fig. 1(a) for the notation: 





Mm mM 
M2= (24) ——~(b1— qu) 
xD qer (pq er(b2), (3) 
Mm M2 
M,t= (24) (qi— ka)? 
xP kverab(q) 0 (Rader (q2)- (4) 


Multiplying (3) by (4), the sum over intermediate spins 
is effected by means of the substitutions (j=1, 2) 


V(a¥Q) > — (artim, (5) 


mj 
2 An alternative method, by which the imaginary part was 
extracted from the complete fourth order matrix element, was 
used for checking. In reference 1 an example of an application of 
this method is given in detail. 


p<. 
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Summing over intermediate momenta means q 
the operator 


fea 5( Eint— E\— £2) = 


Here Ej, is the total energy of the intermediate stat 
The calculation is carried *, in the Center-of-ms 
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is over the directions of q, Be q’= p*. For ide 
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and taking the trace. Here 
the spin of particle 1 in a covariant way.’ It satisies 
S=1, s-pi=0. 
The result is 
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3 See, e.g., C. 
(1958), and further references given there. 
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s, is a four-vector describing 
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before the integration. Dropping terms that integ 


Fronsdal and H. Uberall, Phys. Rev. 11,9 
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— The three last terms each gives an infrared divergence. 
7 These cancel when a careful integration, using a small 
photon mass, is carried out. There is no contribution 
irom the longitudual vector mesons thus introduced, 
because the intermediate states are real states. The 
result of the integration is 
1) 
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where # is the angle between p, and k,, and everything 
is expressed in the center-of-mass system. If the spin 
| is transverse, i.e., if in addition to s?=1, s-p,=0 we 
have $-p»=0, then s, is purely spacelike and of unit 
length. Moreover, in this case s, is the same in the 


scribing : ‘ 
ide center-of-mass system as in the rest system of p; (which 
™ — in the case of a polarized target is the laboratory 
system) or that of po. Hence we may write 
, trLiysskiRop, |= — (E£,+ E2)s: pixk,, (13) 
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particle 1, 
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The denominator in (1) is (for distinguishable 
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Thus P is given by (1), (12), (13), and (14). If s is 
perpendicular to the scattering plane s- p;:Xk,= p’ sind, 
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The relation of P to the differential cross section ¢ is, 
for complete polarization,! 


a=o(1+P). 


If the spin is with probability 7 parallel to s, then the 


degree of polarization is £=2y—1 and the cross section 
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o=o0,(1+éP). (17) 





3 4 


Fic. 5. Same as Fig. 4, showing P versus the laboratory kinetic 


energy for a center-of-mass scattering angle of 60°. 


‘See, e.g., J. Hamilton, The Theory of Elementary Particles 


(Clarendon Press, Oxford, England, 1959), p. 482. 
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il If (15) is applied to the scattering of u mesons 
polarized electron target, we obtain. numbers of *y 
same order of magnitude as in the case of Mg» 
scattering. In the more realistic case (since hydroe 
electrons are not easily polarized) of the scatt ni? 


The fractional asymmetry given by (16), for M@ller 
scattering, is plotted in Figs. 4 and 5. An absolute 
maximum in P(p,9) occurs near p/m=1.0 (i.e., E.ap-xin 
1.0 Mev), and )=60°. Figure 4 shows the angular 
dependence of P at the maximal value of p/m and 
Fig. 5 shows the energy dependence at the maximal 
value of #. 


transversally polarized ~ mesons on unpolarized 


Mr Cie; 


trons, the value of P is more than an order of magnitys 
OSs 
smaller. 
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Positive Pion Production in p-p Collisions at 420 Mev with Polarized Protons*} 
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The asymmetry in the production of positive x mesons in p-p collisions has been studied, using a 420-Mey, 
62% polarized proton beam from the Chicago synchrocyclotron, with nuclear emulsions as the pion detector 
The asymmetry at 65° in the laboratory for the entire spectrum above 20 Mev in the center-of-mass system 
is found to be 0.151+0.021, in the direction opposite the elastic scattering that produced the polarized beam 
In the region of the spectrum above 40 Mev, results are consistent with those found by other authors for 
the reaction p+) — x*+d; at lower energies where pions associated with final nucleon p states become 
predominant, the asymmetry decreases rapidly and may possibly reverse 


attering gj | 





I. INTRODUCTION 


HE asymmetry of positive pion production in the 
reaction 
p+p— rtd, (1) 
with polarized protons, predicted by Marshak and 
Messiah! from the phenomenological theory of Brueck- 
ner and Watson,’ has been studied by a number of 
authors.’ Until recently the only results available‘ on 
the asymmetry of pions from the reaction 
p+p—artt+ntp (2) 
seemed to indicate an opposite asymmetry for this 
reaction, though recent results by MclIlwain et al.° on 
about 250 events seem to indicate that this result was 
spurious. A reversed asymmetry in reaction (2) would 
be surprising in view of the fact that the angular mo- 
mentum states that account for reaction (1) are also 
* A thesis submitted to the Department of Physics, the Uni- 


versity of Chicago, in partial fulfillment of the requirements for 
the Ph.D. degree. 

T Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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(1954). See also reference 17. 

2K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 

3 T. H. Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B. 
Sutton, Phys. Rev. 109, 1704 (1958); F. S. Crawford and M. L. 
Stevenson, Phys. Rev. 97, 1305 (1955). 

‘H. G. de Carvalho, E. Heiberg, J. Marshall, and L. Marshall, 
Phys. Rev. 94, 1796 (1954). 

®R. MclIlwain, J. Deahl, M. Derrick, J. Fetkovich, and T. 
Fields, Bull. Am. Phys. Soc. 4, 23 (1959). 


responsible for the bulk of the spectrum of reaction (2 
and this experiment was undertaken to resolve this | 
conflict with the phenomenological theory. 
Because of the low cross section for reaction (2), t 
pion detector must be stable over long periods of tim 
of high efficiency and solid angle, view the entire spe- 
trum simultaneously, and have a high rejection d 
spurious background events, with certain identificatio 
of positive pions and reasonable energy resolution 
Nuclear emulsions insensitive to minimum ionizing 





particles (Ilford GB)* possess these features and, it 
addition, permit internal checks on the beam polana- 
tion and the geometric alignment of the apparatu 
The emulsions may be area-scanned for pion ending, 
the pion being identified by its decay and its ener 
determined from its range. It was felt that results ob 
tained by this technique, though limited in statistical 
accuracy, might be more convincing than those ob 
tained with the relatively intricate counter telescope 
that would be required to perform this experiment wit 
counters. 


II. APPARATUS AND PROCEDURE 
A. The Polarized Proton Beam 


The beam was produced by scattering the inter 
beam of the Chicago synchrocyclotron 13° to the Ie 
in a beryllium target, emerged through a magnelt 
channel, and entered the exit system used with the 
external proton beam,’ as shown in Fig. 1. Targt 


® A. H. Rosenfeld, Phys. Rev. 96, 130 (1954). i oi 
7A. V. Crewe and U. E. Kruse, Rev. Sci. Instr. 27, 5 (1956). 
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position and scattering angle were fixed on the basis of 
orbit tracing in the channel and exit pipe, using a 
tensioned current-carrying wire. The channel, designed 
by Kruse, has been previously used* to extract a po- 
larized beam in different geometry. 

The beam flux was approximately 10’ protons per 
second and was focussed in the target area to a spot 
approximately } inch wide and ? inch high at half 
maximum intensity. 

The mean energy was 419.8+0.7 Mev, as deter- 
mined by the standard Bragg-curve technique® in a 
copper absorber, with an energy spread of 7.1-Mev 
standard deviation, as measured with a high-resolution 
magnetic spectrometer" designed by A. V. Crewe. 

The polarization was 0.624+0.011, as determined 
from the asymmetry of a second scattering in beryllium, 
analyzed by the Crewe spectrometer. Momentum spec- 
tra of scattered protons were then taken at equal angles 
on both sides of the beam. At frequent intervals, the 
beam center was determined by transits of the spec- 
trometer magnet across the beam. These transits were 
internally consistent to +0.05°. 

The combined (R+JL) spectrum for a scattering 
angle of 13°, is shown in Fig. 2(a), along with the 
polarization [(R—L)/(R+L)]!. The inelastic second- 
scattering contribution is estimated by subtracting 
from the observed spectrum a spectrum obtained with 
the magnet viewing the beam directly. The absence of 
any appreciable momentum dependence of the asym- 
metry above the maximum momentum of inelastic 
second scattering indicates that the beam probably 





‘E. Heiberg, Phys. Rev. 106, 1271 (1957). 
WR L. Mather and E. Segré, Phys. Rev. 84, 181 (1951). 
"A. V. Crewe, Rev. Sci. Instr. 29, 880 (1958). 
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Fic. 2. (a) Combined (right+left) momentum spectrum, in 


arbitrary units, of protons scattered from beryllium at 13°, and 
polarization as a function of momentum calculated from this 
measurement. The inelastic contribution is estimated by sub- 
tracting the momentum spectrum of the unscattered beam. 
(b) Angular dependence of the asymmetry of the second scattering 
in beryllium. 


originates primarily from elastic first scattering. It is 
felt that this feature of the polarization measurement 
technique permits a confidence in the polarization value 
not possible with the conventional range-telescope 
technique of detecting the second scattering. 

The portion of the spectrum used to obtain the quoted 
polarization is indicated in Fig. 2(a). Inclusion of the 
entire curve gives a lower limit value of 0.59 for the 
polarization. As the beam exit channel accepts particles 
up to about one degree from the central scattering 
angle, the angular dependence of the asymmetry was 
checked [Fig. 2(b) ] by taking spectra at two adjoining 
angles and proved negligible over this small range. The 
quoted error contains allowances for uncertainty in the 
energy dependence of the polarization, beam center 
angle, and first scattering angle, in addition to sta- 
tistical errors. 

An internal check on the beam polarization was ob- 
tained by counting elastically scattered protons stop- 
ping in the emulsion, which showed an asymmetry of 
0.258+0.028. Using the p-p polarization data of Kane 
el al.,'' this gives a value of 0.66+0.08 for the beam 
polarization. 





J. A. Kane, R. B. Sutton, R. A. Stallwood, J. G. Fox, and 
T. H. Fields, Phys. Rev. 95, 1694 (1954). 
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Fic. 3. Plan view of emulsions, target, monitor foil, 
and related apparatus. 


B. Target and Exposure Geometry 


Figure 3 shows the target and emulsions in plan view. 
The emulsion stacks were exposed at an angle of 64.7°. 
This angle was selected to give center-of-mass angles 
close to 90°, at which the asymmetry is at a maximum 
and can be measured independently of the differential 
cross section, without going far enough forward in the 
laboratory to obscure a significant portion of the pion 
spectrum in the high background of elastically scattered 
protons, about 50 times more numerous than the pions 
at these angles and energies. The emulsion stacks each 
contained fourteen 4-in.X3-in.X1900 micron pellicles, 
with the long edge vertical and facing the target, 
clamped with 1.2 cm of old unexposed emulsion at 
either end to insure a medium of equal stopping power. 

The target,” kindly lent by Kruse, was a 3.75-in. 
diameter Mylar-walled cylinder containing liquid hy- 
drogen at atmospheric pressure and surrounded by a 
20-in. diameter vacuum chamber with 0.012-in. alumi- 
num walls. Target thickness was 0.68 g/cm? of hydrogen. 

Target and emulsion holders were fixed to a pre- 
aligned frame. The angular alignment of the emulsions 
could be checked by taking advantage of the rapid 
variation of energy with angle for elastically scattered 
protons in this angular region. Figure 4(a) shows the 
variation of proton range across each stack; a least- 
squares fit to straight lines of equal slope indicates a 
difference in angle between the two stacks, (@g—6,) 
= —0.02°+0.10°, which is too small to significantly 
affect the pion asymmetry. Centering of the beam in 
the apparatus was checked by monitoring the beam 
profile throughout the exposure with a nichrome foil. 
The activation of vertical strips of the foil was checked 
24 hours after the exposure to permit decay of short- 
lived activities and thereby obtain a beam profile 
integrated over the exposure time. Figure 4(b) shows 
the beam profile thus obtained. From this profile, it 


2U. E. Kruse and R. C. Arnold, Enrico Fermi Institute of 
Nuclear Studies report EFINS-332, 1960 (unpublished). 
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can be calculated that the “false asymmetry” of go} 

° ° ns ? SOIC) 
angle due to beam miscentering was (Qp- 
= 0.0003+0.0031, negligible within the 


this experiment. 
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C. Beam Monitoring 


The exposure was monitored with an argon-filled 
aC 


ionization chamber." The total exposure was 6.24X 1) 
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Fic. 4. (a) Variation of range of protons from elastic p-p scatter- 
ing with position of plate in the stack, for both right and left 
stacks. The horizontal width of the solid line indicates the dil- 
ference in angular position of the two stacks, as obtained by @ 
least-squares fit. (b) Beam profile obtained by monitoring vertical 
strips of a nichrome foil activated in the beam during the exposure. 


LL. G. Pondrom, Phys. Rev. 114, 1623 (1959). 
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background stacks was given the same exposure, with 
the hydrogen target empty. 


Il. EMULSION PROCESSING AND SCANNING 


A. Processing 


As the emulsions had to be thick to maximize the 
probability that the muon from the decay of the pion 
would stop in the same plate as the pion, the emulsions 
were processed free by the usual variable-temperature 
technique and alcohol dried. As the processing times 
required for such thick emulsions might be of some 
interest to emulsion workers, Table I gives the relevant 
data. The plates were quite clear, and though slight 
development and shrinkage gradients were obtained, 
these were not serious enough to hamper the simple 
measurements required in this experiment. 


B. Scanning 


Only the central areas of the stack were scanned. The 
author and a scanner each scanned equal areas on both 
sides; neither was aware at the time of the scanning of 
the sign of the expected asymmetry, and data sheets 
were quickly filed. An overlap of about one third in the 
scanning, randomized so that neither scanner knew he 
was in a “double-scanned” area, permitted an efficiency 
check. Over-all efficiency was found to be 0.845+0.017 
for the scanner, 0.892+0.015 for the author; no sig- 
nificant variations were found comparing efficiency in 
right and left stacks and in upper and lower parts of 
the spectrum, so while the accuracy of the efficiency 
determination, which rests on the assumption that all 
events are equally hard to find, may affect the cross- 
section measurements, it should not affect the 
asymmetry. 

Stopping pions were identified by measuring the 
ranges of the decay muons; the average range was 


TaBLE I. Times used for stages of emulsion processing.* 








Av temp. 
Stage CS) Time 
Detergent pre-soak 2.7 2 hr, 57 min 
Developer soakup (0.45% Amidol) 2.4 3 hr, 13 min 
Development 24.7 58 min 
Acid stop 5.0 4hr, 4 min 
Fixing 10.5 8 days 


(Clearing time was 44 days) 





* The emulsions were printed with surface grids to facilitate scanning. 


Taste II. A summary of the events found in the scanning. 























Stack Events found 
Right, hydrogen 1410 
Left, hydrogen 1086 
Right, background* 141 
Left, background* 128 
* One half as much area scanned is for hydrogen data. 


PRODUCTION 

















IN p-p COLLISIONS 1877 
T T T T i T 
l4r 
i. es | 
ite Total 

eR NSN arena eet 4 
Decay ~~ ~~ ~-==~~ 4 
a = 4 
Nuclear Interactions = ee . 

a EE ieee 1 

20 30 40 50 60 70 


Fic. 5. Correction factors for pion decay and nuclear -inter- 
action (capture or back-scattering) used to obtain laboratory 
cross sections. The solid line gives the product of the two cor- 
rection factors. 


600.5+3 microns, with a standard deviation of 34 
microns for a single measurement; events were ac- 
cepted as pions if the “muon” range was between 500 
and 700 microns; out of 2927 endings found, 51 were 
rejected by this criterion. 

To minimize range spread due to nuclear scattering, 
pions were required to be in the forward cone 1 mm 
back from their stopping point, near the limit of 
visibility of the track; 106 endings were rejected by 
this criterion. 

Only one half as much area was scanned in the back- 
ground plates as in the hydrogen exposure plates in 
order to maximize statistical accuracy per unit scanning 
time. 

The range-energy relationship for the emulsion was 
determined from the average muon range. Allowing for 
the apparent shortening of both pion and muon tracks 
due to multiple scattering,® the pion energy was ob- 
tained from the values of Barkas ef al. for emulsion 
of density 3.815 by multiplying the apparent range by 
1.0092+0.005. Corrections were made for energy loss 
in the target and intervening air space ; the average pion 
energy is determined to an accuracy of +0.3 Mev at 
the peak of the spectrum, +0.8 Mev at the lowest 
energy observed. 


IV. RESULTS 


Table II lists the total number of events found and 
accepted as stopping positive pions. 

Asymmetries can be obtained directly from the raw 
data, with small corrections for slight differences in the 
original plate thickness and area scanned. To obtain 
cross sections, corrections must be made for scanning 
efficiency (see Sec. III B), muons leaving the plate be- 
fore stopping (15.8%), and pion decay in flight and 
nuclear interactions. The latter two corrections are 
plotted in Fig. 5. The decay correction assumes 7, 
= 2.56 10-® sec,'® while the nuclear interaction cor- 
rection is computed from Barkov and Nikol’skii’s fit'* 
to low-energy pion-nucleus cross sections. 


4 W. H. Barkas, P. H. Barrett, P. Ciier, H. Heckman, F. M. 
Smith, and H. K. Ticho, Nuovo cimento 8, 185 (1958). 

15K. M. Crowe, Nuovo cimento 5, 541 (1957). 

16]... M. Barkov and B. A. Nikol’skii, Uspekhi Fiz. Nauk 61, 
341 (1957). 
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TABLE III. Experimental results; cross sections, asymmetries, and related quantities as a function of pion energy.* 


























== 
Range in . , . ‘ 
emulsion 7, T. 0. @o¢/dQdE (lab) in microbarns/sr Mev &o de _R-L ‘ 
(mm) (lab) (c.m.) (cm.) Total Right Left dade ““™ wn ed, Pein) 
63-70 76.6 66.0 = 99.19 0.2040.13  0.1540.11 0.054008 0.1840.12) 9 yp. 4 | 
56-63 713 616 998° 1.394018 0.774014 0.624012  1.2840.17 120£0.129 0.189+0.21 
50-56 66.3 51.4 100.5° 3.45+0.27 1.98+0.20 1.47+0.17 3.17+0.25 0.146+0.076 0.238+40,1) 
45-50 620 53.9 101.2° 29840.27 1.8940.21 1.4440.17  3.0840.25 0.13640.080 0.22249 13 
40-45 S81 50.6 1020° 3.684028  2.1540.21 1.534017  3.4140.25 0.165+0.072 0.2700. 
35-40 53.9 47.4 103.0° 3.01+0.25 1.87+0.20 1.14+0.16 2.80+0.24 0.245+0.078 0.40340,13 
30-35 49.7 44.1 104.2° 1.59+0.23 1.01+0.16 0.58+0.15 1.48+0.21 0.272+0.144 0.45040.2% 
25-30 45.3 40.5 105.5° 1.03+0.20 0.67+0.14 0.36+0.14 0.97+0.19 0.309+0.177 0.51440 2% 
20-25 40.6 368 107.0° 1.1240.19 0.644013 0.4840.13 1.0640.18 0.14540.172 0.243409 
15-20 35.5 328 108.9° 0.8540.17 0.414011 0.444012 0.814016  -0.02840.196  —0.047493 
10-15 30.0 28.6 $31.5" 0.63+0.20 0.32+0.11 0.3140.15 0.61+0.19 0.021+0.311 0.03640,5% 
410 23.1 23.4 1163° 0.564018  0.1440.11 0.424013 0.5640.18  -0.48640.355  —0. 860404 
———— = —! — ———————————————— 
® For T,(lab) >19 Mev, do/dQ(lab) =93 +5 wb/sr; de/dQ(c.m.) =87 +5 wb/sr; «=(R—L)/(R+L) =0.151 +0.021. 
The results appear in Table III. Errors quoted for for average center-of-mass angle and energy in 


the individual points are statistical only, giving the 
true relative errors of the points; those quoted for 
integrated cross sections include additional allowance 
for errors in the scanning efficiency, monitor calibra- 
tion, nuclear interaction correction, and range-energy 
relations. 

Sources of energy spread in the pion distribution at 
the spectrum peak are listed in Table IV. The beam 
energy spread was measured with the spectrometer and 
by fitting the Bragg curve,* giving values of 6.9 and 
7.3 Mev (standard deviation), respectively. Each source 
is treated as statistically independent of the others and 
Gaussian. The actual distributions are slightly skewed 
and have some correlation; for example, a pion low in 
energy for other reasons will lose more energy in the 
target. Thus, the actual distribution should be some- 
what wider than the value in Table IV and slightly 
skewed toward low energy. In fitting the data, a 
Gaussian spread of 6 Mev was assumed. 

Allowing for target energy loss, the mean energy of 
the beam at the center of the target was 417.5 Mev. 
To simplify the kinematic calculations, it was assumed 
that the range accurately represented the laboratory 
momentum of the pion; i.e., that part of the energy 
spread due to straggling and multiple scattering in the 
emulsion was neglected. This is the source of the figures 


TABLE IV. Sources of energy spread at spectrum peak. 














Spread 
Source of spread (Mev) 
Beam energy spread oe 


Angular spread due to (1.3 Mev/degree): 


Target width 1.9 Mev 

Stack multiple scattering 0.3 Mev> 2.3 

Target and air multiple scattering 1.25 Mev 
Energy loss differences due to: 

Beam width 0.25 Mev 14 
Path length differences 1.35 Mev ‘ 
Straggling 1.7 
Sum assuming statistical independence 4.6 





Table ITI. 
V. DISCUSSION 


The notation of Rosenfeld!’ will be used throughout 
the discussion (see caption, Table V). 


A. Cross Sections 


The laboratory differential cross section may be 
compared with values obtained by Fields et al. for 
reaction (1) and Pondrom” for reaction (2). Correcting 
for differences in momentum, these predict, for the 
given energy and laboratory angle, 


da/dQ(xr++d) 


46+4 microbarns/sr, 
Eo 
f dE(@a/dQdE) (x*++n+ p) =44+8 microbarns/sr 
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giving 90-9 microbarns/sr as compared with the ob- 
served 93+5. Pondrom’s spectrum (Fig. 6, dotted line), 
however, does not drop off rapidly enough in energy to 
fit the observed spectrum; this may be due in part to 
the large contribution in the low-energy region from the 
Ps and Pp isotropic states, both of which are quoted 
by Pondrom with large errors. As this experiment does 
not give sufficient data to permit an accurate fit for 
the six parameters required to specify the spectrum, a 
restrictive assumption was adopted in an attempt to 
obtain a better fit. A spectrum of the form (Sp+0.155i 
+0.2Pp), roughly consistent with the data of Fields 
et al. for reaction (2), was assumed. As the range of 
center-of-mass angles was small, no angular dependence 
was assumed. This spectrum and a peak for reaction 
(1), with the experimental resolution folded in, give the 
fit shown in Fig. 6, with a x? of 16 for 10 degrees of 
freedom, not unreasonable when the restrictiveness of 
the assumption and uncertainties in the energy scale 
are considered. 


17 A. H. Rosenfeld, Phys. Rev. 96, 139 (1954) 
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B. Asymmetry 


Rosenfeld!” gives the results of Marshak and Messiah! 
for the asymmetry in reaction (1) in the form 


R-—L PQA siné 


¢3——_ >= ———_, 
R+L A-+cos’d 


(3) 


where P is the beam polarization and (A-+cos*@) the 
angular distribution. The asymmetry arises from an 
interference between Ss and Ps states, with 


V2(nn-) 
—— sin(¥—r,), 


Q= 
(n-)? +9? 


(4) 


where is the pion momentum, and the asymmetry is 
a maximum at 


(*) (1+ |7r,|?) 
Ne) [Brot GND 


TaBLeE V. All allowable states with L<1 in the reaction p+) — 
r*+n+p. Two-nucleon initial and final states are designated 
28+), in the conventional manner; the small letter gives the 
pion angular momentum, its subscript the total J of the final 
state. oj) and a; are the fundamental charge-independent cross 
sections for total isotopic spin 1, with final nucleon isotopic spin 
0, 1, respectively. 


(5) 
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(A) 3P, _> 35451 
(B 1S > 3Si Po 
(C) 1D» > 3S pe 
- 3Po 1,2 
D-G) or Fy 'Pipo.1,2 
Cross section 0}; ; 74 
H) 3Py Tt am a *SoSo es 
(T) 1$9 —> 3P oso 
(J) 1D» aad 5Pope 
(K) 5P; > *Popi 
3p ‘ 
L-0) or Fy ” = *Pipo1,2 
; sp 
(P-S 1,2 > ‘ 
P-S) or °F 3 *Popi,2,3 





where 7, 7; are the ratios of the amplitudes of states 
B, A in Table V, relative to that of state C,,and WV and 
m1 are the arguments of [ro+(1/v2)] and 1, respec- 
tively. The coefficients a, 8 are the s- and p-wave meson 
coefficients in the excitation function, 


(6) 


The same analysis applies to that part of the cross 
section for reaction (2) that is contributed by the 
above-mentioned states. Sin(W—r,) should be con- 
stant by the phenomenological model, and Eq. (4) 
should contain all momentum dependence of the 
matrix elements. The contribution of state (H) to re- 
action (2) is small. 

The quantity ¢/Psin@, which is measured inde- 
pendently of any assumption as to the angular dis- 


or=ant+ Br’. 
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Fic. 6. Laboratory pion spectrum, in microbarns per steradian 
per Mev. The broken line is obtained by direct computation from 
the spectrum coefficients of Pondrom. The solid line is fitted by 
assuming a spectrum of the form ($/+0.15Ss+0.2P)p). Each 
curve has the experimental resolution (6 Mev) folded in. 


tribution, appears in the last column of Table III and 
is plotted in Fig. 7. 

Assuming 7,=0.50, we obtain values of sin(¥—7;) 
consistent with those obtained for reaction (1) by 
other authors’: 

Please note that the values given are not necessarily 
those quoted by the authors: They have been recom- 
puted for ».=0.50 for comparison with this experiment. 


0.55+0.10 
0.56+0.05 
0.65+0.10 
0.53240.17 


This experiment (7=0.89), 

Crawford and Stevenson, r*++-d, (n=0.41), 
Fields et al., r++d, (n=0.97), 
Mcllwain,'* +++ p (7=0.52). 


———4 
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Fic. 7. Energy dependence of ¢/P sin@. The solid curve is for 
final nucleon s-states only, assuming 7-=0.5, sin(¥—7,)=0.56, 
do /dQ proportional to 0.40+-cos’#. 


1R. L. MclIlwain, Thesis, Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania, 1960 (unpublished). 
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The value is calculated from the seven highest points 
in Fig. 7, for which over 98% of the pions should be 
associated with final nucleon s states. The assumed 
value of 7, gives, with Pondrom’s data on the angular 
distribution, a/8=0.14, which is the value obtained by 
Crawford and Stevenson® by a fit to the energy de- 
pendence of reaction (1). 

The curve in Fig. 7 is plotted using this value of 7, 
and Pondrom’s value of A. 

At low energies, the contribution of the spectrum of 
pions associated with final nuclear p states (D-G and 
I-S in Table V) becomes appreciable. Any asymmetry 
in the angular distribution of pions from these states 
should be separable from that in equations (3) through 
(5), as distinct nucleon final states cannot interfere in 
the angular distribution. Interference is possible, how- 
ever, within the groups (D-G) and (J—S). Thus, as 
many as 15 matrix elements, and some of their relative 
phases, may be necessary to specify the asymmetry. 
No sufficiently detailed data on the low-energy portion 
of pion production cross sections is available to justify 
such an analysis, particularly considering the small 
number of events in this region from this experiment. 
A study of the reaction p+ — 2°+ +, which arises 
exclusively from o3;, with a polarized beam, would aid 
in the understanding of this effect. It would appear 
from the results of this experiment that a small or re- 
versed asymmetry would be expected, as compared with 
that from reactions (1) and (2). 

Assuming the decrease in asymmetry at low energies 
in Fig. 7 is due to this effect, and using Pondrom’s 
ratio of p- to s-state nucleon contributions, we can 
obtain an average value of ¢/P sin@ for pions associated 
with nucleon # states, of —0.37+0.35. The statistics 
are too poor to justify a more detailed analysis. 

After the completion of this work, it was learned that 
MclIlwain"* has performed a similar measurement with 


H. 


MARCH 


53% polarized protons at an average bombarding energy 
of 405 Mev, in somewhat different geometry. He finds 
e=0.199+0.055 for pions centered at 90° in the center. 
of-mass system, in a broad energy region that might be 
expected to contain some pions from final nucieon 

states. From the results of this experiment, a somewhat 
lower value of asymmetry would be expected i, 
Mcllwain’s, but the difference is not statistically 
significant. 

VI. CONCLUSIONS 


Without any detailed analysis, it is clear that the 
results are qualitatively consistent with the phenome. 
logical theory of meson production. In addition, a p. 
duction of asymmetry at low energy, which may be due 
to reduced or opposite asymmetry of mesons associated 
with final nucleon relative p states, seems to be indi. 
cated, but this effect would not be sufficient to account 
for the anomalous result of de Carvalho et al.,4 which 
would require a reversal of asymmetry involving a 


major portion of the pion spectrum. Further exper. | 


mentation, particularly neutral pion production with 
polarized protons, would clarify this phenomenon. 
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Cross Section and Polarization in the Photodisintegration of the Deuteron* 


M. L. Ruste1, W. ZeRn1k,tf G. Breit, AND D. J. ANDREWS 
Yale University, New Haven, Connecticut 
(Received June 30, 1960) 


The differential cross section and polarization of nucleons from the H*(y,m)H!' reaction is investigated 
arranging calculations by means of the amplitude method. Electric dipole, electric quadrupole, and magnetic 
dipole transitions are considered taking into account coupling between states with the same J but different 
L such as produced by the tensor potential. The calculations include the general case of elliptically polarized 
gamma rays. Numerical results are obtained for two modified versions of the Signell-Marshak two-nucleon 
potential. Five approximations have been used to exhibit the effects of the various multipole transitions. 
The calculations agree with experiment rather well even at energies for which the potential used does not 
represent scattering data at all perfectly. The significance of polarization measurements is discussed. 





I. INTRODUCTION 


HE total cross section and angular distribution 

for the photodisintegration of the deuteron have 
been known for some time to show reasonably satis- 
factory agreement with theoretical calculation up to 
gamma-ray energies of about 10 Mev.' Until recently 
theoretical work? on the differential cross section for 
gamma-ray energies between 20 and 150 Mev failed 
to account for the observed angular distribution,’ 
particularly the large isotropic component. More 
recently, however, it has become evident both as a 
result of the work reported here* and that carried out 
by de Swart and Marshak® and Nicholson and Brown® 
that a careful calculation on the basis of semiphenom- 


* This research was supported by the U.S. Air Force, monitored 
by the Air Force Office of Scientific Research of the Air Research 
and Development Command, the Office of Ordnance Research, 
U.S. Army and by the U. S. Atomic Energy Commission. 

t Based in part on a dissertation presented for the degree of 
Doctor of Philosophy at Yale University. 

t Now at Argonne National Laboratory, Lemont, Illinois. 

'H. A. Bethe and R. E. Peierls, Proc. Roy. Soc. (London) 
Al48, 146 (1935); G. Breit and E. U. Condon, Phys. Rev. 49, 
904 (1936); G. Breit, E. U. Condon, and J. R. Stehn, Phys. Rev. 
51, 56 (1937). Final-state interaction is taken into account in the 
last two papers. H. A. Bethe and C. Longmire, Phys. Rev. 77, 
647 (1950); E. E. Salpeter, Phys. Rev. 82, 60 (1951), and private 
communication; J. M. Blatt and V. F. Weisskopf, Theoretial 
Nuclear Physics (John Wiley & Sons, Inc., New York, 1956), 
Chap. XII and Appendix B. N. Austern and E. Rost, [Phys. 
Rev. 117, 1506 (1960)] find disagreement between theory and 
experiment for m-p capture cross section at thermal energies. 
_*W. S. Rarita and J. Schwinger, Phys. Rev. 59, 556 (1941); 
i. 1. Schiff, Phys. Rev. 78, 733 (1950) ; J. F. Marshall and E. Guth, 
Phys. Rev. 78, 738 (1950); J. Bernstein, Phys. Rev. 106, 791 
(1957); N. Austern, Phys. Rev. 108, 973 (1957). 

* Some of the more recent results and references to earlier work 
are given by L. Allen, Jr., Phys. Rev. 98, 705 (1955); J. C. Keck 
and. A. V. Tollestrup, Phys. Rev. 101, 360 (1956); E. A. Whalin 
B. D. Schriever, and A. O. Hanson, Phys. Rev. 101, 377 (1956); 
D. R. Dixon and K. C. Bandtel, Phys. Rev. 104, 1730 (1956); 
C. A. Tatro, T. R. Palfrey, Jr., R. M. Whalley, and R. O. Haxby, 
— 112, 932 (1958); J. A. Galey, Phys. Rev. 117, 763 


‘A preliminary account of some of the results of the present 
paper is contained in a note by W. Zernik, M. L. Rustgi, and 
+ Breit, Phys. Rev. 114, 1358 (1959). 

J. J. de Swart and R. E. Marshak, Phys. Rev. 111, 272 (1958); 
Physica 25, 1001 (1959) ; 
n A. F. Nicholson and 


G. E. Brown, Proc. Phys. Soc. (London) 
ak. F oe authors employed the Gammel-Thaler 

instead of the Signell-Marshak potential used i t 
of the other work referred to here. P vont 


enological two-nucleon potentials’,’ can give results in 
reasonable agreement with experiment at least for the 
lower energies in this range. The first calculation on the 
polarization of the outgoing nucleon in the photo- 
disintegration of the deuteron was published by 
Rosentsveig® using the zero-range approximation. 
Approximate formulas for the polarization have been 
later on derived by Czyz and Sawicki" and Kawaguchi" 
in terms of phase shifts and matrix elements. Numerical 
results on the basis of the Signell-Marshak potential,’ 
using Ei— £1, Ei— E2, E1— M1 spin-flip, and E2— M1 
spin-flip interference terms taking the tensor coupling 
of the final states exactly into account have been 
computed by de Swart, Czyz, and Sawicki.” 

An improved theoretical treatment of the H?(y,n)H' 
reaction in the medium energy range is of interest 
primarily for two categories of reasons. The first 
category is concerned with properties of the wave 
function of the p-n system. 

The wavelength of relative motion of the outgoing 
particles is comparable to the range of nuclear forces, 
e.g., for 20-Mev gamma rays the wavelength divided 
by 2m is A&1.55X10-" cm and for 175-Mev gamma 
rays, AX0.49X 10-" cm. As a result, the matrix elements 
for the reaction depend on the shape of the assumed 
nuclear potential rather than just on the depth and 
range as is the case at lower energies. The short wave- 
length also leads to considerable cancellation in the 
matrix elements for transitions to low angular momen- 
tum states so that the relative importance of higher 
angular momenta is enhanced. The effect of this is that 
the tensor part of the potential plays an important 





7 P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 
This paper also reviews the earlier work. 

8 C.R. Fischer, K. D. Pyratt, Jr., M. H. Hull, Jr., and G. Breit, 
Bull. Am. Phys. Soc. 3, 183 (1958). See also Phys. Rev. Letters 
2, 264 (1959). 

9L. N. Rosentsveig, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
166 (1956) [translation: Soviet Phys.—JETP 4, 260 (1957) ]. 

10 W. Czyz and J. Sawicki, Nuovo cimento 5, 45 (1957); Phys. 
Rev. 110, 900 (1958). These authors have also treated polarization 
phenomena in the inverse process of (m,p) capture, Nuclear 
Phys. 8, 621 (1958). 

MM. Kawaguchi, Phys. Rev. 111, 1314 (1958). 

2 J, J. de Swart, W. Czyz, and J. Sawicki, Phys. Rev. Letters 
2, 51 (1959). 
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role not only through the admixture of *D, to *S; in 
the ground state but also through that of *F, to *P, in 
the continuum states. The spin-orbit potential has 
significant effects as well especially in the triplet-odd 
states. The enhancement of matrix elements for 
transitions to high angular momentum states leads to 
the £2 and M1 transitions to such states producing 
non-negligible effects. It was, therefore, necessary to 
include in the calculation all E1, M1, and £2 transitions 
that are possible for the static electromagnetic interac- 
tion. In order to simplify the calculations, effects of 
exchange currents and of retardation effects have not 
been included. 

The second category of reasons for the calculation is 
its bearing on the interaction of nucleons with the 
electromagnetic field. The cross-section data below 10 
Mev seem to indicate that the static £1 interaction 
works quite well in this region, but they give virtually 
no information about the magnetic dipole interaction 
except at energies just above threshold. In the medium 
energy range the situation is considerably more 
complicated and one of the purposes of this work is to 
extablish the degree to which different multipole 
transitions are responsible for the observable effects. 

In addition to retardation which is believed to be 
unimportant as a result of the work of Nicholson and 
Brown’ the present report does not include the consider- 
ation of exchange current effects or of the effects of 
higher radiation field multipoles. The potential used is 
also by now not the best one from the viewpoint of 
scattering data. The calculations of the cross section 
have, therefore, been arranged in a form which includes 
electromagnetic multipoles of arbitrarily high order in 
such a way as to make digital machine calculations 
practical. After the present work has been completed, 
a prepublication copy of an interesting paper by 
Kramer and Werntz" has been received. These authors 
find that the inclusion of M2 transitions produces a 
non-negligible increase in the isotropic term at 77 Mev. 
By itself such a change if applied to the calculations 
reported on here would not improve agreement with 

3. D. Pearlstein and A. Klein, Phys. Rev. 118, 193 (1960). 
These authors using meson theoretic techniques in certain 
conventions find that virtual meson effects play little role at 
gamma-ray energies below 100 Mev in justification of calculations 
carried out in this paper. They find some magnetic resonant 
terms which are expected to cause modifications at gamma-ray 
energy of the order of 250 Mev and report good agreement with 
experiment for the total cross section. 

‘4 The writers are very grateful to Dr. G. Kramer and Dr. C. 
Werntz for a preprint of their paper which is to be published in 
the Physical Review and which establishes the relative smallness 
of the retardation effect in a more detailed manaer than by 
Nicholson and Brown. Similar effects have also been considered 
by J. G. Brennan and R. G. Sachs (Phys. Rev. 88, 824 (1952) ]. 
The work of Kramer and Werntz does not include the calculation 
of polarization. References to earlier work by Kramer and collab- 
orators are given in their paper. The conclusions of Nicholson 
and Brown and Kramer and Werntz about the smallness of 
the retardation effects are in contradiction with those of M. 


Matsumoto, Progr. Theoret. Phys. (Kyoto) 23, 597 (1960) who 
finds these effects to be important at energies above E,=80 Mev. 
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experimental data on angular distributions, Since the 
calculations described below are the most complete yp 
to this time for £1, £2, and M1 transitions and since 
the writing of the digital machine program may take 
some time, it was felt that the publication of the results 

is advisable at this time, especially because it include 
a detailed consideration of the changes produced by the 
inclusion of different transitions some of which have 
not been considered elsewhere. These are M1(°D.—, 

(J=1, 2), M1(@S:—%S,), and an explicit listing of 
all Z2 transitions. It is also possible that the electro 
magnetic structure of the nucleons may produce effects 
comparable with those arising from the consideration ¢ 
higher multipoles and that, therefore, a complete 
calculation of the effects of lower multipoles i is likely 
to be useful as a point of departure for future work 
Some experimental data additional to those previously 
compared with calculation and some revisions in older 
data have been included below. Formulas as well a; 
numbers for neutron polarization are also given, 

In Sec. II, the formalism used to calculate the ampli- 
tudes for the photodisintegration of the deuteron by 
plane-polarized gamma rays is developed. The method 
is similar to that used by Breit and Hull’ in the treat. 
ment of nucleon-nucleon scattering. These amplitudes 
can then be numerically to obtain the 
polarization and differential cross section. 

In Sec. III the effect of coupling of states of the same 
J but different ZL on the amplitudes is investigated. The 
required modification to Sec. IT is first developed follow. 
ing the procedure of Breit, Ehrman, and Hull." 
Then it is shown how the S matrix defined in Sec. Il 
may be rather easily modified to take account of the 
coupling. 

In Sec. IV a treatment for elliptically polarized 
gamma rays is given. In Sec. V, amplitudes for all El, 
M1, and E2 transitions are written out for the outgoing 
protons taking the tensor coupling of the final states 
into account and the changes that have to be madet 


combined 


obtain the amplitudes for outgoing neutrons at 
described. 
Numerical calculations were carried out with two 


modified versions of the “‘Signell- Marshak” two-nucleon 
potential. These modifications are due to the work o 
Fischer, Pyatt, Hull, and Breit.’ The potential param 
eters are given in Sec. VI. 

Numerical values of the differential cross section and 
polarization are given in Sec. VII for the two potentials 
using five approximations to determine the relative 
importance of the various transitions. In approximation 
A only the £1 transitions are considered and the 
coupling of the *P» to *F2 is neglected. In approximation 
B only E1 transitions are used with full account of the 
tensor coupling and similarly in the succeeding approx 

mations this coupling is fully considered. In approxim- 





Phys. Rev. 97, 1047 ( 1955). 


6G, Breit and M. " 
H. Hull, Jr., Phys. Rev. 74 


6G. Breit, J. B. Ehrman, 
1051 (1955). 
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tion C the effect of M1 transitions to singlet states is 

taken into account in addition while in approximation 

D the effect of M1 transitions to triplets is used as well. 

In approximation E there is further included the effect 

of E2 transitions to S, D, and G states. The results are 

discussed in Sec. VIII. 

In an Appendix a brief outline is given of the trans- 
formation from specified neutron kinetic energies in 
the laboratory scattering system to equivalent gamma- 
ray energies in the laboratory photodisintegration 
system, this transformation having been employed 
incorrectly in some data reductions. 

The following notation will be used throughout the 
work. 
rp, ¥,= proton and neutron coordinates in the center-of- 

momentum system. 

r=1,—!,=coordinate vector of relative motion. 

m,=pion rest mass. 

M=nucleon rest mass. 

y;, ¥y=initial and final state wave functions for the 
p-n system. 

Up) Hn= Magnetic moments of proton and neutron in 
nuclear magnetons. 

¢,, ®,=Pauli spin operators for proton and neutron in 
the usual representation. 

x, #=photon wave-vector and angular frequency ; «/2 
is the photon wave number. 

&(r), (r)=electric and magnetic field strengths. 

@=quantity introduced in Eqs. (4) and (4.1). In 
discussion following Eq. (15.4) the coefficient of @ 
in H’ is —e& rather than —e6,. 

1g=unit vector in direction of &(r). 

hJ=total angular momentum operator. 

v=relative velocity of neutron and proton after the 
disintegration of the deuteron. 

k= Mv/(2h)=proton wave vector; k/2m is the proton 
wave number; the same symbols represent nonrela- 
tivistically corresponding quantities for relative 
motion. 

Xm, Xo= triplet and singlet spin functions in the primed 
system, with the sign defined by Xo= (@p8n—@n8p)/V2, 
where a, 8 are the usual Pauli spin functions. 

hJ, hL=total and orbital angular momentum of final 
state, respectively. 

hm=projection of hJ along the 2’ axis. 

Fy (kr), Gr(kr)=the regular and irregular solutions of 
the differential equation for rXradial function for 
n-p system outside the region of interaction, normal- 
ized so as to be asymptotic at r= * to sin(kr—}Lx) 
and cos(kr—}L), respectively. 


E J 
Yn4=> ( one spin-angle function for 
 - Sp 
triplet states. 


(=) (2L+1)(L—m) 193 d \ltm 
Yi w= ~The —— | ernesinno(—— ) 
2-L! 4n(L+m)! d cos 

X (cos*@—1)4, 





L J 

( =vector-addition coefficient for triplet 
m—p m 
states as defined by Breit and Hull.” 

6“;=phase shift for the triplet state described by 
quantum numbers JZ, J. 

K,=phase shift for the singlet state of angular momen- 
tum L. 

F” 7 (kr) =F (kr) cosb“7+G_z(kr) sind”. 

(21,n2,n3) = combination of ground-state spin-angle func- 
tions that transform under rotations like (x,y,z). 

a;= weighting factors for the n;. 

Smi=amplitudes for a triplet final state, i.e., if the 
initial state is }>, ain; the final state is proportional 
to > n.d XoS ae 

©,;=transformation matrix from the primed to the 
unprimed coordinate system, r= Or’. 

So:= amplitudes for a singlet final state. 

\¥ 7 (kr) =F (kr) cosK ,+G_(kr) sink r. 

(Sof, Sié,S2if,Ss®) as defined by Eqs. (9.1)—(9.4). 

«= deuteron binding energy taken as —2.224 Mev. 

U'=coupling matrix as defined by Eq. (11.3). 

uy; vy*; Us®, vJ® as defined by Eq. (12.1). 

®,y defined by Eq. (14). 

o(6,¢)=differential cross section. 

P’(6,¢)=polarization of the protons referred to the 
primed coordinate system defined in Fig. 1. 

E,=gamma-ray energy in the laboratory system, i.e., 
the system in which the deuteron is initially ar rest. 

o7= total cross section. 


II. GENERAL PROCEDURE FOR OBTAINING 
THE AMPLITUDES 


The coordinate systems shown in Fig. 1 will be used. 
The plane-polarized y ray is taken as incident along 
the positive z axis of a Cartesian coordinate system 
with electric vector along the x axis. The direction of 


hz 











é, 
x 


Fic. 1. Coordinate systems used. The plane polarized y ray 
is incident along the positive z axis with electric vector along the 
x axis. The direction of the outgoing proton defines the 2’ axis. 
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the outgoing proton defines the 2’ axis of a second 
coordinate system with @ and ¢ being the colatitude 
and azimuthal angles of 2’ with ¢ referred to x. The 
x’ and y’ axes have direction cosines (cos@ cos¢, 
cosé sing, —sin@) and (—sing, cosy, 0), respectively. 
All directions are in the zero-total-momentum system. 
Strictly speaking one should take into account the 
motion of the deuteron as a whole before dissociation. 
This is done (Appendix A) only in connection with a 
correction for the correlation of gamma-ray energies 
in the system of the deuteron and the neutron energy 
of scattering experiments which matters for phase shift 
determination. Corrections to matrix elements resulting 
from deuteron motion in the zero-momentum system 
are assumed to be negligible in the work described 
below. Relative amplitudes for different directions with 
assigned states of polarization will now be considered. 
The coupling of states in the continuum having the 
same J but different Z will at first be neglected and the 
modification caused by the coupling will be discussed 
in a later section. 

For triplet states, an undistorted plane wave traveling 
along the 2’ axis may be expanded as 


eff?’ mm =Xm >, 1°(2L+1) (kr) F 1 (hr) 
L 
<[4er/(2L+1) PV 1,0(6’,¢’) 
= (49)! > i4(2L+1)!(kr)-'F 1 (kr) 
ae 


| ae 
x( June's’) (1) 


O m 


where (6’,¢’,s’) represent colatitude, azimuth, and spin 
coordinates referred to the primed coordinate system. 
In the presence of a nuclear potential, the radial 
function is distorted near the origin. Outside the range 
of the potential, however, the radial function is still a 
solution of the force-free Schrédinger equation and is, 
therefore, expressible as a sum of the regular and 
irregular functions. Furthermore, it is well known that 
in order to be able to identify the amplitudes with the 
matrix elements, the asymptotic solution must have 
the form of an undistorted plane wave plus an ingoing 
wave modification.'? The final-state wave function 
formed in this way will be denoted by ¥™. One has, 
therefore, to modify Eq. (1) by the replacement 


F (kr) — exp(—i6"7)5“y (kr). (1.2) 


It will be convenient to describe the initial state in 
terms of combinations of spin-angle functions that 


17 A. Sommerfeld, Atombau und Spektrallinien (Friedrich Vieweg 
und Sohn, Brauschweig, 1939), Vol. 2, pp. 457 and 502; G. Breit 
and H. A. Bethe, Phys. Rev. 93, 888 (1954). An account of earlier 
literature will be found in the latter reference which shows that 
the necessity of using the ingoing wave modification is a general 
property of the matrix method of calculating transition probabil- 
ities employing modified plane waves and is applicable therefore 
to the combined system consisting of photon and matter waves 
even though the initial matter state is bound. 
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transform like a vector,'® e.g., for the *S, part, 


m= (2)*(x-1—x1) Foo, (21) 
No= i(2)-*(x it x1) Yoo, (2.9) 
13 xoV 00, (2.3) 


and similarly for the *D, part. The quantities (n.,n2,9:) 
transform under rotations like (x,y,z). Using the above 
equations the matrix elements from an initial state 
y; to a final state y;“ may be expressed as 
(Ws) | 1’ |) 
=(4r)§ > (—)42L+1)}( ) exp (i5“;) 
L,J QO m 


X (Ym (0’,¢',8’) (kr)—'F 4s (kr) | H’|g,). (3) 


Here g, are the ground-state wave functions that 
transform like »,. If the ground state is approximated 
by the *S; function the q; are of the form u(r)nj/r. The 
collision is thus described by saying that if the initial 
state is >°, a:q;, the final state is proportional to 


—e&, Ps t Va ebBes (3.1) 


where x» is the spin function in the primed coordinate 
system, and the quantity S,,; is given by 


Smi= > (—i)*L-+1)}( ) exp (i5“7) 
LJ QO m 


X (Ym (Or F427 (kr) | @|q,). (3.2) 


In (3.2) Yn“ is expressed in the primed coordinate 
system while @ and q; are expressed in the unprimed 
system. However, the transformation of the latter two 
quantities is very simple since the g; transform like 
components of a vector as already noted, while @ 
transforms like a component of a vector for £1 and M1 
transitions and like an element of a second order tensor 
for £2 transitions. 

The interaction Hamiltonian operator H’ was taken to 
have the usual static form, i.e., 


H'=—c&,@, (4) 


@=3(1zg-r)+(i/8)(«-r)(1e-r) 
+ (h/2Mc)[4(up—Un) (Op—On) 
+43 (ut Un—4)(0p+on) +35): la (4.1) 


for E1, E2, M1 to singlets and M1 to triplets transitions, 
respectively. The term in (J-ly) of this operator 
reproduces the ground-state function and causes 
therefore no transitions. This form is readily obtained 
by expanding exp(ix-r)=1+i(x-r) in the expression 
for the electric intensity and employing —e(6!) 
— (eh/2Mc)(u,0,+ux0n) for H’. When looked at from 
this viewpoint the E2 part of H’ is caused by taking 
into account a retardation correction. The classification 
into retarded and nonretarded terms used in the 
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introduction was meant, however, in the sense of 
Appendix B in the book of Blatt and Weisskopf.' In 
the classification of the latter the term used is the static 
part of the quadrupole interaction. 

Introducing the transformation matrix 0,; by 


r=Or’, (5) 
one has J 
n= Lj Oi i (5.1) 
where the convention 
(x,y,2) = (41,%2,%3) 


has beea used. The components of @ transform similarly. 
In the Sm; the whole dependence on orientation now 
appears in the 0,; and there are, besides, numerical 
coefficients such as 


(Y nel Fy (Rr) | xe! G5), (5.2) 


which arises as a result of substituting unprimed 
quantities in terms of primed ones in (3.2). The coeffi- 
cients appear then first with all integrals and sums 
being over primed quantities which justifies dropping 
all primes as in the last expression. Thus, for example, 
for the £1 part one has explicitly 


nm 
(Sai)m= —9-enty( ) exp(i4) 
BJ O m 
XE (Ym (1-7 4s (kr) | (—3x"e) 10507) 
4.2 
XOn0;;. (5.2’) 


The matrix elements playing the role of numerical 
coefficients such as (5.2) are indeed seen to be the same 
independently of the relative direction of the (&,35C) 
ie., (x,y,z) and the (x’,y’,s’) axes. The equation just 
written is for the special case of & along x. Equation 
(5.2) and similar relations for other multipoles are also 
useful in considerations of effects of the polarization 
of incident gamma rays. 

For transitions to singlet states one has instead of 
Smi @ Quantity so; defined by 


Su=L 1 (—i)4(2L+1)! exp(iK 1) 
X (Xo(s’) V'2,0(6,¢’)r "Fr (kr)| @]g,), (5.3) 


so that the final amplitude in the primed system arising 
from one initial state is 


Vi=) = (X mS mit X 0501) Gi (5.4) 


The matrix © is easily shown to be 


cos# cosy —sing sin@ cosy 
O=|cos@sing cos¢g _ sind sing]. (5.5) 
— sin 0 cos6 


Expanding the triplet and singlet spin functions in 
terms of single-particle functions and employing the 
sign of Xo defined in the list of notation, then using 
Eq. (5.4) and the well-known properties of these 
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functions one obtains 


6 pV, =[ai/(2)*V0S1 S1e(x0—X0) + Soi(xr +x—1) 
+S_1i(x0+X0) +50:(x-1—-Xx1) ], (6.1) 
Oo pyV i= Lia,/ (2)* LS1i(x0— X0) + Soi(x-1—- x1) 
— S_ii(xot+X0)+50:(x-1+x1) ], (6.2) 
O pe¥ i= i Siix1t+SoiX0— S_1:x-1+50x0_], (6.3) 
so that in the primed coordinate system the components 
of the proton polarization vector'® defined by 
P’ =>): V,*0,0;/> Vi", (7) 
are given by 
P,/¢=(2)'S, | al? Ref (Si*+S_1:*) Soi 
— (S1,*—S_1:*)soi}, (7.1) 
P,/@=(2)8 Dd: | as{? Im (S1*—-S_1:*) Soi 
— (Si*+S_1:*)s0:}, (7.2) 
PJ4= D5 | ai|2{ | Sui]? | S|? +2 Re(So.*s0:)}. (7.3) 
The differential cross section may be expressed as 
o(8,¢)=C(k)e(6,¢), 
(9,¢)=Li [os]? m | Smil?+ | Sos |?) (8) 
with the conventions 
Dd: |a:|?=1, C(k)=2we*/her, (8.1) 
which corresponds to the probability of the initial state 
being unity. For unpolarized deuterons 
| a1|?= | a2|?= | as|?=$. (8.2) 


The relation of the energy-dependent factor in 
front of the summation sign in (8) to B(k) used. by 
Austern? may be seen by noting that 


N? /2we? 
B)-—(—), (8.3) 
4y?\ 3hcv 


where the quantity in parentheses is the factor in (8) 
resulting on insertion of (8.1) and (8.2); the factor 
N°*/7 arises on account of the convention of multiplying 
radial integrals by y/N in Austern’s notation and the 
factor } has its origin in the convention introduced by 
Rarita and Schwinger? and adopted by Austern? of 
employing in the radial integrals those arising from 2@ 
rather than @. 

From Eqs. (7.1)—(7.3) it is seen that the results may 
be considerably simplified by defining the elements of 
another amplitude matrix S,,.® by 


SoF= Soi, (9.1) 
S18= (2)-4(S_1i— S13), (9.2) 
Soi&= —i(2)-4(S_is+- S15), (9.3) 
Srt=Sos. (9.4) 


18 For discussion of the completeness of the description of the 
polarization state of a particle of spin 4 by means of P’, see 
G. Breit and J. S. McIntosh, in Encyclopedia of Physics (Springer- 
Verlag, Berlin, 1959), Vol. 41, Part I, p. 466. 
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In this case one gets for the polarizations 
P/é=2 3; | a;|*PRef{ (So*)*S1:4)} 

+Im{ (S2:£)*53,5} J, 
Pe=2 ©; | a:|*LRe{ (Sot) *S2i8} + 


(9.5) 


+Im{(S3.6)*514}1, (9.6) 
PJ6=2 >; | a;|*[Re{ (So-#)*S3:*} 
+Im{(S14)*S2¢} J. (9.7) 
For the differential cross section one obtains 
o(0,¢)=C(k) &;.; | a;|?| SF? (9.8) 


The S*-matrix form of the equations could have been 
obtained directly by describing the final state in terms 
of combinations of spin functions that transform like 
the components of a vector. This may be done by 
introducing spin functions £; (j=0,1,2,3) by means of 


Xw= Ls EM in, (10.1) 
where 
1 0 0 0 
w.(29 ~@2* 0 (2) ' 
aed —i(2)-* 0 —i(2)-|° (10.2) 
0 0 1 0 


Here the columns correspond to Xo, x1, Xo, X—1 Starting 
on the left and the rows to 7=0, 1, 2, 3 reading down. 
The expression for the final state resulting from substate 
Q; is according to Eq. (5.4), 


: X mS mitXoSoi=>_5 ES, , (10.3) 
where the S* matrix is defined by 
Sos (1 0 0 0 Sos 
: Sié vo |0 —(2)% O- (2) Si 
e— =, = 
5 Sa] "= Jo —i(2)4 0 ae 4 Soi 
L Saif 0 0 1 0 S-1i 
Soi 
2)-3 S1i—-S 
- ae (SS)! (49,4) 


(S_ aaa 7 
L Soi 


which is just the definition used in Eqs. (9.1)—(9.4). 


III. INTRODUCTION OF THE TENSOR COUPLING 


As is well known, the inclusion of a tensor term Sj» in 
the potential has the consequence that states of the 
same total angular momentum and parity but different 
orbital angular momentum become coupled to each 
other, so that the expression for S,,; given in Eq. (3.2) 
has to be modified. Furthermore, independently of the 
form of the interaction energy or the existence of a 
static interaction potential, the real eigenphase shift 
description is’® the most general one in the nucleon- 
nucleon problem below the meson production threshold. 

The modification to Eq. (3.2) required by coupling 


 G. Breit, University of Pennsylvania Bicentennial Conference 
(University of Pennsylvania Press, Philadelphia, Pennsylvania, 
1941). 
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of states with different Z can be worked out employing 
the expression for the wave function in the final State 
taking the coupling into account. In the notation of 
Breit, Ehrman, and Hull'* the outgoing wave modifica- 
tion of the triplet wave arising from the plane waye 
e'**’y,, outside the nuclear interaction region is 


(43)! ' ae 
(*y,.) > ——¥ (2L+1)%i#( ) 
( 


Zip LJ ) om 
X0— Ar*Y e+ > 011 "Yn Ay |, (11) 
L’ 


where 


H,=G.itiF1.; p=hkr. (11.1 


For uncoupled states the matrix Ul’ consists of a 


single element exp(2i6,) while for coupled states it is q 
two by two unitary symmetric matrix. The first and 
terms in brackets of (11) represent, 
respectively, converging and diverging waves. The first 
term in the brackets is the same as in the absence of 
interaction. The matrix U’ in that case is a unit matrix 
and the second term is then H,Y,,"7. For the ingoing 
wave modification the 7,'y,,“/% in the brackets must be 
kept unchanged and the p-m interaction affects the 
first term. A consideration of the complex conjugate 
of the solution of the wave equation determines the 
form of the combination in the square bracket and hence 
the ingoing wave modification of x,, multiplied by the 
plane wave exp(ikz’) 


(4x)! - oe. 
= E (21-+1)44( ) 
Zip LW O m 


X(HLY, LJ pm U; I - 1 ee YH* 1) |. 
L’ 


second square 


(—) 


Y= 





(11.2) 


This wave function together with its continuation into 
the region of nuclear interaction forms the y,~ in 
the required generalization of Eq. (3). For a diagonal 
UY, (11.2) is equivalent to the employment of (1.1 
in (1). The modification caused by the off-diagonal 
elements of UY is conveniently expressed in terms of 
the Wigner” parametrization of U’ in the form of Blatt 
and Biedenharn.” This gives 


c.* exp(2i6.) +5.2 exp(2i6s), 


| cS exp(2id.) - exp(2i63) J 


U= (11.3 
CS exp(2i6.) — exp(2ids) |, 
( S22 exp(2id.) +c.2 exp (2i63) 
Ce=COSE, S,=SiNe, (11.4) 


with 6,, 5s having the significance of eigenphase shits. 
The convention used in (11.3) is that the first row and 
column refer to the smaller of the two coupled L. The 


20. P. Wigner, Proc. Natl. Acad. Sci. U. S. 32, 302 (1946); 
J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952). 
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fact that the eigenvalues of U are exp (2i6,.), exp(2ids) 
shows after a short calculation that the linear combina- 
tions 

W=[—exp(—igr) Ym? +d Ur 


Kexp(ign) Ym ]/r (11.5) 


seagoing: 
N=J—1, J+1 


gn=kr—dr/2 (11.5’) 
—s, exp(i6 y 
its *)( ), (11.6) 
C. exp(idg) y 


y=[e. sin( ¢y—1 +60) Ym?) 

+S sin( ¢y41+6a) Ym tt | ¥. 
Y=[—s, sin(¢y +63) YmI 

+e sin( ¢741+63) Ym2t! ], r. 


may be expressed as 
Vz c. exp(ida), 
~2i 
Vr42 5, exp( iba), 
where 


(11.7) 


The coefficients of the spin-angular functions in the 
last equation are real and hence the continuation of 
v, Y by means of the wave equation to smaller 
distances gives eigensolutions of the form 
y= (63° Y m7 LJ py ty Jt. J) r, (1 ») 
y (UyFY m7 1S tin by Jt) r, 


in which wy*, «++, vy® are real. Comparison of (12) with 
(11.7) shows that outside the interaction region 


uy*=c{ Fy) cosbat+Gy_, |sinda |, 
vy*= SF 341 COSbat+Gy41 Sinda |, 
uy®= —s[F y_; cosdst+Gy_, sinds |, 


v®=c[F 74; cosds+Gy,4. sinds |, 


(12.1) 


which together with (12) identifies the functions when 
the radial equation for the uy%, --- vy® following from 
(12) are solved. Since the square bracket in (11) is 
asymptotically r¥, one has available through the 
asymptotic forms of the W, in (11.6) expressions in 
terms of the eigensolutions y, ¥ for the outgoing wave 
modification of a plane wave. Similarly introducing 
Vy*=[—exp(ign Ym +d UAy* 
Xexp(—ign)Ym 4 |/r, (11.57) 
one has available the negative of the square bracket 
expression divided by r in the expansion for ¥;@ in 
(11.2) On the other hand, from (11.6) and (12) one has 


( Y,* ) ai(“ exp(—ida), —5. exp(—id,) 
~—2i 
W142" sexp(—16,), ) 


C. exp(— dg) 


«("). (12.2) 


DEUTERON 1887 


and consequently the part of y;~ containing waves 


with angular momentum J is 


(4)! %& J 
Ys) =- “| any yi] 
kr O m an 


X (c.e~ Paya— s.e~ Pay? | 


& sf 
+| 2x41) ir] 
O m 4dpmJ+1 


X[se~®ay*+-ce~ “Oy 
This quantity has to be used in the calculation of 
Smi by substitution of @ in place of H’ on the left side 
of (3) and the replacement of 


& 
(4m) we(2L+4)}( ) 
O m 
FU, (kr) 


Xexp(— i847) Yn24(— — 
7 


(12.3) 


(12.4) 


the complex conjugate of which occurs in Eq. (3), by 
the right-hand side of (12.3). According to Eq. (12) 
the ¥“ and ¥ each contain two terms with two different 
angular-spin functions but both of them belong to the 
same total angular momentum J and the same magnetic 
quantum number m representing the projection of J. 
According to the Wigner-Eckart theorem the ratio of 
contributions of these terms to the matrix element S,; 
is therefore the same for different m and i. 

It will be noted that according to (11.7) the functions 
y* and y’ are normalized to unit radial density at large 
rand may, therefore, be taken to be the eigenfunctions 
corresponding to the eigenphases 6,, 63. The contribu- 
tion to S,; from a coupled state consists accordingly 
of four parts corresponding, respectively, to uy*, vy%, 
uz®, vy in (12). Each part contains contributions from 
the *S, and *D, parts of the ground state. Since these 
two parts have the same J the ratio of their matrix 
elements is independent of m and the contribution to 
Smi due to a pair of coupled states takes the form 


[Smily =Cai7(J— 1) (c.e**@)[ Lua? +R sLva? | 
+C mid (+1) (see) Lva!/ Rs tLe] 
—Cuc’ (J —1 ) (se) LL up” — RyLp? J 


+( eee (J + 1 ) (c.e"*6)[ L up? Ryt+Lrp? |. (13) 


The successive terms arise here from the four parts of 
(12.3). The radial integrals are the L and the designa- 
tions ua, -, v8 indicate the origin in the functions 
uy*, «+: of (12). The coefficients C,,;7(L) have arisen 
from corresponding coefficients in (12.2) combined 
with those arising from angular integrations and sums 
over spin coordinates. 

Expressing quantities in the é representation as in 
Eqs. (9.1) to (9.4) or in Eq. (10.4) one has for 21 
transitions to (*P2+*F»2) siates taking i=1 by analogy 
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with Eq. (9.2) 

[C4:2(1) f= —i cosé sin cos? ¢, 

[C1:?(3) }*=i[3(2)4/5] cos@ sin@ cos?y. (13.1) 
For M1 transitions to (°S,*+ *D,*) states, taking i=1 
and in analogy with Eq. (9.4) 

[Cs'(1) ]}§=—icos@, [C3:'(2)]*=i(2)-* cos@. (13.2) 
Similarly for #2 transitions to (#D3;+°G;) states, 
taking i= 2 and using Eq. (9.3) 

[C22*(2) f= —2i sin26 cos2¢, 
[C228(4) ]#= —i[3(2)-1/14] sin2@ cos2y. (13.3) 
The radial integrals Lua”, «++, Lvg? as well as integrals 
In, J; for *Po, *P1; Ms, Mp for M1 leading to ‘So, 'D2; 
M'p for M1 to *Dz as well as Qn for E2 to *D, are used 
in the same general convention as in the paper of 
Austern* for coupled states the normalization of the 
radial functions was such that 


((us*)?+(v*)?)~3, ((us®)?+(079)?)~2, (13.4) 
as implied by (12.1) and for the ground state 
f (U?-+W2)dr=1, (13.5) 
0 
the wave function for the latter being 
(Wa) m= (44) LU + 8-48 2W ]xm/r, (13.6) 


and Sy the usual tensor force operator. For L=J—1 
and £1 transitions the convention is to have the coefh- 
cient of the product in the integrand containing U, u, 
and a power of r equal to y where y is defined through 
the asymptotic form of U at large r, viz U~conste~’; 
for E2 the corresponding coefficient is yw/(4c), for M1 
the coefficient is (yi/Mc)(u,+u.—}). For coupled 
case integrals with L=J+1 the same coefficients are 
used for the product of W, », and a power of r as just 
mentioned for L=J—1 for the product of U, u, and a 
power of r. In those cases for which the final state 
reached by the U and W parts of the ground state 
turn out to be the same, the radial integrals are com- 
bined. For example, for £1 transition to (*P2+*F»2) 
states 


Tee?= f (y)[U-W/SVEJutdr, (13.7) 
Tust= f (y)[U-—W/SvEJufdr, (13.8) 
(13.9) 


Ta? = f (yr)Wo."dr, 
0 


Iat= f (yr)WoAdr. (13.10) 
0 


The factor [ — (2-4/5 ] is the ratio of the matrix elements 
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3D, — *P2/*S,;— *P2. The other radial integrals in 
Tables III and IV are similarly defined. The coefficients 
multiplying the integrands in the uncoupled case 
arising through £1, M1 and £2 transitions are the 
same as in their respective coupled cases. The coefficient 
¥(h/Mc)(up—mun) is used to multiply the integrand for 
singlet transitions. The additional radial integral; 
which occur in the text are defined as follows: __ 


n= [ (yr) LU—v2W ]5'o(kr)dr, 


I= f (yr) [U+-W/N2]54(kr)dr, 


= 3) 


M'p =f WS*.(kr)dr, 
Mur'=rt f Uu;'dr, 
J 
Ma=nt f W2,"dr, 
0 
On'=r9 f (U- W/V2)v;'rdr, 
0 


Ou! =a f Wuy'r*dr, 


0 


3) 


Our? =a f (U—v2W/7)us'rdr, 


0 


= va) Wo;'r?dr, 


0 


Oo.=r9 f (U+W/v2)5?.(kr)r'dr, 


0 


Ms=y(h Mo) ym) f US'(kr)dr, 


x 


Mp=y(h Me) (up—wa) [ W5'2(kr)dr, 


vo 


where [= (4/Mc) (up+un—}4); g= (w/4c), and r= (af) 
in all the equations defining the radial matrix elements. 
In Eq. (13) there occurs the ratio 

Ry= (Y,,77 15] "| %y,!) (Y,, Jane} | A’ | yf), (14) 
where /=2 and //=0 except for the E2 transition 
(35,+°D,) > (*D,+*S;) for which /=0 and /’=2. @) 
is independent of m and i according to the Wigner 
Eckart theorem. It has been found convenient 1 
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TABLE I. Values of Ry for different transitions. 








Multipole Final state J Ry 
Fl ‘ (3P.+3F2) 2 34/5 
F2 (8D3+5G;) 3 3(6)8/7 

(38,+°D,;) 1 1 
M1 (3§,+4D;) 1 —t 








introduce this ratio so as to have one rather than two 
sets of coefficients Cm. In (13) two terms contain Ry 
and two others contain ®,~'. The reason for this is 
that the Cmi”(J—1) are standardized conveniently in 
terms of the *S, part of the ground state while the 
Cni’(J+1) are more readily expressed in terms of the 
‘P, part. Thus for £1 transitions the *P:+*F, coupled 
state has the L=J+1 part of the continuum state, 
ie., the *F, component, combining only with *D. 
The Ry have values as in Table I. 


IV. ELLIPTICALLY POLARIZED GAMMA RAYS 


The S matrix of Eq. (3.2) was worked out for a 
state of polarization 


(82,8) = (6, 8) ei, 


(15.1) 


In the present discussion this matrix will be called S“. 
By a similar procedure the elements of a matrix S‘ 
corresponding to the perpendicular polarization 

(15.2) 
may be worked out and the relation of S‘” to S® will 
be discussed presently. Since the only restriction on the 
direction of the x axis necessary so far was that of 
being perpendicular to x, there is no loss of generality 
in arranging for it to be along one of the principal 
axes of the polarization ellipse. Superposing (15.1) and 
(15.2) with a 90° phase difference, an elliptically 
polarized wave 


(8,32) = (8,— Se, 


(&,,8,,8.) = (cosx, i sinx, 0) Se*, 


: (15.3) 

(H2,3Cy,C.) = (—7 sinx, cosy, 0) Se, 
results. Here x is a real angle which is 0 or x for linear 
polarization along x, x/2, or 3 x/2 for linear polarization 
along y, 7/4, and —x/4 for opposite directions of 
circular polarization, etc. 

In Eqs. (15.1), (15.2), (15.3) the usual convention is 
followed of writing on the right-hand side only the 
part of the field strength which matters for absorption, 
the complex conjugate of the part written being omitted. 
The time dependence, not explicitly indicated, is 
e“*' for the term written therefore. This time depend- 
ence shows that for y=7/4 the electric vector rotation 
is right handed around the positive z axis and that the 
angular momentum projection available in the radiation 
field is positive. Reference to Eq. (137) and Fig. 2 of 
an earlier paper! shows conditions for elliptic polariza- 
tions somewhat more generally. The relation of wave 


——— 


" G. Breit, Revs. Modern Phys. 5, 91 (1933). 


1889 


intensity to |&| is independent of x in this notation. 
Taking & to be the same in (15.1), (15.2), and (15.3) 
and denoting by S® the S matrix for the state of 
polarization described by (15.3) one has 


SO = SM cosx + 1S?) sinx. (15.4) 


An obvious orthogonal transformation can be carried 
out so as to have the principal axes at an arbitrary 
angle with respect to the x axis. 

The matrix S® can be obtained from S$ by the 
following consideration. The quantity @ needed for 
(15.2) will be called @® while the @ corresponding to 
(15.1) which was used mostly so far will be called @™. 
The (&,3€) vectors for case (2) are obtained from case 
(1) by a rotation through 90° in the direction from x 
to y. The quantity @® considered as a function of the 
azimuthal angle ¢ is therefore obtainable as 


aA (¢)= A (e—Fn), (15.5) 


as is clear geometrically and readily verifiable by noting 
that @™, @® have the forms @“=A,+B,=A cose 
+Bsing, @%=A,—B,=A sing—Bcosyg. In these 
relations ¢ is the azimuthal angle of a point in co- 
ordinate space, while the vectors A, B are coordinate 
space vectors coupled to € and # in the Hamiltonian. 
Therefore, if in the evaluation of (3) one arranges for 
the points entering the integrals on the right side to 
have values such that 


g)= °%— dn, (15.6) 


then the integrals will be the same except for such 
changes as occur in the q; on account of (15.6). Here 
¢?, g® are azimuthal angles of two different vectors 
referred to the x axis of the original coordinate system. 
In order to secure (15.6) it suffices to have the azimuthal 
angles of the proton emission line in the comparison of 
S® with S® correlated by a relation identical in form 
with (15.6). This amounts in fact to rotating all vectors 
with (&¢) so that the integrals would remain un- 
changed if it were not for the changes in the g; which by 
definition are referred to the original coordinate system. 

Two points r‘”, r® with azimuthal angles related as 
in (15.6) have coordinates related by 


x) = yl?) g) = 5 (2). (16) 


ay(1) me — ap(2) 
- - b 
By means of these equations points r‘” used in the 
evaluation of S‘” are mapped into a duplicate of the 
original space as points r‘* in the evaluation of S$. 
For the latter evaluation there enter in Eq. (3) as 
a result of the mapping gi(x®, y, s). On account of 
the vector property of the functional form of the 4; 
it follows from (16) that 

Qi(r™) = ge(r?),  qe(r™) = —ai(r™), 


a3(r)=q3(r™). (16.1) 


Quantities occurring in the right-hand sides of these 
equations occur directly in (3.2) in the evaluation of 








1890 RUSTGI, ZERNIK, 

TABLE II. Values of coefficients 7,, T2, 73, T, in Eq. (17) and 
of symbols that will be used in place of Xy° as listed in the last 
column. 


Multipole Final state c Tz, or T4 


T, or T; xs 

Fl @P2+5F2) a 1 —3(2)8/5 I," 
b 1 9(2)-4/5 7,* 

E2 (35,+°D,) a —1 2 4 V1" 
b 1 24 QO, 

E2 @D3;+"G;) a —1 9(2)-4/7 Q3* 
b 1 12(2)-4/7 Q3> 

M1 (®5,+5D;) a —1 —2-4/2 M\* 
b 1 —2-+ M,> 


Smi” while those on the left give on account of (15.6) 
components of S,,;‘”. It follows that 


Sm (eo) = Sime 2 (gp), Smo (¢' ))= — Sm (¢? : 
Sms? (9) = Sma'? (eo). (16.2) 


The simplicity of the answer is seen to be due to the 
vector nature of the q;. The same result is obtained by 
expressing S,,; for both cases in terms of components 
of © as in (5.2’) and the analogous case of M1 transi- 
tions. A straightforward calculation gives the same 
result as in (16.2). Since S“ is what has previously 
been called S both S“ and S” are available for(15.4) 
and all quantities are available for an arbitrary state of 
polarization of incident gamma rays. 


V. FORMULAS FOR THE AMPLITUDES IN THE 
CARTESIAN VECTOR TOTAL SPIN 
REPRESENTATION 


In this section, the explicit expressions for the S- 
matrix elements for outgoing protons are given. For 
transitions to coupled states it will be convenient to 
use the following abbreviations: 


Xy/=- iL ( T; (X uat RX va)ce** 
+ T2(X ua Ry + Xva)5€%*— T; ( X upt Ry Xyg)s-e"%8 
+T(X up/Rs+Xrg)ce%], (17) 


where the coefficients 7,, T2, T3, T4 have values as in 
Table II. In using (17) and Table II the values of ®, 
are understood to be inserted by means of Table I. 
The designations a, 5 refer to the origin of the quantity 
either in m= +1 in the case of a or m=0 in the case of 6. 
The elements of the S matrix can now be expressed as 


2soi=[3(2)-*/2 |Mpe(iK2) sin’@ sin2¢, (18.1) 
2soof = M se(iKo) + 3(2)-4M ne(iK>) 

X (sin’?@ sin?g— 4), (18.7) 
2s =[[3(2)-1/2 |Mne(iKz2) sin26 sing, (18.3) 


25 1:§=sinO{ 7,* cos cos? e+ (2-3/5)Q1*— (i/6)O v2 
X e (182) cos2¢+Q;"[ (1/3) cos?y 
—cos*# cos*y— (1/15) ]+M,* 


+[37(2)-4/2 |Mp’e(i5") cos2¢}, (18.4) 
2S 12° = (1/2) sin@ sin2 y{ J" cosé— (i/3)Qn2e(18*2) 
+03" (1/3) —cos*0 ]+3i(2)-4M p’e(i6*2)} (18.5) 
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2S 13§ = cosgf{ (1/2) I,e(75';) + (1/2) 72% cos20 
—[(2)-4/5]Q1* cos@+ (i/6)Q n2e(i8%2) cosa 
—(Qs3* cos6{ (4/15) —sin?@ ]+M,* cos 
+[3i(2)-#/2 ]Mp'e(i8*2) cosd}, (18.6) 
2So:*= (1/2) sind sin2 ¢{ — 12+ (i/3)Onse(i8?2) cosg 
+ (2/3)Q3* cos@—3i(2)-*M p'e(i6*2) cosd}, (187 
2S 22° = sinO{ — (i/2)1 ,e(16'1:) + (1/2) 2% cos2y 
— (1/3)Qnee(i6*2) cos6(1+- cos? ¢) 
+03 (2, 3) sin? o— (1, 3) ] cosé — 31 (2) } 
X Mp’e(i62) cosd sin’ g}, (18.8) 
2S 938 = sing{[ — (i 2 ) Te (76';) oe (1 2 Io? |cosé 
+[ (2) } 5]Ov- (i O)O reel 167») cos26 
+03[ (1 3) cos?@— (1/15) ]—M 2 
—[3i(2)-4/2 ]M'ne(i62) cos20}, (18.9 
2838 =— | 1 3)Toe( 16'y) + T4°( sin! ( os’ ¢ —1i) 


3 
+[(2)-*/5 JQ,’ cos8+(Q3° cosé 


X (sin’@ cos?y—1/5)+M," cos6, (18.10 
2.830 = (1/2) sin’@ sin2 ¢{ /.°+-(0,° cos6}, (18.11 
2.533* = sind ¢ os¢{T2 cosé + 2)-3 5]Q,° 
+03"(cos*9@—1/5)—M,"}, (18.12 
where 
e(i6";) exp(i6”,). (18.13 


Equations (18.1)—(18.12) have been checked independ- 
ently by using Racah coefficients. In order to obtain 
the amplitudes and polarization for the outgoing 
neutron, it is merely necessary to change the sign of 
the £1 terms in Eqs. (18.4) to (18.12) and of the first 
terms on the right side of Eqs. (9.5) to (9.7). The 
change in sign in Eqs. (9.5) to (9.7) arises because the 
singlet spin function is antisymmetric between neutron 
and proton. The same results for angular distribution 
and polarization of the outgoing neutron can, however, 
be obtained simply by changing the sign of the £1 and 
M1 spin-flip terms in Eqs. (18.1)—(18.12) and employing 
the Eqs. (9.5) to (9.7) as they are. 


VI. THE SEMIPHENOMENOLOGICAL 
TWO-NUCLEON POTENTIAL 


The basis of the two-nucleon potentials used in the 
present work is the static potential derived by Garten- 
haus” on the basis of meson theory in the form proposed 
by Chew.” This potential gives a good fit to the low- 
energy data. However, it was soon found by Gammel 
and Thaler™ that the fit at higher energies is very poor. 
Signell and Marshak’ showed that an apparent improve- 
ment could be obtained by adding to the Gartenhaus 
potential a short-range isotopic-spin-independent in- 
trinsically attractive spin-orbit potential of a form 

*S. Garthenhaus, Phys. Rev. 100, 900 (1955 


3 G. Chew, Phys. Rev. 95, 285 (1954); 95, 1669 (1954). 
* J. Gammel and R. Thaler, Phys. Rev. 103, 1874 (1950). 
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TABLE III. Radial matrix elements in units of 10~ cm and phase shifts in degrees from Potential I. 








152.2 177. 


E, (Mev)* 22.2 32.2 62.2 102.2 

~~ Jo/N 0.4119 0.2214 0.06376 0.01900 0.008030 0.007800 
1,/N 0.9168 0.6842 0.3894 0.2377 0.1501 0.1229 
1,2/N 0.6957 0.4765 0.1784 0.06934 0.02298 0.01271 
Lg N 0.1468 0.1350 0.09468 0.06429 0.04680 0.04040 
1.2/N —0.04666 —0.06042 —0.06825 —0.06402 —0.06627 —0.06865 
Lg@/N 0.1778 0.1765 0.1503 0.1172 0.08606 0.07980 
(p»/N 0.1263 0.1090 0.05861 0.02349 0.003131 —0.002791 
Oua?/N —0,009515 —0.01008 —0.009650 —0.009809 —0.01148 —0.01159 
Ougi/N —0.001016 —0.001636 —0,003518 —0.004953 —0.005652 —0.005781 
Onat/A 0.005424 0.007031 0.01039 0.01078 0.01008 0.00976 
Ongt/N 0.0971 0.0842 0.06643 0.05520 0.04414 0.03962 
Oua?/N 0.08865 0.07131 0.05013 0.04095 0.03564 0.03412 
Oug/N 0.06334 0.06158 0.04568 0.02656 0.01041 6.00532 
Oea?/N —0.01582 —0.02299 —0.03613 —0.04333 —0.04623 —0.04769 
Ong/N 0.02344 0.02825 0.03459 0.03536 0.03360 0.03301 
M'p/N 0.01876 0.02170 0.02252 0.01865 0.01386 0.01194 
Muat/N —0.007066 —0.007005 —0.006470 —0,005742 —0.004845 —0.004693 
Mug/N —0.01180 —0.01318 —0.01460 —0.01436 —0.01337 —0.01288 
Mead/N 0.007214 0.007033 0.006467 0.005728 0.005020 0.004706 
Vog/N 0.01269 0.01379 0.01453 0.01417 0.01340 0.01296 
u,/N 0.09462 0.06569 0.03330 0.01927 0.01236 0.01054 
Mp/N 0.05682 0.06420 0.06899 0.06420 0.05439 0.04924 
gl, 9.246 11.37 10.57 5.633 —1.614 — 5.239 
i, —8.012 — £1.32 —17.96 —23.77 — 29.39 — 31.87 
5% 4.806 6.738 9.031 7.602 3.790 1.793 
# —0.3603 —0.8021 —2.111 —3.571 —5.916 —7.342 
e 11.49 —15.06 —20.31 — 24.56 — 33.48 — 39.78 
#, 5.968 11.61 26.45 38.52 45.28 46.84 
ja 69.16 58.18 38.05 21.85 8.096 2.670 
8, — 5.373 —9,059 —17.71 — 25.69 — 32.84 — 35.66 
Pa 3.294 2.911 2.044 1.328 0.8368 0.6629 
5; —0.9110 —1.977 —5.307 —8.239 — 10.86 —11.89 
#, 0.4105 1.297 4.749 8.010 10.69 11.46 
@ — 35.74 — 41.91 —50.75 — 56.96 —61.45 — 63.22 
Ky 40.99 33.64 18.20 4.385 —7.901 —12.81 
Ky 1.578 2.952 6.873 11.42 15.42 16.72 


* The number N is the normalization constant defined as in the paper by Austern. It is such that in the present notation lim(U 


N) =e" forr — @. 


The value of N2 needed for the calculation of cross section and polarization for Potential I is 7.491 X10"? cm~!. The numbers tabulated refer to the 


juantities Lo, Li, «++ by Austern except for the additional ones listed here. 


first used by Case and Pais.** The potential thus 
obtained may be written in the form 
V=AVc(x)+BV 7(x)Si+CVi.s(x)L-S, (19) 
where 
d exp(—r/ro) 
(r/ro)d(r/ro)L = r/o 
ro=1.07X10-" cm, (19.1) 


and Ve(x), Vr(x) are dimensionless functions of 
t=pr, b= po=m,c/h, r=|r,—4,!|. The original Signell- 


Marshak values correspond essentially to 


A/M?=1,065835, B/Mc?=1.065835, p=po, 


C=30 Mev. (19.2) 


_ The work referred to previously* has shown that 
improvements in the fit to experimental data may be 
obtained by adjusting the depth parameters A, B, 
and C and the range 1/u of the Signell-Marshak 
potential and including infinite repulsive cores for 
certain states without changing the shape of the 


*K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 





central, tensor, and spin-orbit potentials.?* Two such 
improved potentials were used in the present work; 
they will be referred to as Potentials I and IT. 

The following parameters were used for both poten- 
tials. 

For triplet-odd states the Signell-Marshak values 
as in (19.2) were used with 


Core radius x¢=0.408 (triplet-odd). (20.1) 


The repulsive core is necessary in these states as 
otherwise the *P, state would be bound. For the 
singlet even states the values 


A/(Mc?)=0.78875, w=0.84p0, 
no core (singlet-even) 


(20.2) 


were employed. The distinction between Potentials I 
and II entered in the treatment of triplet-even states. 
Since there is no direct evidence for the existence of 





26 Actually there was a slight change in the shape of the spin-orbit 
potential since a rounded cutoff was used for r <r, re=h/Mc=0.21 
X 10-3 cm, instead of the straight cutoff used by Signell and 
Marshak. However, the effect of this change is negligible since the 
spin-orbit force is important only in the triplet odd states and in 
these states an infinite repulsive core was used out to x=0.408. 
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Taste IV. Radial matrix elements in units of 10-4 cm and additional phase shifts in degrees from Potential IT. 


ee 

E, (Mev)* 22.2 32.2 62.2 102.2 152.2 177.2 
Io/N 0.4163 0.2174 0.06210 0.02606 0.01395 0.01133 
1,/N 0.9076 0.6785 0.3852 0.2303 0.1422 0.1150 
Tua?/N 0.6924 0.4719 0.1745 0.06755 0.02156 0.00931 
Tug/N 0.1462 0.1339 0.09312 0.06321 0.04557 0.03895 
Tva*/N —0.04244 —0.05595 —0.06641 0.06358 0.06396 —0.06504 
1,g¢/N 0.1593 0.1613 0.1458 0.1175 0.08400 0.07658 
QD2/N 0.1276 0.1079 0.05935 0.02344 0.003673 —0,001460 
Qua'/N — 0.008687 —0.009948 —0.01126 —0.01048 0.009270 —0,008877 
Qus'/N —0.001076 —0.001694 —0.003601 —0.005181 — 0.006095 —0.006302 
Ova! /N 0.007283 0.006859 0.01016 0.01054 0.009526 0.009067 
Ovg!/N 0.09887 0.08601 0.06414 0.05808 0.04895 0.04762 
Qua?/N 0.06230 0.05615 0.03902 0.03259 0.03017 0.02932 
Qug?/N 0.08938 0.07457 0.05000 0.02674 0.008868 0.003142 
Ova®/N —0.01985 —0.02504 —0.03869 —0,04928 0.05403 —0.05483 
Ove ?/N 0.01471 0.02040 0.02545 0.02548 0.02256 0.02074 
M'p/N 0.01750 0.02056 0.02148 0.01733 0.01198 0.01087 
M..'/N —0.006292 —0.006077 —0,.005335 —0.004482 0.003687 —0,003320 
Mys/N —0.01135 —0.01280 —0.01410 —0.01383 0.01291 ~0.01240 
Moa'/N 0.008512 0.006001 0.005278 0.004485 0.003673 0.003327 
M »g1/N 0.01155 0.01283 0.01376 0.01383 0.01304 0.01240 
M,/N 0.09113 0.06247 0.03056 0.01681 0.01006 0.008313 
Mp/N 0.05313 0.06120 0.06722 0.06133 0.05014 0.04490 
&, 5.964 11.52 25.45 36.03 41.43 42.51 
6%; 67.52 56.22 35.46 18.75 4.560 — 1.032 
#, — 6.263 — 10.54 — 20.70 30.25 39.03 42.54 
€) 3.938 2.284 0.6551 0.9242 2.426 — 3.067 
5%; —0.7140 — 1.504 —4.876 8.072 11.21 — 12.59 
5; 0.9041 2.137 7.745 13.74 19.19 21.10 
€3 — 55.38 — 54.22 —61.85 ~ 68.83 74.23 —76.41 





* The value of N? 


the spin-orbit potential for these states the spin-orbit 
potential depth parameter was given the value C=0 
for Potential I and the value 30 Mev as in (19.2) for 
Potential II. The central and tensor depth parameters 


were adjusted to give correct binding energy and 
scattering length in both cases. This resulted® in 
A/Me=B/M2=1.08017, C=0, p=w0, 
no core (Potential I) (20.3) 
A/Mé?= B/Mce?=1.17723, C=30 Mev, 
=o, nocore (Potential II). (20.4) 


The amount of D wave in the ground-state wave 
function predicted by these two potentials is 6.8% for 
Potential I and 6.1% for Potential II. Numerical 
values of the radial integrals are given in Tables III 
and IV. The radial matrix elements are defined essen- 
tially in accordance with the convention used by 
Austern,? i.e., as in Eqs. (13.7) to (13.10) of the text 
above. The values entered in the tables are not directly 
the matrix elements of Eqs. (13.7) to (13.10) but these 
quantities divided by a number N defined in the 
footnote to Tables III and IV. In the zero-range 
approximation V?= 2y. 


VII. NUMERICAL CALCULATIONS 


As mentioned in the Introduction, five approxima- 
tions as listed in Table V were used in order to investi- 
gate the relative importance of the various transitions. 
The calculations were carried out using the amplitudes 


needed for the calculation of cross section and polarization for Potential II is 


7.681 X10" 


given in Sec. V. Two procedures were followed. In the 
first, numerical values of matrix elements and 
phase-shifts were substituted into the amplitudes and 
formulas for a(@,¢) and oP’(@,~) obtained in terms of 
6 and ¢. In the second procedure, the amplitudes were 
reduced completely to complex numbers by substituting 
values for @ and ¢ and o(@,~) and oP’(6,¢) obtained 
numerically. The values of @ and ¢ used in the second 
procedure chosen so as to provide a 
complete numerical check on the formulas. 

The components of polarization were computed 
along the directions of the axes of the primed coordinate 
system shown in Fig. 1. 


the 


were always 


In approximation A and B, 
o=agt+bz sin’6(1+cos2¢), (21.1 
oP,'=Br sind sin2¢, (21.2 
oP,'= Bg sin cos6(1+-cos2¢), (213 


TaBLe V. Transitions added in successive approximations. 
- — = — —————~ es 
Transitions Approximations 
FE.1: @S,4+5D,) > *Po, *Pi, @P2+5F A* and B 
M1: (85,+D,) — 'So, 1D C 
M1: @S,+*D,) (85,+3D;), *De D 
E2: (§8;45D,) + @D,+4S;), ‘D2, ®Ds+3G E 
*For A the *P:—*F2 coupling is neglected. This appre imation 
liek pad neh calculate: af with oupling and substitutes the a 
parts of eigenstates originating adiabatically from pure P and F functios 


for these functions. 
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Taste VI. Angular distribution and polarization parameters in microbarns/steradian for protons in 

— approximations A and B. Suffixes 1 and 2 correspond to Potentials I and II. 
2 ———_——|— = ————— —— 
a Approximation A Approximation B 
~ E, (Mev) au biz Biz azz bog Bor az biz Big azz beg Bog 
S) a oo —— — — = intimal: 
931 22.2 4.68 50.7 5.55 4.30 51.6 5.46 4.92 51.0, 5.25 4.52 51.9 5.18 
895 322 5.06 28.1 5.28 4.81 28.4 5.19 5.42 28.3 4.87 5.15 28.6 4.80 
504 2 446 640 300 442 634 2.96 531 674 287 5.28 667 2.84 
658 22 300 140 1.50 3.01 142 1.48 395 179 160 386 185 1.58 
1460 1322 1.90 0.170 0.715 1.77 0.190 0.675 2.69 0.639 0.942 251 0.696 0.887 
8877 177.2 1.58 0.000 0.546 1.47 0.000 0.489 2.27 0.672 0.811 2.13 0.665 0.748 
6302 = — 
0067 ‘ —_—— =< —= ————— ————— ———= —— 
762 
os The 2’ component of P vanishes in these approximations. which gives for the total cross section 
433 The quantities ¢z, bz, and Bz are tabulated for protons . . 
074 he potentials. The subscripts on wT one 
087 in Table Vi for both the pote is. Lh scrip oretinbndt_. (24.2) 
3329 the coefficients indicate their origin in electric and 3 15 
~ magnetic transitions. In some of the latter improved 
40) approximations these designations are omitted in view The + sign (— sign) refers to protons (neutrons). 
8313 of the complexity of the origin of the coefficients. 
1) In approximation C, : : — : , ' 
o=agt+be sin?@(1+cos2¢)+au+by sin’é ai Ey+32.2 Mev 
X(1—cos2¢), (22.1) 

oP,'=Bg siné sin?g+ Egy siné cosé sin2 ¢, (22.2) 


—— | oP,/=Bz sind cosé(1+cos2¢)+A em sind 
+Eem sinécos2¢, (22.3) 
In th oP,'=Gey sin’é sin2 ¢, (22.4) 


S and 





with additional parameters for protons as in Table VII. 
°S and In approximation D 





o (8) in microbarns /steradian 





























rms of ae ee P 
oe | o=a+b sin’6+c cos#+/f sin*6 cos’ ¢. (23.1) 
tuting | These parameters are given for protons in Table VIII. 
‘ane’ | The three components of polarization in approximation 
econd D can be expressed as sob L \ al 
ide a ‘ : : \ 
oP,'=(F sind+E sind cos@) sin2¢, (23.2) ‘ 
20 Aoand B of 
am oP,'=A sind+B sin6 cosé+(E sind+F sind cos6) YA 
—_ Xcos2y, (23.3) lO Ma 
oP,'=G sin’ sin2¢, (23.4) 0 n n l ! ! 1 . J. 
0 60 120 180 
(21.1 with the parameters for protons given in Table IX. 6.4 in degrees 
1) In approximation E, aye 
she Fic. 2. Differential cross section for the D(y,m)p reaction with 
3 c=a+6 sin%+c cosé-td cos@ sin’?@+e sin’6 cos’é unpolarized gamma rays of energy 22.2 and 32.2 Mev in the 
Zl. tp : é laboratory system for Potential I. The experimental points are 
+cos2¢( f sin’@+d cos@ sin’@+e sin?@ cos?@), (24.1) due to L. Alien, Jr.’ 
ns 
= TABLE VII. Additional angular distribution and polarization parameters in microbarns/steradian for 
stions proton in approximation C. Suffixes 1 and 2 correspond to Potentials I and IT. 
B P “ —— — ——— = ——— ———- 
“y Mev aim bia Aig Eigm Gir dom box Asem Exe Goem 
| SS SS — em = ————— ——— — —_—_—— ————-- - $$$ —$$—___— 
22.2 0.308 0.737 —4.69 —1,22 —3.48 0.297 0.676 —4.57 —1.29 —3.32 
| 32.2 0,0969 0.838 —2.99 0.330 — 1.87 0.0896 0.779 — 2.89 0.290 —1.75 
= | ae 0.0210 0.886 —1.40 1.38 —0.762 0.0375 0.834 —1.33 1.36 —0.715 
22 0.0939 0.769 —0.853 1.33 —0.565 0.0990 0.690 —0.791 1.26 —0.547 
J, sz 0.124 0.579 —0.618 1.03 —0.486 0.118 0.483 —0.547 0.929 —0.460 
tiene 72 0.121 0.492 —0.533 0.874 —0.473 0.112 0.399 —0.469 0.776 —0.438 





——— 
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TaBie VIII. Angular distribution parameters in microbarns/ 
steradian fcr protons in approximation D. Suffixes 1 and 2 corre- 
spond to Potentials I and II. 








E, 

Mev a) b, C1 ti a2 be C2 fe 
22.2 5.35 51.7 1.49 50.2 496 335 13% S12 
32.2 5.68 29.1 1.85 27.6 5.40 293 1.72 27.9 
62.2 5.58 7.56. 2.04 5.89 5.54 7.44 1.94 5.87 

102.2 4.29 2.51 1.63 1.06 4.18 2.50 1.54 1.20 

152.2 3.04 1.16 1.21 0.105 2.84 1.13 1.08 0.262 

177.2 2.62 1.11 1.09 0.231 244 1.01 0.960 0.315 


These parameters and the total cross section are shown 
in Table X. 

The three components of the polarization in approxi- 
mation E can be expressed as 


oP,'=(Lsiné+M siné cosé+N siné cos’) sin2y, (24.3) 


oP,'=A sind+B sin@ cosé+C siné cos’6 
+ D siné cos*@+-cos2 ¢(E sind+F sin@ cosé 
+C sin@ cos*é+ D siné cos*@), (24.4) 


oP,'=(G sin’*@+H cosé sin’6) sin2¢. (24.5) 

These coefficients are shown in Table XI. Since there 
is a difference between the proton and neutron coeffi- 
cients for polarization, they have been distinguished by 
the designations (p) or (mz). These parameters are not 
all independent since E+C=M. The results for 
unpolarized y rays are obtained by integrating over ¢. 
In this case P,’ and P,’ vanish as is required by parity 
conservation. 

The different approximations for o(@) for the case of 
unpolarized y rays using Potential I are shown for 
E,=22.2 and 32.2 Mev in Fig. 2, for 62.2 and 102.2 in 
Fig. 3, and for 152.2 and 177.2 Mev in Fig. 4 together 
with some available experimental values.2” The corre- 
sponding results for P(6) are shown in Figs. 5, 6, and 7. 
No experimental values are available in 


this case. 


27 The published values in Allen’s paper are raised by 9% in 
accordance with advice from Professor A. O. Hanson of the 
University of Illinois, based on his correspondence with Dr. L. 
Allen and J. E. Leiss and employment of a new National Bureau 
of Standards photon flux calibration. Thanks are due to the three 
gentlemen just mentioned for looking up old records and ascertain- 
ing the best absolute intensity calibration. The possibility of such 
an error in the calibration has already been noted in Allen’s paper 
(reference 3). 
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ao (8) in microbarns /steradian 
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120 180 
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Fic. 3. Differential cross section for the D(-y,n)>p reaction with 
unpolarized gamma rays of energy 62.2 and 102.2 Mev in the 
laboratory system for Potential I. The experimental points ¢ 
various investigators are represented as follows: Circles for thos 
of L. Allen, Jr., at 66 Mev; squares for those of E. A. Whalin 
B. D. Schriever, and A. O. Hanson at 65 and 105 Mev; Triangles 
for those of J. C. Keck and A. V. Tollestrup at 105 Mev; open and 
solid inverted triangles for those of J. A. Galey at 60 and 65 Mey 
respectively. 


Although graphs of the results for the two intermediate 
energies, 62.2 and 102.2 Mev, have been published 
previously,‘ the inadvertent omission of £2(*D,; Dj), 
J=1, 2, 3 transitions together with an incorrect sig 
of M1(@D,—%D.) matrix element combined with a 
9% increase’ in Allen’s cross sections produces 4 
nonnegligible difference in the graphs which are being, 
therefore, published in revised form. 

The calculations using Potential II, as is evident 
from the tables, give essentially the same results # 
those for Potential I. It is found that most of the 
difference enters in approximation E and that ths 
difference increases with increasing energy. In Figs. 
and 9 the results for angular distribution and polaria- 
tion of the two potentials at 152 and 177 Mev yt 
energies in approximation E are compared. 


TABLE IX. Polarization parameters in microbarns/steradian for protons in approximation D. 
Suffixes 1 and 2 correspond to Potentials I and II. 








E, Mev Ay B, Ey F, G; 
22.2 —3.85 5.01 —0.076 5.59 —2.13 
32.2 —2.56 4.64 1.19 5.10 —0.446 
62.2 —1.55 2.66 1.80 3.07 0.493 

102.2 —1.11 1.39 1.62 1.80 0.222 
152.2 —0.778 0.738 1.31 1.15 —0.130 
177.2 —0.658 0.615 1.15 1.01 —0.243 


Az B, Ex F, G; 


=e 4.95 0.157 5.41 —1.98 
~2.55 4.59 1.01 5.01 — 0.393 
~1.54 2.65 1.68 3.03 0.474 
—1.05 1.38 1.50 1.78 0.159 
—0.670 0.693 1.18 1.08 —0.179 
~—0.571 0.565 1.02 0.930 0.282 
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Tasue X. Angular distribution parameters and total cross section for protons and neutrons in approximation Z. The parameters are 


in microbarns/steradian and @7 is in microbarns. Suffixes 1 and 2 correspond to Potentials I and II. 


aler) a by C1 d e1 fi or(1) 
m2 544 SIS 1.93 15.8 1.22 50.2 502 
2 «5.81 29.0 2.38 11.1 1.08 27.5 318 
622 573 7.37 2.52 445 0.680 5.84 135 
22 440 237 198 2.00 0.403 1.02 75.9 
1922 313 106 149 102 0.219 0.0823 48.6 
1772 270 101 1.37 0.880 0.174 0.210 42.7 





a2 be C2 dz €2 fi or(2) 
5.01 52.4 1.75 16.2 1.27 51.2 504 
ee & 249 ts 1.10 27.8 316 
5.66 7.28 2.42 4.23 0.630 5.83 133 
4.27 2.39 1.93 1.76 0.340 1.18 74.3 
2.89 1.07 1.41 0.821 0.173 0.258 4.56 
2.48 0.97 1.28 0.706 0.140 0.317 39.6 


| 
| 
| 
| 








VIII. DISCUSSION OF THE RESULTS 


The results for o in approximation A are reasonably 
consistent with those of de Swart and Marshak for a 
slightly different potential. The values of P with 
unpolarized 62-Mev gamma rays are qualitatively 
similar to those of Czyz and Sawicki from a less accurate 
calculation.” The results reported on here compare 
very well with those of de Swart, Czyz, and Sawicki” 
if the M1 to triplet transitions are not included and 
certain other interference terms also not considered by 
them are removed from results reported on here. 

Comparison of approximations C and D for o shows 
appreciable effects of the inclusion of M1 transitions to 
triplet states above 60 Mev and for P these effects are 
seen to be major. Similarly the effect of including E2 is 


TaBLE XI. Polarization parameters in microbarns/steradian 
for protons and neutrons in approximation F. Suffixes 1 and 2 
correspond to Potentials I and II. 


E 


Mev) 22.2 32.2 62.2 102.2 152.2 177.2 
Alp) —3.87 -2.55 -1.58 1.21 —0.915 —0.809 
Ai(n) —5.50 ~3.44 —1,22 —0.492 —0.321 —0.257 
Bi(p) 4.66 4.48 2.60 1.24 0.560 0.441 
Bi(n) 6.03 5.35 2.92 1.54 0.912 0.802 
Ci(p) 0.738 0.819 0.845 0.753 0.590 0.553 
Ci(n) —0.738 0.819 —0.845 —0.753 0.590 ~0.553 
Di(p) —0.0103 0.0241 —0.0027 0.055 0.085 0.0897 
Di(n) —0.0103 —0.0241 —0.0027 0.055 0.085 0.0897 
Ex(p) —0.i170 1.07 1.60 1.41 1.13 0.984 
Ex(n) —2.28 —0.411 1.16 1.24 0.934 0.763 
Fi(p) 5.22 4.95 2.96 1.72 1.14 1.03 
Fi(n) 5.57 5.02 2.85 1.51 0.823 0.699 
Gi(p) —2.21 —0.561 0.409 0,220 —0.0821 —0.186 
Gi(n) 4.74 —3.19 —1.93 —1.35 —0.889 —0.760 
Hi(p) —0.477 —0.295 —0.106 —0.119 —0.157 —0.162 
Hi(n) 0.789 0.636 0.434 0.349 0.274 0.233 
Li(p) 5.46 5.10 3.07 1.75 1.05 0.897 
Li(n) 5.07 4.71 2.83 1.65 1.01 0.874 
Mi(p) 0.567 1.89 2.45 2.17 1.72 1.54 
Mi(n) —3.02 —1.23 0.311 0.490 0.343 0.211 
Ni(p) 0.252 —0.170 —0.111 0.027 0.174 0.222 
Ni(n) 0.490 0.288 0.0186 —0.092 ~0.101 —0.086 
Ax(p) 3.82 —2.62 —1.65 —1,22 —0.834 —0.730 
Arn) —5.33 —3.17 —1,03 —0.365 —0.260 —0.209 
Bx(p) 4.59 4.40 2.52 1.16 0.484 0.370 
B:(n) 5.95 5.23 2.88 1.56 0.947 0.825 
C2(p) 0.874 0.966 0.938 0.789 0.535 0.443 
Cx(m) 0.874 —0.966 —0.938 —0.789 —0.535 —0.4434 
Dx(p) 0.0123 0.0076 0.0409 0.0967 0.0930 0.0837 
Dx(n) 0.0123 0.0076 0.0409 0.0967 0.0930 0.0837 
Exp) 3.14 0.816 1.42 1.24 0.973 0.839 
Es(n) —2.26 —0.236 1.30 1.28 0.885 0.712 

2(p) 5.12 4.83 2.90 1.69 1.08 0.955 
F:(n) 5.50 4.91 2.76 1.41 0.723 0.60: 
Cal) —2.05 —0.492 0.414 0.181 —0.115 —0.185 
Fis) —4.60 —3.01 —1.85 —1,28 —0.805 —0.693 
a) -0.428 -—2.64 —0.112 -0.143 -0.230  —0.262 
Le 0.751 0.597 0.395 0.341 0.292 0.281 
ta(p) 5.34 4.97 3.02 1.70 0.970 0.812 
us) 5.02 4.66 2.83 1.66 0.971 0.835 
yi) 0.560 1.77 2.36 2.03 1.51 1.28 
ve) —3.14 —1.20 0.359 0.495 0.350 0.269 
vi) —0.232 —0.164 —0.0790 0.0871 0.207 0.227 
Na(n) 0.493 0.261 —0.0227 —0.155 —0.155 —0.151 





| 
| 
| 
| 





appreciable for o even at 32 Mev and is non-negligible 
for P at 62 Mev. 

With regard to the comparison of o with experimental 
values, the calculated results at the lower energies 
appear to be somewhat too large. It may be relevant to 
note that for some of the experimental data the results 
of the various investigators do not always agree within 
the limits of the claimed experimental error. 

At 152 Mev the results agree rather well with 
experiment while at 177 Mev the calculated values are 
too small. However, it is felt that comparison with 
experiment at these high energies is not very significant 
since the semiphenomenological potentials give very 
poor values for scattering at these energies and the form 
of the electromagnetic interaction used is probably not 
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Ey=177.2 Mev 








o (@) in microbarns /steradian 
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Fic. 4. Differential cross section for the D(y,m)p reaction with 
unpolarized gamma rays of energy 152.2 and 177.2 Mev in the 
laboratory system for Potential I. The experimental points of the 
various investigators are represented as follows*: squares for 
those of E. A. Whalin, B. D. Schriever and A. O. Hanson at 149 
Mev; triangles for those of J. C. Keck and A. V. Tollestrup at 
155 Mev; circles for those of D. R. Dixon and K. C. Bandtel at 
182 Mev. 
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Fic. 5. Percentage polarization of protons from the D(y,n)p 
reaction with unpolarized gamma rays of energy 22.2 and 32.2 
Mev in the laboratory system for Potential I. 
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Fic. 6. Percentage polarization of protons from the D(y,m)p 
reaction with unpolarized gamma rays of energy 62.2 and 102.2 
Mev in the laboratory system for Potential I. 
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valid so close to or above the meson thresholds 
Furthermore, the effect of including retardation temns 
may produce appreciable effects at the higher energies 
Agreement with experiment appears to be better than 
could be expected considering uncertainties jn th 
theory. 

The relatively small difference between Values 
calculated by means of Potentials I and I] appears 
noteworthy in corroborating the view that the spin-orbit 
potential in triplet-even states may be absent. Theg 
findings are in agreement with the fact that the typ 
potentials agree about equally well with scattering 
data.§ It may be noted that at 22 and 32 Mev the 
results for o depend almost entirely on E1 transitions, 
so that experiments on the polarization at these energies 
would be most useful in order to investigate the form 
of the M1 interaction. 
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Fic. 7. Percentage polarization of protons from the Dh 
reaction with unpolarized gamma rays of energy 152.2 and t//- 


Mev in the laboratory system for Potential I. 
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Fic. 8. Comparison of differential cross sections in approxima- 
tion E for Potentials I and II. The energies of the unpolarized 
gamma rays are 152.2 and 177.2 Mev in the laboratory system. 
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APPENDIX. RELATION BETWEEN n-p SCATTERING 
ENERGY AND EQUIVALENT GAMMA- 
RAY ENERGY 


The n-p radial functions used in this work were 
computed for specified neutron kinetic energies in the 
laboratory scattering system. In this appendix a brief 
outline is given of the transformation to equivalent 
y-ray energies in the laboratory photodisintegration 
system. 

The photodisintegration will first be considered. 
Primed symbols refer to the center-of-mass (zero total 
momentum) system (K’), unprimed symbols to the 
laboratory system. The relative velocity of K and K’ 
is 8, the system K’ moving in the direction of the 
incident y ray with respect to K. 

For the y-ray frequency one finds 

v’ =v(1—g)*(1+,)-4, (Al) 
where 
B=a/(1+a); 


a=hv/Mpc’, (A2) 
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Fic. 9. Comparison of proton polarization in approximation E 
for Potentials I and II. The ordinates for the two unpolarized 
gamma-ray energies 152.2 and 177.2 Mev have been displaced to 
prevent overlapping of the graphs. The scale on the left- and 
right-hand sides belong to 155.2- and 177.2-Mev gamma-ray 
energies, respectively. 


and Mp is the deuteron mass 


Mp=2M—(e/c*). (A3) 


If one keeps only the first order term in 6 in Eq. (A1) 
one obtains the expression for the classical Doppler 
shift. However, 8 is of the order v*/c? as seen from (A2) 
so that a consistent approximation is not obtained 
unless the particles are treated relativistically. A 
straightforward calculation shows that the energies 
of the nucleons in the center-of-mass system are 
given by 


E,! = Ex! = (1/2)Mpe2(1+2a)}. (A4) 


Considering the scattering, the relation between the 
neutron kinetic energy in the laboratory system of the 
scattering experiment and its total energy in the 
center-of-mass system turns out to be 
Tiav"/ Mc? = 20 (E,’/Mc*)?—1]. (AS) 


By kinetic energy is here meant the difference between 
the total and rest mass energies. Using Eq. (A4) one 
finds 


hv=«(1—€/4Mc?)/ (1—«/2M cc’) 
+(1/2)Tian"/(1—«/2Mc*). (A6) 


Since «/2Mc?=1/850, the effects of this parameter are 
negligible and for practical purposes one may write 


hv=e+Tp"/2. (A7) 
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Experimental data are presented on the interaction in nuclear 
emulsions of K*+ mesons in the energy range 140-375 Mev. 

From an optical-modei calculation based on a Wood-Saxon 
potential (ro=1.15A! f, d=0.57 f), the real K nuclear potential V 
was found to be positive (or repulsive), varying from 18.5+3.3 
Mev at the lowest energy to 13.5+5.0 Mev at the highest energy. 
The value of the imaginary nuclear potential W changed with 
increasing energy from —12.9+1.4 Mev to —17.6+2.5 Mev. 

The K-nucleon cross section was derived from the imaginary 
nuclear potential and, under the assumption of the independent- 
particle model of the nucleus, the total K-neutron noncharge- 
exchange cross section ox,,* and the charge-exchange cross section 


I. INTRODUCTION 


HE object of this investigation has been to 

study the nuclear interaction of high-energy A* 
mesons. The K energy interval chosen was 140 Mev to 
375 Mev and the detector was nuclear emulsions.’ In 
this experiment, three stacks were exposed, one at the 
Cosmotron and two at the Bevatron, in separated Kt 
beams. A length of 286 meters of K track was followed 
and the events observed were classified, using standard 
emulsion techniques, as elastic scattering, inelastic 
scattering with and without K charge exchange, de- 
cays in flight, and K-hydrogen scatterings. The experi- 
mental results were found to be in general agreement 
with those reported by other investigators.?~“ 

The analysis of the results was directed at under- 
standing the K-nucleus and K-nucleon interactions and 
was, therefore, principally concerned with the elastic 
and inelastic K-nucleus scatterings. This study was 
carried out in three energy intervals into which the 
experimental results were divided. 

The basis of this analysis was the optical model of the 
nucleus.® In this model the nucleus is considered as a 
scattering center characterized by a Coulomb potential, 
a real nuclear potential V, and an imaginary nuclear 


* This ook was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 The initial results from this investigation were reported in a 
Letter to the Phys. Rev. 108, 1098 (1957), and in the 1958 Annual 
International Conference on High-Energy Physics at CERN, edited 
by B. Ferretti (CERN Scientific Information Service, Geneva, 
1958), in which all the available data were summarized by 
M. F. Kaplon, pp. 171-175. 

2D. Keefe, A. Kernan, A. Montwill, M. Grilli, L. Guerriero, 
and G. A. Salandin, Nuovo cimento 12, 241 (1959). In this paper, 
references to previous emulsion data at lower energies are given. 

*D. H. Stork, Proceedings of the International Conference on the 
Nuclear Optical Model, The Florida State University Studies, No. 
32, edited by A. E. S. Green (The Florida State University, 
Tallahassee, 1959). 

*O.R. Price, D. H. Stork, and I. I. Rabi, Phys. Rev. Letters 1, 
212 (1958); D. Fornet Davis, N. Kwak, and M. F. Kaplon, Phys. 
Rev. 117, 846 (1960). 

5S. Fernbach, R. Serber, and T. B. 


Taylor, Phys. Rev. 75, 
1352 (1949). 


oKa® were determined. It was found that ox ,* decreases with j 
creasing energy from 12.1+1.6 mb to 8.1+1.5 mb, whereas or 
increases from 4.6+1.2 mb to 10.34+2.4 mb. 

A phase-shift analysis using the total cross sections ox,’ (t 
K-proton cross section), ¢xn°, up (the average K nucleon cro 
section), and V for P-wave contribution j in iso. 
topic spin state 7 =0 and permitted an investigation of the angyly 
distribution for K*-neutron scattering. 

Charged r-meson production by K* 
and the K-nucleon cross section at 
estimated to be ~1 


gave evidence 


mesons has been observed 


~280-Mev K* energy wa 


7 mb 


potential W. From a comparison of experimental results 
on elastic and inelastic scattering with those calculated 
the values of V and W were evaluated, and from the 
best-fit value of W the average K-nucleon cross section 
was determined. 

The fundamental A-nucleon interactions which have 
been assumed are those predicted by the scheme o 
Pais,® Gell-Mann,’ and Nakano and Nishijima.5 They 
may be written as follows: 


K++p— Kt+p, I 
Kt+-+n— Kt-+n, ! 
K++n— K°+ p, 
where A+ and K° are the two charge states of the { 


meson (strangeness= 1, isotopic spin=}, and spin=( 


and where n and # represent neutron and proton. 
Under the assumption of the independent-partic 
model of the nucleus, and from experimentally deter 
mined K-hydrogen,’ inelastic A-nucleus, and K-nuclews 
charge-exchange the total cross sections 
for reactions (2) and (3 
Reaction (1) occurs in isotopic spin state T=1 and 
reactions (2) and (3) occur in isotopic spin states T=! 
and 7 =0. If we assume S- and P-wave scattering onl 
the three processes may be described by six pha 
shifts corresponding to six scattering amplitudes. The 
total cross for the reactions and the 
nuclear potential V are related to these phase shills 
Using these relations and the available experiment 
data, values for the phase shifts were obtained. Fron 
these values, the differential 
for the above reactions have been estimated. 


Cross Se¢ tions, 
were obtained. 


section above 


scattering. cross sections 


6 A. Pais, Physica 19, 869 (1953 
7M. Gell-Mann, Phys. Rev. 92, 833 (1953 
8 T. Nakano and K. Nishijima, Progr. Theoret. Phys. (Japa 


10, 581 (1953). 

9T. F. Kycia, L. I. Kerth, and R. G. Baender, 4" ee 
Soc. 4, 25 (1959), and Phys. Rev. 118, 553 (1960); T. F. Kyat 
thesis, University of California Radiation ny a Report 
UCRL-8653 (unpublished). 
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Incident K*-meson 


Total length 


(Mev/c) (cm) . 
— 3 4 5 6 7 8 9 a 2 2 
Kr 
mesons 
per mm 
Target of 400-4 Average 
length Angle Estimated Length plate ratio 
Experi in beam of Kt _ effective of be- Exposure (aver- min 
mentally Momen direc- beam to solid angle ryllium in No. of aged __ tracks 
Ex deter- tum Accel- tion Target proton ofaccept- First Second de-  protonson over toKt 
pected mined* spread> erator (cm) material beam ance® system system grader target 2in.) tracks 
520 515 +25 Cosmo & Cu 33” 0.0005 320 320 5 1X 10% 1.3 35 
625 622 +12 Beva 3.2 Cu 53° 0.001 568 626 67 8x10" 0.9 3 
700 720 +14 Beva 3.2 Cu a 0.001 568 626 58 1x10" 1.9 9 


* Best estimate of the average incident K-meson momentum. 


> Calculated from magnet dispersion in experimental arrangement. The values determined from the K range distribution were +15 Mev/c for the 
622-Mev/c stack and +20 Mev/c for the 720-Mev/c stack. A less accurate value for the 515-Mev/c stack was ~+26 Mev/c (see text). . 
¢ In making this estimate no account was taken of losses in the degrader due to inelastic K-nucleus scattering or to wide-angle elastic scattering. 


Multiple collisions of the AK mesons with nucleons 
occur in emulsion nuclei, and it is for this reason that a 
Monte-Carlo cascade calculation was performed. The 
results of the calculation compared quite well with the 
experimental data but were found to be insensitive even 
to gross changes in the K-neutron center-of-mass angu- 
lar distributions. The method was useful in estimating 
the number of inelastic scatterings that were mis- 
classified as elastic. It also served as a means of deter- 
mining the effect of multiple A-nucleon collisions in 
nuclei on the observed relative number of charge-ex- 
change events. 

In addition to the interactions (1), (2), and (3), 
given the high energy of the incident K particles, z- 
meson production is possible, and it is not in discord 
with the above-mentioned theoretical schemes. The 
reactions predicted would be similar to those above, 
but with a x meson of appropriate charge as an addi- 
tional reaction product. A total of three examples of 
production have, thus far, been reported; one of these 
was observed in this experiment. From the combined 
data and from a Monte-Carlo phase-space calculation, 
an estimate of the cross section for charged-pion pro- 
duction in K+-nucleon encounters has been obtained. 

The possibility that interactions exist which might 
violate the scheme of Pais, Gell-Mann, and Nakano 
and Nishijima has been carefully considered during the 
analysis of each event. No evidence has been found to 
affirm their existence. 


II. EXPERIMENTAL 
A. Exposures 


In this experiment three pellicle stacks of nuclear 
emulsion were exposed in ‘“‘separated’’ beams using two 
experimental arrangements. The one illustrated in 
Fig. 1 was designed with Dr. D. Meyer and used at the 
Cosmotron to expose at a final K-particle momentum of 
315 Mev/c. The other system was designed by Dr. 
D. H. Stork and Dr. J. H. Mulvey and used at the 


Berkeley Bevatron to expose at 622 Mev/c and 720 
Mev/c K-particle momentum. 

The details of these systems and the resultant beams 
are given in Table I. 

The average momentum and momentum spread as 
calculated from the geometry of the experimental ar- 
rangement are listed in columns 1 and 3 of Table I. The 
momenta have also been determined from measurements 
made in the emulsions stacks exposed. 

In the two exposures at 622 and 720 Mev/c, auxiliary 
stacks were placed to the rear of the main stacks to 
bring the A+ mesons to rest. From the range distribu- 
tion of K+ mesons entering in a ‘two-inch length along 
the leading edge of these stacks and within a 20° cone, 
an average range of the K mesons incident on the main 
stack was determined. The corresponding average 
momenta were taken from the range-momentum curves 
of Atkinson and Willis."° The histograms for these range 
distributions appear in Fig. 2. The values so obtained, 
believed to be the most accurate determination of the 
average incident momentum, are listed in column 2 of 
Table I. 

The incident momentum may also be determined in 
the same stack in which the K interactions are studied: 
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Fic. 1, Experimental arrangement for nuclear-emulsion 
exposure at Cosmotron. 


J. H. Atkinson and B. H. Willis, University of California 


Radiation Laboratory Report UCRL-2426, 1957 (unpublished), 
Vol. II. 
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Fic. 2. Range distribution in nuclear emulsion for incident Kt 
mesons: (a) 622-Mev/c exposure, (b) 720-Mev/c exposure. 


(a) from multiple-scattering measurements on the K 
tracks near the leading edge of the stack, (b) from de- 
termination of the specific ionization by normalized 
grain counts on incident K-particle tracks. 

Both methods were employed in the determination 
of the incident K momentum for the stack exposed at 
the lowest momentum. The momentum distributions 
obtained from these methods appear in Fig. 3. As no 
K-range determination was provided for in this ex- 
posure, the value determined from Fig. 3 was taken as 
the average incident-K momentum. The value is listed 
in column 2 of Table I. 

The momentum spread of the K beam, which was 
previously calculated from the dispersion in the magnet 
systems and from the degrader size, may be checked 
using the observations on K ranges and subtracting 
out the effect of range straggling. The value obtained 
for the stack exposed at 622 Mev/c is +15 Mev/c and 
for the 720-Mev/c stack is +20 Mev/c. Both figures are 
larger by 20-30% than the values given in Table I, 
indicating the existence of an additional spread in mo- 
mentum possibly produced by the long degrader. The 
momentum spread for the 515-Mev/c stack was evalu- 
ated from the distributions of Fig. 3(b). It was found 
to be ~ +26 Mev/c which is in good agreement with the 
value listed in Table I. 


B. Stack Preparation and Scanning 


The three stacks used were composed of Ilford G5 
pellicles 400 thick. The stack dimensions were en- 
larged as the incident momentum increased. For the 
515-Mev/c exposure 36 pellicles 3 in.X4 in. were used, 
for the 622-Mev/c exposure 108 4-in. X 8-in. pellicles were 
used, and for the 720-Mev/c exposure 136 4-in. X8-in. 
pellicles were used. For ease in scanning, the stacks were 
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exposed so that the incident K beam was Paralle| 
(within 1°) to the emulsion plane and also appro. 
mately perpendicular to the leading edge of the stag 
Following exposure, the stacks were disassembled and 
on each emulsion a coordinate grid was printed on th 
surface which was to be placed in contact with the glass 


plate. The pellicles were then mounted on glass ang | 


processed using BNL’s standard technique." 
Scanning for K tracks was then begun along the lead. 
ing edge of each plate and at a distance of 2 mm froy, 
the edge for the 515-Mev/c stack and 8 mm from th 
edge for the 622-Mev/c and 720-Mev/c stacks, Ask 
tracks had an ionization of 1.25-1.45 times the min. 
mum value, and as the background tracks were eithe 


denser or lighter, the scanning consisted in selecting | 


beam tracks in the appropriate grain-density region 
To reduce to a minimum the number of backgrounj 
tracks selected, a grain count on each track of +3 
grains was made. If the count lay within the expected 
limits, track following and scanning along this K trac 
was begun. If possible, this was continued to near th 
trailing edge of the stack, i.e., a total of 9 cm in th 
515-Mev/c stack and of 18 cm in the 622- and 7. 
Mev/c stacks. At this point, and also when the track 
was abandoned” or an interaction or decay occurred, 
a new grain count of ~300 grains was made, and this 
value also had to lie within the limits expected fora 
K meson. 

During the tracing of tracks through the stacks the 
following events were recorded : 
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Fic. 3. Momentum distribution for incident K* — 
515-Mev/c exposure: (a) from multiple scattering measureme® 
(b) from ionization (g/go) measurements. 





1 J. F. Garfield, Phot. Sci. Eng. 2, 85 (1958). ts 

1 To increase the track-scanning speed, the track wee 
doned if its projected length in a single emulsion became ™* 
than 2 mm for the 515-Mev/c stack and 5 mm for the 622-a 
720-Mev/c stacks. 
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INTERACTION OF Kt 

(a) Abrupt deviations or single scatterings of pro- 
jected angle 2 1.5°. (This limit was increased to 22 
in the scanning of the 515-Mev/c stack.) These events 
were preliminary classified as elastic scatterings unless 
either a noticeable increase in grain density was seen, 
or the event was accompanied by other ionizing tracks 
(including low-energy electrons and/or blobs); in such 
cases it was Classified as inelastic. 

(b) Cases in which there was a noticeable reduction 
in grain density of the track, usually accompanied by a 
change in projected angle. These were tentatively called 
decays in flight. 

(c) Events not classifiable as elastic scatterings or 
decays in flight, which were called inelastic events. 


On observation of an event it was classified as indi- 
cated above, and a drawing and the measurements of 
projected and dip angles of all tracks in the event were 
made and their values recorded. 


C. Analysis 


In order to classify events as (a) elastic scattering, 
(b) inelastic scattering with secondary K+ meson, (c) 
inelastic scattering with no visible K meson (assumed 
to be charge exchange),'* (d) decays in flight, and (e) K- 
hydrogen scatterings, an accurate analysis of each event 
was required. The analysis consisted in the identification 
of charged particles and in the determination of the 
range in emulsion or of the velocity at emission of sec- 
ondary charged particles. 

During this analysis, all events were again carefully 
scrutinized for missing tracks and all drawings and 
previous measurements checked. 

The methods used in track analysis were, in all cases 
but one, standard emulsion techniques. Therefore, these 
will only be summarily mentioned, the exception being 
dealt with in slightly greater detail. 

Secondary particles leaving the emulsion stack before 
coming to rest were usually identified by observing the 
variation in specific ionization along the track as deter- 
mined by the normalized grain count g/go where go is 
the average grain density of minimum tracks near the 
track of interest. In each measurement at least 600 
grains along the track and 1200 grains along minimum 
tracks at the same depth in the emulsion were counted. 
The 8/go Vs range curves for the three emulsion stacks 
with relative calibration points are displayed in Fig. 4. 
Although the calibration utilized tracks of pions, muons, 
protons, and K+ mesons, all points were transformed so 
as to correspond to particles having a K-meson mass. 

Another standard method that may be utilized for 
mass determination of nonending particles is multiple 





" The fact that these events are indeed charge-exchange events 
ee ?: or in a recent counter experiment: M. N. 
fad, K. KE. Lanou, Jr., V. Cook, Jr., and R. Bi Phys. 

Rev. 118, 300 (1960). . on te 
The K*-meson rest mass used in the construction of these 


curves was 494.0 Mey. This value of the K+ mass was assumed 
oughout. 
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Fic. 4. Calibration curves for specific ionization-range measure- 
ment: (a) for 515-Mev/c stack, (b) for 622-Mev/c stack, (c) for 
720/c stack; calibration points referred to K-meson mass. The 
average minimum grain density Qo is also given. 


scattering vs g/g. measurement. This method was 
principally applied in determining the purity of the K 
beam selected by the scanners. 

Unstable particles ending in the emulsion stacks may 
be identified quite simply by observing their decay 
products, thus distinguishing K+ and 2+ mesons from 
protons. To use this as a means of identification, one 
must observe the decay products, which are often at 
minimum, with high efficiency. This was not found to 
be possible in all stacks used in this investigation. We 
were, in fact, able to apply this criterion convincingly 
only in the 515-Mev/c stack where the minimum grain 
density was 24.5/100 uw, where the background was 
low, and where the observation of minimum tracks 
was therefore quite efficient. 
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Fic. 5. Integral number of gaps with projected length 20.44 
in a projected range from 200 to 1500 yu, plotted vs average dip 
angle in 400-» thick emulsion: (a) for 622-Mev/c stack, (b) for 
720-Mev/c stack. Measurements on tracks which were identified 
by this method are indicated by @ without additional marking. 
Calibration points are marked by X for protons and | for Kt 
mesons. 


In the 622-Mev/c and 720-Mev/c stacks the back- 
ground was high and the minimum low (see Fig. 4), 
and thus for these stacks another method of identifica- 
tion for stopping particles was necessary. The integral 
gap-count method was used but was modified to permit 
greater speed in application.'® It consisted in the deter- 
mination of the integral number of gaps of projected length 
20.4 uw over a projected length of the track beginning 
at 200 u and extending to 15004 from the end of the 
range. The average dip of the track in degrees (re- 
ferred to the original thickness of the emulsion) was 
also determined. The identity of the particle was 
established from a plot of this average dip vs the 
integral gap count. These plots are presented in Fig. 5. 
The average curves for K and proton are indicated to- 
gether with the measured points. 

As is evident from the curves, a single calibration in a 
stack, without normalization, is sufficient to identify 
tracks as K+ mesons or protons'® unless the average dip 
angle is less than 5° or greater than 80°. The method is 
most satisfactory for low levels of grain density as is the 
case for the 720-Mev/c stack (minimum grain density 
~14 grains/100 yz). For very flat or very steep tracks 
(and for a few doubtful events of the 515-Mev/c stack) 


% The modification on the standard gap-counting method was 
suggested by Mr. J. Greener. 

48 A satisfactory distinction between K+ meson and proton 
could still be made with measurements on 800 yu projected range, 
but the statistical errors were larger as the total number of gaps 
in each track was decreased by a factor ~2. 
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a direct comparison of gap counts with those of know: 
particles in the same area of the emulsion was made, 

Using these methods of particle identification, jt Was 
found possible to identify almost all secondary Particles 
having ranges >2 mm. In a few doubtful cases (~19) 
in which track identification was difficult due to short. 
ness of tracks leaving the emulsion or to irregularitie: 
in the emulsion, it was necessary to use “reasonable. 
ness” arguments based on the assumption that x 
mesons are scattered in nuclear matter but not absorbes 
These events may not be taken as evidence for » 
against the reaction schemes theoretically predicted, 

To classify events properly, a distinction must 
made between elastic scatterings and those inelasti 
scatterings in which the K meson loses a small amoup 
of energy (<60 Mev) but produces no visible nude 
disintegration. Using the most sensitive ‘measure ¢ 
change of energy or velocity, i.e., a change in th 
g/go of the track of the particle after the scattering, ani 
selecting those so-called “elastic” events whose scatter. 
ing angle was large and thus most probably inelastic’ 
(215° in the 515-Mev/c stack and > 10° in the 62. 
and 720-Mev/c stacks), a search for inelastic events 
was made. The number of misclassified events that 
were found in this search was small. A rough esti 
mate of the percentage of energy loss detectable in this 
way was 8% for the 515-Mev/c stack, 10% for th 
622-Mev/c stack, and 12% for the 720-Mev/c stack 
The further correction to the results for events with 
indetectable loss of energy will be discussed in a later 
section where the experimental results are compared 
with a Monte-Carlo cascade calculation. 

K-hydrogen scattering events could be identified 
with high efficiency because of their unique kinematic 
Their identity was established by determinations d 
angles, complanarity, and energies. 

With the aforementioned limitations we may nor 
classify the events in the four categories previous) 
indicated. A summary for stack appears it 
Table II. 

In critizing these results, one may in general question 
the efficiencies of observation. For elastic scatterings Wt 
have evaluated the observational inefficiencies in vanous 
angular intervals for each observer in each stack bys 
rescanning technique. The efficiencies were found tobe 
as small as ~50% in the projected angular interval 
2-3° and quite high at large angles, but strongly o 
server dependent.'® The results given later have beet 


each 


corrected for these scanning biases, whereas the results 


in Table IT have not. 








17 Inelastic scattering is unlikely at small angles (where th 
Coulomb scattering is significant), (a) because the solid angle § 
small, and (b) because the Pauli principle is most effective ! 
reducing the cross section at small angles where the momentum 
transfer is small. 4 

18 For scattering angles less than 4°, uncertainties in the 
rection may possibly have affected the results by ~10%. 


larger angles the corrections are small and the uncertaintis 
negligible. 














* These 
b This 
¢ This 
4 This 
¢ From 
sec. Fron 
{The J 
for the 51 
for the 62 


for the 72 


The 
low gr 
comes 
becom 
minim 
was [ 
grains 
(go= 1 
ticulay 
made 
in fac 
differe 


The 
to th 
Altho 
partic 
of (1. 
of K I 
stars 
still ] 
meso. 
lowed 
tion | 
parti: 
folloy 
from 
mari 
this 1 

On 
detec 
was | 


In 


each 


8 ¢ 





NOW, 
ide, 

it Was 
ticles 
~ {0 
short. 
iTitie 
lable. 
t K 

bed 
OF or 
ed, 

st b 
lastic 
10unt 
clear 
re of 
1 the 
, and 
ater. 
tic!” 
62). 
vents 
that 
esti: 
1 this 
r the 
tack 

with 
later 
vared 


fie 
ALICS 
1s of 


now 
yusly 


s in 


stion 
S We 
rlous 
by a 
ob 
val 
Ob 
been 
sults 


> the 
gle 8 
ve i 
ntum 


Cor 


nties 











INTERACTION OF K*+ 


MESONS WITH 


EMULSION NUCLEI 1903 


TaBLeE II. Experimental results for each emulsion stack. 








Stack 


Length of K track followed, m 

Elastic scatterings* 

Decays in flight 

K-meson lifetime from decay in flight, sec® 
Noncharge-exchange inelastic scatterings 
Charge-exchange scatterings 

K-hydrogen scatterings‘ 

K-hydrogen cross section, mb 


+ These are observed values which have not been corrected for scanning biases due to limiting cutoff angle in observation or for observational inefficiencies. 


> This value refers to observations made on 105.5 M of track. 
¢ This value refers to observations made on 63.5 M of track. 


515 Mev/c 


622 Mev/c 720 Mev/c 


122 70 





94 

465» 325° 183 

44 14 204 
(1.0340.15)10-8 (1.5+0.4)10~8 (1.20+0.27)10-8 

161 139 173 

38 44 72 

6 5 4 


16.5_¢ s 25 


4 This number includes three stops in flight which were classified as decays in which the secondary particles could not be detected. 
«From the total number of decays in flight and the total proper time of flight, the mean lifetime of the K* meson was calculated to be (1.15 +0.13)10-8 
sec. From measurements made by counter technique,"® the mean life is (1.224 +0.013)1078 sec. 


‘The K energies in the laboratory system and the center-of-mas 
for the 515 Mev/c stack 
for the 622 Mev/c stack: 


for the 720 Mev/c stack: 


The efficiencies of detection of particle tracks with 
low grain densities may influence the results. This be- 
comes more important as the minimum grain count 
becomes smaller and as the K particle approaches the 
minimum in specific ionization. The 720-Mev/c stack 
was particularly susceptible to this effect (go= 14.3 
grains/100 4), and partially, also the 622-Mev/c stack 
(g=18.0 grains/100 un). In both stacks, but in par- 
ticular in the 720-Mev/c stack, an intense effort was 
made to reduce losses to a bare minimum. Events were 
in fact carefully scrutinized at least two times by 
different observers. 


D. Purity of K* Beam 


The reliability of our results is also directly related 
to the purity of the beam selected by the scanners. 
Although the mean lifetime for decay in flight for beam 
particles was consistent with the A+-meson mean life 
of (1.224-+0.013)10-8 sec. and although a large number 
of K mesons were identified as secondaries in the study of 
stars produced, the primary beam as selected could 
still have contaminants in the form of x mesons, u 
mesons, or protons. For those tracks which were fol- 
lowed to near the trailing edge of the stack, the varia- 
tion of grain count over this long range identified the 
particle. Particles that interacted in flight or that were 
followed only a few centimeters could be identified 
Irom g/go and multiple-scattering measurements. Pri- 
maries of all charge-exchange events were analyzed in 
this way. 

Only two protons and three + and uw mesons were 
detected, and it is believed that the remaining beam 
was virtually devoid of contaminants. 


E. Results 


In Table II the results were presented separately for 
each stack. To study the dependence on energy of the 


See p. 85 of reference 10. 


scattering angles of each event are, 
194 Mev, 146°; 188 Mev, 95°; 176 Mev, 92°; 168 Mev, 104°; 155 Mev, 80 


; 153 Mev, 98°; 


290 Mev, 116°; 285 Mev, 119°; 285 Mev, 78°; 280 Mev, 81°; 213 Mev, 12°; 
330 Mev, 164°; 291 Mev, 173°; 283 Mev, 126°; 256 Mev, 133°. 


K-meson cross sections, the data have been divided 
into three K-meson energy intervals. These data are 
presented in Table III where the values given were cor- 
rected both for losses due to inefficiencies of observation 
and for geometrical losses. The most noticeable feature 
of these results is that the total inelastic cross section, 
the charge-exchange cross section, and the charge- 
exchange/noncharge-exchange ratio all increase with 
increasing K energy. 

Experimental determination of the elastic K-nucleus 
differential cross section for the three energy intervals 
has been made. The results are presented in Fig. 7 
where they are compared with 
calculation. 


an optical-model 


TaBLeE III. Experimental results for three K* energy intervals. 


295-373 


142-218 218-295 


Energy interval, Mev 
Average energy 7x, Mev 189 257 334 
K*-track length followed, m 128.2 85.7 71.2 
Elastic scatterings > 2°" 781» 350° 204 
Cross section per emulsion 

nucleus for elastic scatter- 

ing >4°, mb* 633443» 400437° 243431 
Cross section per emulsion 

nucleus for elastic scatter- 

ing >6°, mb* 335429 224+28° 128421 
Inelastic scatterings (C.E. 

and Non C.E.) 215 166 136 
Cross section per emulsion 

nucleus for inelastic scat 

tering, mb 358425 413433 407435 
Charge-exchange scatterings 42 56 56 
Cross section per emulsion 

nucleus for charge-ex 

change scattering, mb 70+11 139+18 167424 
Charge-exchange/ 

noncharge-exchange 0.70+0.12 


0.24+0.04 0.51+0.08 
m meson produced 1 


* Corrected for geometrical losses and inefficiencies in observations of 
elastic events. 

> This value refers to observations made on 105.5 m of track in this 
energy interval. 

¢ This value refers to observations made on 79.2 m of track in this energy 
interval. 
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Fic. 6. Drawing of event in which »~ meson was produced by 
K+ meson. Track B was produced by the secondary K* meson, 
track A by the x meson. 


The angular and energy distributions for secondary 
K+ mesons and energetic protons (7,240 Mev) from 
inelastic events were also determined for the three 
energy intervals. They are presented in Figs. 8 and 9 
where they have been compared with the results of a 
Monte-Carlo cascade calculation. 


F. x--Meson Production Event 


A single example of a »~ meson produced by a K+ 
meson was observed. A drawing of this event is shown 
in Fig. 6. The primary was identified as a K particle 
by ionization and multiple-scattering measurements on 
2.4 cm of track in the plate in which the event occurred. 
The energy of the K at the interaction was 280 Mev. 
The secondary particle causing track A came to rest 
in the stack after 6.8 mm, producing a characteristic 
m~ capture star of 2 black prongs and a recoil track. 
Ionization-range measurements further confirmed this 
identification. The w~ energy at emission was 19 Mev. 
The particle producing track B left the stack after 1.7 
cm and was identified as a K meson by variation of 
ionization with range and by ionization-multiple-scat- 
tering measurements. Its energy at the interaction was 
96 Mev. The event is further characterized by a blob 
and a slow electron appearing to originate at the star 
center. 

This event may be interpreted according to the fol- 
lowing scheme : 


Kt+-+n— p+a-+ Kt. 


Considering this reaction as valid, the energy given to 
the proton in the nucleus was found to be 26 Mev 
(corresponding momentum 360 Mev/c). 

The proton is not observed, but the presence of a 
blob or recoil would indicate a nuclear excitation con- 
sistent with the 26-Mev unbalance in energy. Con- 
sidering only the primary and the two visible second- 
aries, the unbalance in momentum is 318 Mev/c. This 
value is consistent with the above interpretation and 
further indicates that the K and w mesons left the 
nucleus without appreciable loss of energy. 


ZORN AND G. T. 


ZORN 


III. DISCUSSION 


The optical model of the nucleus has been adopted in 
the study of the K-nucleus interaction. The K+ me, 
is assumed to be scattered by the Coulomb potential y. 
and by a complex nuclear potential of the form ay. 


< . " Sug. 
gested by Wood and Saxon”: 


1 +expf (gu r:)/d] 


The elastic A-nucleus scattering calculated assumip 
this model is principally determined by V and V,, Fron 
a comparison of the observed elastic cross section with 


| 


those calculated for various values of V, the magnitude | 


of V and its sign relative to V. can be evaluated, Di 


to some uncertainty as to the classification of elastic 


events, a comparison of the integral elastic plus tot 
inelastic cross section with that calculated has been 
used to give the most reliable estimate of the magnitué 
of V. The value of W is obtained by comparison of the 
experimental inelastic K-nucleus cross section with 
those calculated. The inelastic cross section is considered 
to result from K-nucleon scattering in the nucleus 


therefore, the K-nucleon cross section in nuclear matter, | 


éw, may be deduced from a knowledge of W. The “free” 
K-nucleon cross section has been obtained from é, 
after correcting for the effect of the Pauli principle, 

Under the assumption of the independent-partice 
model of the nucleus, the values of the cross section for 
K-neutron scattering can be deduced. This has been 
done by subtracting from the average K-nucleon cros 
section the properly weighted K-proton cross section. 
The partial cross sections for the two modes of K- 
neutron scattering, reactions (2) and (3), have been 
evaluated from the total K-neutron section and froma 
knowledge of the relative number of charge-exchang 
events. 

Corrections to the previous results were necessary in 





order to account for the misclassification of inelastic | 


events as elastic and for the effect of multiple collisions | 


and of the Pauli principle on the relative number d 
charge-exchange events. These corrections have beet 
estimated by a Monte-Carlo cascade calculation. 

Assuming S- and P-wave scattering only, the totd 
cross sections for the three reactions (1), (2), and(, 
as well as the real nuclear potential V, may be express 
in terms of six phase shifts. A search for the phase shifts 
that give the experimentally observed cross sectiots 
and the real nuclear potential has been made. The 
phase shifts that were determined in this way have bet 
used to predict the form of the K-neutron different 
scattering cross sections. 


A. Optical-Model Calculation 


The Kt-nucleus interaction was investigated by an 
optical-model calculation.’ Using the Coulomb pote 


2” R. D. Wood and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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tial and a Wood-Saxon nuclear potential with 1 
=1.15A!f and d=0.57 f, the calculation was made by 
the evaluation, by partial waves, of the Schrédinger 
wave equation corrected for relativistic effects" (see 
Appendix). The differential elastic and the total in- 
elastic cross sections for a particular element and for 
particular values of the incident K energy and of the 
real and imaginary nuclear potentials were in this way 
evaluated.” In this calculation, nuclear emulsion was 
assumed to be composed of Ag, Br, and N nuclei, with 
percentage concentrations of 22%, 22%, and 56%, re- 
spectively. These percentages were applied as weighting 
factors to the resultant cross sections for each element 
in order to calculate the average elastic differential and 
total inelastic cross sections. 

The computer program used was written by Dr. 
G. Igo for an IBM 704 computer, and was applied 
previously in a study of Kt-nucleus scattering at lower 
energies.” 

Assuming various values for V and choosing W so as 
to obtain an inelastic cross section close to that experi- 
mentally observed, a number of curves for differential 
elastic scattering were calculated. A set of three of 
these for each energy interval are shown in Figs. 7(a), 
7(b), and 7(c), where they are compared with the 
experimentally determined elastic differential cross sec- 
tions. The calculated total inelastic cross sections are 
also given in each figure. As the calculated elastic 
scattering was found to be sensitive to changes in V 
only and the inelastic cross section only to changes in 
W, V and W have been calculated separately, and the 
results corrected for correlations in the values. The 
best-fit values of V and W for the three energy intervals 
are given in Table IV (columns 2 and 3). 

The best-fit values for V indicate a positive (re- 
pulsive) K-nuclear potential at all three energies. This 
fact is most clearly demonstrated in the results for the 
lowest energy interval. Qualitatively, this can be seen 
from the poor fit of the experimental points to the 
curves for negative V shown in Figs. 7(a), 7(b), and 
7(c).%4 

An alternative method for determining the magni- 
tude of the real nuclear potential, V, was employed by 
Igo et al. The method relates the total cross section, 
for inelastic scattering plus that for elastic scattering at 


21In this evaluation, phase shifts for values of ] up to 25 were 
calculated. 

2 The optical model potentials were taken as proportional to po, 
[note Eq. (10) of Sec. IIIC]. The values of V and W which are 
quoted refer to the average value for Ag and Br (p9=0.139 f-). 

%G. Igo, D. G. Ravenhall, J. J. Tieman, W. W. Chupp, G. 
Goldhaber, S. Goldhaber, J. E. Lannutti, and R. M. Thaler, 
Phys. Rev. 109, 2133 (1958). 


shown along with experimentally determined cross sections. Cor- 
responding values of the total inelastic cross section together with 
the observed values are also listed. The calculations and experi- 
mental results refer to three average K energies, (a) 189 Mev, 
(b) 257 Mev, and (c) 334 Mev. 

% The figures show curves for V=—30.0 Mev. For V=—15.0 
Mev and even poorer fit to the data results. 
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TaBLe IV. K-nucleus optical-model potentials 








1 2 3 4 5 
Real nuclear potential V from 
total cross section 


Real nuclear potential Limiting angle Limiting angle 
Average kinetic V from elastic Imaginary nuclear for elastic for elastic Corrected imagingn 
energy 7'x scattering potential W scattering @>6° scattering 6>4 nuclear potential jf 
(Mev) (Mev) (Mev) (Mev) (Mev) (Mev) 

189 21.2+3.0" —12.8+1.4 18.0+3.6" 18.0+3.3" ~129414 

257 20.343.1 —16.5+2.0 19.5+4.0 18.5+3.6 ~17.4420 

334 15.7+3.2 —16.142.5 16.5+6.5 13.54+5.0 ~17.6425 
* The error in this value has been increased by 1 Mev to take into account possible imprecision in the determination of the average K energy. ™ 


angles greater than a certain limiting angle, to the Angeles? At 261-Mev K+ energy they — repor 
nuclear potential V. The advantage of this method is_ values for V+iW of (14+5)—i(11.741.5) Mey fy 
clear, for it eliminates the difficulty of making a sharp ro=1.20A'f and d=0.57{, and (2246)—i(193429 
distinction between elastic and inelastic scattering. The Mev for 7»>=1.07A! f and d=0.57 f. 

total cross sections were calculated, for limiting angles These results of the UCLA group may be compared 
for elastic scattering of 4 and 6 degrees. From a com- _ with our results for the central energy interval (7 ,=25 
parison of experimental results with those calculated, Mev), of (18.543.6)—i(17.442.0) Mev. Taking int 
values of V were obtained. These are given in Table IV, account the values of ry and d which were assumed, the 
columns 4 and 5. The values of V for a limiting angle for _ results are found to agree within the errors. 

elastic scattering of 8 degrees were also determined and 
were found to agree closely with the values for 6 de- 
grees. The most reliable estimates of the magnitude of 
V are considered to be the results obtained for a limiting Assuming an independent-particle model of th 
angle of 4 degrees. The sign of the potential as deduced nucleus in which inelastic nuclear encounters are repre 
from the differential cross section for elastic scattering S¢nted as A-nucleon interactions in the nucleus, we 


B. K-Nucleon Cross Sections 


is positive. may now, in the framework of the optical model, deter 


The misclassification of inelastic events as elastic may mine the K-nucleon cross section. The imaginary nudes 
be taken into account in the determination of V as potential, W’, is proportional to the imaginary part d 
explained above, but the values of W as determined from the K-nucleon forward scattering amplitude, Im[(0)] 
the number of inelastic events are systematically Im[f(0)] is in turn proportional to the average I- 
affected. The correction to the number of inelastic Nucleon cross section éw [see Eqs. (9) and (10), Se 
events was obtained from a comparison of the K- IIIC ] and thus éw may be expressed in terms of Il. 
energy loss distribution which was observed, with those The relation may be written as follows: 
obtained from the Monte-Carlo cascade calculation 
(discussed in Sec. IIID). The number of events found 
to have been missed in the search for inelastic events where pp>=3A/[4ar0(1+2°d?/r¢?) ]= 0.1398, and wher 
was 8+2* in the lowest energy interval 7x=189 Mev, x and px are the total energy and momentum of tlk 
7+3* in the central energy interval 7x=257 Mev, and _ A particle in the nucleus. The values of éw calculated 
7+2* in the highest energy interval 7x=334 Mev. The for the three energy intervals are listed in Table | 
effect on W due to the inclusion of these events is small. (column 4). 

The corrected values have been listed in the last An alternative determination of this value was mat 
column of Table IV. using the methods of Cronin, Cool, and Abashian™ who 

The values of V and W which have been determined calculated the nuclear transparency assuming undev- 
refer to scattering by a Wood-Saxon potential with ated trajectories through the nucleus. This calculatioy, 
ro=1.15A'f and d=0.57f. This value of ro is inter- however, does not take into account the effect of the 
mediate between 1.07A*f and 1.20A!f which repre- Coulomb field in deviating the trajectories of the pat 
sents a reasonable range for variation for K scattering. ticles before their arrival at the nuclear boundary. Ths 
Had other values of ro and d been chosen, different was corrected for, using a relation derived by Stet 
values of the potentials V and W would have been _ heimer.** The values of the K-nucleon cross section, 4 
obtained. This has been investigated for K+ scattering iauinean mit ek ee 
in emulsion by the University of California at Los aye pillows from the fact that the detiroglic wave 
ery 0 and that the average nuclear spacing in the nucleus is ~141. 
%6 The errors in these values refer to the resultant variation 27 J. W. Cronin, R. L. Cool, and A. Abashian, Phys. Rev. It 


when the XK-neutron differential scattering cross sections are 1027 (1957). 
changed from predominantly forward to predominantly backward. 28 R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 
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TasLe V. K-nucleon total cross sections. 


° 2 3 + 5 6 7 8 9 
Effective 











i Average K-nucleon Pauli- K-proton X-neutron K-neutron 
i cai ‘kinetic Effective cross section principle cross scattering charge-exchange 
: inate energyin K-nucleon fromimaginary corrected Corrected section® cross section cross section 
Aginan nergy nucleus _ cross section potential W crosssection C.E. non C.E. CKp* oKnt OKn® 
—_ (Mev) (Mev) @ (mb) ow (mb) Tub (mb) ratio f. (mb) (mb) (mb) 
} . : mn ‘ = —_ “ “ 
sa wa”: 13.7£1.5 14.1415 16.041.8 0.19+0.03 15.0 12.141.6 4.6-++1.2° 
4 157 233 17.242.1 17.342.1 18.9+2.2 0.38+0.06 15.5 10.541.8 9,342.2» 
r 3342315 16.74+2.0 16.2+2.0 17.3421 0.50-+0.08 16.0 8.0+1.5 10.3424 
; 3 
= ea en from s ary of world data on K —p scattering prepared by L. Kerth, presented by L. Alvarez at the High-Energy Conference held at 
Pen rae (anpublished). The Vanes taned Con wane teen a best-fit curve to the experimental points. The error in each was estimated to be 
ae the errors these values agree with those recently obtained in a counter experiment" on charge-exchange scattering in the K energy interval 
175-250 Mev. 
report 
we obtained in this way are also presented in Table V __ intervals are listed in Table V, columns 8 and 9. The 
— (column 3). These values agree within 1 mb with the — errors in these cross sections reflect the statistical un- 
| values of dw. certainty in the A-nucleon cross section as well as in 
“= éw (and &) refers to an effective cross section in the ratio fe, and are the extended errors, i.e., the linear 
| nuclear matter where the Pauli principle is operative. combination of both. 
’ y The cross sections for unbound nucleons, éy», were ob- To obtain the corrected values f, which were used, 
’ the S H . “ M J Te ~ £ > wr © 
~_ tained by applying a correction, derived by Stern- the experimentally observed charge-exchange/non- 
heimer,” for the effect of the Pauli principle. In its charge-exchange ratios, listed in Table III, were cor- 
derivation a momentum distribution for the nucleons — rected for the following effects: (a) misclassification of 
ina nucleus of the form pr*dpr and an isotropic center- inelastic noncharge-exchange events as elastic, (b) mul- 
f 4 ofmass K-nucleon angular distribution have been _ tiple collisions in the nucleus, and (c) the change of the 
ream assumed. The expression for the corrected cross sec- Pauli-principle correction resulting from changes (see 
% | tion is™: Sec. IIIC) in the A-neutron center-of-mass angular 
PE. 2 = se (1—RT e/T rr) distribution. These corrections were made using a 
deter: Oub—On (1 RT p; Tx) > * P m f 8 
ais Monte-Carlo calculation discussed in Sec. IIID. 
4. , ~ bh ry . . . . 
art of where R= (2+mp/mx)/5=0.78 and where 7x and mx As was mentioned in Sec. IIIA, there is some un- 
jo > | are, respectively, the laboratory kinetic energy in the certainty as to the values of ro and d which determine 
ze i. nucleus and rest mass of the K particle, and where 7» the Wood-Saxon potential. In that the nuclear density 
* is the energy of a nucleon corresponding to the maxi- distribution is assumed to be of the same form, both W 
off, | ™um momentum of a nucleon bound in a nucleus and po should vary with changes in the values of ro and 
(~25 Mev) and mr is its rest mass. The values of éy» d. From the results of the UCLA group* the variation 
for the three energy intervals of this experiment are of W is not strictly proportional to po and therefore é¢w 
. 5/ ~ 
listed in column 5 of Table V. will change when other values of ro and d are assumed. 
lie From éy», from the values for the charge-exchange/ The variation of the parameter ro from 1.07A*f to 
of th noncharge-exchange ratio f. (corrected to refer to the 1.20A'f would result in a 15% variation in the ratio 
lated primary K-nucleon collision and listed in Table V, W/po. The resultant variation of the value of éw deter- 
se | column 6), and from the K-proton cross sections(taken mined here would be +11% and —4%, respectively. 
from the results of recent counter experiments and These uncertainties have not been considered in the 
“i listed in column 7 of the same table), the K-neutron determination of the errors of éy. 
ms cross sections for charge-exchange ox»° and noncharge- 
re exchange oxn* have been evaluated. The following rela- C. K-Neutron Differential Cross Sections 
ie tionships were used : from a Phase-Shift Analysis*' 
af the oKn=(fe/(fe+1) [A/(A—Z) Jour, In this analysis we assume that K-nucleon scattering 
be oxs*=[Aéo.—2ox,—(A—Z)ox.*/ (A—2) may be described in terms of orbital angular momentum 
is no L449ub™ 20 Kp— —~G4IOKn |/ \4i—G ° ° ° . 
‘Ths " ‘ wh , states /=0 and /=1, i.e., scattering in terms of S and P 
ned where A =average atomic weight, Z=average atomic waves. This assumption seems reasonable as a descrip- 
mM, 6 number. We used A=100 and Z=44. The values of _ tion of K-proton scattering, for the results indicate an 
ghd ox,’ and ox,* calculated separately for the three energy approximate isotropic K-proton differential scattering 
~06i a: . cross section at 225-Mev Kt energy,® an angular dis- 
tf ak M. Sternheimer, Phys. Rev. 106, 1027 (1957). —- 
-, 106, Iti The correction for the Pauli principle is only approximate. ‘This analysis follows along similar lines to an analysis of 
ee, small ($10%) and the effect of any inaccuracies our data made recently by L. S. Rodberg and R. M. Thaler, 
of this correction is very small indeed. Phys. Rev. Letters 4, 372' (1960). 
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tribution consistent with isotropy at lower energies,” 
and a total scattering cross section that is approximately 
independent of energy in our energy range.’ Thus 
K+—p scattering in this energy interval may be de- 
scribed as predominantly S wave with possibly a small 
P-wave contribution. The K-neutron charge-exchange 
scattering, as seen previously, is characterized by a total 
cross section increasing with K energy, indicating a con- 
tribution of higher angular momentum states; in this 
analysis we limit / to 1. 

Ignoring in A-nucleon scattering the effect of the 
Coulomb field, assuming zero spin for the K meson and 
scattering in S and P waves only, the following ampli- 
tudes may be derived: 


a= Ast (243+ 4p1) cos*, 
£a= (@p1— ps) sind*e'*, 


where ga is the coherent scattering amplitude, gg is the 
incoherent spin-flip scattering amplitude, 6* is the 
center-of-mass scattering angle of the K meson, ¢ is 
an arbitrary angle, and where the S- and P-wave scat- 
tering amplitudes are ds, dp.2; (j=I+s), respectively. 
The complete description of the K-nucleon scattering 
processes must include the isotopic spin states T=0 
and 7=1 and their corresponding amplitudes a» and a). 
Applying charge independence, the three scattering re- 


actions may be characterized by the following 
amplitudes: 
Scattering Isospin 
process amplitude 
K++p— K++p a, (4) 
Kt++n— Kt++n }(a:+40), (5) 
K++n— K°+p 43(a:—a»). (6) 


Expressing each angular-momentum amplitude in 
terms of the appropriate isospin amplitudes, the com- 
plete expressions for g. and gg for each reaction are 
obtained. The center-of-mass differential cross section 
for each process is then given by 


do/dQ= (1/ke.m.*)(|ga|?+ | gs|*) 
= (1/ke.m.*)(A+B cos6*+C cos’é*), 


where kp.m. is the K-meson wave number in the center 
of mass of the K-nucleon system and where A, B, and 
C are expressions in the amplitudes. The total cross 
section is given by the integral of the above expression. 

As a means of indexing for isotopic spin and angular 
momentum states, the method adopted is that used in 
pion physics, namely, the first index refers to the K- 
nucleon isotopic-spin state and the second to the angular 
momentum state. For S-wave scattering no second 
index appears. For P-wave scattering the second index 


#2 H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, and R. A. Schluter, Phys. Rev. Letters 2, 117 
(1959). 
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is twice the total angular momentum quantum number 
j=l+ts. 


The scattering amplitudes may be expressed in terms 


of the phase shifts, 5,;, for which the same methods of | 


indexing apply. The general relation may be written. 
a,;j=e4 sind;;. 

In terms of these phase shifts the K-proton (oy RK. 

hydrogen) total cross section may be expressed as 
OK p= (4r/Re.m.”) (sin’6;+sin611+2 sin%,;), (7 

The charge-exchange cross section may be written as 
follows : 
OKn*= (4/Re.m2?)[ sin*(5;— 0) 


+sin?(5;;—69;)+2 sin® (513—893) J, (8 


and the average K-nucleon total cross section may be 
written ’ 
4dr A+Z 
Fub= —) ——(sin*6,+sin*5,;+2 sin’d,;) 
¢.m. 2A 
A-Z 
os . (sin’6o+sin*5o;+2 sin*é;) |, (9) 


where A and Z are the average atomic weight and 
number for emulsion nuclei. 

In Sec. IITA, the optical-model real and imaginary 
potentials V and W were determined. These may be 
related to the individual forward scattering amplitudes 
for K-nucleon scattering. The expression as derived by 
Riesenfeld and Watson,” Bethe, and Kerman é al® 
may be written 


V+iW = —2mpof(0)(Riab/ke.m.)(W2/Ex), (10) 

where, for a Wood-Saxon potential,” 
Po l= dor? ( 1 +7 d*, re), 3A, 

and where the average K-nucleon forward scattering 
amplitude f(0), the laboratory wave number in K- 
nucleon scattering &ia», and the total energy of K meso 
in the laboratory system Ex, refer to scattering inside 
the nucleus. 


The average forward scattering amplitude may be 
written as follows: 


- 1 A+Z 
jm-(—),| = (a3+- 441+ 24,3) 
k. m. A = 


Z 





A-Z 
+ ~ta, (aro 


2A 


a4 


Using, in Eqs. (7), (8), (9), and the real part of (10) 


3 W. Riesenfeld and K. Watson, Phys. Rev. 102, 1157 (1956) 

%H. A. Bethe, Ann. Phys. 3, 190 (1958). 

% A. K. Kerman, H. McManus, and R. M. Thaler, Ann. Phys 
8, 551 (1959). 
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TABLE VI. Best-fit solutions for phase shifts. 




















————— a = 
Average 
? energy Coefficients for differential cross sections 
mn i. Solu- Phase shifts (radians) K-neutron charge-exchange K-neutron noncharge-exchange 
(Mev) (Mev) tion 51 do 5o1 503 A B Cc A B Cc 
189 165 1 —0.48 —0.26 —0.25 0.28 0.08 0.008 —0.03 0.19 —0.07 —0.03 
2 —0.48 —0.24 0.45 —0.08 0.08 0.005 —0.04 0.18 —0.05 —0.04 
257 233 i —0.61 —0.12 —0.70 0.24 0.22 —0.09 —0.09 0.28 0.10 —0.09 
2 —0.61 —0.12 0.70 —0.24 0.22 —0.11 —0.09 0.28 0.12 —0.09 
334 315 1 —0.74 0.52 —0.60 0.04 0.30 —0.21 —0.03 0.23 0.13 —0.03 
2 —0.74 0.20 0.60 —0.32 0.32 —0.20 —0.09 0.24 0.19 —0.09 








the experimental K-nucleon cross sections and the 
previously derived real nuclear potential, the values for 
the phase shifts which satisfy these equations may be 
searched for. This set of four equations, however, is 
not sufficient to give a unique set of solutions for the 
six phase shifts. 

In a recent counter experiment,® K+-hydrogen scat- 
tering has been investigated at 225-Mev K energy. The 
preferred solution given for the S- and P-wave phase 
shifts is 6;5= —0.58+0.04, 6::.=—0.01+0.10, and 613 
=0,00+0.06 radian. From these results it may be 
assumed that 6:3;=6::=0 and that 6,;<0. Adopting this 
hypothesis, a search for values of 61, 60, 501, and 40; 
which give cross sections and potentials within the ex- 
perimental errors has been made. This was done with 
an IBM 704 computer, which searched for unknown 
phase shifts in a range from —1.0 to 1.0 radian in 
increments of 0.02 to 0.05 radian. The values which 
give a best fit to the experimental data are listed in 
Table VI. Two best-fit solutions were found at each 
energy. Also listed in this table are the corresponding 
values of the coefficients A, B, and C of the differential 
cross sections for the K-neutron reactions (2) and (3). 
(The K-p cross section is isotropic under the above 
assumptions. ) 

Qualitatively these results indicate a K-neutron 
charge-exchange differential cross section that is peaked 
forward (or nearly isotropic) at 190 Mev and is back- 
wardly peaked at 260 Mev and at higher energies. The 
inverse follows for the K-neutron noncharge-exchange 
differential cross section. Considering all possible phase- 
shift solutions which result in values of ox‘, up, and 
V lying within one standard deviation in error of each 
value, these qualitative conclusions are still valid; 
however, additional solutions giving near-symmetric 
angular distributions for both reactions at all energies 
are also possible but the values of x? for these additional 
solutions are relatively large. A more quantitative con- 
clusion does not seem possible. These results also con- 
firm the existence of a P-wave contribution to scattering 
in the T=0 state. This follows from the fact that, 
within the rather large range of possible values of do: 
and 493, these phase shifts are never simultaneously zero. 

The results of the above analysis were obtained 


under the assumption of S-wave scattering in the T=1 
state, as suggested by the results of Kycia ef al.® at 225 
Mev. The K energy interval of this experiment, how- 
ever, extends above this energy and thus a P-wave con- 
tribution is possible. Considering this possibility at 
Tx=257 Mev and 334 Mev, a further phase-shift 
analysis was made in which various values of 6:3 within 
the interval —0.1 to 0.1 were assumed (6;; was set to 
zero). The previous qualitative results were still found 
to be valid for 5:3 in the interval —0.05 to +0.1. 

It should be noted that Kycia et al. also give two 
alternative (but less probable) solutions for K-p scat- 
tering at 225 Mev, ie., (a) 6:=—0.01+0.06, 6n 
= —0.60+0.04, 6:;=—0.04+0.04 and (b) 56,:=0.08 
+0.05, 61:=0.62+0.05, 5:3=0.06+0.03 radian. Were 
one of these solutions to be experimentally confirmed, 
a reanalysis of our data would be required, but this in 
turn would require further information on the energy 
dependence of the P-wave phase shifts for Kt-p 
scattering. 

Finally, these results, as well as those of Kerth et al., 
were based on an analysis assuming scattering in S and 
P waves only. The validity of this assumption at these 
K energies has yet to be demonstrated. 


D. Monte-Carlo Cascade Calculation 


In this section, information has been sought on the 
K-nucleon cross sections, by ar extension of the model 
of interaction described in Sec. IIIB, to include multiple 
collisions of the K meson in the nucleus, the nucleon 
cascade, and refraction at the nuclear boundary. In 
the calculation, proper account was taken of the vary- 
ing K energy at which interactions occurred and the 
effect of the motion of the target nucleons in changing 
the center-of-mass energy and thereby the cross section. 
In this method, called the Monte-Carlo cascade calcula- 
tion and first applied by Goldberger,** the K meson and 
recoil nucleons are followed as they traverse nuclear 
matter in a three-dimensional nucleus. Thus, event by 
event, the general characteristics of the interaction are 
summed up. This calculation was made using the 
Maniac II computer at the Los Alamos Scientific 





36 M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 
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Fic. 8. Angular and energy-loss distributions of K* mesons 
from inelastic K-nucleus scattering. (a) and (a’) correspond to 
average K energy 189 Mev, (b) and (b’) to 257 Mev, and (c) and 
(c’) to 334 Mev. Experimental results, with corresponding errors, 
are compared with Monte-Carlo calculations which have as 
symbols ©, X, and [_] corresponding, respectively, to trials 1, 2, 
and 3 (see Table VII). 


Laboratory. The computer program was that of Sartori, 
Werbrouck, Wooten, and Bivins; it has recently been 
described in a Princeton University report.*” 

In this calculation the momentum distribution for 
nucleons used was that suggested by Frances, Eden, 
and Brueckner*: 


P(pr)dpr= pr’ exp(— pr*/pe)dpr, 


where po? = 2mrTo; To=14 Mev. As input information, 
the previously computed K-nucleon total cross sections 
and real nuclear and Coulomb potentials were used. 
For the three trial calculations, three sets of K-nucleon 
center-of-mass differential cross sections were assumed 
for K particles in the energy range of this experiment. 
The distributions are listed in Table VII.* For K par- 
ticles at energies less than 100 Mev, all three reactions 
were assumed to be isotropic. 

For other K reactions that occur in nuclear matter, 
charge symmetry was used to equate their cross sec- 


37 L, Sartori. A. E. Werbrouck, J. Wooten, and R. Bivins, The 
Monte Carlo Calculation, Elementary Particles Laboratory In- 
ternal Report, Princeton University, November, 1959 (un- 
published). 

88N. C. Frances, R. S. Eden, and K. A. Brueckner, Phys. Rev. 
98, 1445 (1955). The distribution as it was applied resulted in 
bound states with positive energies. A more satisfying but less 
realistic distribution would be Por) « prdp. 

® The alternate choice of forward and backward distributions 
in trials 2 and 3 as well as the inclusion of the SB distribution 
was dictated by considerations of the previous section on phase- 
shift analysis. 
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TABLE VIT. Assumed angular distributions for 
Monte-Carlo calculation.* » 


Reaction 


Trial (1), Kpt* (2), Kn (3), Kn® 
1 ae I iF 
2 I B I 
3 SB F’ B’ 


* See reference 39. 

>I indicates an isotropic angular distribution, F a forward angular 
distribution of the form 0.048 +0.138 cosé +0.136 cos¥, B a besten 
angular distribution of the form 0.112-0.214 cos#@ +0.126 cos%, F’ a fered 
angular distribution of the form 1 +cos@, B’ a backward angular distribution 
of the form 1 —cos@, and SB a slightly backward distribution of the ine 
1 —0.2 cosé. " 


tions to the experimentally determined differential and 
total cross sections. For the nucleon-nucleon total and 
differential cross sections, the most recent experimental 
results were used.” 

Comparisons between the Monte-Carlo calculations 
and the corresponding experimental distributions ar 
shown in Figs. 8 and 9. These figures show the K-energy 
loss, the angular distributions for secondary K+ mesons, 
and the energy distributions for protons having energy 
greater than 40 Mev." In general, the number of 
Monte-Carlo events is three to four times the number 
of events experimentally observed. The statistical 
errors, in percent, for the calculated points are, there- 
fore, approximately one-half those shown for the exper- 
mental points. 

In each figure the curves (and tables) were normalized 
to correspond to the total number of experimentally 
observed events. This was found «necessary because, in 
these calculations, the total K-nucleon cross sections 
were not adjusted to correct for the effect of the Pauli 
principle which, when the center-of-mass angular dis- 
tribution was changed, altered the effective total cross 
section. 

Due to the assumed nucleon momentum distribution 
and the way in which it was applied, positive-energy 
states for nucleons in the nucleus were allowed. This re- 
sulted in events in which the K particle gained energy 
in a nuclear encounter. These events, which were about 
4% of all inelastic interactions, were eliminated from 
the results of the calculations.” Also, in some cases, 
events, appeared in which the sum of the energies of 





 W.N. Hess, Revs. Modern Phys. 30, 368-401 (1958). 

41 For proton energies less than ~30 Mev, the process of nuclear 
evaporation becomes more and more important. This process was 
not considered in the Monte-Carlo calculation. It was also not 
considered in this analysis, as it is only distantly related to the 
K-nucleon interaction. : 

# This procedure was adopted after comparing the results of two 
Monte-Carlo calculations for incident protons at 140 Mey, one 
using a Gaussian momentum distribution [ pr? exp(— pr’/p' dtr, 
and the other a Fermi nucleon momentum distribution (pr'dpr): 
The Fermi distribution results in no positive energy states for 
nucleons and therefore energy conservation in K nucleus intet- 
actions is assured. The procedure of eliminating protons whic 
gained energy in primary encounters from the results obtain 
using the Gaussian distribution, was effective in reducing the 
number of events at forward angles to the point where the results 
of both calculations were approximately the same. 
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INTERACTION OF Kt 
secondary particles was greater than the incident 
energy. These events were not eliminated. Their in- 
clusion no doubt resulted in an increased average energy 
r secondary particles from these interactions. 

In comparing the results from the three trials which 
are shown in Figs. 8 and 9, one notes their striking 
similarity to each other and in turn their close simi- 
larity to the experimental results which are also shown. 
This affirms the validity of the method but also its in- 
sensitivity. The insensitivity can be explained, in part, 
by the effect of the nucleon momentum in changing the 
direction of the motion of the center of mass and by 
multiple collisions of K mesons in emulsion nuclei which 
occurs in 30 to 40% of the K-nucleon interactions. It is 
nevertheless surprising that even gross changes in the 
K-neutron angular distributions have such a small 
effect. 

Given the insensitivity of this method, no further 
attempts were made to improve on the calculation by 
the elimination of the difficulties previously mentioned. 
The calculation, however, has furnished a means of 
estimating the number of undetected inelastic events. 
This was accomplished by the selection of those Monte- 
Carlo events (without cascade proton emission) which 
could have been lost because the scattering angle of the 
K+ meson was small and the K+ energy loss was too 
low to be experimentally detected. An equivalent 
number of events, after normalization, were added both 
to the energy-loss distribution and to the angular dis- 
tributions experimentally observed. The corrected 
points are shown in Figs. 8 and 9. The equivalent 
numbers of experimental events for the three energy 
intervals are given in Sec. IIIA where they were used 
to correct the total inelastic K-nucleus cross sections 
and consequently the values of W. They represent the 
maximum number of events that was consistent with 
the results of the Monte-Carlo calculation. These 
events, when added to the experimental data, not only 
change the total inelastic cross sections, but also 
the charge-exchange/noncharge-exchange ratios. These 
modified experimental ratios f are compared with the 
corresponding ratios obtained from the Monte-Carlo 
calculation in the tables of Fig. 9. Also in these tables 
the corrected values of the number of protons per star 
N,, and of the average proton energy per star 7',, are 
compared with the corresponding calculated values. 

The Monte-Carlo calculation also furnished a means 
of correcting for the effect of multiple collisions and of 
the Pauli principle in altering the charge-exchange/ 
noncharge-exchange ratio. Considering those Monte- 
Carlo results which refer to the same form of angular 
distribution as predicted by the phase-shift analysis, a 
correction was deduced by comparing the charge- 
exchange/noncharge-exchange ratio at the first collision 
in the nucleus, f,, with the ratio f resulting from 
multiple collisions. The correction factor by which f 
must be multiplied was found to be 0.83 for the lowest 
energy (7',=189 Mev), 0.80 for the intermediate 


fo 


MESONS WITH 


EMULSION. NUCLEI 1911 





erry ce me rrr Ve ec cr ce me 































































































































































































aw oe ees: ee 
80 160 240 320 400 160 240 320 400 
PROTON KINETIC ENERGY (Mev) 


ie) 





| jwonre CARLO] |] [yp MONTE CARLO 
32Fr - ExProi [x elo 3) + x ExProi tee 3\4 
L N, lozslosolozelo3sz| | - o Wi, |0.15|020/0.24/017| 4 
24y T | 16,21} 21] 24jq fF T| 13} 16] | 1544 
TT # |0.23]0.31 j0.29/0.34| | 
16} 4} 4 
= = x“ 
| 4 (o) JE (a') 
bg 4} 4% ti 
oH HY HH 
> r 7 g PY 
° 4a MONTE CARLO) | | MONTE Cai 
s 3% exe Pow, exp MON 4 
© 04 i N, {0.65 | 061 | 0.64) | N, | 0.36/0.45/ 0.38] | 
< ¥, | 69 | 60| 68 2 T, | 33 | 39] 33 
~ . - 4 - ° 4 
x 16+ 4 4 ¢ |0.48/ 0.42] 0.56 | 
es 3 i —< 4 
ser IT, (b) 4} ai (b') 
2 7 } 4 4 
Ob ++ 4 HY HH a Ht 
r (MONTE CARLO]’| | [MONTE CARLO] | 
32 + exe ONE Soe 4 + exp MONTE 4 
' N, | 09/06! 05/08/74 - N, |0.63|0.59/ 0.61 |0.62| ~ 
24F ¥, |108| 76| 75 | 100] 7 + 7 | 50] e | 63] 62|7 
r 2. Pe i t |o.6s)0.57|0.55 |0.5¢| | 
16Fr rn - r 6 
= 4 - & 4 
8+ * t (c) 4 + th (c') 4 
WeRRAL 8 ; 
° 


Fic. 9. Energy distributions of secondary protons of kinetic 
energy >40 Mev from inelastic K*+-nucleus scatterings; (a), (b), 
and (c) refer to protons from charge-exchange events and (a’), 
(b’), and (c’) to protons from noncharge-exchange events. The 
corrected experimental results are presented along with those 
obtained from a Monte-Carlo calculation in which the symbols 0, 
X, and (J correspond, respectively, to trials 1, 2, and 3 (see Table 
VII); (a) and (a’) refer to average K energy 189 Mev, (b) and 
(b’) to 257 Mev, and (c) and (c’) to 334 Mev. In the tables, the 
average number of protons per event, NV,, the average energy of 
these protons per event, 7',, and the ratio of charge-exchange/ 
noncharge-exchange scattering, f, are also given along with the 
corresponding experimenta! values which were corrected for mis- 
classification of events. 


energy (7',=257 Mev), and 0.76 for the highest energy 
(T= 334 Mev). These corrected ratios f, are listed in 
column 7 of Table V and refer to the primary K- 
nucleon collision in the nucleus. 


E. Pion Production by K+ Mesons 


The threshold for pion production in K+-nucleon 
encounters is 225 Mev if the target nucleon is at rest. 
In nuclei, interactions of K*mesons occur with nucleons 
which are in motion, and therefore + mesons may be 
produced at lower K-meson laboratory energies (albeit 
with a sharply diminishing cross section). Thus, in K- 
nucleus interactions the r mesons may be produced at 
K energies as low as ~ 200 Mev. 

In the careful examination of all K inelastic scatter- 
ings and K decays, one event has been found in which 
a pion was produced. The details of the event have been 
discussed in Sec. IIF where the values of primary and 
secondary energies are given. 

Two other events have also been reported, one by the 
Padova group,® and one by the UCLA group.“ They 

4M. Grilli, L Guerriero, M. Merlin, Z. O’Friel, and G. A. 
Salandin, Nuovo cimento 10, 163 (1958). 


“FE. Helmy, J. H. Mulvey, D. J. Prowse, and D. H. Stork, 
Phys. Rev. 112, 1793 (1958). 
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Fic. 10. Energy spectrum in the nucleus for r mesons produced 
in K+-nucleon encounters. The histogram and curve were deduced 
from a Monte-Carlo phase-space calculation. The three observed 
events are also shown. 


were also interpreted as having resulted from a K- 
neutron interaction. 

From a Monte-Carlo phase-space calculation, the 
average momentum distribution of + mesons created 
in the nucleus has been determined. The energy spec- 
trum, which is shown in Fig. 10, was obtained as the 
sum of spectra produced at all observed K energies 
weighted by the number of inelastic events per K energy 
interval observed at Padova, Dublin, UCLA, and BNL. 
The w energies for the observed events, which are also 
shown in the figure, were corrected to refer to energies 
inside an average emulsion nucleus.“ These x energies 
are not far from the maximum of the calculated 
distribution. 

In estimating the cross section for x production, the 
efficiency of observation must be considered as well as 
the effect of absorption and trapping of x mesons in 
the potential well of the nucleus in which they are 
produced. Roughly, the detection efficiency for -meson 
observation may be estimated to be ~70% and the 
probability of escape from the nucleus was estimated 
to be ~70%.***? From these values the K-nucleon 
cross section for charged w production at an average K 
energy of ~ 280 Mev has been estimated to be ~ 1/7 mb. 


IV. CONCLUSIONS 


1. The real K*+-nuclear potential V was found to be 
repulsive (positive). Assuming a Wood-Saxon potential 
with parameters ro=1.15A!f and d=0.57 f, the value 
of V was found to vary from 18.5+3.3 Mev in the 
lowest energy interval to 13.5+5.0 Mev at the highest 
energy, but, given the experimental errors, could be 
considered as virtually constant over this energy range. 


*® Values for the pion nuclear potential for varying pion energies 
were kindly furnished by R. M. Sternheimer. [See R. M. Stern- 
heimer, Phys. Rev. 101, 384 (1956). ] 

“© A. Minguzzi and A. Minguzzi-Ranzi, Nuovo cimento 10, 
1100 (1958). 

4? J. H. Hornbostel and G. T. Zorn, Phys. Rev. 109, 165 (1958). 


ZORN AND G. T. 





ZORN 


In the same interval the imaginary nuclear potenti | 
W changed from —12.9+1.4 Mev to —17.6+2.5 Mey 
2. The average K-nucleon total cross section was 
found to increase slowly with increasing K energy, The | 
charge-exchange cross section is strongly energy de. 
pendent, having a value of 4.6+1.2 mb at 165 Mevan | 
of 10.342.4 mb at 315 Mev. This indicates P-waye 
scattering in the 7=0 state at highest energy and this 
conclusion is confirmed in the phase-shift analysis, 

3. From the phase-shift analysis, the increase in the 
charge-exchange cross section seems to be accompanied 
by a change in the K-neutron center-of-mass angular | 
distribution for charge exchange. The distribution 
changes from predominantly forward or near symmetric 
to predominantly backward in the energy interval be 
tween 165 Mev and 233 Mev. The K-neutron noncharge. 
exchange differential cross section varies from backward 
or near symmetric to predominantly forward. These 
results, however, are tentative (see Sec. C). 

4. The results of the phase-shift analysis are not in 
contradiction with those of the Monte-Carlo calcul 
tion, which is generally found to be insensitive even to 
gross changes in the differential A-neutron scattering 
distributions. 

5. One example of pion production has been observed, 
and the K-nucleon cross section for this process at an 
average K energy of 280 Mev has been estimated to 
be ~1/7 mb. 

6. No evidence has been found for violation of the 
theoretical schemes which were taken as a basis for the 
K+-nucleon interaction. 
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APPENDIX 


The computer calculation that was made was an 
exact calculation using a partial wave expansion of the 
Schrédinger wave equation. The method is discussed in 
a number of texts.** 

In determining the relativistic corrections, the 
Schrédinger radial wave equations for a central Cou- 
lomb field, 
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was compared with the corresponding relativistic 


“See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), pp. 119-120. 
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derived from the Klein-Gordon equation.“ In the latter 
derivation the nuclear potential was assumed to be 
small in relation to the incident K energy Ex. The 
suggested corrections to the nonrelativistic equation 
are to replace mxc? (the K-meson rest mass) with 
Ex (the total K energy, Tx+mxc*) and Tx by 
Tr: [(Tx+ 2mxc*), ‘2Ex |. 

In a prior calculation the WKB approximation was 
applied in determining the phase shifts for the Klein- 
Gordon equation, using the method of Gatha and 
Riddell.“ This method was modified to include a 
Wood-Saxon potential as suggested by Sternheimer.*° 
The results of this calculation compare quite closely 
with the elastic differential cross section as determined 
from the exact solution of the Schrédinger equation 
with relativistic corrections. The maximum deviation 
of the results of the WKB method occurred in the 
interference regions and gave a value for the cross sec- 
tion ~ 15% higher than that obtained with the exact 
solution. 

“K. M. Gatha and R. J. Riddell, Jr., Phys. Rev. 86, 1035 


(1952). 
5 R. M. Sternheimer, Phys. Rev. 97, 1314 (1955). 
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Search for =~ Hyperfragments* 


R. G. Ammar,t N. Crayton, K. P. Jar, R. Levi Setti, J. E. Mort, P. E. Scuiem,t 
O. SKJEGGESTAD, AND P. K. SrrvAsTAvA 
Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received August 9, 1960) 


A systematic search has been undertaken for possible 2~ compounds produced by K~ captures in nuclear 
emulsion. Mass determinations were performed on (a) 15 decays in flight into a charged pion and (b) 84 
events resulting in capture configurations ; the number of these events produced in single-nucleon A~ captures 
is estimated to be >32 but <71. All events of type (a) and all but 4 of type (b) are consistent with the 
interpretation as 2~. The 4 events are discussed in detail and it is concluded that, although the (2~») interpre- 
tation cannot be ruled out for 3 of them, in no case is the identification unequivocal. 


I. INTRODUCTION 

HERE is considerable interest in determining 

experimentally whether or not the =~ hyperon 
forms a bound system with one or more neutrons. The 
results of searches for such hyperfragments have 
already been reported by the Berkeley and Milan 
groups.’ However, in the Berkeley experiment there 
exists the possibility that a selection rule* may operate 
in inhibiting the process K-+H?— (Z-n)+2a* if the 
K~ capture occurs from an s state,‘ the K~—2 relative 
parity is odd, and the (2~n) is in a singlet s state. On 
the other hand, the Milan experiment has been con- 
cerned primarily with examining events produced in 
multinucleon captures of K~ where the momentum 
transfers in the primary process are large and where 
it is likely that conditions are unfavorable for making 
a loosely bound compound.® We therefore present here 
the results of a search for these hyperfragments based 
on a sample essentially complementary to that of the 
Milan group, in that a substantial number of our events 
occur in single-nucleon captures where the momentum 
transfers are smaller. A preliminary report of this work, 
based on partial statistics, has been previously 
discussed.° 


II. EXPERIMENTAL PROCEDURE 
The events selected for measurement were produced 
by K~ capture in nuclear emulsion. Approximately 200 


* Research supported by the U. S. Air Force Office of Scientific 
Research. 

t Now at Northwestern University, Evanston, Illinois. 

t Now at The Johns Hopkins University, Baltimore, Maryland. 

'R. D. Tripp, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), p. 184; O. Dahl, N. Horwitz, 
D. Miller, and J. Murray, Phys. Rev. Letters 4, 428 (1960). 

? E. Gandolfi, J. Heughebaert, and E. Quercigh, Nuovo cimento 
13, 864 (1959). 

3 A. Pais and S. Treiman, Phys. Rev. 107, 1396 (1957). 

*T. B. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3, 
61 (1959). 

®In their preliminary report the Milan group did present 
evidence for a (Z~m) compound. However, a private communi- 
cation from G. P. S. Occhialini indicates that this identification is 
in error and that the event should be removed from further 
consideration. We are grateful to Professor Occhialini for this 
= prior to the pending official clarification by Gandolfi 
et al. 

§Q. Skjeggestad, R. Ammar, R. Levi Setti, J. E. Mott, P. E. 
Schlein, and P. K. Srivastava, Bull. Am. Phys. Soc. 5, 12 (1960). 


A-hyperfragments, decaying by x~ emission have been 
observed in this, the EFINS stack, of the EFINS-NU 
collaboration.’ About 210‘ A~ captures (leading to 
one or more charged prongs) have been examined in 
this stack. Details of the exposure, calibration, and 
scanning are described in reference 7. 

In emulsion, possible 2~ compounds may be found 
among two types of secondary configurations: 


(a) decays in flight into a pion and one or more 
neutral particles. 

(b) captures (e.g., stars with 21 prong, blob, or 
Auger electron). 


(a) Decays in Flight 


Our method of selecting these events was intended to 
duplicate the conditions of the Milan experiment. 
Tracks from K~ captures with 22 grey prongs were 
traced to their end in the stack. Only those tracks were 
selected which had (1) dip angle A with respect to the 
plane of the emulsion <30° and (2) a path length 
before decay 21.0 cm. In all, 15 such events were 
measured. 

Due to the dimensions of our stack, the 2+-decay 
pions could not be traced to their end; hence, the sign 
of the charge is not known for these events. From the 
results of the European A~ collaboration* one may 
infer that about half of them should carry a negative 
charge. 

For these events, information bearing on the mass 
of the particle may be deduced from measurements of 
ionization vs scattering. The total gap length (of those 
gaps >0.24) was measured both for the unknown 
and for a comparison track of known identity (A>). 
From this it is possible to obtain two inferred values o 
p8 on the assumption that the particle is a 2 or4 
(=-n). From a comparison of these inferred p8 values 
with those obtained directly from scattering measure 
ments, one may establish whether the unknown has the 
mass of a~ ora (2~n). 

7R. Ammar, R. Levi Setti, W. E. Slater, S. Limentani, P. E 


Schlein, and P. H. Steinberg, Nuovo cimento 15, 181 (1960). 
’ European A~ Collaboration, Nuovo cimento 13, 690 (1959). 
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SEARCH FOR 2-7 


(b) Captures at Rest 


For these events, the mass of the particle which 
produces the secondary event can be inferred from 
measurements of ionization vs range on the connecting 
tracks. The ionization parameter chosen was the 
integrated gap length of those gaps >0.2 u. The tracks 
selected for measurements were required to have, (1) 
\<30° and (2) residual range 21.0 mm. All grey and 
black prongs from the K~ captures have been traced 
to their end in the stack yielding a total of 84 such 
events. In all cases it could be ascertained that the 
captured particle carried unit charge. 

Rather than attempt to assign a mass value to a 
given event, we checked [as in Sec. II(a)] for con- 
sistency with regard to a specific assumption as to its 
identity. This is accomplished by use of the parameter 

mz, Gx(Rmx/m,) 
a(x) =— ——————__, (1) 
mx  G,(R) 


where G denotes the total gap length measured over 


the range denoted by its argument, XR the residual range - 


of the unknown while m refers to the mass of the 
particle. The label x refers to the assumed identity for 
the unknown and K to a comparison track of known 
identity (usually a K~ meson or a 2+ — p+7° at rest; 
on the average measurements were made on two such 
comparison tracks for events with R<1300 yu but only 
on one comparison track for events with R>1300 x). 
Assuming that, for a particle of unit charge in a 
given medium, the energy loss per unit length (dE/dR) 
is a function of velocity only, and that for a given 
degree of emulsion development the blackening of a 
track (blob length) is a function of dE/dR only, it 
follows that, under conditions where discrimination is 
possible, 
n(x)=1, x=correct identity, 
#1, xcorrect identity, 


(2) 


TaBLe I. Results of measurements on 15 decays 
in flight 5+ > n+-*. 





(pB) (Mev/c) 
Inferred from ionization, 


_ Obtained assuming the particle 
from multiple identity to be: 
Event scattering z =~n) 
10-501 123413 129+15 210+25 
15-501 80+ 8 91+ 6 152+12 
18-501 95+10 111+10 180+ 13 
20-501 103+11 99+ 8 157420 
21-501 82+ 8 79+ 4 120+ 9 
22-501 87+ 9 103+ 8 172+18 
26-501 87+ 9 934 4 138+ 10 
29-501 101+10 954 5 160+ 10 
38-501 124+ 13 138+12 230+ 20 
40-501 82+ 9 78+ 4 122+ 8 
47-501 112+12 102+ 8 173413 
48-501 834 9 98+ 7 147421 
49-501 107+ 11 120+10 194+ 22 
51-501 59+ 6 66+ 3 95+ 8 
37-501 102+ 10 99+ 7 165+15 
————— —— — 
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Residual Range in Microns 


Fic. 1. » as a function of residual range up to which measure- 
ments were terminated, on the assumption that the unknown 
is a ©. Even when available, no more than 2.3 mm of residual 
range was used in these measurements. For purposes of cali- 
bration several events of known identity have been included and 
their values of » are also presented on the assumption that they 
have the mass of the = even when this is known not to be the case. 
‘The results of measurements on the same calibration tracks have 
been presented at several residual ranges. ¢(R) is the average 
standard error of the above events (excluding those numbered 1 
through 4 and the two ,H® calibration tracks) as a function of 
residual range. 


provided the comparison tracks are chosen in the same 
region of the emulsion and with the same dip angle as 
the unknown. An empirical check on our method was 
obtained by applying this procedure to several cali- 
bration tracks whose identities are independently 
known (10 2+ decaying via the proton mode and 2 ,H?® 
decaying by w~ emission’). On the above assumption 
it also follows that the relative statistical error in 
G(R) and Gx((mx/mz-z)R) is the same if x is the correct 
identity. Thus a knowledge of the spread as a function 
of range for, say K~ of a given development, and \ may 
be used to determine the error in n(x). This was verified 
directly for the known calibration tracks and forms the 
basis of assigning errors to the “heavy” events described 
later. 


III. RESULTS AND DISCUSSIONS 
(a) Decays in Flight 

As can be seen from Table I, each of the 15 decays 
in flight is consistent with the assumption that the 
particle has the mass of a ©. None of the events are 
compatible with the (2~m) interpretation. From the 
criteria used in locating these events [Sec. II(a) ] it 
follows that all of them are consistent with having been 
produced in multinucleon captures of K~. 
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TABLE II. Pertinent information on the “heavy” events. See Eqs. (1) and (2) for definition of n(x). 











——— 


Prongs and Number of 
Range (R) Dip range in comparison 
in angle secondary tracks Possible 
Event microns (A) star measured n(=-) n(=~n) n(aH*) n(aH*) identification 
1 2350 6° 1 (970u) 4 3.0840.55 1.8340.41 1.29+0.33 0.9040.26 ,HX* 
2 1510 yy 1 (13 500u) 4 2.18+0.46 1.27+0.34 0.9040.30 0.8640.30 ,H*4, (=-y) 
3 5105 24° 2 1 1.60+0.26 0.88+0.19 =~n), Hp 
co elastic scatterj 
4 1550 26° 4 4 1.9940.51" 0.8740.27" =, (2) 














* Because of large \, event 4 has a greater percentage error than other events of the same R (see Fig. 1). The error given here was assigned on the basis 


of the spread of 20 known tracks of comparable dip. 


(b) Captures at Rest 


The result of the measurement on both calibration 
and unknown tracks are presented in Fig. 1, on the 
assumption that the particle has the mass of a &. 
[In each case, other assumptions were made concerning 
the mass of the unknown in order to ensure that both 
conditions expressed by Eq. (2) do hold. These results 
are not included in Fig. 1. | As can be seen, all but about 
6 of the events belong to a population indistinguishable 
from that of the =* calibration tracks, and can be 
interpreted as having baryonic mass. Two of the 6 
events represent the ,H* calibration tracks; data 
pertinent to the remaining four “heavy” events are 
summarized in Table II. 

Those numbered 1 and 2 consist of a secondary 
configuration involving a single prong and are each 
kinematically compatible with the nonmesonic decay 
of ,H** involving more than one neutron. The mass 
determination on event 1 makes an identification as 
(2~n) rather unlikely and favors the above interpre- 
tation; however, the (2~m) interpretation cannot be 
ruled out for event 2. Event 3 appears to have approxi- 
mately twice baryonic mass and has moreover two 
charged prongs. Interpretation as a possible (=~m) is 
however not unambiguous. The event is in fact kine- 
matically compatible with the nuclear scattering of 
a slow deuteron (residual range ~30y) on a free 
proton. The final event 4 has four prongs in the second- 
ary interaction and, from the standpoint of the mass 
measurement, can be interpreted either as a D~ or a 
(=-n). Although the mass measurement favors the 
latter, it should be noted that »(Z-) for this event 
deviates from unity by only 2 standard deviations. 

Figure 2 shows the energy distribution of the 80 
identified =~ events. Of these 71 have energies less than 
42 Mev (the upper energy limit attributed to = arising 
from single-nucleon K~ captures‘). A lower limit on the 
number of =~ produced in single-nucleon processes 
may be inferred from the fact that 32 of these events 
were produced in conjunction with charged pions. 
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Fic. 2. Energy spectrum of 80 identified =~ events of range 
> 1000 » coming to rest in the emulsion. 


In conclusion, we note that although there are several 
events which could be interpreted as (2~m), in no case 
is the interpretation unequivocal. If it exists, the 
frequency of (=~m) in our sample is <1/30, the value 
being relatively insensitive as to whether it is based on 
the total population or, for example, on a subset 
consisting of events with R>2000 u where the ability 
to discriminate is greatest. Clearly in the matter 
concerning existence of this compound, far more 
concrete evidence than that presently existing would 
be necessary before more stringent conclusions can be 
drawn. 
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Geometric Theory of Charge* 


H. Exsternt 
Argonne National Laboratory, Argonne, Illinois, and Imperial College, London, England 


(Received June 13, 1960) 


The symmetry properties of elementary particles—in particular the number of linearly independent 
states with a fixed mass and momentum—can be explained by relativistic covariance alone, if the irreducible 
representation assigned to particles with antiparticles is chosen so that it contains 2(2s+1) linearly inde- 
pendent states for fixed mass and momentum. No nongeometric symmetry element such as charge conju- 
gation is introduced. The existence of superselection rules within these irreducible representations is made 
necessary by the postulate that time-reversal invariance be directly verifiable. In this representation, 
the space-inversion operator has the same effect as the product PC in the usual representation. A charge 
operator Q is defined and it is shown that all physically realizable states are eigenstates of Q with integral 
eigenvalues. For “simple” particles, Q can have only the eigenvalues 0, +1. 





I. INTRODUCTION 


N the absence of a satisfactory detailed theory of 
elementary particles, it is desirable to exhaust the 

possible inferences from space-time symmetry princi- 
ples. Indeed, the consequences of the invariance of 
natural laws under the full Lorentz group have been 
studied with great success by many authors. Unfortu- 
nately, it has not been possible to explain even such 
basic properties of elementary particles as the multi- 
plicity of linearly independent states by relativistic 
invariance alone. In particular, the existence of anti- 
particles is explained by an added symmetry, charge 
conjugation, which is extraneous to the space-time 
mappings of the Lorentz group. The assignment of 
irreducible representations of the Lorentz group 
presently accepted for spinless particles, for instance, 
provides only one linearly independent state for a given 
momentum. The fact that two linearly independent 
states with precisely the same mass are observed is 
explained by the existence of two irreducible represen- 
tations with the same mass, which are coupled by a 
nongeometric symmetry element, viz., the charge 
conjugation. The case of fermions is exactly analogous 
except for the doubling of the number of linearly 
independent states. 

This disappointing outcome of Dirac’s attempt to 
explain the basic properties of particles from Lorentz 
invariance and quantum mechanics alone, was further 
complicated by the observations on nonconservation 
of parity. It seems that either 7, invariance under 
space-reflection, has to be completely dropped or that 
the product of J and charge conjugation alone can be 
maintained as a physical symmetry element. 

On the other hand, it is just those observations 
which revive the hope for a satisfactory explanation on 
the basis of relativistic symmetry alone. If we postulate 
invariance of natural laws under the full Lorentz group, 
then the explanation of the experiments (e.g., decay of 





* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


t Permanent Address: Argonne National Laboratory, Argonne, 
INois, 


polarized neutrons) can only be that the inversion 
operator U(J) does not convert a neutron into itself, 
i.e., does not leave the subspace of neutron states 
invariant. If the conjecture advanced by Landau! is 
correct (and there is, at least, no experimental evidence 
against it), then the antineutron would have the 
“inverted” decay pattern of the neutron. From the 
viewpoint of the postulated invariance under the 
Lorentz group alone, we would have to interpret this 
(anticipated) fact as indicating that U(J) converts a 
neutron into an antineutron. It follows that the 
irreducible subspace must include both neutrons and 
antineutrons, and must therefore have 4 linearly inde- 
pendent states for a given momentum. One is led to 
suspect that the assignment of the irreducible repre- 
sentation was erroneous in the past, and that one has 
to look for an irreducible representation with 4 linearly 
independent states. In fact, such “doubled” represen- 
tations (up to a factor) exist and have been enumerated 
by Wightman.? These considerations have motivated 
a renewed attempt to explain the basic properties of 
elementary particles on the basis of the full Lorentz 
invariance alone. 

We adopt the tentative postulate that all rigorous 
degeneracies of elementary particles must be accounted 
for by the assignment of the appropriate irreducible 
representation of the Lorentz group. Thereby, we rule 
out the existence of two irreducible subspaces with the 
same spin and exactly equal masses (“Accidents don’t 
happen’’). 

A summary of the arguments and results will now 
be given. In Sec. II, it is pointed out that the necessity 
of giving an experimentally verifiable meaning to time- 
reversal invariance leads to a condition on state vectors 
which excludes some vectors in the “doubled” irre- 
ducible representations from the set of physically 
realizable states. As a mathematical consequence (Sec. 
III), two of the doubled irreducible representations are 


1L. Landau, Nuclear Phys. 3, 127 (1957). 

2A. S. Wightman, Les Problemes Mathématiques de la Théorie 
Quantique des Champs, Colloques Internationaux du Centre National 
de la Recherche Scientifique (Centre National de la Recherche 
Scientifique, Paris, 1959). 
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found to be empty of states and are discarded, while 
the remaining representation receives a superselection 
rule. The two mutually orthogonal sets of states are 
interpreted (Sec. IV) as particles and antiparticles, and 
they are carried into each other by the space-inversion 
operator. In our representation, the space-inversion 
operator has the same effect as the product of space- 
inversion and charge-conjugation operators in the 
usual representation. 

In Sec. V, the many-particle states of a system with 
one type of particle with “doubled” representation are 
investigated. The superselection rule on the one-particle 
subspace implies similar rules for many-particle states 
which may be expressed in terms of a self-adjoint 
operator Q which commutes with all observables, has 
integral eigenvalues, and separates subspaces of states. 
The operator Q may be interpreted as a charge or 
baryon-number operator. 

In Sec. VI it is pointed out that in the presence of 
superselection rules, the choice of the representative of 
an element of the Lorentz group in a given irreducible 
representation space is ambiguous by more than a 
factor of unit modulus. As a consequence, at least two 
essentially different operators may be considered to 
represent time-and-space inversion. In the presence of 
several types of particles, many different operators 
U“™(T) on the reducible part of Hilbert space may be 
defined. 

In the general case of several types of particles, the 
implications of the superselection rules on many- 
particle states are doubtful. If the most natural rule 
for the selection of the separating operators Q is 
adopted (namely, the rule that defines “simple” parti- 
cles), it is found that the operators Q™ can have only 
the eigenvalues 0 and +1. All rigorous degeneracies and 
absolute selection rules for known elementary particles 
can be accounted for by introducing two sets of oper- 
ators U‘™ and the corresponding QQ (charge and 
baryon number). This is perhaps the first nonarbitrary 
distinction between elementary and composite particles. 

In Sec. VIII, field operators are defined whose 
transformation properties are induced by those of the 
functions in the one-particle subspaces. The simplest 
covariant equation of motion of the field operator in 
the presence of an external electromagnetic field 
confirms the interpretation of the two sets of states in 
the one-particle subspaces as positive and negative. 


Il. VERIFIABILITY OF SYMMETRY ASSUMPTIONS 


The assumption of invariance of natural laws under 
the orthochronous relativity group can be given a form 
that can be directly compared with experiment*: Given 
a state represented by a vector W in Hilbert space, 
there exists another state represented by the vector 
U(L)¥ which is obtained by repeating the preparation 
of state W with all instruments involved in the prepa- 


3R. Haag, Kgl. Danske Videnskab. Selskab, Math.-fys. Medd. 
29, 12 (1955). 
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ration of W being translated, rotated, or accelerated 
with respect to the original experiments. The kind of 
modification prescribed is implied in the geometric 
meaning of the element L of the group of length. 
preserving mappings of space-time into itself. In the 
case of space translations and rotations, the operational 
instructions implied in Z are self-evident. In the case 
of Lorentz transformations, the instruments which 
produce the state l’(L)W are to be given a velocity 
with respect to the laboratory. Finally, for elements | 
involving space inversion, all instruments used to 
prepare the state L’(L)W are to be changed by inter. 
changing the words “left” and “right” in the oper. 
ational instructions. The verifiable prediction of the 
invariance statement is then contained in the statement 
that a scalar observable ¢ which represents a measure- 
ment made at the space-time point x will have the new 
expectation values* 


(o(Lx))’=(U (LV, ¢(Lx)U (L)¥) 
(¢(x))=(¥,¢(x)¥). (2.1) 


We have repeated with great explicitness the well- 
known physical interpretation of relativistic invariance, 
in order to point out that no such direct operational 
instruction for the verification of the time-inversion 
invariance exists. 

One might attempt to introduce an analogous 
instruction for the preparation of the state U(T)W by 
“letting time run backward,” but this is only a verbal 
exercise.° It is necessary therefore to replace the direct 
geometric meaning of L’(7T) by an instruction which is 
obtained from experience. 

Consider first the classical case. The statement is: 
If a state V; (specified by positions, momenta, and 
possibly intrinsic angular momenta of all particles at 
one time) evolves into a state Wy after a time /, then 
there exists a state TW, which evolves into a state 
TW, during time /. The statement is empty unless an 
instruction for the preparation of any state 7Y corte- 
sponding to a given W is provided. The statement 
would still be empty if this instruction had to rely ona 
specific theory, since symmetry statements should be 
used as requirements to be imposed on a theory, and 
not be deduced from it. In fact, the instruction is easy 
to formulate: TW is obtained from W by reversing al 
momenta and angular momenta and _ leaving the 
positions unchanged. In this purely empirical form the 
statement is verifiable, and has been verified to a large 
extent. The essential point is that a directly verifiable 
statement of time-reversal invariance has to be made 
in terms of a geometric operation (180° rotation). 

4 For nonscalar observables, the generalization of this statement 
can be given in an elegant way according to A. Wightman, 
Problémes Mathématiques de la Théorie Quantique, University 
of Paris, 1958 (unpublished). 

‘ This distinctive nature of the time-reversal element of the 
relativity group was pointed out by R. Haag (reference 3). For 
the classical case, we adopt the viewpoint of S$. Watanabe, Phys. 
Rev. $4, 1008 (1951). 

















me 
im! 


lan 
of 


revi 


a he a | 


wn 


1a mw ey” 





ated 
d of 
etric 
gth- 
- the 
onal 
case 
hich 
city 
its L 
1 to 
nter- 
yper- 
the 
nent 
sure- 
new 


2.1) 


well 
ince, 
onal 
‘sion 


ous 
t by 
thal 
rect 
ch is 


t is: 
and 
sat 
then 
state 
$ an 
yrTe- 
nent 
on a 
1 be 
and 
easy 
y all 
the 
the 
arge 
able 
ade 


ment 
rsity 
f the 
For 


*hys. 














GEOMETRIC 


For at least a restricted set of (improper) quantum 
mechanical states, the classical statement can be 
immediately adapted. 

Postulate I: For a one-particle stale which is a simul- 
taneous eigenvector of momentum P and of the projection 
of angular momentum (s=J-P/|P|) om it, the time- 
reversal operator is equivalent to a 180° rotation with 
respect lo a direction normal to P, i.e., 


U(T)Wp.s=e*U(Ry)Vp2=eW_».2 (2.2) 


In this form, the statement is in agreement with 
observations as well as with all theories of elementary 
particles considered in the past. In the case of the 
“doubled” representations, it will be seen that not all 
simultaneous eigenvectors of P and s satisfy Eq. (2), 
and therefore we have to impose it as a condition on 
states. The fact that not all vectors or rays in Hilbert 
space can be states, is well known.* Our particular 
superselection rule seems indispensable to give a veri- 
fable meaning to time-reversal invariance in the 
“doubled” representations. 

We state explicitly two more assumptions on super- 
selection rules. 

Postulate II: If a vector V is a state, then all vectors 
¥ aU (L,)¥ are states, if the L; are the elements of the 
proper Lorentz group. 

Indeed, it would be absurd if, for instance, the time 
development of a state could turn it into a vector 
which is not physically meaningful. 

Postulate 111: States form mutually orthogonal sub- 
spaces in the Hilbert space. 

These are usually assumed properties of superselec- 
tion rules, and it seems difficult to obtain reasonable 
physical results without them. 


Ill. SELECTION OF PHYSICALLY ADMISSIBLE 
IRREDUCIBLE REPRESENTATIONS 


The “doubled” irreducible representations for non- 
vanishing mass have been enumerated by Wightman. 
The three “doubled” representations may be obtained 
from the usual one by doubling the number of com- 
ponents of the function in representation space. The 
operators may be written under the form of a direct 
product V(L)@Uo(L) of 2X2 matrices V(J), V(T7), 
V(IT), and operators Uo(L) which act only within the 
subspace defined by the usual representation. The usual 
representations, which will be referred to as type 7, may 
be realized either on sets of normalizable functions of 
2s+1 components** or on the normalizable solutions 
of Dirac-type equations." In the first case, particles with 
m8 ton agen” A. S. Wightman, and E. P. Wigner, Phys. Rev. 


_'L. Michel and A. S. Wightman, Princeton University Lecture 
Notes (unpublished). 

ve P. Wigner, Ann. Math. 40, 149 (1939). 
P,, - M. Shirokov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 
Phy 1196, 1208 (1957); 34, 717 (1958) [translation: Soviet 

ys. JETP 6, 664, 919, 929; 34(7), 493 (1958) ]. 

V. Bargmann and E. P. Wigner, Proc. Natl. Acad. Sci. (U.S.) 

4, 211 (1948) 
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TABLE I. Matrices of the various types of representation. 


Type (U(T)#? CUUT)P Vi) V(T) 


VUT) 
I +1 +1 1 1 1 
mo oat t (9 1) (0) Ct WO) 
Ill 1 +1 u a t.8 1 ) (9 } ) 
lias, “a © 2 6:5 oe 


spin 3 are described by 4-component, in the second case 
by 8-component functions for the “‘doubled”’ representa- 
tions. We will write the wave functions as 
()) 
v 

where ¢ and y have the same number of components 
as in representation J, and both ¢ and y span subspaces 
which are the bases of irreducible representations of the 
proper Lorentz group. Since the operators Uo and their 
generators have been described in great detail*—!® we 
do not discuss them. 

The matrices V are tabulated in Table I?’ together 
with the squares of U(T) and U(JT). While the ma- 
trices V are, of course, determined only up to a factor 
of unit modulus, the squares of the antiunitary oper- 
ators such as V(T)U o(T) are well-defined numbers 
which do not change with the phases of the operators. 
(See, e.g., reference 6.) The upper sign in Table I 
applies to integral, the lower to half-integral spin. 

Consider first spinless particles in the representations 
III and IV. The eigenfunctions of the momentum 
operator in representation I may be chosen to be real, 
e.g., Vp»=6(p—p’). The general eigenfunctions of the 
momentum operator in representations III and IV are 


¥ Nf ) 
Pp . 


where a@ and 6 are complex numbers. To test such 
vectors for physical validity, we write according to 
Eq. (2.2) 


av, +b, iv, 
r( )-( ) or ( ). (3.1) 
bv, —a*v_, +a°¥_, 


If these are to be equal to 


then we must have 


a=e*}*, b=—e'*a*; (3.3) 
or 


a=—e*}*, b=e'8a* 
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for representations III and IV, respectively. Clearly, 
these equations have no nonzero solutions, and we 
conclude that the representations III and IV have no 
physical states at all. 

For the general case of particles with spin, it is more 
convenient to use a unitary transformation to diago- 
nalize V(T). If there are physical states at all, then, 
according to our assumptions, there must exist a 
representation in which they have the form 


(): (,) 


where the functions ¢ form the basis of an irreducible 
representation of the proper Lorentz group. It is also 
easy to see that the matrix V(7) must be diagonal in 
this representation. 

However, U(T) is an antilinear operator, and the 
diagonalization problem does not, as in the case of 
unitary operators, have a solution unique up to a 
reordering of the diagonal elements. It will be shown 
that in this case the problem may have either no 
solution or several essentially inequivalent ones. Since 
any antiunitary operator may be written as the product 
of a unitary operator R and the operator K of complex 
conjugation, the operator U(T) has the form 
V(T)KR,(T), where Ro leaves the subspaces invariant. 
Since we are not concerned with transformations within 
the subspaces, the problem requires the finding of a 
unitary 2X2 matrix M such that 


MVKM“"=DK, (3.4) 


MVKM"'K=D, (3.5) 


where D is a diagonal matrix. 

It is easy to verify that the problem has no solution 
for representations III and IV. Therefore, these repre- 
sentations must be discarded in general. The only 
remaining possibility is the representation II, which by 
the orthogonal transformation 


nah) 


is brought into the desired form 


rom(’ 2). vo-(, 
rana(") 


The squares of the operators U(T) and U(IT) remain, 


of course, unchanged by the transformation. 
Clearly, the vectors 


(3) (,) 


(3.6) 
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are states, while vectors of the form 


(;’) 


are not. However, the diagonalization problem in this 
case has many other solutions. Correspondingly, in the 
representation (6), there are vectors 


(aste,) 


which would also, by our first requirement (Sec, [I 
Postulate I) alone, qualify as states. By our Postulate 
III, we must discard some of these vectors, and retain 
only two mutually orthogonal sets. We choose the set 


(;) ( ) 
0 e 
and we omit the proof that another choice would lead 
to physically identical results. 
A similar analysis shows that for particles with zero 


mass the “doubled” representations are empty of 
physical states. 


IV. PHYSICAL INTERPRETATION OF THE 
IRREDUCIBLE REPRESENTATIONS 


We have postulated in Sec. I that the multiplicity of 
linearly independent one-particle states with a given 
mass and momentum must be due to the structure of 
the irreducible representations of the Lorentz group 
alone, and not to the existence of additional symmetry 
principles. To all particles with antiparticles, we must 
therefore assign representation II, which has 2(2s+1) 
linearly independent states for a given momentum. 
We interpret the states 


bet) 


as particle and antiparticle states. We have three 
verifiable predictions from this assignment: 

(1) There is a superselection between particle and 
antiparticle states. This result is in agreement with 
experience, and it has been conjectured previously by 
Wick, Wightman, and Wigner.® 

(2) Particles with momentum p and projection s art 
converted into antiparticles with (—p, —s) by space 
inversion. This result, while not confirmed expert 
mentally, is not in disagreement with experiment. It 
was conjectured by Landau.' In our assignment, the 
operator U(J) has the same effect as the product of 
U(I) and the charge conjugation operator C in the 
usual assignment. 

(3) Since the time-reversal operator does not trans 
form particles into antiparticles, the usual argument 
concerning the expectation value of a vector that 6 
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invariant under time reversal leads to the conclusion 
that the electric dipole moment must vanish, but not 
the magnetic moment. 


y, ONE TYPE OF CHARGED PARTICLE ONLY 


To discuss the implications of the superselection 
principle on many-body states, we consider first a theory 
in which only one type of particle with antiparticle 
exists. We are going to refer to the two types of states 
as positive and negative, although the argument applies 
also to neutral particles with antiparticles. The impli- 
cation of the superselection rule for one-particle states 
in the many-particle system may be formulated as 
follows. 

If a physical state is defined by the addition of an 
extra particle to a pre-existing system, the added 
particle can be only purely positive or purely negative 
—not a linear superposition. In the general theory of 
scattering, the creation of physical particles at a finite 
time is described by quasi-localized particle-creation 
operators" ¢ [called Q(0) by Haag] which create 
rigorous one-particle states when applied to the physical 
vacuum 


chy=y™, (5.1) 


and have certain other restrictive properties which 
define their quasi-local nature.'?-!8 

A many-particle state W’ of the above-mentioned 
type is then defined by 


y= > CY, (5.2) 


where Y is any state. The superselection rule states 
that a vector obtained by adding a linear combination 
of a positive and of a negative particle, i.e., 


W’= (ae,+be_)¥, (5.3) 


is not a state unless either a=0 or 6=0. 

It is known that every superselection rule implies 
restrictions on that class of self-adjoint operators which 
may be considered as observables.* It is therefore 
desirable to replace the restriction on states by a 
restriction on observables. The connection between 
states and observables is given by the remark that 
immediately after the measurement of a nondegenerate 
observable (a complete commuting set of observables), 
the state of the system is the eigenvector that corre- 
sponds to the observed values.* The superselection rule 
states therefore that a vector that is not a state cannot 
be an eigenvector of a nondegenerate observable. 

In the irreducible subspace, the superselection rule 
can be expressed by the requirement that every non- 
degenerate observable © must commute with a set of 


matrices 
e® QO 
a (, e a 


4 Ekstein, Nuovo cimento 4, 1017 (1956). 
., & Haag, Phys. Rev. 112, 669 (1958). 
H. Ekstein, Phys. Rev. 117, 1590 (1960). 
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Clearly, the eigenvectors of such operators can be only 


of the form 
(5) () 
o/’ yg 
ay 
( ) (a0, 60), 
by 


and this is just the statement of superselection. If all 
nondegenerate observables commute with a matrix, 
then the degenerate observables do so a fortiori. With 


the notation 
e® Q 
W; = ’ 
0 e~6 


[o,WsW=0, 


where the ¥“” are the one-particle states. 
By Eq. (1), the operators W; have the property 


but not 


(5.4) 


we have 


(5.5) 


W sea o =e Se Wo. (5.6) 


We now wish to extend the definition of W; from the 
one-particle state to the whole Hilbert space ic. 
First, we define 


W Wo=WVo. 
Hence Eq. (6) may be written 


Wse..Ws ly y= e* OW. (5.7) 
It is natural to define a set of unitary operators W; 
on 5 by generalizing this equation to 


We,Ws = et te, (5.8) 


and we may conjecture that the requirement that all 
observables commute with the operators thus defined 
will imply our superselection rule for many-body states. 

We will show that a nondegenerate operator 0 
cannot have a state of the form W’ [Eq. (3)] for 
eigenvector if 


[0,Ws]=0. (5.9) 


If, contrary to our assertion, such a vector were an 
eigenvector of ©, we would have 


OW’= O(ac,+be_)V=d(ace,+be_)¥, (5.10) 
where a#0, #0; and, because of Eq. (9), 
O(ae*c, +be~ “c_)W VW =X(ae*e,+be-“e_)¥. (5.11) 


Since © is nondegenerate, the vector on the right-hand 
side of Eq. (11) can differ only by a factor e* from the 
vector VW’, 

Since, by assumption, VW is a state, there exists 
another nondegenerate observable 0’ of which it is an 
eigenvector: 

O'vV =p, (5.12) 


W.0'W OW W=0W VW =pW ev. — (5.13) 
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Hence, W;¥ can differ from Y only by a factor of unit 
modulus e'*, and we have 


(ac, +be_)V = e'(*+® (ae%e,+be-“%e)W. (5.14) 


But, since c, is a creation operator which does not 
annul any vector, this equation is absurd, unless a=0 
or b=0. This proves the assertion. 

A state of the type 


N M 
TI e4n IT] ¢-n¥o= Vw, (5.15) 


is an eigenvector of the operator W, with eigenvalue 
e(N-408, We can define a self-adjoint operator Q by 


Wy=e'e (5.16) 


and infer that Q commutes with all observables, that 
its eigenvalues are integers, and that no two of its 
nondegenerate eigenvectors can be linearly combined 
to give states. These are properties of the charge and 
baryon-number operators. 

The asymptotic states ¥™ are constructed from the 
states [[e,] [ceo by a well-known limiting process!'—"® 
which involves only the energy operator H. Since this 
must be an observable, it commutes with Q. We can 
therefore infer that the asymptotic particle-creation 
operators A,' are transformed by W, in the same 
manner as the operators ¢, i.e., 


WAs'We = e**A,t (5. 


un 
— 
~ 
— 


for both “in” and “out” operators. 
It follows then that the S$ operator itself commutes 
with Q. 


VI. RAY MAPPING IN THE PRESENCE 
OF SUPERSELECTION 


It is well known'® that the physical invariance 
principles do not require a proper representation of the 
group elements L by operators U(L) on Hilbert space, 
but only a mapping of elements Z on operator rays 
U(L) which consist of all operators 7(L)U(L) (|r| =1) 
such that 


U(L,)U(L:)= U(LiL,). (6.1) 


However, if Eq. (1) is to be satisfied for every ray f in 
Hilbert space, it is possible to select one representative 
operator U(L) from each operator ray U(L) so that 
the mapping becomes a many-to-one mapping from 
elements L to representative operators U(L).'® Such a 
choice is essentially unique, because the only other 
possible operators which are representative for a given 
set U(L) are of the form r(L)U(L) (|r| =1). 

In presence of superselection rules, Eq. (1) must be 
modified so that its assertion is restricted to physical 


4 R. Haag, Suppl. Nuovo cimento 14, 131 (1959). 
'® W. Brenig and R. Haag, Fortschr. Physik 1, 183 (1959). 
‘© V. Bargmann, Ann. Math. 59, 1 (1954). 
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states only: 


U(L,) U(L2)f= U(L1,)f, (6.2) 


where f is a ray which represents a physically realizable 
state. In this case, the choice of representative operators 
is not unique up to a factor of unit modulus, 

By our Postulate II (Sec. II), the states f span 
subspaces 3; in Hilbert space. If a given representative 
U(L) is replaced in its action on f,(fie5C;) by 7,U(L) 
i.e., if 


U'(L)f.=7(L)U(L)Ei, (| rs] =1, fe8e,), (63 


then clearly U’(L) is also a possible representative of 
the operator ray U(L). Therefore, there may be several 
inequivalent representatives U‘" (L) in a representation 
in the presence of superselection rules. This possibility 
was discussed by Wightman."” 

In our representation IT, it is possible to adopt the 
unit matrix for V(7) in addition to the matrix 


1 0 
(, 9 
This is not the most general possibility, but it will be 
sufficient for our purpose. 

For representation II, with the adopted superselec- 
tion rule, we consider the two assignments given in 
Table IT. 

Of course, the matrices of class (6) can be reduced 
to give two representations of type I, but this is an 
unphysical operation, since the vectors in the two 
invariant subspaces are not states. The representation 
is mathematically but not physically reducible because 
of the superselection rule. 


VII. SEVERAL TIME-REVERSAL OPERATORS IN 
THE COMPLETE HILBERT SPACE 


We have seen that in an irreducible subspace of type 
II at least two essentially inequivalent time-reversal 
operators can be defined. The extension of a symmetry 
operator from the one-particle states to the many-body 
states is accomplished by the construction of direct 
products of the irreducible representations.’ In the 
case where only one type of particle is present, this 
construction is unambiguous, and the introduction 
the operators U’, in addition to LU’, does not give any 
new results. However, in presence of several types of 
particles, one cannot know a priori which of the 


TaBLe II. Assignments for representation IT. 


vUT) CU(T)F (un? 
(° “2 41 +} 
Co.) + @ 


17 R. Haag (private communication). 
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operators U\"’ (defined on the whole Hilbert space) 
will have the form U, or U’, on a particular irreducible 
subspace. 

If there are two types of particles with representation 
II, we could have, e.g., either of the schemes shown in 
Fig. 1. These diagrams symbolize the assignments 


Ua Wa = l | tens 
UYs= Uns, 
U%Y.= Uwe 
U?Ya=U ae. 

The operators U’'" are the operators defined on the 
whole Hilbert space, while LU’... are the operators defined 
on the irreducible representations in Table II. Factors 
of unit modulus may be inserted in Eq. (7.1) for 
sreater generality. 

The existence of superselection rules in the one- 
particle subspaces again implies superselection rules for 
the many-particle states. In order to guarantee these, 
we can again define operators W;‘" with the properties 

W sean (Wa) = e* “eas, 


W seg, (W) "= c* %eg,, 


Ua p= U aha,s, 
(7.1) 
UVa p= Uwa,s; 


C72) 


which commute with all observables. These operators 
guarantee the superselection rules for states which 
consist only of a or only of 8 particles, but the commu- 
tation rules of W,‘ with cg and of W, with cq are 
not given by any symmetry property. One could have, 
for instance 

CWs,cs ]=[Ws,c. ]=0, (7.3) 


Wy (7.4) 


The most natural assumption is that the operators 
W, are associated with the operators UL” as follows. 
For any particle of type v, the commutation rules are 
of the form 


or 


=W,”. 


(7.5) 
and 6,°=0 for those particles vy on whose irreducible 
subspace U(™y,=Uyy,, i.e., where the operator U‘” 
does not imply any superselection rules on particle v. 
Those particles which satisfy this assignment rule, will 
be called simple. Even with this assumption, the relation 
between two nonvanishing phases remains indetermi- 
nate at this point. For instance, in Fig. 1(2), we have 
i ca (Wy) = erie, ; 


W scsi (Ws 2))—1 = et 


Ws™e,4. (Wa) =exp(+16,)e,4, 


C4, 


Wi ean (W5) Iaetitg, |. (7.6) 
W seas (Wa) =Cas, 
which is unambiguous, but in Fig. 1(1), 
Ws™ca.9s(Ws)"=Ca, 04, 
Wea (Ws)! = exp(+i6.)€04, (7.7) 


Wea. (Ws) =exp(+i6s)e84, 
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Fic. 1. Possible schemes for two types of particles 
with representation IT. 


where 6g may be considered to be any nonvanishing 
function of 6,. However, this ambiguity will be removed 
by further analysis. 

By the argument given at the end of Sec. V, the 
scattering operator S commutes with the operators 
Ws“. Now consider many-particle processes in which 
an initial state of the form 


m = 


W4at?(e)Ae" (k)TTAs," (ki TT Ast (ko 


is converted into a state of the same type, but with 
different particle numbers m,’, n_’, m,’, m_’. The 
matrix element for this scattering process can be 
nonvanishing only if 


(ny —n_—ns'+n_)ia= (ms'—m_'—m_+m, iz. 


Therefore, the phases 6, and 6g must be integral 
multiples of a constant gq. 
We have then, for the phases 6,‘" in Eq. (7), 


5 = gm, 6, 


where m, is an integer and g‘” a real number. 
We can now introduce, as in Sec. V, a self-adjoint 
operator OQ such that 


Ws =exp(i0™ g'5), (7.9) 
with 


Ws"c.4(Ws) 1 =exp(+idm,g™ Jers. (7.10) 


The operator Q‘” is diagonal with respect to all states, 
and has integral eigenvalues. This result supports our 
previous interpretation of 0" as the charge or baryon- 
number operator. 

Further information about the properties of simple 
particles can be obtained by considering a reaction of 
two simple particles a and 6 which results in the 
creation of a new simple particle y. Of course, a scatter- 
ing process with only three particles would violate the 
laws of conservation of momentum and energy, but 
we may add a particle of the same type to the final 
and initial states. Since the presence of this extra 
particle does not charge the following argument, we 
will omit it for the sake of simplicity. 

Consider two simple particles a and 8, both having 
either a nonvanishing charge or baryon number. In 
our formalism, this means that there exists an operator 
U® such that Uos=Uaba,s. We consider the two 
operators [U(T)? and [U®(IT)}. Since the S$ 
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operator commutes with both, an S-matrix element can 
be nonvanishing only if 
(CU (T) P¥as,SLU® (T) PY.) = (Vap,SVy) 
=((U UT) PW as,SLU IT) P¥,), (7.11) 
where V.g and WV, are the asymptotic “out” states. 
Since the asymptotic states transform like products of 
the corresponding one-particle states,’ the quantities 
[U® ?W.8 can be determined from Table I if the spins 
of the particles a and 6 are known. Assume first that 
a has integral spin, 8 half-integral. Then, by Table I, 
[U (T) Plap= (+): (—)Was, 
[U® (IT) P¥ap= (—)- (+) Vas. 
It follows from Eq. (7.1) that 


[U(T),=[UUT)y=—¥y. (7.13) 


(7.12) 


The reader will convince himself that for any choice 
of spins, the operators [U®(7T)? and [U(IT)F 
produce the same sign change on V,. By Table I, we 
conclude that the operators U“ act on the subspace 
as operators of type 6. Therefore, by our definition of 
simple particles, the charge (or baryon number, accord- 
ing to the physical meaning of U) of the reaction 
product is zero. Since both particles a and § have 
nonzero eigenvalues of 0, this can be true only if the 
reacting particles a and 8 have equal and opposite 
eigenvalues of QO. 

We can now consider other reactions of the three 
simple particles a, 8, y with other simple particles which 
also create simple particles. By repeating the argument 
given above, we conclude that the eigenvalue of the 
operators 0g on the irreducible subspaces either 
are zero or are equal in absolute magnitude to a given 
constant. Since the eigenvalues of 0 on many-particle 
states can be only larger, in absolute value, we may 
take its value to be g, the smallest nonzero eigenvalue 
of O™g™ according to Eq. (9). We have the general 
result that the eigenvalues of 0 on the one-particle 
subspaces of simple particles are 0 and +1. 

These properties are common to those particles which 
are currently considered as elementary, and we are 
therefore led to a physical interpretation of elementary 
particles as being simple. 

It was pointed out by Haag’ that within the accepted 
framework of field theory there is no nonarbitrary 
difference between elementary and composite stable 
particles. Nevertheless, common sense imposes a dis- 
tinction between what are currently considered ele- 
mentary particles and stable composite “particles” such 
as chairs or black dwarfs. Our scheme of classification 
offers a nonarbitrary definition of elementary particles 
as those that are simple.'* 

The assignment of representations and superselection 
rules to elementary particles is now obvious. We define 


18 But not only elementary particles are simple. The hydrogen 
atom, for instance, meets all requirements for simple particles. 


EKSTEIN 


two sets of operators U™, U® with correspond 
Q, Q®. They are given the physical meaning of cha 
and baryon number, respectively. On subspaces of 
elementary particles with charge (baryon number) 
the operators U(U®) have the form U5; on thos 
which have charge (baryon number) +1, it is U,, Po 
instance, the particles r+, (p,p), (m,#) are characterized 
by Fig. 2. 

There is no necessity to introduce a third operat 
for lepton number for the purpose of this scheme, For 
composite particles, the assignment is obtained from 
the reaction which creates them. For instance, th 
(a,@) particle is obtained by the reaction 


2p+2n— a, 
or 
2p+2i — a. 
Hence, 
OYa=+Me OVe= +4. 


The assignment of the representatives of the Lorentz 
group can be read off the reaction equation in cop 
junction with Table IT. It is UPY,=U°y,=Uy, 
This example shows the difference between simple and 
composite particles. The spin of a@ is 0, hence the 
number of linearly independent states is 2. Both 
operators LU“, U’ are of the form U,, and therefor 
the representation would be reducible, except for the 
existence of a superselection rule which forbids the 
existence of linear combinations of states with charge 
+2 and —2 (the representation is physically ime 
ducible). The difference between simple and composite 
particles can be seen as follows. Since there is no 
operator of the type a, the existence of the superselec- 
tion rule would appear wholly unmotivated, by con 
sidering the subspace of (a,&) alone. It is only motivated 
by the manner in which the a particle has been produced 
from simple particles. In other words, the assignment 
analysis must start from simple particles, if it is to be 
nonarbitrary. 

A sensitive test of our scheme is the prediction that 
an elementary particle of zero charge and zero baryon 
number must belong to representation I, and must 
have only (2s+1) linearly independent states for a 
given momentum (for m0). The assignment would be 
invalidated by the existence of two 2° or K® particles 
with exactly equal mass. 

For massless particles, our assignment provides m0 


: i (p.P) (n,n ) 
Ug Up Ug Ua Uy Ug 
‘ » J >" 4 
\ P. ae / 
) (2) 
U U 
(charge) (baryon number ) 


Fic. 2. Assignment of representations and superselection 
rules to elementary particles. 
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GEOMETRIC THEORY OF 


charge and baryon number, since the “doubled” repre- 
sentations are unphysical.” The discovery of a massless 
particle with nonzero charge or baryon number or with 
more than two linearly independent states for a given 
spin would also invalidate our assignment. 


vill. INTERACTION WITH THE ELECTRO- 
MAGNETIC FIELD 


We have justified our interpretation of the operator 
Q as charge operator by showing that it has some of 
the properties of the latter: its eigenvalues are integers, 
its eigenstates are separated by superselection, and its 
eigenvalues on one-particle states of simple particles 
are 0 and +1. The primary definition of charge by its 
interaction with the electromagnetic field cannot be 
deduced from mere symmetry considerations, but we 
will show that the most obvious type of coupling of 
particles with an external electromagnetic field is in 
agreement with our interpretation. 

For this purpose, field operators must be defined 
whose transformation properties reflect those of the 
one-particle states. The general prescription for deter- 
mining the properties of creation operators A? is as 
follows.*° If the representative U(L) of an element L 
transforms a one-particle state y, into We, and if creation 
operators A,‘ and A.‘ are defined by 

AiWo=1; AgtWo=yYo, (8.1) 
then 
U(L)AU(L)"=A,!. (8.2) 

The creation operators are uniquely defined by the 
usual commutation or anticommutation relations, and 
by the requirement that their adjoints annul the 
vacuum state. The operators may be considered as 
creating either asymptotic “in” or “out” states. 

For spinless particles of representation II, we define 
field operators 


o(t)=(2n)-! f ah e*[ A, (k) +A_t(—k) ](2k,)-4. (8.3) 


One shows readily that under the operations of the 
restricted group it follows that 


U(L)¢(x)U(L)*= ¢(L2). (8.4) 
From Eqs. (3.6), (8.1), and (8.2), one has 
U(DA,t(K)U (1) = A_t(—k). (8.5) 
Hence, 
U (1) 9(x,1)U (1) = gt (—x, x). (8.6) 


We see again that the inversion operator has the same 





p — this viewpoint, the neutrino has no antiparticle, but 
Wo linearly independent states for a given momentum which are 
into each other by space inversion. 


Kastler, Ann. Univ. Saraviensis 5, 213, 153 (1956). 
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effect in our representation as its product with charge 
conjugation in the usual representation. 

In an external field, the physical covariance require- 
ment is changed to the statement: If an element of the 
Lorentz group induces a change A,— A,’, the corre- 
sponding state is obtained from VW — ¥’=U(L)W. To 
guarantee this convariance, one postulates equations 
of motion for the field operators which are invariant 
with respect to a simultaneous change A,— A,’ 
(induced by ZL) and g—> U(L)¢(x)U(L)“. The only 
such equation, linear and second order in ¢ and using 
only one coupling constant, is 


(10,*-eA,)(id,—eAy) (x) +m? o(x)=0. (8.7) 


In accordance with Landau’s suggestion,’ we assume 
that A, behaves as a pseudovector under space inver- 
sion. The simultaneous transformation A;— A,, (i=1, 
2, 3), Ao— —Ao, o(x) ~ UD) ¢(x)U(U)— transforms 
Eq. (8.7) into 


(id, +eA ») (id, +eA ») ¢" (x) + m’ ot (x) sac 0, (8.8) 


which is the Hermitean adjoint of Eq. (8.7). This 
proves the invariance of Eq. (8.7) under space inversion. 
To see the observable implications of this equation, 
we need only apply the operator to the vacuum, and 
observe that because of Eq. (8.3) and AVo=0, ¢ creates 
only negative, ¢' only positive particles. This estab- 
lishes the connection between the two types of physical 
states in the irreducible representation and the electro- 
magnetic field. 

It is more usual to introduce the field operators with 
their transformation properties by considering ¢(x) 
first as numerical functions which realize the Hilbert 
space of the irreducible representation, and by deter- 
mining the transformation properties of the field 
operators from those of the functions g(x). We have 
not done so because we would need a two-component 
function ¢,(x) for the irreducible representation, while 
the field operator has only one component, and the 
corresponding change of the formalism by the transition 
from functions to operators would seem artificial. 

The case of the particles with spin } is analogous. 
If one wishes to realize the Hilbert space of the irre- 
ducible representation by functions y, which satisfy 
the Dirac equation, one needs eight components,’ but 
the field operator defined by analogy with Eq. (3) has 
only 2(2s+1)=4 components. 

A draft of an article by V. Bargmann, A. S. Wight- 
man, and E. P. Wigner, received after completion of 
this paper, gives a detailed derivation of the “doubled” 
representations and proposes similar assignments. 
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It is shown under general assumptions that if the one-body Green’s function equals its free-field value 


the theory is that of a free field. 


E would like to point out a simple and remarkable 
generalization of previously known theorems! * 
regarding the vacuum expectation values of relativistic 
field theory operators. Namely, if the vacuum ex- 
pectation value of the simple two-point function 
coincides with that for a free field at equal times, then 
all vacuum expectation values coincide with the corre- 
sponding free-field values.* The proof is essentially 
elementary. Consider the states, 


v= f dxf (—O+-m?) f(x) (2/0) (1) 


where /(x) is an arbitrary space-time function with 
reasonable properties such that surface terms vanish 
upon integration by parts. Then ¥ has zero norm since 


(—0?+m*)(0|o(x)o(y)|0)=0. (2) 


(By assumption, (0|¢@|0) coincides with the free-field 
function at equal times, and therefore, by analyticity, 
at arbitrary times.) Consequently ¥=0 if the metric 
is positive definite. Define 


j(x)= (—O2+-m*)p(2). (3) 
We see that from V=0 if follows that 


j(x)|0)=0. (4) 

* This work is supported in part by funds provided by the 
U. S. Atomic Energy Commission, the Office of Naval Research 
and the Air Force Office of Scientific Research. 
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* We have been informed by R. Jost that the same result has 
been obtained independently by both R. Jost and B. Schroer. 


Accordingly, it is true that 
0] 7 (x) (91) + +O (yn) |0)=0. 
It follows that 
(O|@(91)- ++ 7(%)- + -O(yn)|0)=0 


since both matrix elements are boundary values of 
same analytic function of complex variables.‘ 
We see immediately that: 


(1) The operators satisfy the free-field equations, 9 
(2) Canonical commutation relations imply all{ 
matrix elements are equivalent to the free field ones 

(3) The weaker assumption of the asymptotic om 
dition also yields the same result. (This follows direct 
from the Yang-Feldman equation.°®) 


Although the result is therefore more general, we 
assume the canonical commutation rules for simplicif 

It is clear that the same result follows with @ 
assumption that any single vacuum expectation 
with an even number of operators coincides with & 
corresponding free field expectation value. For byt 
same method we can then construct a null state al 
hence show that with a single ¢(x) replaced by j(#)™ 
get a zero operator. It will then follow that all hig 
vacuum expectation values coincide with the free 
functions. Finally, by reduction using commutatom 
equal times, all matrix elements must equal the i 
ones. 


4D. W. Hall and A. S. Wightman, Kgl. Danske Videnskal 
Selskab, Math. fys. Medd. 31, No. 5 (1957). 
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